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Abstract

This work extends our recent work on proving that the particle filter con-
verge for unbounded function to a more general case. More specifically, we
prove that the particle filter converge for unbounded functions in the sense
of LP-convergence, for an arbitrary p > 2. Related to this, we also provide
proofs for the case when the function we are estimating is bounded. In
the process of deriving the main result we also established a new Rosenthal
type inequality.

Keywords: Convergence, particle filter, nonlinear filtering, dynamic sys-
tems
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Abstract

This work extends our recent work on proving that the particle filter
converge for unbounded function to a more general case. More specifically,
we prove that the particle filter converge for unbounded functions in the
sense of LP-convergence, for an arbitrary p > 2. Related to this, we
also provide proofs for the case when the function we are estimating is
bounded. In the process of deriving the main result we also established a
new Rosenthal type inequality.

1 Introduction

The main purpose of the present work is to extend our previous results on parti-
cle filtering convergence [13] for unbounded functions to a more general setting.
More specifically, we will here prove LP-convergence for an arbitrary p > 2, of
the particle filter. Hence, the main idea of the proof is present in [13]. How-
ever, to prove the LP,p > 2 case requires some nontrivial embellishments, which
forms the contribution of the present work. As a first step, we consider only the
most basic problem: for any fixed time instance ¢, under what conditions and
for what kind of function ¢ does the particle filtering approximation converges
to the optimal filter

E[¢(xt)|y17ayt]7 (1)

Moreover, we also establish two convergence results related to bounded function,
which slightly extends the corresponding results in [2] in the sense that we
consider a more general particle filtering algorithm.

The main contributions of this work are as follows,

e Convergence proof for the particle filter, regarding unbound functions ¢ (in
El[¢(zt)|y1, - - -, y¢]) under more general conditions compared our previous
work [13]. See Theorem 4.3.

e Convergence results for bounded function are also proposed, to slightly
extend the counterpart of [2]. See Theorem 4.1.

e A Rosenthal type inequality under more loose setting in Lemma 4.1 is
established during the theoretical preparation.



In Section 2 we introduce the models and the optimal filters that we are
trying approximate and in Sections 3 the particle filter is introduced. However,
these sections are intentionally rather brief, since a more detailed background
using the same notation is already provided in [13]. The result are then presented
in Section 4 and the conclusions are given in Section 5. Hence, readers familiar
to the problem, can without problem directly jump to Section 4.

2 Model Setting and Optimal Filter

Let (2, F, P) be a probability space on which two real vector-valued stochastic
processes X = {X;,t =0,1,2,...} and Y ={Y;,t = 1,2,...} are defined. The
ng-dimensional process X usually describes the evolution of the hidden state
of a dynamic system, and the n,-dimensional process ¥ denotes the available
disturbed observation process of the same system. Roughly speaking, filtering
the dynamic system is to estimate the state of the system based on observation
data.

The state process X is a Markov process with initial state X, obeying dis-
tribution my(dzg) and probability transition kernel K (dx¢|xs—1) such that

P(Xt c A‘thl = .’Etfl) = / K(dxt\xt,l), VA c B(Rnl) (2)
A

The observations are conditionally independent of X and have marginal distri-
bution

P(Y, € BIX, = ;) = /B pldyilz,), VB € B(R™). 3)

For convenience we assume that K (dx|x:—1) and p(dy:|z:) have densities with
respect to Lebesgue measure. Hence, we can write

P(Xt € d.L“t|Xt_1 = xt—l) = K(d$t|$t_1) = K(xt|xt_1)dxt, (4&)
P(Y; € dy| Xy = @) = p(dyele) = p(ye|ae)dys. (4b)

A frequently used model in practice is as follows using the notations above.

Example 2.1 The state and observation of the model are described by

vy = f(@e-1) + v, (5a)
Yt = h(.’l,'t) + ey, (5b)
where transformations f : R™ x N — R" and h : R" x N' — R"™, and v,
and e; are process and observation noises with corresponding dimensions. The

probability density functions for v, and e; are denoted by p,(-,t) and pe(-,t),
respectively. For model (5) we now have,

K(zi|vi—1) = po(we — f(ze-1),1),  pyelwe) = pe(ye — h(x1), ).

Simply denote Zj. 2 (Zk, Zis1, ..., 2Z;) for two integers k < [. Define the
concerned conditional probability distribution of the system by

A
Thitjm (d2r1) = P(Xpat € dop|Yiom = Y1:m)-



In practice, we typically care mostly about the marginal distribution 7, (dx:),
since the main target is usually to estimate the standard optimal filter E[X¢|y1.¢]
and its conditional variance. We formulate the ideal form of m,(dx;) first.
By the total probability formula and Bayes’ theorem, respectively, we have a
recursion form of the marginal distribution

A
7rt|t71(dxt) = / 7Tt71\t71(dl’t—l)K(dﬂUth—l) = bt(ﬂtfl\tfl)u (6a)
Rnw

p(yelwe) e (day) 2 ar(Teje—1), (6b)

Tyt (dwy) =
| Jrone Pyl e -1 (dy)
where a; and b; are transformations between probability measures on R"=.
For convenience to represent the optimal filter, let us introduce some more
notations. Given a measure v, a function ¢, and a Markov transition kernel K,
denote

(n9) 2 [ ofawda).

Hence,
E[¢(Xt)|y1:t] = (Wt\t,¢)-

Using this notation, by (6), for any function ¢ : R"™ — R, we have a recursive
form of the optimal filter F[¢(X;)|y1.t] according to

(7Tt|t71,¢) = (ﬂ-tfl\tfvi(b)a (7a)
- _ (Wt\t—h(bp)
(s 6) = it ()

Clearly, by (7), see also Lemma 2.1 of [7], we have

BIOX,)na] = () = L LTI s Ol o

(8)

where K 2 K(xglxs—1), ps 2 p(yslzs), s = 1,...,t; dxoy 2 dxg - - - dxy; and
with integral area all R™* omitted.

Technically, it is difficult to have an explicit solution for the optimal filter
E[é(Xt)|y1+] by (8) in general setting. Hence, numerical methods, such as the
particle filter are introduced to approximate the optimal filter.

3 Particle Filtering

Roughly speaking, particle filtering methods are numerical algorithms to ap-
proximate the conditional distribution 7;(dz;) by an empirical distribution,
constituted by a cloud of particles at each time instant. One important feature
of the particle filter is that the integral operator over the empirical distribution
turns to be a sum form. Hence, the difficult integral operation is simplified.
Since there are two integral operators in (6), a standard practical particle filter
usually sample particles two times from time ¢ — 1 to ¢ for the estimates.
Specifically, at time t = 0, N initial particles {z}}}¥, are independently
generated to obey the distribution mp(dzo). Then, we introduce the algorithm



in a recursive form. Let us at time ¢ — 1 assume that we have an approximation
of the distribution m,_;_;(dz;_1) constituted by an empirical distribution

7TtNl|t 1(dxe_q) 25 (dxy),

where §,(dz;) denotes a delta-Dirac mass located in z.

In order to include the two slightly different kinds of particle filtering meth-
ods typically introduced by [10] in practise and by [4] for theoretical analysis
respectively, we introduce weights for densities to sample particles. Denote

N N
o' = (af,ay,...,ay), o >0, E a; =1, E a; = 1.
i=1 i=1

Sample Zi obeying Zjvzl aj-K(dxt|w{71). Clearly,

NZZ@ K (dxy|z] ) = ;Z(Za K (dzy|2] 1)
i=1

i=1 j=1 =

Z\H
MZi

K(dzy)zl )

—

(7TtN 1)t— 1, K). (9)

When a;- =1 for j =4, and 043» = 0 for j # i, the sampling method reduces
to a traditional way, as introduced by [10], see also [9, 18]. When o} = 1/N
for all 7 and j, it turns out to be a convenient form for theoretical treatment,
as introduced by nearly all existing theoretical analysis references, for example
[2, 4, 7, 8]. The empirical distribution of {#{}

7’:('1{\‘; 1 d.’IJt é Z(S det

constitutes an estimate of m,;_;. When this estimate is substituted into (6b),
we have an approximation for

a p(yelee) Ty, (day) S oyl #); (dxt)

fRn-,; (y|ze)m tl\(t,l(dmt) a Zz 1P(yt|ﬂ7t)

In practice, it is usually written using importance weights,

: p(ye|2)
7Tt‘t (dxy) Zwt (dry), wi=—F———-
> iz P(e|T)
A very important step in the particle filter is the resampling step, which gen-
erates new equally weighted particles for the next step. So high dependence on
a few particles with large weights is excluded. Specifically, sample x¢ obeying
ﬁ%(dmt), then we get an equally weighted empirical distribution

1N
ﬂ'ﬂt (dxy) = N Z i (dwy)



to approximate ;.

Let us point out the transformations of probabilities in the particle filtering
algorithm. Recall the generation of 7! first. We have the following transforma-
tions between probability measures immediately:

N .
rojection 51;%—1 b K(dxt|xt1—1) ijl Q;K(dfbﬂxi_l)
Oy K (|2 ) SN @K (drlz) )

1=

where A is an N x N matrix (a%); ;. Denote the whole transformation above
as Ab; for simplicity. We further denote by ¢"(v) the emperical distribution of

a sample of size n from a probability distribution v. Then, we have
- N = N
Tile—1 = C(N)OAbt(Wt—l\t—l)a
where ¢(N) £ +le! ... ¢!'] and 5 denotes composition of transformations in

a vector multiplying form. Hence, in the general version of particle filtering
algorithm, we have

7rtN|t =cNoa o c(N)6Abt(7rtAil‘t_l),
where o denotes composition of transformations. Therefore,
7ri\|[t =cNoas0c(N)oAb o---0cY oayoc(N)oAby o™ (m).

While, in the existing theoretical version of particle filter in [2, 4, 7, 8], as
stated in [2], the transformation between time ¢ — 1 and ¢ is somewhat in a
simple form:

Wf\‘[t =cNoagocNo bt(ﬂt]\illt_l). (10)

Hence,

N

N _ N N
Ty =C oaoc’ obgo---oc

oajoc™ obyoc(m).

The theoretical results and analysis in [15] are based on the following trans-
formation (in our notation):

m = agobyo e (wly, ), (11)

which is the first formula in page 1999 at the begining of Section 4 in [15],
rather than (10). Thus, the theoretical results do not include the standard
particle filter in the popular theoretical setting, as in [2, 4, 7, 8]. As pointed
at the beginning of this section, a standard particle filter sample particles two
times from time ¢ — 1 to ¢ to simplify the two integral operators in (6).

The whole procedure of particle filtering can be illustrated as in Figure 1.
While the transformations of probability measures are showed in Figure 2.



Tt—1]t—1 > Tt|t—1 ———— et

N N

Ti—1lt—1 - Tt
A N A ,
{2} W ———{350, oS K (da|zy 4 1L, {zi

{@ - 1 ——— T,

Figure 1. Tllustration of the entire particle filtering algorithm.
Te—1)t—1 by - Tijt—1 —— QL Tyt
Tri\il\tfl —t_>{2j:1 a;‘K(dxtm:lffl}ﬁil 7TtN|t
c(N ~N a ~N
(V) > Tit—1 —L— U

Figure 2. Transformation of probability measures in the particle filter.

Let us write the traditional form of the algorithm mentioned above in brief.

(0) 28 ~ mo(dwg),i=1,...,N.

(1) & ~ 3L aiK (day|2] ), i=1,...,N.

(2) 7 (de) = T wid (day), wj = h Lot

(3) @}~ (dwy), i =1, N. 7l (dae) = & S0, 0, (day).

However, in order to avoid the well-known degeneracy of particle weight (see
[2, 16]) and some difficulties of theoretical analysis for considering convergences
to the optimal filter, we modify the particle filter above a little.

When we sample {#¢}%' in the step (1) of the algorithm above, we check if

N

(71 p) =D p(yel&}) >3 >0, (12)
i=1

where the real number +,; is selected by experience, say v; = v(my—1,p) if
(m¢j¢—1,p) > 0 is known and 0 < v < 1. If the inequality holds, the algorithm
proceeds as proposed, whereas if (12) does not hold, we regenerate {7:}%' again
until (12) is satisfied. That is, we change step (1) of the algorithm into the
following form: ‘

(1) & ~ S0 ol K (day|2] ), i =1,..., N, with (12) satisfied.

The modified algorithm proceeds as: (0)(1’)(2)(3), and the following theo-
retical analyses are all based on this version. With help of Lemma 4.4 and (45)
in the proof of Theorem 4.3, we conclude the following:



Proposition 3.1 The modified algorithm will not run into an infinite loop for
sufficiently large N under the conditions of Theorem 4.3.

Proof. We get formula (45) in the second step of the proof of Theorem 4.3.
Based on this formula, we first calculate the following probability:

P[(ﬁ'th—pP) <ml= P[(%g\\]t—lvp) - (ﬂ't\t—hp) <7 — (7Tt|t—17p)]

< PH(;EZT;_UP) = (meje—1,0)| > |y = U(7ee-1, p)]
1
< E|(7},_1,p) — (mye—1, )P
(1_’7)p(77t\t—17p)p ‘( tlt—1 ) ( tlt—1 )‘
Cjt—1 ) ||P||f—1,p

0. 13
= (I =y)P(myp—1,p)? NPP/T Nooco (13)
We use (45) with ¢ replaced by p in the last step of (13). Hence, P[(frﬁ;_17 p) <

] < 1 for sufficiently large N. In view of Lemma 4.4, the modified step (1') is
impossible to run into infinite loop. This proves the assertion.

(1
By (13), Pl(7,_1.p) > 7] —~— 1, which means the lower bound for

(T¢jt—1,p) is almost always satisfied, provided that N is sufficiently large. See
[13] for a numerical experiment, showing the relation between the sample times
and N.

It is worth noting that originally given {x;_,,i=1,..., N} the joint density
of #},i=1,...,N is

Plii=sii=1,... Nl =[] aiK(sifei_) 21N, ...  (14)
i=1j=1

Yet, after the modification it is changed to be

N
o, an 14 S8 pwelsi) >l

oy =
S T a1 S0 ol 2SN

A1,y.. N

(15)

where the record y; is given. A related theoretical preliminary regarding this
fact has been proposed in Lemma 4.5.

4 Convergence to Optimal Filters

In this section we consider under what conditions the particle filtering approx-
imation converges to the optimal filters (8), with respect to bounded and un-
bounded function ¢(-) respectively, when the number of the particles N tends
to infinity. All the following convergence results are based on the assumption
that the observation process is fixed to a given observation record Y; = ysq,
s =1,...,t, which is a general theoretical setting for the existing convergence
results, see, for instance, [2, 4, 7, 8]. Thus, the expectation operators in the
Theorem 4.1, Theorem 4.3, and their proofs are in the sense of E[|Y1.5 = y1.5],
s =1,...,t. Hence, the constants there may depend on y;.;.



4.1 Auxiliary Lemmas

In order to establish some of the convergence results, the following powerful
Rosenthal type inequality is needed. This inequality hold in the sense of almost
sure, since it is in the form of a conditional expectation. However, in the interest
of readability, we omit the notation of almost sure in the following lemma and
its proof.

Lemma 4.1 Let p > 0, 1 < r < 2, and let {&, i = 1,...,n} be condition-
ally independent random variables, given a o-algebra G such that E(&;|G) = 0,
E(|&P1G) < oo and E(|&]7|G) < oo. Then there ezists a constant C(p) that
depends only on p such that

&
=1

Remark 4.1 When r = 2, (16) was first introduced in [17] for the special
case of independent random variables, and then extend to martingale difference
sequences in [1]. The best constants C(p) for both cases can be found in [14]
and [12], respectively. For a brief proof of the independent case we refer to the
Appendiz C of [11]. However, all the references mentioned require that r = 2,
and so the order of integrability should be no less than 2. This restriction has
been relazed to r € [1,2] in Lemma 4.1, and so the order need only not less than
1 here.

n

n p/T
<C(y) ZE[I&I”IG]+<ZE[&|’”IG]> . ()

=1

P
E |G

Remark 4.2 For 0 <p <2 and r = 2, by the classic convezity inequality, (16)
assumes a simpler form (see also Appendiz C of [11])

p/2

P 2
E |g] <|E G

n n n p/2
0 a6 ) - (Seew) o

Proof. Here, we only consider the case of 1 < r < 2, since the proof for
r = 2 is nearly the same as Appendix C of [11], and r = 1 is a trivial case with
C(p) = 1 and the first term in right hand side is omitted. We first prove a basic
inequality, and then prove (16).

Let {n;,i = 1,...,n} be a sequence of independent random variables such
that En; <0, P[n; < M) =1, 0< M < oo, and denote o,-(n) = >, E[|n;|"|G],

for any A > A(M) 2 (€ — 1)o,(n)/M"=1 > 0, we prove the following Bennett-
type inequality

P

=1

Sosse]cm(B(05) o

where 0(z) = (14 x)log(1 + z) — .

Define function ¢(x) = (e* — 1 —x)/|z|" for  # 0, and 1 (0) = lim,_o ¥ (z).
Clearly, ¥ (x) is a positive and non-decreasing function on the interval [0, c0),
while it is still positive and has just one maximum, denoted by z(, on the interval
(—00,0]. Clearly, xq satisfy ¢'(x) = 0, which is equivalent to

—x0e”° + xg + 7" —r —rzg = 0.



Hence,

e —1—xg 1—e"0 min{l, —zo}
z0) = = < < 1.
Vo) = T T T S )

Define x§ > 0 which satisfiers 1 (z) = ¥(z0). Notice that

e2—-1-2 e2—-1-2
<

+
1/1(%)<1< 4 or

=9(2),
we have 0 < 2§ < 2 by the monotonicity of ¥ on [0,00). Thus, for any z; < @2

and 29 > 7, we have ¥(21) < (x2).
Clearly, for any ¢ > 0, using the Markov inequality and conditional indepen-

dence we have
exp (Z tm) IQ]
i=1

= exp (—/\t + zn:logE[e““ g]) . (19)

Notice that E[n;|G] < 0, log(1+x) < z for x > —1, and the property of function
1, for tM > 1 we have

P

> > )\|Q] < exp(—\)E

i=1

log E[e"|G] = log E[e" — 1 —tn; + 1+ tn;|G]
<log(E[e" —1 —tn;|G] + 1)
= log(1 + E[tn:["(tn;)|G])
< Bllni|"t"(tn:)|G]
< Y(tM)t"Eni|"|G].

Hence, (19) turns to be

P

S > A|g] < exp (—[\ — o, (m(EM)])

=1

=exp (—[\t — o . (n)(e™ — 1 —tM)/M"]).

The optimal selection of tM > 2 is

t= = log (1 + AMTl)
M or(n) )’
which yields (18) and requires that A > (e? — 1)o,.(n)/M" L.
Now we are in a position to prove (16). For simplicity, we use the function
xzlogx(l 4+ x) — x, which is smaller than 6(x), in the inequality (18). Let us

define an upper bounded function first. For M > 0, define n; = & ljj¢,|<u-
Thus E[ni|G) < E[|G] = 0, ; < M, and

ar (1) £ ZEH%HQ] < ZEH&HQ] 2o,
i=1 i=1

Putting M = \/k, x> 1. By (18), for

A= = [(€2 = D)oY > (e = D) e ()]



we have

P

Zm > )\|Q] < exp{/-z {log (1+ i\: ) — 1} }
i=1 KT oy

Hence, for A > )\g, we have

PIY &>NG| =P |y &G>N&<Mi=1...0G| +P|Y &>\ max &> M|G
=1 =1 =1 - =
<P|> mi>A\g +P[1Iga<x éiZMIQ]
i=1 ==
AT "
<exp{—m[log<l+m_lg>—1]}+ZP[§¢>M|Q].

i=1
(20)

Similarly, we can obtain an inequality in the same form as (20) for Y . (=¢&;).
Therefore,

&

T

)\ n
P > /\g] < Qexp{/-@ [1og (1 +— ) — 1} } + ZP[/@|&| > \G].
i=1 KT i=1
(21)
Now, using (21), we have
n p n p n p
E|Y & =E < > & fuz;;lmoo]) tE ( > & f[Z;;&zxd)
i=1 i=1 i=1
) n
< Ab +/ ptP~ipP Zfi > t|G| dt
Ao i=1
oo t’r‘
<\ +2p/ tP~Lexp {—m {log (1 + 1) - 1} }dt
Ao KT O
n (o)
+Z/ Pt P (k|| > t|G) dt
i=1"20
oo n
< (Kr—lor)p/r (62 _ 1)1/r —|—2pe”/ Sp—l(l +s")ds| + ZEM&‘Z)?
(e2=1)t/7 i=1

where the variable substitution ¢ = (k" ~'0,.)*/"s has been used. For the con-
vergence of the integral on right hand side, we select x > max{1,p/r}. Then
the proof of the lemma is completed with

o0

C(p) = max {/{p(r_l)/r [(62 —)Y 4 2pe“/
(

e2—1)1/7

sPH(1 4+ ST)_KdS] ,Kp} .

Below we provide two Lemmas which will become useful in the following.

10



Lemma 4.2 If E|¢|P < oo, then E|{ — E¢|P < 2PE|{|P, for any p > 1.

Proof. By Jensen’s inequality, for p > 1, (E|¢|)? < E|¢|P. Hence, E|¢| <
(E|€|P)'/P. Then by Minkowski’s inequality,

(E|¢ — EEP)YP < (E|EP)YP + |EE| < 2(E|¢P)MP,

which derives the desired inequality.

Lemma 4.3 If0 < r; <7y and E|€|™? < oo, then EV/T1|¢|™ < EV/T2|¢|m,

Proof. Simply by Holder’s inequality: E [|¢]™ - 1] < E™/™ {(|§|7'1)T2/T1}. Then
the lemma follows.
1]

Lemma 4.4 Assume that a random variable & satisfies P[¢ < ] < 1, where 7 is
a known constant. Independently generate a sample &, with the same distribution
as &. If & <y, then independently generate &5 and check again; otherwise, stop.
This procedure cannot run into an infinite loop.

The proof is quite straightforward. Suppose the converse, i.e., there exist a
sequence of i.i.d. random variables {;} such that £; < « for any ¢. Then,

P& <y, i=1,2,..] =12, P[¢<v] =0,
which means the probability is 0.

Lemma 4.5 Let A is a Borel measurable subset of R™ and sample random
vector £ obey a probability density d(t) until the relization belong to A, t € R™.
Suppose that

Pne Q—-A]<e<1, (22)

where the random vector n obey the density d(t) and v is a measurable function
satisfying EYP(n) < oo, p > 1. Then, we have

2B ()] eos
——————€ P .

1B(6) — By(n)] < 221 (23)
In the case EJy(n)| < oo,
gl < 201 (24)
Proof. Notice that the density of ¢ is
an
Jd(t)Ladt’

11



It is trivial for (24). While

pvte) - 2t = [LGEDNE [ uwanaf

16‘/1& (O1adt ~ [ vt (1~

1i6 _/W’(t”d(t)fszAdt+/|z/}(t)|d(t)dt.€]

P

IN

IN

IN

< [B -5 + Blum) -

2B Ply(n)|P o1
22 VI 2

< )
1—e¢

which derives (23).

—
The result of Lemma 4.5 is easily to extend to condtional expectaion case.

4.2 Convergence for Bounded Functions

Let us first consider convergence issues regarding bounded function ¢ in the op-
timal filter E[¢(x¢)|y1.¢]. Although this topic has been studied in many existing
references, see, for instance, [2, 4, 7, 8], yet, as stated in Section 3, to the authors’
knowledge all existing theoretical convergence results are based on a theoretical
setting of particle filter and unable to include the most frequently used form of
the particle filter, as proposed in [9, 10, 18]. Moreover, the following Theorem
4.1 and Theorem 4.2 slightly extend the results of [2].

Define the norm || f(z)|| 2 max, |f(z)]. Denote B(R™) all bounded func-
tions on R™=.
HO. p(y:|x:) is a bounded and positive function for given y.;.

Theorem 4.1 If HO holds then, for any ¢ € B(R™) and p > 0, there exists a
constant c,|; independent of N such that

loll”

Bk, ¢) - (i 0)| <e (25)

Proof. The proof is in the form of a mathematical induction.
1: Initialization

Let {z{}X | be independent random variables with the same distribution 7 (dxo).

12

1; :</|¢(t>”d(t)dt>; : (/d(t)IQ_Adt> Tt Bl -
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Then, for p > 2 using Lemmas 4.1 with r = 2 it is clear that

(¢(x) — Ele(xp)])

S

Il
-

B ,6) ~ (0, ) = 5

K2
p/2

2

< G213 Hlota

lol” . llell®

P

S 2 C(p) |:Np_1 + Np/2

(L2 - ]

Np/z2 — OO0 Np2e

For 0 < p <2, using (17) we also have an inequality in the same form as (26).
2: Prediction

Based on (26), assume that for ¢t — 1 and V¢ € B(R")

N
> Elg(zh) — Elp(xp)]|?
=1

< 2P0 (p) (26)

lloll”

P
E ‘(Wt]\iut—péﬁ) - (Wt—l\t—h@‘ < Ct-1]t-1775/2 (27)
P
holds. In this step we analyse F ‘( Tle—1> ¢) — (Teje—1, (b)‘ . The fact that
0l = | | Ko1)ot < o]
will be frequently used in the rest of this proof.
Notice that A
(Teje—15 @) — (Tep—1,¢) =1 + 1o,
where
A 1 &
~ N,a;
Hl = [(Tf’ﬂt 1,¢) NZ( t— l\t 17K¢)] )
N,o;
H2 = [N Z Ty ﬁt 1, (Wt|t17¢)] )
and Wﬁ?ftfl = ZJ 1 ajé L We will now investigate II; and IIs more closely.

Let F;_; denote the o- algebra generated by {z¢ |,i=1,...,N}. From the
generation of z}, we have,

E[p(#,_1)|Fi] = (051 K9),

and hence,

1 & .
Nz fUt 1) — Elo(Zi_1)| Fi-])-

Thus, for p > 2 by Lemmas 4.1 with » = 2 and (9),

p
E[IL[P| 7] Z (%i_1) — Elp(Z)_1)|Fi1]) ‘7'7&—1]
< 2pC [( 1\t 17K|¢| ) (ﬂt]\ilt_pK|¢|2)p/2‘|

Np—1 NPp/2

13



For 0 < p <2, using (17) we have an inequality similar to the one above.

[Radlfg
Bl < 2+ 0p) W7 (28)
By (9),
1 o, N N
N (Wt!”ztflv K(b) = (7Tt71|t717 K(b)
i=1
Notice the assumption (27),
ETLP < ¢ I#l” (29)
2 = t*llt*le/z‘
Then, by Minkowski’s inequality, (27), (28) and (29),
P
El/P (’ﬁ-;&[\(tfl? ¢) - (ﬂ—t\t—lv d))’ S El/p|H1|p + El/p|1—[2‘p
1 9l
= ([2p+1C(P)]l/p + ctiﬁltfl) N1/2
5 19l
Toth—1 /20
That is
I b el
E (71, 0) — (Tep—1,9)| < Chjea (30)

Np/2°

p
3: Update In this step we go one step further to analyse F (7~rtN|t, ) — (e, D)
based on (30). Clearly,

~ (frtl\(t_l?p(b) (ﬂ-t‘t;p¢) ~ ~
N _ o _
(ﬂ't\ta ¢) - (ﬂ't\ta ¢) - (ﬁ_i]\ljtil,p) (7rt|t7p) = H1 + HQ,

where

A (friﬂ_p o) (Tejt—1, PP)

- A ®ied) (R p0)
Hl = ~N - ) H2 .
(T3e—1,P) (mtj¢-1,p) (81615 P) (T)t—1,P)

Note that ¢, p are bounded functions and that p is a positive function. Then
we have,

|1:I | _ (ﬁm_ppq&) ) [(tht—lvp) - (ﬁzf\(t_pp)]
' (ﬁ,f\\[t_pp) (TFt|t—1,P)
< e ) - )|

~ (Teje—1,p)

By Minkowski’s inequality and (30),

1/
2llplleg”y gl
(Wt\t—lap) N1/2Z

p ~ ~
BV |7, 0) = (myu, @)| < BYPITLP + BV7IT |7 <

14



which implies,

T U I

Bl 0) = (e O)) < e e ez = S

(31)

P
4: Resampling Finally, we analyse F ‘(’ffi\‘]t, ¢) — (m,¢)| based on (31).
Let us start by noticing that

(ﬂ-maqs) - (7Tt|t7¢) = 1:[1 + 1:-[27

where N N
I, = (7T1‘{V\t?¢) - (ﬁ-t\ta(b)v I, = (ﬁ-f{\\/;fa¢) - (Trt\t)qs)‘

Let G; denote the o-algebra generated by {i{,i = 1,...,N}. From the
generation of xi, we have,

El¢()|G:] = (7, 0),

and then
_ 1 Y . _
=5 Z((b(xi) — E[¢(})|Gt]).

Now, for p > 2 by Lemmas 4.1 with » = 2, we have

N p
i 1 i i
E[ILP|G,] = 7 F > (8(}) — E[o(x})|G:])| |G
i=1
1 i 1 i
<2CO) | g B [0DPIG] + 57 B oG Pi61]
For 0 < p < 2, using (17) we have an inequality similar to the one above. Hence,
Bl < 21 )2 (32)
= Np/2°
Then, by Minkowski’s inequality, (31) and (32),
P _ _
El/p (ﬂﬁft’@ _ (thh(b)’ < El/p|H1|p+E1/”|H2|p
/5 4l
= ([QPHC(P)]I/” + Ct|/tp> Ni/2
5 ]9l
e N1/2'
That is,
P 8117
E (Wmv(b) - (7rt|t7¢) < Ct\th/Qv
which completes the proof of Theorem 4.1.
(I

Remark 4.3 One can also use a Marcinkiewicz-Zygmund type inequality (see
Lemma 7.3.3 of [8]) to prove the result of Theorem 4.1 for p > 1.

15



For p > 2 in Theorem 4.1, by Borel-Cantelli Lemma we have a weak conver-
gence result as follow.

Theorem 4.2 If HO holds, then for any fixed t, ’/Tt]\‘[t converges weakly to my;

almost surely, i.e., for any bounded continuous function ¢ on R"=
lim (ﬂ-i\‘,ﬁ ¢) = <7rt|t7 ¢)
N—oo

almost surely.

Remark 4.4 For the algorithm (0)(1')(2)(3), Theorems 4.1 and 4.2 hold for
the simplified version of condition HO:

HO'. p(y:|z:) is a bounded function for given yi.; such that (75 s_1,p) >0,
s=1,2,...,t.

4.3 Convergence for Unbounded Functions

In this section we consider convergences to the optimal filter E[¢(zt)|y1.¢] in
the case where ¢ is an unbounded function, based on the modified version of
particle filter proposed in Section 3.

Below we list conditions that we need for further considerations of conver-
gences with respect to unbounded function ¢.

HO. For given y1.5, s = 1,2,...,t, (Tys—1,p) > 0, and the constant used in
the modified algorithm satisfies

0<’YS < (7Ts|s—1vp)7 §= ]-727-"7t7

equivalently, v = v(mgs—1,p) With 0 <y <1,5=1,2,... L

H1. p(ys|zs) < 0o; K(xs|xs—1) < 0o for given y1.5, s =1,2,...,1t.

H2. For some p > 1, function ¢(-) satisfy |¢(zs)|Pp(ys|zs) < oo for given
Yi:s, S = 1,0, L

Remark 4.5 In view of (7b), clearly, (75s—1,p) > 0 in HO is a basic require-
ment of the Bayesian philosophy, under which the optimal filter E[p(xt)|y1.4],
as showed in (8), can ewist.

Remark 4.6 By the conditions (mss—1,p) > 0 and |¢(xs)|Pp(ys|zs) < oo, we

have
(7Ts|s—17 p|¢|p>

(7Ts|57 |¢| ) = (ﬂs\sflap)

< o0

Remark 4.7 We list two typical one dimensional noises, i.e., ny = ny = 1,
and analyze the corresponding unbounded functions satisfying condition H2 as
follows:

(i) pw(z,5) = O(exp(—|z|")) as z — oo with v > 0; and liminf ;| |7;T,Lf)‘ >
0 with vy >0, s=1,...,t. Then it is easy to check that H2 holds for any func-
tion ¢ satisfying &(z) = O(]z|?) as z — oo, where ¢ > 0. Hence, Theorem 4.8
holds for the underlying model with any finite p > 1.

(it) puw(z,5) = 52=I(4p) with a <0 < b; and function h(z,s) 2 h, satisfying
that the set h;([y — a,y — b]) is bounded for any given y, s = 1,...,t. Then
it is easy to check that H2 holds for any function ¢. Hence, Theorem 4.3 holds
for the underlying model with any finite p > 1.

16



In the multidimensional cases we need only view the absolute value as certain
norms in (i) and (ii), and with all variables being corresponding vectors. Then
same results still hold.

Denote the set of functions ¢ satisfying H2 by LY (p).

Theorem 4.3 If HO-H2 hold, then for any ¢ € LY (p) and p > 2,1 < r < 2,
and sufficiently large N, there exists a constant Cy), independent of N such that

161175
Np—p/r’

B}l 6) ~ (me 8)| < Cup (33)

where ||@]+.p 2 max {1, (75 |p|P) /P, s =0,1,... ,t}.

Proof. The proof is carried out using a framework similar to the one used
in proving Theorem 4.1.

1: Initialization
Let {z{}¥ , be independent random variables with the same distribution g (dzo).
Then, with the use of Lemmas 4.1, 4.2, 4.3 it is clear that

1| . I
E(n),¢) = (m0,0)|" = 575 B |>_(6(x)) — b))
=1
o) [& Y -
< = |20 Blélab) — Bl + |3 Elo(eh) — Ele(«h)l
=1 =1
E(b i\|p Ep/r¢ P\
gzpc(p){ PRl | B 10 ]
E|¢(xd)|P 0
<o) 2l & g, o, e
Similarly,
1 |& . _ _
B |(xd,61) = (mo,16")] < 5 E |- (16(p)” — Elo(xh)[?)| < 2Elé(ap)P”
=1
Hence,
E (Y, |7)] < 3B|¢(a})” £ Moplellh,- (35)

2: Prediction
Based on (34) and (35), we assume that for t — 1 and V¢ € LY (p)

P 161t_1,
E ‘(Wtj\il\pp(b) - (Wt—l\t—h@’ < Ct—1|t—1Np(1t7,11/f) (36)
and
B|(nf¥ 1o, 81| < Myapeallolr,, (37)

hold for sufficiently large N, where C',_;;_; > 0 and M;_;;_; > 0. We analyse

~ p ~ . .
E (-1, 9) = (Mo, qb)‘ and E ‘(71’%71, |$|P)| in this step.

17



Let F;_1 denote the o-algebra generated by {z¢_;,i = 1,..., N}. Notice
that

- A
(77,51\\;71,@ — (mye—1,¢) = I + 11z + 115,
where

N
A 1
Hl:(ﬂ'ﬂt 1)~ NZ A(&7)| Fe— 1]

I, =

1>
==
M-

I
A

N
~1 1 @
E [gb(xt)‘ft—l] - ﬁZ(ﬂ-i\ﬁl‘t_laKd)%
) =1
L
N

1>

HMZ

N,a;
II3 ( Ty 1|t— 1;K¢)_(ﬂ—t\t—la¢)a
and w}f\i’i"tfl = ZJ 1%5 L We consider the three terms II;, II; and Il3
separately in the following.
For given {x! ,,i = 1,...,N} and y;, sample Z! obeying (ﬂi\i’?ﬁfl,K),
i=1,...,N. Naturally,

E[p(z})|Fia] = (05, K9). (38)

This means that {zi, i = 1,..., N} are particles normally generated without

any modification. Clearly, the term Il5 denotes the difference between the two

series of particles. In order to use Lemma 4.5, we analyze a probability first.
In view of (38) and (9), we have

N
1 i
E [N E P(%Wt)‘ft—ll = (7 1je-1. Kp)-
1=1

Thus,

N

1 y

~ Zp(yt\mi) < %‘]-‘t,l =Pr [(WﬁutquP) <Ve|- (39)
i=1

By (36), we have
P [(Wﬁu,:q’KP) < %} =P [(ﬂ'ﬁmq,K[)) - (7Tt71|t71,KP) <7t — (Wt71|t717Kp)}

< P yjm1 Kp) = (a1 Kp)| > by = (meajo, Kp)]
E|(7Tt71|t71’ Kp) — (mi—1)e—1, Kp)|?
Ive — (Te—1)e—1, Kp)|P

Cy1je—1l| K]P ) ||P||€—1,p Ao, ||P||€—1,p
v = (m—1p—1, Kp)|p NpO=1/7) 7 NP/
(40)

Obviously, the probability in (40) tends to 0 as N — oo. Thus, for given
€ € (0,1) and sufficiently large N, we have

N

1 .

N E p(ytﬁi) < V¢ ftl] <6 < 1. (41)
i=1

18



By Lemmas 4.1, 4.2, 4.5 (conditional case), (38) and (9),

E[WL |1 F] = NLE l _ivjw(fi) — B(¢(2)|Fe-1) |ft_1]
N p/T
< ZEW i [f | Fie 1} (;E[W(ii)mﬂ_l})

» [ v p/T
SW ZE[W% | Fi- 1] <ZE[|¢xt |Fie 1]) ]

z 1

IN

=1 =1

2P N N N . p/r
Nr(1—¢)P/" Z (”tﬁﬁ\§_17K|¢|p) + (Z (Wt_’?|”t_1,K|¢|T)>

< 2P (Wt]\il\t_p}ﬂ(mp) n (W£1|t_1aK|¢‘T)p/r
T (1 —e)p/r Np-1 Np—p/T '

Hence, by Lemma 4.3 and (37),

K |PMyqjp1 91, A lpll7-
p . P nrit—1,p
E|H1‘ < (1—6t)p/r Np— p/r I, - Npr— p/T‘ (42)
By (38), Lemma 4.5 and (9),
1 & N p
M |” = ﬁZE[ ()| Fe1] — Z Zy)| Fi-1]
i=1 i—1
1 & '
= |+ 2 (B[6@EIF ] - B [0 1))
i=1
1 & , .
<+ 2B [0(@)|1Fiea] = B [o@)| Foa] |
=1
2p O’Yf”p”t 1,p 1 al N,a;
i=1
—1
2P ( Aol l,p)p .(Wt]\i1|t71’K|¢‘p)
- (1 — )P Np—p/T
é C . (Wﬁ1|t_1vK|¢‘p)
Ik Np—p/7 ’
Hence,
. oI,
Bl < Cr K] - b, (43)
By (9) and (36),
p
B < oy K- e & ¢y 1 (44

"Np-p/T Us * “Np—p/r
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Then, using Minkowski’s inequality, (42), (43) and (44), we have
P
g/ (ﬁi\lftfl’(ﬁ) _ (7Tt|t717¢)‘ < El/p\H1|p +E1/p|H2|p + El/p|H3|p

< (Cl/p + [COm, | K| V/P +01112P) l9lle-1,

N1-1/r
1/p I9lle-1.p
_Ct|t 1 N1- 1/r °
That is
_ p_ o 9l
E|(#i-1,8) = (rgu1,0)| < Cour iy (45)

Based on (45), we know from Proposition 3.1 that the modified algorithm will
not run into a infinite loop.
1 4
(@1 [01) = 5 D E (6@ Foa] | Fima )
i=1

By Lemma 4.2 and (37)
Y o@D = E(I(F}) 7| Fe-1)]
N . .
> llo@)P +E(|¢(fi)p|ft_1)]D

1
=—E|E
N <

1
Su—eth<E

2
< 1—e E(Wﬁl\tfhlq(b'p) <
t

E <E
i=1
i=1

(46)

—Lp’

By (38), Lemma 4.5 and (9),

1 . 1
N L EI6EIF] = 5 3 B 9@l 7]

N
%Z (B [lo(@)|P|Fia] — E [I¢(f§)|p|ft1])’

IN

S (E OGN + B [l PIF))

N

1 N,Oci
1— € + 1) ' N Z(ﬂ't_l‘t_p[ﬂ(mp)

i=1

IN

= , '(ﬂ—t]\i1|t717K|¢|p)

NN M1l 01171 - (47)

N
1 N(Xi
¥ 2T K101) = (mgers 017)| < 2K Myoapea 0N}, (48)
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Then, by (46) (47) (48), we have

4—
B 1010 — (rens o) < (1=

LSBT RIS
(49)
3: Update )
In this step we go step further to analyse F ’( e ®) — (Tepe, gb)‘ and E(frtNlt, |o|P)
based on (45) and (49). Here, we still use the separation (ﬁ%ﬁ’ ¢) — (T4, 0) =

II; 4 II,, which was introduced in the step (3) in the proof of Theorem 4.1. By
condition H1 and the modified version of the algorithm we have,

(7)), Tet— 15 P9) ' (o1, p) — (ﬁf\(t,l,p)]
(ﬂ—t]\\ftfpp) (7Tt|t—1,P)

ool

%(Wﬂt—l,P

|H1|_‘

) (Tee—1,p) — (ﬁi\(t—up) :

Thus, by Minkowski’s inequality and (45),

El/P

N p 1/p|fT. |P /P11, |P
(783 9) = (e, 0)| < BVPIML|P + BY/7|TLy

1
Cii el Qledll +7) g1,
Ve (Teje—1, p) N1=Hr

1/p||¢||t 1,p
_Ct|t Ni-1/r’

which implies

[ e

~N P
E ‘(ﬂ't‘t,gb) - (7Tt|ta¢) t Np—p/r Np— p/r °

<G, t| (50)

Using a separation similar to the one mentioned above, by (49),

(7,1 plol?) ’

<F
N (Teje—15P)

E|(7f}, 1617) = (o 1617)] < E| (53, 1617)

(7Tt|t717p)
_ Myes[loll (log” | + )
- ’Yt(7Tt|t—1,P)

+ E

- (7Tt|ta ¢|p)’

N7 p0
Observe that ||¢||s,, is increasing with respect to s,
My llpll (lpd? || + )

’7t(7rt|t—17p)

My—1llpll (1pd®] + )
'Yt(7rt|t71a P)

‘(Wﬂta [P )‘

IA

N7 -1 p + (e [0),

IA

A ~
+ 1) Nell?p = Myellollz,.  (51)

4: Resampling
p
Finally, we analyse E ‘(wgvlt,gz)) - (wﬂt,gs)‘ and (), |¢[) based on (50) and (51).
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Again, we use the separation (wﬁt, @) — (T, @) = II; +1I, and the o-algebra
G, which was introduced in step (4) in the proof of Theorem 4.1.
Then, by Lemmas 4.1, 4.2,

N p
3 L i i
E (I "1G:] = w5 Be. | D_(¢(x}) — Elé(=)|Gi])
i=1
1 . 1 )
<2C0) | = B 0PI + e B 0161
Thus, by Lemma 4.3 and (51),
E[IL P < 2°1C(p) M, o1z, 52
L P < (p) tt N p(i=1/7) " (52)
Then by Minkowski’s inequality, (50) and (52)
P _ _
B |y, @) = (mpes6)| < BVPITL + BY/P| )P
< (19PH1C (p) M1, 1P C’l/p ||¢||t,p
= [ (p) t|t] + t‘t Nl_l/r
A /p [19llep
£ oy
That is
N P [ e
E|(7h #) = (mye 8)| < Cuurps. (53)

Using a separation similar to the one mentioned above, by (51),

E|(nf}, 167) = (myes [617)| < (=l 617) = Gl 1017)| + B| i 1617) = (e 1017)
< [QMt\t + (Mt\t + 1)]||¢||Itg,p
< (3Mt|t =+ 1)||¢||f,p-

Hence,

E|(x}f, 101)| < (3Mye +2)1011,, 2 Mo l8IE, (54)

Therefore, the proof of Theorem 4.3 is completed, since (36) and (37) are suc-
cessfully replaced by (53) and (54).

—
Similar to Theorem 4.2, by Borel-Cantelli Lemma, we have a weak conver-

gence result as follow.

Theorem 4.4 In addition to HI and H2, if p > 2, then for any function ¢ €
L2 (p), limy—oc(n),, 6) = (w0, 8) almost surely.

5 Conclusions
The main contribution of this work is the proof that the particle filter converge
for unbounded functions in the sense of LP-convergence, for p > 2. Besides this

we also derived a new Rosenthal type inequality and provided slightly extended
convergence results when it comes to bounded functions.
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