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Abstract

We present a novel backward Ito—Ventzell formula and an extension of the Alekseev—Grobner
interpolating formula to stochastic flows. We also present some natural spectral conditions that yield
direct and simple proofs of time uniform estimates of the difference between the two stochastic flows
when their drift and diffusion functions are not the same, yielding what seems to be the first results of
this type for this class of anticipative models. We illustrate the impact of these results in the context of
diffusion perturbation theory, comparisons for solutions of stochastic differential equations, interacting
diffusions and discrete time approximations.
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MSC: 47D07; 93E15; 60HO07

Keywords: Stochastic flows; Tangent and Hessian processes; Perturbation semigroups; Skorohod stochastic integral;
Malliavin differential; Bismut—-Elworthy—Li formulae

1. Introduction

Let b,(x) be a vector-valued function from R? into RY and o,(x) = [0/.1(x), ..., 0;,,.(x)] be
a matrix-valued function from R¢ into R4, for some parameters d,r > 1. Both functions
will be assumed to be differentiable. Let W; be an r-dimensional Brownian motion and denote
by W;, the o-field generated by the increments (W, — W,) of the Brownian motion, with
u,v e [s,t].
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For any time horizon s > 0 we denote by X ,(x) the stochastic flow defined for any
t € [s, 0o[ and any starting point X, (x) = x € R? by the stochastic differential equation

dX;.(x) = b (Xs,t(x)) dt + o, (Xs,f(x)) dw, (L.1)

We assume that x +— b;(x) and x — o,(x) have continuous and uniformly bounded derivatives
up to the third order. This condition is clearly met for linear Gaussian models as well as for
the geometric Brownian motion. This condition ensures that the stochastic flow x — X ,(x)
is a twice differentiable function of the initialization x. In addition, all absolute moments of
the flow and the ones of its first and second order derivatives exists for any time horizon.

As it is well known, dynamical systems and hence stochastic models involving drift
functions with quadratic growth require additional regularity conditions to ensure non explosion
of the solution in finite time. It is also implicitly assumed that all functions (;, o;) are smooth
functions w.r.t. the time parameter.

The present article uses several constructive and stochastic analysis tools including Bismut—
Elworthy—Li formulae, stochastic semigroup perturbation formulae, extended two-sided
stochastic integration, Malliavin calculus, gradient and Hessian semigroup processes estimates.
We are also looking for useful quantitative and time uniform estimates which are valid under
a single set of easily checked conditions that only depend on the parameters of the model.

Various techniques presented in the article and many results can be separately and readily
extended to more general models with weaker and abstract custom assumptions that depend
on the different quantities to handle.

Let YS, ((x) be the stochastic flow associated with a stochastic differential equation defined as
(1.1) by replacing (b;, o,) by some drift and diffusion functions (b,, &,) with the same regularity
properties. Constant diffusion functions (o;, o) are defined by

o(x)=2X% and &,(x)=2, for some matrices X, and X,. (1.2)

In this context, we will assume that X, and ft are uniformly bounded w.r.t._the time horizon.
The Markov transition semigroups associated with the flows X ;(x) and X, ,(x) are defined
for any measurable function f on R? by the formula

P (f)(x) =E(f(X,,(x))) and Py, (f)(x) =E(f(X;,(x))
In this paper we derive equations for the differences
(Xsr — X5) and (P, — Py,)
in terms of the difference of their corresponding drifts and diffusion functions,
Aa, = a, — G, Ab, :=b, —b, and Ao, =0, — 7, (1.3)

where a,(x) = o,(x) o,(x) and a,(x) := 7,(x)7,(x). In some applications the functions
b, = b, — Ab, and &, = o, — Ag, can be interpreted as a local perturbation of the drift
and the diffusion of the stochastic flow X ,.

We also address the problem of finding time-uniform estimates for the difference between
the stochastic flows X, and Yw and their corresponding Markov transition kernels P, and
Ps;.

These important questions arise in a variety of domains including stochastic perturbation
theory as well as in the stability and the qualitative theory of stochastic systems. Classical
analytic estimates on the difference between the stochastic flows driven by different drift and
diffusion functions are often much too large for most diffusion processes of practical interest.
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In some instances none of the diffusion flows are stable. In this context, any local
perturbation of the stochastic model propagates so that any global error estimate eventually
tends to oo as the time horizon t — oo.

Whenever one of the stochastic flows is stable, classical perturbation bounds combining
Lipschitz type inequalities with Gronwall lemma [8,28] yield exceedingly pessimistic global
estimates that grows exponentially fast w.r.t. the time horizon.

Notice that an exponential type estimate of the form e*' for some parameter A > 0 and some
time horizon 7 s.t. At > 199 would induce an error bound larger than the estimated number
10% of elementary particles of matters in the visible universe.

As mentioned in [33] in the context of Euler scheme type approximations of deterministic
dynamical systems, one may encounter situations where A = 10® and # = 10? and the resulting
exponential bounds are clearly impractical from a numerical perspective.

The statement of the main results of the article are presented in Section 1.1:

i. Section 1.1.1 presents a novel generalized backward It6—Ventzell formula (cf. Theo-
rem 1.1). The It6—Ventzell is a very important formula, arguably as useful as the Itd’s
change of variable, but surprisingly the backward It6—Ventzell presented in this work
has never been studied before. Theorem 1.1 can be seen as a new generalized backward
version of the generalized It6—Ventzell formula presented in [47].

ii. In Section 1.1.2 we apply the backward It6—Ventzell formula to derive a forward—
backward stochastic perturbation formula that expresses the difference between the
stochastic flows X, and YS,, in terms of first and second order derivatives of the flows,
which we call the tangent and Hessian processes respectively, with respect to the space
parameter (cf. Theorem 1.2).

iii. Section 1.1.2 also provides a novel forward—backward It6 type differential formula for
interpolating stochastic diffusion flows (cf. the change of variable formula (1.9)).

iv. In the beginning of Section 1.1.2 we present a discrete time approach based on the pivotal
interpolating telescoping sum formula (4.2). This interpolating stochastic semigroup
technique can be seen as an extension to stochastic flows of the stochastic perturbation
analysis developed in [25,21,23,24] and in [3,5,11] in the context of discrete time
models, matrix and nonlinear interacting processes (see also [4,5]). For a more thorough
discussion on these models, we refer to Section 8. This approach allows to derive a
stochastic interpolation formula (1.10) with a fluctuation term (1.12) defined by an
extended two-sided stochastic integral.

v. Section 1.1.3 presents some natural spectral conditions on the gradients of b;(x), o,(x),
b,(x) and 7,(x) that allows us to derive in a direct way a series of realistic uniform
estimates with respect to the time horizon.

The rest of the article is organized as follows:

Section 3 provides some basic tools associated with the first and second variational equations
associated with a diffusion flow. We also present some quantitative estimates of the tangent
and the Hessian processes. For a more thorough discussion on stochastic flows and their
differentiability properties we refer to [15,39,42].

Section 4 is mainly concerned with the forward—backward stochastic interpolation formula
(1.10) stated in Theorem 1.2. Two approaches are presented: The first one discussed in
Section 4.1 is based on an extension of the two-sided stochastic calculus introduced by Pardoux
and Protter in [49] to stochastic interpolation flows. The second one discussed in Section 4.2
is based on the generalized backward It6—Ventzell formula. This section also discusses a
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multivariate Skorohod—Alekseev—Grobner formula. Apart from more complex and sophisticated
tensor notation, the quantitative stochastic analysis of these multivariate formulae follows the
same arguments as the ones used in the proof of Theorem 1.3. Thus, we have chosen to
concentrate this introduction on stochastic flows.

Some extensions of the stochastic interpolation formula (1.10) are discussed in Section 4.4.

Section 5 is dedicated to the analysis of the Skorohod fluctuation process introduced in
(1.12).

Section 6 is dedicated to the analysis of an extended version of two-sided stochastic integrals
and a generalized backward It6—Ventzell formula.

Section 7 presents some illustrations of the forward—backward interpolation formulae
discussed in the present article in the context of diffusion perturbation theory, interacting
diffusions and discrete time approximations.

Comments and comparisons with existing literature are provided in Section 8.

The technical proofs of some results are housed in the Appendix.

1.1. Statement of some main results

1.1.1. A backward It6—Ventzell formula

We represent the gradient of a real valued function of several variables as a column vector
while the gradient and the Hessian of a (column) vector valued function as tensors of type
(1, 1) and (2, 1), see for instance (2.2) and (2.3); in more layman terms a (1, 1) tensor is a
matrix while the (2, 1) tensor can be visualized as a “row of matrices” [A;, ..., A,] where
the entries A; are matrices of a common dimension. We also use the tensor product and the
transpose operator defined in (2.1), see also (2.4).

We denote by D, the Malliavin derivative from some dense domain D, ; C LL,({2) into the
space L,({2 x R, ; R"). For multivariate d-column vector random variables F with entries
F/, we use the same rules as for the gradient and D,F is the (r, p)-matrix with entries
(D,F); j == D{F/. For (p x q)-matrices F with entries F;/ we let D,F be the tensor with
entries (D, F); jx = D! F}.

For a more thorough discussion on Malliavin derivatives and Skorohod integration we refer
to Section 2.3.

Let F be some function from R? into R?, and let y € R” be some given state, for some
p,q = 1. Suppose we are given a forward p-dimensional continuous semi-martingale Y,
and a backward stochastic process F;, from R” into R? with a column-vector type canonical
representation of the following form:

t t
vt / By, du + / 5w dW,

Foi(x) = F(x)+/ Gu,t(x)du+/ Hy (x) dW,

Y,
(1.4)

for some W; ;-adapted functions B, G;;, H;, 2, with appropriate dimensions and satisfy-
ing the following conditions:

(Hy): The functions F,,, G, , and H, ; as well as VH, ;, V2F,,,, and the derivatives D,V F, ,
and D,H, , are continuous w.r.t. the state and the time variables for any given w € §2.

(H,) The function G, ,,VH,;, VZFW, and the derivatives D,H, ;, D,V F,, have at most
polynomial growth w.r.t. the state variable, uniformly with respect to w € (2.

(H3) The processes By, X, as well as D, X, are continuous and have moments of any
order.
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In this notation, the first main result of this article is the following theorem.

Theorem 1.1. Assume conditions (H;);=1 23 are satisfied. In this situation, for any s < u <
v < t we have the generalized backward Ito—Ventzell formula

Fv,t(Ys,v) - Fu,t(Ys,u)

! ’ 1 2 / /
= L (VFr,t(Yx,r) Bs,r + 5 V Fr,t(Ys,r) Zs,,EM - Gr,t(Ys,r)) d}" (15)
v

+ / (VFr,t(Ys,r)/ Es,r - Hr,t(Ys,r)) dWr

The stochastic anticipating integral in the r.h.s. of (1.5) is understood as a Skorohod stochastic
integral.

The above theorem can be seen as the backward version of the generalized It6—Ventzell
formula presented in [47,48]. The proof of the above theorem is provided in Section 6.2 (see
Theorem 6.4).

Conventional forward and backward It stochastic integrals are particular instances of the
two-sided stochastic integrals introduced by Pardoux and Protter in [49]. The terminology “two-
sided” coined by the authors in [49] comes from the fact that the integrand of the Skorohod
integral depend on the past as well as on the future of the history generated by the Brownian
motion.

The stochastic anticipating integral in the r.h.s. of (1.5) involves a backward random field and
a forward semimartingale, thus it is tempting to interpret this integral as a two sided integral.
Unfortunately, this class of integrands are not considered in the construction of the two-sided
stochastic integrals defined in [49]. In Sections 4.1 and 6.1 we shall present an extended version
of the two-sided stochastic integrals introduced in [49] that applies to integrands defined as
a compositions of backward and forward stochastic flows. This extended version applies to
backward stochastic flows but it does not encapsulate more general backward random fields.
We believe more general extensions of the two-sided integrals can be developed but it is out
of the scope of this article to develop a theory on generalized two-sided stochastic integrals.
We finally mention that all two-sided stochastic integrals discussed in this article are particular
instances of Skorohod integrals.

1.1.2. A stochastic flow interpolation formula
The diffusion flow (1.1) is defined in terms of a column vector with twice continuously
differentiable entries. For 7 >~ 0 we use the backward approximation:

Xx,z(x) - Xs—h,f(x) = Xs,t(x) - (Xx,t o Xs—h.,s)(x)
= Xs,t(x) - Xs,t ()C + bs(x) h+ Us(x) (WA - Ws—h))

(1.6)
>~ — [(VX“(X)' bs(x) + % VX, (x) as(X)) h+ VX, (x)og(x) (Wy — Wv—h):|

In the above display, X, ;o X;_5 s stands for the composition of the mappings X, and X;_j ;.
The above approximations are discussed in more detailed in Section 4.1 and lead to the
backward stochastic flow evolution equation:

d X, (x) = = [(VX 0 (x) by(x) + § V2X; () ag(x)) ds + VX, (x)oy(x) dW,] (1.7)
In the above display, d; X i’t(x) represents the change in X f;,,(x) w.r.t. the variable s.
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In the same vein, for any s < u < t we have the interpolating semigroup decompositions
Xunr o Ys,u+h — Xus o0 Ys,u
= (Xu+h,1 - Xu,t) o Ys,u + (Xu+h,t o Ys,u+h - Xu+h,1 o 7s,u)
as well as the forward approximations
Xt (Xsu ) + (X usn () = X5 u(0)) = Xopn, (X u(x))
2 (V) X)) K () = X (1) (1.8)
43 (P Xan) Ko @Ko )

The above approximations are rigorously justified in Section 4.1 in terms of two-sided
stochastic integrals and lead to the forward—backward stochastic interpolation equation

du (Xu,t o Ys,l,t) ()C)
= (duXu,t) (Xs,u(x)) + (VXu,t) (Xs,u(x))/ dqu,u(x) (19)
1 — —
+5 (V2Xur) Ko@) @u(Xsu(x)) du
The discrete time version of the forward—backward stochastic formula in the above display
reduces to the telescoping sum formula (4.2) and the second order Taylor expansions discussed
in Section 4.1. We already mention that (4.2) can be interpreted as a discrete time version of the
Alekseev—Grobner lemma [1,27]. The terminology forward—backward comes from the forward
and backward nature of (1.9) and the telescoping sum formula (4.2). .
Also notice that (1.7) can also be deduced formally from (1.9) by replacing X , by the

stochastic flow X, in (1.9), and then letting s = u.
This yields the following interpolation theorem.

Theorem 1.2. We have the forward—backward stochastic interpolation formula
X.1(0) = X, (x) = Ty (Aa, Ab)(x) + S;,(Ao)(x) (1.10)
with the stochastic process

T, /(Aa, Ab)(x)

t _ o 1 _ o
= / |:(VXu,r) (Xs,u(x)), Ab,(Xs,.u(x)) + E (VZXu,r) (Xs,u(x))/ Aau(Xs,u(x))i| du
(1.11)

and the fluctuation term given by the Skorohod stochastic integral

Ssi(Ao)(x) = / (VXur) Xsu(x)) A0y (X, u(x)) dW, (1.12)

The fluctuation term in the above display can also be seen as the extended two-sided stochastic
integral defined in (4.3) (see also Proposition 6.2).

These interpolation formulae combine the backward evolution (1.7) with the conventional
forward evolution of the perturbed flow.

The proof of the interpolation formula (1.10) is provided in Section 4.

We will present two different approaches: The first one presented in Section 4.1 is rather
elementary and very intuitive. It combines the conventional It6-type discrete time approxima-
tions of stochastic integrals discussed above with the two-sided stochastic integration calculus
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introduced in [49]. Using this approximation technique the fluctuation term is defined by the
extended two-sided stochastic integral defined in (4.3). In this interpretation, Eq. (1.10) can be
seen as an extended version of the It6-type change rule formula stated in Theorem 6.1 in the
article [49] to the interpolating flow

Z5 s uels,t] = Z8 =X, 0Xw = ZV -7V =X, — X, (1.13)

Roughly speaking, the increments of the interpolating path are decomposed into two parts:
One comes from the backward increments of the flow u — X, , given the past values of the
stochastic flow X, s.u- The other one comes from the conventional It6 increments of u — X st
given the future values of the stochastic flow X, ;.
The second approach discussed in Section 4.2 is based on the generalized backward It6—
Ventzell formula stated in Theorem 1.1. More precisely we also recover (1.10) from (1.5) by
choosing

(Fy (), Y5, () = (Xx,t(x)»ys,t(y)) (Bs,t, Xs,1) = (bt ( s z(x)) ( S,t(x)))
Gui(x) = VF,(x) by(x) +% V2F, (x) a,(x) and
Hu,t(x) = VFu.t(x), ou(x)

and letting (u,v) = (s,¢) in (1.5). The regularity conditions on the drift and the diffusion
function ensure that conditions (H;); with i = 1, 2, 3 stated in Section 1.1.1 are satisfied.

We emphasize that the backward diffusion flow discussed in (1.7) and (4.1) is essential to
apply Theorem 1.1. Section 4.2 also provides a multivariate version of (1.10).

The interpolation formula (1.10) with a fluctuation term given by the Skorohod stochastic
integral (1.12) can be seen as a Alekseev—Grobner formula of Skorohod type.

In this context, the integrability of the fluctuation term and any quantitative type estimates
require a refined analysis of the Malliavin derivatives of the integrand. Under our regularity
conditions the stochastic flows X;,(x) and Ym(x) are Holder-continuous w.r.t. the time
parameters as well as twice differentiable w.r.t. the space variables, with almost sure uniformly
bounded first and second order derivatives. In addition, for any n > 1 all the n-absolute
moments of the stochastic flows are finite with at most linear growth w.r.t. the initial values.
These properties ensure that the Skorohod stochastic integral (1.12) is well defined and they
allow to derive several quantitative estimates. Section 5 provides a refined of the fluctuation
term; see for instance Theorem 5.2.

When o, = 0 the flow X;,(x) is deterministic so that the Skorohod fluctuation term
(1.12) reduces to the traditional Itd stochastic integral. In this context, quantitative estimates
of the fluctuation term are obtained combining Burkholder—Davis—Gundy inequalities with the
generalized Minkowski inequality. The resulting interpolation formula (1.10) can be seen as a
Alekseev—Grobner formula of It6-type.

To distinguish these two classes of models, the interpolation formulae (1.10) associated with
the case o, = 0 will be called an Ito—Alekseev—Grobner formula; the one associated with the
case Ao; # 0 will be called a Skorohod-Alekseev—Grobner formula.

1.1.3. Uniform estimates w.r.t. the time horizon

The final objective of this article is to derive uniform estimates w.r.t. the time parameter.
Our methodology is mainly based on two different types of regularity conditions to be defined
and discussed in detail in Section 2.2:
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e The first is a technical condition that ensures that the n-absolute moments of the flows
X, and Y“ are uniformly bounded w.r.t. the time horizon; we call this condition (M),.

e The second is a spectral condition on the gradient of the drift and diffusion matrices of
the stochastic flows, which we call condition (7),. Without going into details, we state one
usual case of interest: for constant diffusion functions (1.2) the spectral condition (7'), is met
for any n > 2 as soon as the following log-norm conditions are met

Vb, + (Vb)Y < =21 I and Vb, + (Vb)) < =21 I for some A A X > 0, (1.14)

To motivate the above condition consider a linear drift function of the form b,(x) = B; x
and 0 = 0. In this case the tangent process VX ,(x) satisfies a time-varying deterministic
linear dynamical system

0; VX, (x) = VX ,(x) Bt/

The asymptotic behavior of this process cannot be characterized by the statistical properties
of the spectral abscissa of the matrices B;. Indeed, unstable semigroups associated with
time-varying (deterministic) matrices B, with negative eigenvalues are exemplified in [16,55].
Conversely, stable semigroups with B, having positive eigenvalues are given by Wu in [55]. In
contrast, the uniform log-norm condition (1.14) provides a readily verifiable condition.

To describe with some precision the second main result of the article, we need to introduce
some additional terminology. When there is no ambiguity, we denote by ||.|| any (equivalent)
norm on some finite dimensional vector space. For some multivariate function f;(x), for (¢, x) €
[0, 00) x RY, let || f(x)| = sup, || fi(x)|| and the uniform norm be || f| := sup, , || f;(x)||. For
any n > 1 we also set

£ GOl = supsup E (|| £:(X,,cenlI") " (1.15)
s=>0 t2=s

We denote by «, and x5, some constants that depend on some parameters n and (8, n) but do
not depend on the time horizon, nor on the space variable.
In this notation, the second main result of the article takes basically the following form.

Theorem 1.3. Assume conditions (M)a,/s and (T )2n)1-s) are satisfied for some parameters
n > 2 and § €]0, 1[. In this situation, we have the time-uniform estimates

- n1l/n

sup sup E [ X,., (x) = Xy,()["]”

520 1> (1.16)

< ks (1Aa()l2n 145y + NADG) 20 145) + 1A (X l2nss (1V [1x1]))

For constant diffusion functions (1.2), the estimate simplifies to
(L1 =Vn>2  supsupE[|X,,(x) — X, 0)"]""

520 1>s (1.17)
<kn (12D + 12 = 2)

The estimates (1.16) come from (A.2) and (5.9). A more detailed proof is provided in the
Appendix, Section Proof of (1.16). The estimates (1.17) are direct consequences of (2.18) and
(5.11). When o; = o, the Skorohod term is indeed absent and (1.10) reduces to the almost
sure interpolation formula

X0(x) = X 4(x) =f (VXut) X5 u(x)) Aby(Xs 0 (x)) du (1.18)
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We recover the interpolation formula for nonlinear stochastic flows presented in Section 3.1 in
the article [3]. In this context the analysis of L,-errors will proceed via two-step procedure. In
Section 3.1 we will derive the exponential bound

sup E(l (VX)) OIDY" < iy exp(—A(n) (t —u)) for some  A(n) > 0
Using the Minkowski integral inequality in (1.18) yields

E 11X, (x) — X, 0] < f B[l (VXir) Ko D" x [ Abu(X o o] d

A further conditioning argument and the above exponential bound on the tangent process yields
t
l/n v nil/n
E [11X:(x) = X 0)|"] Kn / exp(—i(n) (t —u)du  sup E[|| Ab, (X, ,(x))|"1"/".
K s<u

Replacing the term outside the time integral with || Ab(x)]|, yields the stated result in (1.16)
excluding the terms representing the difference in the diffusions.

The stochastic interpolation formula (1.18) can also provide almost sure uniform estimates.
Indeed, assume that o; = &; and

bi(x) =b,(x)+ € ¢,(x) for some € € [0, 1] and some bounded drift function ¢,(x).
In this situation, for any A > 0 we have

Vb, + (Vb)Y < =201 = supsup || X,,(x) — X,,(0)] <€ [lpll/r

5s=20 t2=s

In the context of one-dimensional diffusions, we readily check the following stochastic
comparison

(VxeR  bi(x) = by(x))
= (VxeR Vs>0 Viels, o0l X, (x)>X,,(x)

This yields a simple proof of the comparisons theorems for solutions of stochastic differential
equations discussed in Proposition 2.18 in [35], see also [32], and the references therein.

We illustrate another use of Theorem 1.2 in the context of analyzing the error in discretizing
the diffusion X;,(x) for some initial time point s > 0. Let # > O denote the discretization
interval size and for any ¢ € [s + kh, s + (k + 1)A[ let

dX" (x)=Y!(x)dt + 2 dW, with Y!(x):=b (X" ()

for a fixed diffusion matrix o;(x) = . Here Xht(x) is the discretization of X ,(x) with
resolution A. Note that the drift at time 7 is not a function of the instantaneous value of X! ,(x),
at time ¢, but rather the value it took at the largest discrete time-point before 7. In Section 4.4
we discuss how the formula in (1.10) also applies in this context and establish that

X (0) = Xgi(x) = / (VXui) (X2, [Y],0) = b(X!,(x)] du

This comparison result when combined with the regularity assumptions (1.19) yields the
moment bound below.

Proposition 1.4. Assume that
Vb+(VbY < =20 1 ||Vb|| :=sup |[VbX)|| < 00 and {(x,b(x)) < —B |x|? (1.19)
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for some A > 0, B > 0. In this situation, for any n > 1 we have the uniform estimates
n\1/n P
E (X200 = X, I") " < IVBI (LB + ) IVBI) b+ Vi) /5
where i, (x) < K, (14 ||x]).

Proposition 1.4 is proved in Section 7.3. To apply Proposition 1.4 to a Langevin diffusion
with a convex potential U(x), the drift would be b,(x) = —VU(x) and the corresponding
assumptions on U(x) are typical.

2. Preliminary results

2.1. Some basic notation

With a slight abuse of notation, we denote by I the identity (d x d)-matrix, for any d > 1.
We also denote by ||.|| any (equivalent) norm on a finite dimensional vector space over R. All
vectors are column vectors by default.

We introduce some matrix notation needed from the onset.

We denote by Tr(A), |All2 = Anax(AA)/? = Apax (A’ A)/2, resp. ||AllF = Tr(AA’)Y/? and
P(A) = Apax ((A+ A7) /2) the trace, the spectral norm, the Frobenius norm, and the logarithmic
norm of some matrix A. A’ is the transpose of A and A, (.) the largest eigenvalue. The
spectral norm is sub-multiplicative or ||AB||» < ||All2||Bll> and compatible with the Euclidean
norm for vectors, by that we mean for a vector x we have | Ax| < [|All2]lx].

Let [n] be the set of n multiple indexes i = (i1, ...,i,) € Z" over some finite set Z. We
denote by (A; ;)q, j)erpixiq1 the entries of a (p, g)-tensor A with index set Z for [p] and J for
[g]. For the sake of brevity, the index sets will be implicitly defined through the context.

For a given (py, g)-tensor A and a given (g, p,) tensor B, AB and B’ is a (p;, p»)-tensor
resp. a (pa2, q)-tensor with entries given by

VG, j)€lplx[p  (AB)j= ) Aix Be; and Bj, =B, @2.1)
kelq]

The symmetric part Ay, of a (p, p)-tensor is the (p, p)-tensor As,, with entries
V@i, j) € [p] x [p] (Agym)i,j = (A +A;)/2
We consider the Frobenius inner product given for any (p, g)-tensors A and B by

(A, B)p = Tr(AB') =) (AB");; andthe norm [Alr = {/Tr(AA")

For any (p, ¢)-tensors A and B we also check the Cauchy—Schwarz inequality
(A, B) < |AllF IBllr and [Aly < [|A]r < CardD)” [|A]l,  with
I1All2 = Amax(AA)'/?

For any tensors A, B with appropriate dimensions we have the inequality
IABlF < IIAllF IBllF
Given some tensor valued function T : (¢, x) — T;(x) we also set
ITIF = sup IT:COlr T2 = Sup 1Tl and  |IT] = Sup IT:Coll
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Given some smooth function A(x) from R? into R? we denote by
By, I’
Vh=[Vh',...,Vhi] with Vh' = : (2.2)
0y, ht'
the gradient (p, ¢)-matrix associated with the column vector-valued function h = (A’ )i<i<q-
The notation df is only used in the context of one-dimensional models, 8" f is the nth derivative
of a functions f(x) from R into R. (Use of vector-type gradient and matrix-type Hessian
notation for one-dimensional models is potentially confusing.)
Building on this notation: let » : R" — R? and let the mapping x — G(x) = h(b(x)). Then
VG(x) = Vb(x) x Vh(b(x)). Let
I L BXI_XPhi
Vh=[V?h',...,V?h?] with V°h' = : : (23)
Bxp,xlhi ... 0 h

XpsXp
The Hessian H = V?h associated with the function & = (k! )i<i<q 18 a (2, 1)-tensor where
Hi jhx = (Vzhk),», = Z)Xl.,xj h*. In this notation we can compactly represent the second order

term of the Taylor expansion of the vector valued function /. For a vector y = (y1, ..., yp)
Y VZh'(x) y
: = VZh(x) yy'
Y VZhi(x) y

where we have regarded the matrix yy’ as the (2, 1)-tensor ¥ with Y;; ;)1 = y;y;.

In the same vein, in terms of the tensor product (2.1), for any pair of column vector-valued
function h = (h*)1<k<, and b = (b')1<;<, and any matrix function a = (a/)<; j<, from R?
into R?, for any parameter 1 < k < g we also have

(VAGY b)) = D0 (VA@, b= Y 0k 0 bx) = (VA ), b))

1<i<p 1<j<p
’ k i,j
(Vh(x) a())” = Y (Vh@) ) @/ (x)
I<i,j<p

P B i) a0 = (VA )

I<i,j<p
In a more compact form, the above formula takes the form
(V! (x), b(x)) (V2h'(x), a(x))
Vh(x) b(x) = : and V2h(x) a(x) = :
(Vhi(x), b(x)) (VZhi(x), a(x))
2.4)

For any n > 1 we let P,(R?) be the convex set of probability measures (1, (r on R4 with
absolute nth moment and equipped with the Wasserstein distance of order n denoted by

W, (i, po) = infE(| X — Xo|I")"/”
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In the above display the infimum is taken over all pair or random variables (X;, X,) with
marginal distributions (141, 2). The stochastic transition semigroups associated with the flows
Xs(x) and X, ,(x) are defined for any measurable function f on R4 by the formulae

Py (f)(x) = f(X;,(x) and Py (f)(x) = f(X,i(x)

Given some column vector-valued function f = (%) 1<i<p» let Py ;(f) and P ;(f) denote the
column vector-valued functions with entries Py ,(f*) and Py, (f") (with the Markov semigroup
Py ; defined in the unnumbered equation afer Eq. (1.2)). Building on the tensor notation, let
P ,(Vf) and IP’J,,(V2 f) respectively denote the (1, 1) and (2, 1)-tensor valued functions with
entries

Py (V)@)ik =Py, fX)  and Py (V2 )0k = Pyt (O f)(X)
We also consider the random (2, 1) and (2, 2)-tensors given by
V2 X ()i jpk = Oy, X, (0) = [V2 Xu ()]
I
[VX5.: () @ VX 0)] ) o k)G, )

Throughout the rest of the article, unless otherwise stated «, k¢, k,, k, . denote constants
whose values may vary from line to line but only depend on the parameters in their subscripts,
ie.n > 0and € > 0, as well as on the parameters of the model; that is, on the drift and diffusion
functions. We also use the letters c, c¢, ¢;,, ¢y to denote universal constants. Importantly these
constants do not depend on the time horizon. We also consider the uniform log-norm parameters

p(Vo) == > p(Voy? and p.(Vo):= sup p(Voy)
1<k<r Isksr (2.6)
with  p(Voy) = Sup p(Vo, k(x))
\X

k) (2.5)

= VX (0)ik VX (x)j0 = [VX;(X) ® VX, ()]

and the parameters X (b, o) defined by
X(b,0) = c+ V20l + V%0 |* + pu(Vo )? @7

2.2. Regularity conditions and some preliminary results

We consider two different types of regularity conditions (M), and (7),, indexed by some
parameter n € [2, oo[, for the diffusion (b;, o;).

M), There exists some parameter «, > 0 such that for any x € R? we have
( p y

n\1/n
() = SUp E (11X, (01I") ™ <y (1V 1xID)
St

(T), There exists some parameter A4 > O such that
A, = Vb, + (Vb)) + Z Vor (Vo) < —=2x4 1 2.8)
1<k<r

where oy ; denotes the kth column of o;. In addition, the following condition is satisfied

Aa(n) = As — @ 0.(Va)2 >0 (2.9)
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We now define the corresponding assumptions for the diffusion (b;, 1.

(M), The regularity condition defined as in (M), by replacing X ,(x) by Ys,,(x).

(7_')n Let A, be the symmetric matrix defined as A, in _(2.8) by replacing (b,, 0;) by by, 7).
Assume there exists some Ay > O such that A, < —2A7 I. Furthermore, assume
Az(n) > 0 where Az(n) is defined as Aq(n) when (Ay, 0;) = (Ag, T¢).

(M),, We write (M), when both conditions (M), and (M), are satisfied.

(T),, Both conditions (7), and (7_’),1 are met, and let

Aga(n) == da(m) A Az(n)

In practice, the uniform moment condition (M), is often checked using Lyapunov tech-
niques. For example we can use the following polynomial growth condition.

(P), There exists some parameters «;, 5; > 0 with i = 0, 1, 2 such that for any # > 0 and any
x € R? we have

lo: ()% < ao+arllxl|+azlx[* and  (x,b,(x)) < Bo+Billx] — Ballx]* (2.10)

for some norm ||o;(x)| of the matrix-valued diffusion function. In addition, we have

—1
(n )a2>0
2

Ba(n) = P2 —

Lemma 2.1. For any n > 2 we have

_ _ 1/2
P = (M) with k=142 2)“‘2)/3;:)/10; (=20 75y

The proof of the above assertion follows standard stochastic calculations, thus it is housed in
the Appendix, Section Proof of (2.11). For one-dimensional geometric Brownian motions the
condition (P), is a sufficient and necessary condition for the existence of uniformly bounded
absolute n-moments. In this case (7), coincides with (P), by setting

ha=pr—m/2 and & =p (Vo)
Whenever condition (M), is met for some n > 2, we also check the uniform estimates
= n\1/n
E (11X, 0 XsulCON") ™ < ke (14 l1x1D (2.12)

with the same parameter k, as the one associated with the condition (M),.
Recalling that the functions (b, b;) and (o;,0,;) have at most linear growth, with the
LL,-norms ||.]|, introduced in (1.15) we also have that

NABCOI, < k1a(XV XD and  [|Aa)llnz < 2 (1V [1xID? (2.13)

To give more insight where these assumptions will be used, we now briefly state the stability
results that stem from them. Condition (7)), ensures that the exponential decays of the absolute
and uniform n-moments of the tangent and the Hessian processes; that is, when (7)), is met
for some n > 2 we have that

E (19X, )I") " VE (IV2 X, @)I") " < s ¢ @ for some An) > 0 (2.14)
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A more precise statement is provided in Proposition 3.2 and Eq. (3.10). These uniform estimates
clearly imply, via a conditioning argument, that for any n > 2 and s < u <t we have

E (VX0 )Xo D) " v E (172X, DXy D) " < sy €200 (2.15)

with the same parameters (k,, A(rn)) as in (2.14). The case Vo = 0 will also serve a useful
purpose, for example in analyzing the error of a numerical implementation as in Proposition 1.4.
For instance whenever (7)), is met we have the almost sure and uniform gradient estimates

VX /ll2 = sup [ VX (0)]2 < e *407 (2.16)
X
In addition, we have the almost sure and uniform Hessian estimates
d -
IV X illp = sup [V2X,, (0l p < = IV2Dllp €407 (2.17)
X A

A proof of the above estimates is provided in the beginning of Sections 3.1 and 3.2. In this
situation, whenever (7), is met we have

E[IT,(Aa, Ab)@)"]" <k (AL, + 11 AaCo)ll,) - (2.18)

In the above display, T ,(Aa, Ab)(x) stands for the stochastic process discussed in (1.11), and
k stands for some finite constant that does not depend on the parameter n. For instance, for a
Langevin diffusion associated with some convex potential function U we have b = —VU and
Vo = 0. Then assuming

VCU>AIT = (T), ismet

e d o (2.19)
— ”VXJ,IHZ g e At—s) and ||V2Xs,l||F < X ||V3U”F e A(t—s)

where the almost sure tangent and Hessian bounds follow from (2.16) and (2.17) respectively.

In practice, it is often easier to work with a,(x) = o,(x)o,(x) than o,(x) and we now discuss
some ways of estimating Ao,(x) = 0;(x) — 7,(x) in terms of Aa,(x) = a,(x) — a,(x) and in
the reverse direction. The latter is straightforward:

1 Aa, ()] < Aoy (Ol oy (Ol + llg (1T -
To estimate Ao; in terms of Ag,, assume the following ellipticity condition is satisfied
a(x)zv Il and a,(x)>v I for some parameter v > O. (2.20)

We recall the Ando—Hemmen inequality [2] for any symmetric positive definite matrices

le Q2

~1
1017 = 0121 < [mln (@0 + (@] 101 - 02l @21)
for any unitary invariant matrix norm ||.||. In the above display, A,,;,(.) stands for the minimal
eigenvalue. We also have the square root inequality
0> 0,= 0, > 0)? (2.22)

See for instance Theorem 6.2 on page 135 in [29], as well as Proposition 3.2 in [2]. A proof
of (2.22) can be found in [9]. In this situation, using (2.21) and (2.22) we check that
1

1
[Aa,()ll and oyl < o ()l + —= [lla:()Il + lla, (O[] (2.23)
Vv

[PACACIIIES 7
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This provides a way to estimate the growth of o,(x) in terms of the one of a,(x). For instance
the estimate (1.16) combined with (2.23) implies that

- 1/n
E 11X, (x) = X;.:(0)11"] "< ks (IHAD 2n/c148) + A l20/5(1 v 1x11))

o Assume that (M), is satisfied for some n > 1. Also let f:(x) be some multivariate function
such that

I F O :==sup || fi(O)]| <oo and [[Vf| :=sup||Vfix)| <o
t X
In this situation, we have the estimates

IF M < IFON+ NV Il a(x)
and therefore || f(O)llx < & (LSO + IV FID (1 V lIxID

2.3. Some results on anticipating stochastic calculus

In this section we review some results on Malliavin derivatives and Skorohod integration
calculus which will be needed below. We restrict the presentation to unit time intervals. Let
(42, W) be the canonical space equipped with the Wiener measure [P associated with the
r-dimensional Brownian motion W; discussed in the introduction.

The Malliavin derivative D, is a linear operator from some dense domain D, ; C L,(§2)
into the space LL,(f2 x [0, 1]; R") of r-dimensional processes with square integrable states on
the unit time interval. For multivariate d-column vector random variables F with entries F?,
we use the same rules as for the gradient and we set

D} Fi
D.F =[D,F',...,D,F'] with D,F' = :
D'F!
For (p x g)-matrices F with entries F,f we let D, F be the tensor with entries
(D,F)i jx = D}F/

It is clearly out of the scope of this article to review the analytical construction of Malliavin
differential calculus. For a more thorough discussion we refer the reader to the seminal book
by Nualart [43], see also the more synthetic presentation in the articles [44,47].

Formally, one can think the Malliavin derivatives DﬁF of some F € D, as way to extract
from the random variable F the integrand of Brownian increment d Wti. For instance, when
s <t we have

DiX; (x) = 071(X;,(x))
(Dy VX5 ik = D (VX (D) = (VXis(x) Vor,i(Xsa(x)) (2.24)

As conventional differentials, for any smooth function G from R into RP*4, Malliavin
derivatives satisfy the chain rule properties
DiGloF)= Y (ale,{) (F)x D'F' <= D,(GoF)=D,F (VG)o F)
1<i<d

For instance, for any s < u# < v we have

Du (Xu,t o Xs,u) = (Dqu,u) [(VXu,t) ] Xs,u] and

D, (§t o Xs,t) = (DyX;.1) [(ng) © Xs,z]
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In the same vein, we have
Dy (VXsu [(VXur) 0 Xsu])
= (DuVXs,u) [(VXu,l) o Xs,u] + (Dqu,u ® VXs,u) [(szu,t) o Xs,u]

Let L, ;(R") C Ly(£2 x [0, 1]; R") be the Hilbert space of r-dimensional process U, with
Malliavin differentiable entries U,i € ,,; equipped with the norm

1/2 1/2
1o :=E(/ VU2 dt) +E(/ 1D dsdt)
[0,1] [0,112

The Skorohod integral w.r.t. the Brownian motion W/ on the unit interval is defined a linear
and continuous mapping from

(2.26)

1
Vel (R) — / V, dW! € 1y(2)
0

characterized by the two following properties

1
E(/ v, dW,") =0
0
1 2
E((/ v, dW,") ) = ]E(/ v? dt) —HE(/ DV, DV, dsdt> (2.27)
0 [0.1] 10,117

The above formula can be seen as an extended version of the Itd isometry to Skorohod integrals,
for instance [46], as well as Chapters 1.3 to 1.5 in the book by Nualart [43].

As for the Itd integral, the Skorohod integral w.r.t. the r-dimensional Brownian motion W;
of a matrix valued process with entries V| € L, (R) is defined by the column vector with

entries
:=/ Vi dw, =Y f i dwk
0 0

1
(o)
0 I1<k<r

3. Variational equations

i

3.1. The tangent process

In terms of the tensor product (2.4), the gradient VX, ,(x) of the diffusion flow X, ,(x) is
given by the gradient (d x d)-matrix

d VX, (x) = VX, () [Vbt (X () dr+ Y Voru (Xou) dW{‘}

1<k<r

where W/ is the kth component of the Brownian motion. After some calculations we check
that

d [VX:(0) VX, ()] = VX (1) A (X0 (x)) VX (x) dt +dM; (x) (3.1
with the matrix function A,(x) defined in (2.8) and the symmetric matrix valued martingale
M) = D VX [ Vo (X)) + Vore (X)) | VX ) aw
1<k<r

These expansions, when combined with condition (7),, yield the following estimates of the
difference between X ,(x) and X, ,(y).
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Proposition 3.1. Assume (T), is satisfied. Then

E (I Xor(r) = X, 0IP) < Vd e 079 x =y, (3.2)
In addition, we have the almost sure estimate

Vo =0=[|X,,(x) = Xs, (Il < e Jx —y]| (3.3)
Proof of Proposition 3.1. Whenever (7), is met, we have the following uniform estimate
from (3.1)

(T2 = E(IVX.,@I3)"* E(IVX.,@l3) " < Vd e 740 (34)

where the +/d term arises from imposing the initial condition VX, (x) = I on the resulting
differential equation for B,E(HVXM()C)H%)W. In addition, when Vo = 0 the martingale
M; ,(x) = 0 is null and as a consequence of (3.1) we have the following almost sure estimate

VX2 = sup [VX;,(x)]2 < e a0 (3.5)
X

The Taylor expansion
1
Xsi(x) = Xsi(y) = / VXi(ex + (1 —€)y)(x —y) de
0

1
= [ X, (x) = Xe.(* < [ / IV X, (ex + (1 — )3 de} Ix — yII?
0
combined with (3.4) and (3.5) completes the proof. [

These contraction inequalities quantify the stability of the stochastic flow X, ,(x) w.r.t. the
initial state x. For instance, the estimate (3.2) ensures that the Markov transition semigroup is
exponentially stable; that is, we have that

Wo (140 Ps.ss i1 Psr) < ¢ expl—ialt — )] Wy (o, i1) (3.6)

For the Langevin diffusions discussed in (2.19) the stochastic flow is time homogeneous; that is
we have that X, = X, := X 45 and Py, = P,_; := Py —s). In addition when o(x) =0 I,
the diffusion flow X,(x) has a single invariant measure on R given by the Boltzmann—Gibbs
measure

1 2 . -2 Uk
n(dx):E exp - Ux))dx with Z:= e o dx 3.7

From (2.19), it follows that
VUZAT = W, (uP,7)<exp[—At — )] W, (u, )

foralln > 1.
Taking the trace in (3.1) we also find that

d VX, (O} = Tr [VX () A (Xer(0) VXY di + dNyi(x)
with the martingale
ANy = 32 Tr (VX000 [ Vore (X, (@) + Vo (X, (0) VX 00) dwf

1<k<r
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Observe that

BN ) = 3 T (VX0 [ Vo (o) + Yo (X, 00) ] VX))
k

This implies that
O/E (VX))
=2 E (IVX,, )7 Tr[VXy,(x) A (Xi0(x)) VX, (x)])

+ Y E (Tr (VX000 [ Vo (X)) + Vore (X)) | VXS,Ax)’)Z)

1<ks<r
Whenever (7 ), is met, we have the estimate
UE (IVXei)IF) < =4[ra — p(V0)*] E (IVX, (01}
with the uniform log-norm parameter p(Vo) defined in (2.6). This yields the estimate
OE (VX0 @)™ < = [ha = p(Vo)] E(IVX,,0l3) "

More generally, we readily check the following result.

Proposition 3.2. When condition (T), is met we have the following time-uniform bounds,

n — —(n— )2 _
E(IVX, (0)l})"" < v e Lamom2ror )iy (3.8)
3.2. The Hessian process

In terms of the tensor product (2.1), we have the tensor-valued diffusion equation
d VX, (x)
= [[VXs,t(x) ® VXs,t(x)] Vzbt(XS,t(x)) + Vsz,t(x)Vbt(Xs,l(x))] dt +dM; (x)

with the null matrix initial condition V2X, ((x) = 0 and the tensor-valued martingale

AM () = Y ([VX () ® VX, 0(0)] V20, (K (1)

1<k<r

+ VX, () Vo k(X4 (x))) dWS
Consider the tensor functions

vo= Y (Vo) (Vior) and 1= Vb + Y (Vo) (Vo) (3.9)

1<k<d 1<k<d

After some computations, we check that
d [V?X,,(x)V? X, (x)]
_ {[VZXM(x) Ai(X, 0 (x)) VX, (x)]
+2[[VX0i(0) ® VX ()] 70(Xs,0(x)) VZXS,,(x)/]Sym

+ [[VX0 @) ® VX0 (0] UKo ) [V X000 © VX, )] |t + AN ()
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with the matrix function A,(x) defined in (2.8) and the tensor-valued martingale

AN =2 Y {[VX() ® VX(0)] Voo a(Xp(x)) VX (x)
1<k<r
+ VX (1) Vo (X, (0) VX, ()}, dWS
When Vo = 0 the above equation reduces to
O [V?X,u )V X (x) ]
= [V? X, (x) A(X;0(x) VX0 (x)']
+2[[VXi(0) ® VX1 (0)] VZbi(Xy (%)) VX (x)]

sym

Whenever (7)), is met, taking the trace in the above display we check that

O IV X ONIF < =204 V2 X5 (0N F + 20Vl F VX i (N7 1V X (0]l
This yields the estimate

O VX (Ol F < =Aa IV X0 OllF + IV2blF VX0 ()1

Using (2.16) this implies that

t
Cha - d Chate
IV2XerG)llp < V2Dl p e7* a0 / ANV X () du < = [IV2b]|p 7407
A

5
This ends the proof of the almost sure estimate (2.17).
For more general models, we have that

d VX, ()17
= {Tr [VZX 0 (x) A(X () VEX,,(x)]
+2 Tr[[VX () @ VX, (0)] (X0 (x) VX (x)]
T [[vxs,,(x) ® VX, ()] (X, () [VX,, (1) ® vxs,,(x)]/] } dt +dM, ,(x)
with a continuous martingale M, ,(x) with angle bracket
3 (M, (X))
=4 Y Tr{[VX,,(0) ® VX, (0)] VZoru(X,i(x) V2X,(x)

1<k<r

+ VX, (x) Vo (X, (0) V2X, () )

Proposition 3.3. Assume (T), is met. In this situation, for any € > 0 s.t. La(n) > € we have

E (IV2X,,0)l1) " <n e X(b, o) exp (= [ha(n) — €]t — 5) (3.10)
with the parameters X (b, o) and L a(n) defined in (2.7) and (2.9).

In the above display, p,(Vo) is defined in (2.6). The proof of the above estimate is technical
and thus housed in the Appendix, Section Proof of Proposition 3.3.
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3.3. Bismut—Elworthy—Li formulae

We further assume that ellipticity condition (2.20) is met. In this situation, we can extend
gradient semigroup formulae to measurable functions using the Bismut—Elworthy—-Li formula

VP (/)x) = E (f(X;4(x) 77,(x)) (3.11)

with the stochastic process

T2 (x) = / By s, () VX 0(x) au(Xs,(x)™* dW,

The above formula is valid for any function ws, : u € [s, ] = w;,(u) € R of the following
form
1
s (u) =@ ((u—s5)/(t—5)) = s, (u) = P— e (w —s5)/(t — ) (3.12)
for some non decreasing differentiable function ¢ on [0, 1] with bounded continuous derivatives
and such that

(90), (1) = (0, 1) == @, (1) — ws5,(s) =1

A rather simple proof of the formulae (3.11) when a,(x) = I in the context of nonlinear
diffusion flows can be found in the Appendix in [5], see also [6,14,26,41,52] in the context of
diffusions on differentiable manifolds.

Whenever (7), is met, combining (3.4) with (3.11), for any f s.t. || f]| < 1 we check that

IV (HI* < E (172,017
t
<w [P a0t W du
N

K1

1
— / e—z)\A(t—X)v (aw(v))Z dv
=5 0

Let ¢ with € €]0, 1[ be some differentiable function on [0, 1] null on [0, 1 — €] and such that
|0pe(u)] < c/e and (p(1 — €), (1)) = (0, 1). For instance we can choose

0 if uel0,1—c¢]
= 1—
Peu) 1 + cos <(1 + ”) 5) if well—el]
€ 2
In this situation, we check that
1 1
IVPL(HIPS 2 —— [ et gy

e t—s l—e

from which we find the rather crude uniform estimate

VPN < & e e hat-a) 3.13)
st X € l —
In the same vein, for any s < u# < ¢ we have the formulae
V2PN = E (f(Xea(0) 1300 + VX000 VF (X)) (3.14)
=E (f(Xs,(x) [t200) + VX0 () 70 (X)) 728,(x)']) (3.15)
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with the process

T (x)

t
= [ o) [V X
s
+ (VX ® VX)) (Ve )Xo | dW,

In the above display Va, '/2 stands for the tensor function

(Va, Pk = a0k = = (a2 [35a, 0] a4y 2())

A detailed proof of the formulae (3.14) and (3.15) in the context of nonlinear diffusion flows
can be found in the Appendix in [5], see also [6,14,26,41,52].
Observe that

iu

(2.20) = sup |9y, a, 20 < ¢ Vo /v

Whenever (7)), is met, using the estimate (3.3) for any € €]0, 1[

IV2Pe ()l < g e MO (IFIL+ IV 1) (3.16)

N

In the same vein, using (3.15) for any u €]s, f[ and any bounded measurable function f s.t.
I /1l <1 we also check the rather crude uniform estimate

K1 1 “aplu—s)(l—€) , K2 1 Apu—s) —AA(t—s)(1—€)
V2P ()l € — ——= el + 5 T 7l
’ € Ju—s €2 Jit —uw)u—ys)

Choosing u = s+ (1 —€)(t —5) in the above display we check that for any € €]0, 1[ we obtain
the uniform estimate

T S S
V2P, € —m= == = Pl
V=P (O evl—c Ji—s e Je(l—e) t—s

(3.17)

4. Backward semigroup analysis

4.1. The two-sided stochastic integration

For any given time horizon s < ¢t we have the rather well known backward stochastic flow
equation

X (x) =x + / [vxu,,(x)’ bu<x>+% VX, (x) au<x>] du
y 4.1

t
+[ VXu,t(x),Uu(x) dw,

The right hand side integral is understood as a conventional backward It6-integral. In a more
synthetic form, the above backward formula reduces to (1.7).

An elementary proof of the above formula based on Taylor expansions is presented in
Proposition 2.1 in [19], different approaches can also be found in [38] and [37]. Extensions of
the backward Itd formula (4.1) to jump type diffusion models as well as nonlinear diffusion
flows can also be found in Section 2 in [20] and in the Appendix of [3].
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Consider the discrete set [s, t], = {ug, ..., u,—1} associated with the refining time mesh
uiy1 = u; +h from ug = s to u, = t, for time step 2 > 0. In this notation, combining (1.6)
with (1.8) for any u € [s, t], we have the Taylor type approximation

Xu-‘rh,t o Ys,u+h - Xu,t o Ys,u
_ — 1 _ , _
- <(VXL¢+h,t) (Xs,u(x)), Abu(Xs,u(x)) + 5 (VZXL¢+/1,t) (X.v,u(x)) Aau(Xs,u(x)) ) h

- (VXu+h,I) (Yx,u(x))/ AO.LI(YS,M('X)) (Wu+ll - Wu)
This yields the interpolating forward—backward telescoping sum formula

X0 (6) = Xy (x)
= - Z [Xu-&-h,t(ys,u-&-h(x)) - Xu,t (Ys.u(x))]

uels,tly

~ 3 (vxuw (X0 () Aby (X (x))

uels,tly

“4.2)
1 — —
+ E (vzxu+h,1) (Xs,u(x))/ Aau(Xs,u(x)) > h

+ Y (Vi) K ()Y A0u (K u (X)) Wan — Wa)

uels,tly

We obtain formally (1.10) by summing the above terms and passing to the limit 2 | O.

To be more precise, we follow the two-sided stochastic integration calculus introduced by
Pardoux and Protter in [49]. As mentioned by the authors this methodology can be seen as a
variation of Itd original construction of the stochastic integral. In this framework, the Skorohod
stochastic integral (1.12) arising in (1.9) is defined by the IL,-convergence

Ss.1($)(x)
= lim (VXu+h,t) (Ys,u(x))/ gu(Ys,u(-x)) (Wu+h - Wu) with Su = Aau (43)

h—0
u€ls,tly

The proof of the above assertion is based on a slight extension of proposition 3.3 in [49] to
Skorohod integrals of the form (1.12). For the convenience of the reader, a detailed proof of
the above assertion for one dimensional models is provided in Section 6.1.

Using (4.3), the complete proof of (1.9) now follows the same line of arguments as the
ones used in the proof of Itd-type change rule formula stated in Theorem 6.1 in [49], thus it
is skipped.

4.2. A multivariate stochastic interpolation formulae

In terms of the tensor product (2.1), for any p > 1 and any twice continuously differentiable
function f from R? into R” with at most polynomial growth the function Fy, := P, ,(f)
satisfies the backward formula (1.4) with the random fields

Gu,t(x) = VFu,t(x)/ bu(x) + % VzFu,t(x)/ au(x) and Hu,t(x) = VFu,t(x)/ Gtt(x)

Using the quantitative estimates presented in Section 5.2, we checked that the regularity
conditions (H;), (H) and (H3) stated in Section 1.1.1 are satisfied. Rewritten in terms of the
stochastic semigroups Ps, and P, we obtain the following theorem.
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Theorem 4.1. For any s < t we have the forward—backward multivariate interpolation formula

Py ()(x) = Py s (f)(x) = Ty i (f, Aa, Ab)(x) + Sy, (f, Ao )(x) (4.4)
with the stochastic integro-differential operator
Ty (f, Aa, Ab)(x)
= / t [VPu,r(fos,u(x))’ Ab, (X u(x)) + % V2P ()X () Aau(i,u(x))} du
“.5)

and the two-sided stochastic integral term given by

So(f, Ao)(x) = / VB, () Ky () A0u(Kou(x)) dWi 4.6)

Using elementary differential calculus, for twice differentiable (column vector-valued)
function f from R? into R? we readily check the gradient and the Hessian formulae

VP ()x) = VX (x) Py (V f)x)
V2P (f)x) = [VX, (1) ® VX, ,(0)] Py (V2 f)@) + VX, (1) B (V) (47)

This shows that T, .(f, Aa, Ab) and S, ,(f, Ao) have the same form as the integrals
T;.(Aa, Ab) and S, ,(Aa, Ab) defined in (1.10) and (1.11) up to some terms involving the
gradient and the Hessian of the function f. For instance, we have the two-sided stochastic
integral formula

t
S (f, Ao)(x) =/ Py (VX)) VX, (X50(x) Aoy (X u(x)) dW,
s
Also observe that (4.4) coincides with (1.10) for the identity function; that is, we have that
fx)=x = T,(f, Aa, Ab) = T; ,(Aa, Ab) and S;,(f, Ao) =S, ,(Ao)

As in (1.18) when o; = o, the Skorohod terms are absent and (4.4) reduces to the almost sure
interpolation formula

Py (f)(x) = By i (f)(x) = / VP, () Xs.u(x)) Aby(Xs.u(x)) du

=/ P o (V)X u0)) (Vo) (X (X)) Aby(X (%)) du

The above discussion shows that the analysis of the differences of the stochastic semigroups
Py, —FM) in terms of the tangent and the Hessian processes is essentially the same as the one
of the difference of the stochastic flows (X, —Ys,,). For instance using the discussion provided
Section 5.3, when the gradient and the Hessian of the function f are uniformly bounded the
estimates stated in Theorem 1.3 can be easily extended at the level of the stochastic semigroups.

The LL,-norm of the two-sided stochastic integrals in (1.10) and (4.4) are uniformly estimated
as soon as the pair of drift and diffusion functions (b, o;) and D) satisfy condition (7),.
For a more thorough discussion we refer to Section 5.1, see for instance the L,,-norm estimates
presented in Theorem 5.2 applied to the difference function ¢, = Ao,.
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4.3. Semigroup perturbation formulae

Besides the fact that the Skorohod integral in the r.h.s. of (4.4) is not a martingale (w.r.t. the
Brownian motion filtration) it is centered (see for instance (2.27) and the argument provided
in the beginning of Section 5.1). Thus, taking the expectation in the univariate version of (4.4)
we obtain the following interpolation semigroup decomposition.

Corollary 4.2. For any twice differentiable function f from R? into R with bounded derivatives
we have the forward-backward semigroup interpolation formula

Ps,t(f)(x)_?s,t(f)(x):f E (VP (X5 u(x)), Aby(Xs (%)) du

1 [ — —
3 [ B[P RNE ) AaKeuo)]) du

4.8)
In addition, under some appropriate regularity conditions for any differentiable function f such
that |1l < 1 and ||V f|| < 1 we have the uniform estimate

[P ()X = Ps (O <k [l AaColl + 1 A6l ] (4.9)

Rewritten in terms of the infinitesimal generators (L,, L,) of the stochastic flows (X515 Y”)
we recover the rather well known semigroup perturbation formula

t
Ps,t = F‘v,t +/ FS.u(Lu - Zu)Pu,t du — (48)

The above formula can be readily checked using the interpolating formula given for any
s < u <t by the evolution equation

8u(ﬁs,u Pu,t) = (auﬁs,u)Pu,t + Fs,u(au Pu,t) = Fs,uzu Pu,t - Fs,uLu Pu,t

Now we come to the proof of (4.9). Whenever (7)), is met, combining (3.13) with (3.16)
for any differentiable function f s.t. | f|| < 1 and |V f]| < 1 and for any € €]0, 1[ we check
that

— o
|Pesir (D) = Pore N < 5 LAl + 1ACO] / —= e MU gy
€ 0 \/E

This ends the proof of (4.9). N
After some elementary manipulations the forward—backward interpolation formula (4.8)
yields the following corollary.

Corollary 4.3. Let X, and X, be some ergodic diffusions associated with some time
homogeneous drift and diffusion functions (b, o) and (b, 7). The invariant probability measures
7 and T of X, and X, are connected for any twice differentiable function f from R¢ into R
with bounded derivatives by the following interpolation formula

e’} _ _ 1 _ _
(r —=7)(f) =/0 IE((VPf(f)(Y), Ab(Y)) + 3 Tr [V P()(Y) Aa(Y)]> dt  (4.10)

In the above display Y stands for a random variable with distribution & and P, stands for the
Markov transition semigroup of the process X;.
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The formula (4.10) can be used to estimate the invariant measure of a stochastic flow
associated with some perturbations of the drift and the diffusion function.

For instance, for homogeneous Langevin diffusions X, associated with some convex
potential function U we have

b=—-VU and oc=1 — n(dx) x exp(—2U(x)) dx

In the above display, dx stands for the Lebesgue measure on R?. In this situation, using (4.10),
for any ergodic diffusion flow X, with some drift 4 and an unit diffusion matrix we have
[e.¢]
T(fH=x(f)+ f E (@ + vU)Y), VA(N)(Y))) dt
0
Notice that the above formula is implicit as the rh.s. term depends on @. By symmetry
arguments, we also have the following more explicit perturbation formula
oo
() ==+ / E (& + VU)XY), VP.(f)Y))) dt
0
In the above display Y stands for a random variable with distribution 7 and P, stands for the
Markov transition semigroup of the process X;,.

4.4. Some extensions

Several extensions of the forward—backward stochastic interpolation formula (1.10) to more
general stochastic perturbation processes can be developed. For instance, suppose we are given
some stochastic processes YY,,(x) € RY and Zy,,(x) e Rdxr adapted to the filtration of the
Brownian motion W,, and let Y& ((x) be the stochastic flow defined by the stochastic differential
equation

dX,,(x)=Y,,(x) dt + Z,,(x) dW, 4.11)

In this situation, the interpolation formula (1.9) remains valid when a, (Y“, (x)) is replaced by
the stochastic matrices Z; ,(x)Z, ,(x)". This yields without further work the forward—backward
stochastic interpolation formula (1.10) with the local perturbations

Abu(ys,u(x)) = bu(ys,u(x)) - 7s,u(x)
AUM(YS,M(X)) = Gu(ys,u(x)) - 7s,u(x) and
Aazt(yx,u(x)) = azt(yx,u(x)) - 7s,u(x)7s,u(x)/
The corresponding interpolation formula should be used with some caution as the L,-norm of
the two-sided stochastic integral (1.12) depends on the Malliavin differential of the integrand
process of the Brownian motion; see for instance the variance formula provided in Lemma 5.1.
Assume that o = I and the regularity condition (7); is met. Also suppose X ,(x) is given

by a stochastic differential equation of the form (4.11) with r = d and Z, ,(x) = I. Arguing
as above, in terms of the tensor product (2.1) we have

Xs,t(x) - Ys,t(x) = / (VXu,t) (Ys,u(x))/ (bu(ys,u(x)) - ?s,u(x)) du (4.12)

Combining (2.16) with the generalized Minkowski inequality, we check the following propo-
sition.
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Proposition 4.4. Assume that (T), is met for some Ly > 0. In this situation, for any
1 < n < o0 we have the estimates

1/n

E 11X, (x) — X, 01" < / e B [[16,(X 0 (0) — Vo] du (4.13)

In the same vein, we have

Py (f)x) = Py (f)(x) = / E (VP () (X5 (X)), bu(X5u(x)) = Yy 0(x))) du (4.14)
For instance, for the Langevin diffusion discussed in (2.19) and (3.7) the weak expansion (4.14)
implies that
[Py, —l(f) = f /ﬂ(dx) E (VP )X u(x)), VU(X ;0 (x)) + Y u(x))) du
(4.15)

This yields the W,;-Wasserstein estimate

Wi Py 1) < / e Hatw / 7 (dx) E (VUK. o) + Tsu()l) du

S
Combining (3.13) with (4.15), for any € €]0, 1[ we also have the total variation norm estimate

Il Pys =7l < “rat=at=o

c/’ 1
e —— ¢
e Jy Ji—u

(4.16)
X [/ 7 (dx) E(”VU(YS,u(x))+?s,u(x)”):| du
5. Skorohod fluctuation processes
5.1. A variance formula
Let ¢,(x) be some differentiable (d x r)-matrix valued function on R such that
Vgl <oo and [lg(0)] :=sup s (0O)] < o0 (5.1
t

Recalling that (W, 4, — W,) is independent of the flows YW and VX, ,, the discrete time
approximation (4.3) shows that Skorohod stochastic integral is centered; that is, we have that

E(Ss,:(6)(x)) = 0.
Following (4.3), the variance can be computed using the following approximation formula

E[185.:($)0)17]

=lhm 3. D, D

w,vels,tly, 1<i<d 1<j,k<r
E {[(vxu+h,1) (Ys,u(-x))/ S‘u(Ys,u(x))]i’j [(VXv+h,l) (Ys,v(x))/ gv(Ys,v(x))]iyk
(Wij+h - W»{)(Werh -WhH }
5.2

The proof of the above assertion is provided in Section 6.1, see for instance Proposition 6.2.
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Consider the matrix valued function
o) = [ (Vi) 0 X | 00 60 (Ko u)) (5.3)

In this notation, the limiting diagonal term # = v in the r.h.s. of (5.2) is clearly equal to

t t
/ E ZEs,u,t(x)i,j Es,u,t(x)i,j du :/ E[”Es,u,t(x)”%?] du

ij

In addition, whenever condition (7), is met and ¢ is bounded, (3.4) readily yields the estimate

1/2

[/ E [l Zs . 0)I7] du] < lIsllz vd/(2ha) (54)

More generally, using (3.8) whenever (M)z/s and (7)2/(1—s) are met for some § €]0, 1[ we
have the estimate

E [ %0 IP] < ers [Is@I7 + 1V I? (14 flx])?] e 2a@/d=nt=o

This implies that
1/2

[[ E [ & (0lI7] du] < s LSO+ IVl (14 IxID]/v/Ax (5.5

The non-diagonal term can be computed in a more direct way using Malliavin derivatives
of the functions X , ;. For any s < u < v <t we have

D, {[(vxu,,)/ OYM] s OYM]} - [(Dv (vxu,,)/) OYW] [cu 0 Xo] (5.6)
As expected, observe that

Vo=0 = D, Y ,,(x)=0
In the reverse angle, whenever s < v < u < ¢ we have the chain rule formula
Dy ([su o Xou] [(VXii) 0 X
= [Dy (6u 0 Xsa) [ [(VXus

)o
As above, Malliavin differentials D,
rule formulae (2.25).
A more detailed analysis of the chain rules formulae (2.25), (2.26) and (5.7) for one
dimensional models is provided in Section 6.1 (cf. Lemma 6.1).
Observe that

Vg =0 - D [E\'/u f] [Dvys,u ® (gu o Ys,u)] [(szu,t) o Ys,u]

)

i _ _ _ 5.7
X, ]+[DUXW®(guoX”)][(vzxu,)oX”] oD
(su

X, u) and D, X s.u can be computed using the chain

We consider the inner product
(DuEs,v,t(x)» Dst,u,t(x)> = Z (DUEs,u,t(x))kyi_j (DuEs,v,t(x))jyi’k
i)k
In this notation, an explicit description of the L,-norm of the two-sided stochastic integral in
terms of Malliavin derivatives is given below.
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Lemma 5.1. The LLy-norm of the Skorohod integral S, ,(5)(x) introduced in (4.3) is given for
any x € R? and s < t by the formulae

E[185,($)0)N*] = f[ ] E [ 250, N7] du

+ / E[(Dy 5y (), D Ss0s (0] dit dv
[s,1]2

with the random matrix function X, , defined in (5.3) and the Malliavin derivative D, , ,
given in formulae (5.6) and (5.7). In addition, we have

Vo=0 = E[IS(®*]= f E[IZyu 7] du
[s,1]

The above lemma can be interpreted as a matrix version of the isometry property (2.27). A
proof of the above lemma based on the LL,-approximation of two-sided stochastic integrals is
provided in Section 6.1 (see for instance Proposition 6.2).

5.2. Quantitative estimates

For any p > 1 and any tensor norms we also quote the rather well known L ,-norm estimates

E IS ()0)1”]”

p/27P
<o, / E [ s (OI] du+cz,pE[< f DT I du dv) }
[s,] [s,]

for some finite constants c; , whose values only depend on p. A proof of these estimates can be
found in [44,54], see also [46] for multiple Skorohod integrals. By the generalized Minkowski
inequality, for any n > 2 we also have the estimate

E IS, ()0l" ]
<o / E [l S OI?] dut + e / E 1Dy %, us 0" du dv
[s,2]

[s.1]?

(5.8)

Observe that for any n > 2 we have

M)y = llslln <k UsOI + IV 1V [Ix])

The main objective of this section is to prove the following theorem.

Theorem 5.2. Assume that (M)y,;5s and (T )y, 1—s) are satisfied for some parameter n > 2
and some § €]0, 1[. In this situation, we have the uniform estimate

E [I1S0./()0"]"" < sn s ll2ass (1V 1]l (5.9

For uniformly bounded diffusion functions (g, o, o) whenever (T )y, is met for some n > 2 we
have

E 1S ()] < n (sl + V) (5.10)

In addition, for constant diffusion functions (¢, o, @) whenever (T), is met, for any n > 2 we
have the uniform estimate

E 1S ()] < e <l (5.11)
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The proof of the above theorem, including a more detailed description of the parameters
ks, and k, is provided below.

Next, we estimate the LL,-norm of the Malliavin differential D, X, ,(x) in the two cases
<u<<v<and s <v<u<r.

Case (s <u<v<t)
Using (5.6) we have
1Dy Zy 0, Ol < € 60X s u NN 1DV X )X ()
Using (2.25) and (2.26) this yields the estimate
“DuEs,u,l(x)” < Hs,u,t(x) + Js,u,t(x)
with the functions
L) = Vo | 6K su CNN NV X)X st GO NV X )Z5 )|
Jst(X) = [lou(Z5 G 1 suXsu G TV X)X CD II(VEXy NZ5 )]
In the above display, Z;'¥(x) stands for the interpolating flow defined in (1.13).

e Firstly assume that ||| V ||o|| < oo and (T ), is satisfied for some parameter n > 1. In
this situation, applying Propositions 3.2 and 3.3, for any € €]0, 1[ we have the uniform
estimates

n\1/n
E (I1Dy Zs.0.:(ONI") " <Nl Xaelb, o) exp (—(1 — )ra@n)(t — u))
with the parameter X, (b, o) given by

1
Xne(b,0):=c [llof| v [Val] [1 +2 )

e More generally, when |[V¢| V [|[Vo| < oo the functions ¢,(x) and o,(x) may grow at
the most linearly with respect to |[x||. Assume that conditions (M),,/s and condition
(T)anja—s) are satisfied for some parameters n > 1 and § €]0, 1[. In this situation,
applying Holder inequality we check that

n\1/n Y n
E (I 0" " < ¢ IVo | B (Il6u (X5 uCD™?)
~ n/(1—8)\ (1=8)/(2n) s n/(1—
x E (10VX,0,0)(X 50 () [IP2) E (I1(VXy NZ5Y ()20
Applying Proposition 3.2 we check that
n\1/n — n/(1— —u
E (I COI") ™ < s IVO N Ng@)lays € *ACH/A=00=0)

In the same vein, combining Propositions 3.2 and 3.3 with the uniform moment estimates
(2.12) we check that

E (1175, ONI")

X(b, 0)] with X (b, o) given in (2.7).

§/n

)(1*5)/(271)

1/n 1 X(b, o)
<cns oO + IVa|] = —————
€ Aa(2n/(1 —6))
X gCMlanys [T+ llx[|] e ImraGn/U=000=0
We conclude that
n\ /1 —(I—- n/(1— —u
E (I1Dy Zyu ") < X5 (b, 0) g (llangs [14+ llx[[] e - Ora@n/A=80-0)

with the parameter

o 0 v R B CY:))
ns.e(b, ) = cps [lloO) +[Vol] ( +e m)
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Case (s <v<u<t
We use (5.7) to check that

1Dy Zsu s GO < Dy (S © X5u)JON (Vi) (X))
+ 11D X, 10) ® (X5 )N 1 (V2 X)) X (XDl
On the other hand, using the chain rules (2.25) we have
DX, = (DyX,0) [(VXuu)oXso]
Dy (su© Xsu) = (DuXsw) [(Vu) 0 X

This yields the estimate

1Dy Zs s O < €1 17X e CNN VST IVX )Xo GV X i) (KGO

+ 2 110X 50 G 150X DN IV X)X w G (VX ) X ()|

o Firstly assume that ||| V |[o ]| < oo and condition (T'),, is satisfied for some n > 1. In
this situation, arguing as above for any € €]0, 1[ we have the uniform estimates

E (I1Dy Zs.u, ") < sl + VS Kne(by ) exp (—(1 — )hy z2n)(1 — v))

for some universal constant ¢ and the parameter X, (b, o) given by

_ 1
Xneb,o):=c || [1 + -

¢ Tran) X(b, 0)] with X (b, o) given in (2.7).

e More generally assume that |V¢| Vv |[Vo| < oo. Also assume that conditions (M)y,/s
and (T)2,/1—s) are satisfied for some parameters n > 1 and § €]0, 1[. In this situation,
we have

1
E (I1Dy Zy i )I1") "
< Xns (b, 3,3) llg@)llanss [1+ [lx))] e ' mraar/d=0t=y
with the parameter

Xose(bs 0,) GO + V5] (1+1 Xb. o) )
n,o,€ ,0,0) =Cy o o S —
0 0 € Ay7(2n/(1—9))

The end of the proof of Theorem 5.2 is a direct consequence of the estimates discussed above
combined with (5.8) and the diagonal estimates presented in (5.4). W

5.3. Some extensions

This section is concerned with the two-sided stochastic integral (4.6). Using the gradient
formula in (4.7) the Skorohod stochastic integral in (4.6) takes the form

t
Sy (f, Ao)(x) = / Lsua()x) dWy
with the integrands

Zeua(H)&X) =V f(Z (%)) Zgus(x) and
2&‘,u,t(x) = I:(VXu,t)/ Oys,u] [AGLI Oys,u]
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As in (2.26), using the chain rule properties of Malliavin derivatives we check that
D Yeui(f) = (DIVF(ZY) Boud +VFZYY Dy X

as well as
D\Vf(Zy') =V f(Z,") D,Z)'

This yields the differential formula
Dy Zsui () =V FZ Dy T + V2 FZY (DLZE) T

The Malliavin derivatives Df) s .1 are computed using formulae (5.6) and (5.7); thus, it remains
to compute the Malliavin derivatives D, Z;’ of the interpolating path.
e When u < v we have

25" = (Xuy 0 Xuw) 0 Xy = Xy 0 23"

In this situation, as in (2.25) using the chain rule properties of Malliavin derivatives we check
that

D,Zy" = DyZy" (VXun) 0 Z,") = (DyXuw) 0 Xsu) (VXur) 0 Z)")
By (2.24) we conclude that
DUZ‘;’t =(0,0Z") (VXy) o Z)")
e When v < u we have
Z5 =X, 0(Xpuo0Xs)=2Z 0 Xy,
In this situation, arguing as above we check that
D,Zy' = DXy, (VZ;") 0 X)) = DX (VXuu) 0 Xs0) (VXi) 0 X )
By (2.24) we conclude that
D,Zy" = (@ 0 Xs.0) (VXuu) 0 Xy0) (VXur) 0 Xy )

6. Some anticipative calculus

For clarity and to avoid unnecessary sophisticated multi-index notation, we only consider
one dimensional model. The proof of the results presented in this section in the general case
can be reproduced word-for-word for multidimensional models.

To simplify the presentation, we write 9" f the derivative of order n > 1 of a smooth
function f. We also set Y, ,(x) = Yx,,(x). We also reduce the analysis to the unit interval. In
this context, for any ¢ € [0, 1] we set

Y, =Yy, and X' =X, 6.1)
6.1. Extended two-sided stochastic integrals

The aim of this section is to extend the two-sided stochastic integration introduced in [49] to
Skorohod integrals of the form (4.3), for some time homogeneous function ¢, = ¢ satisfying
(5.1). For any ¢ € [0, 1] we set

(X', Y,(x)) := dX"(Yi(x)) s(¥;(x)) (6.2)
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In this notation the limiting integral in (4.3) takes formally the following form

1
So,1(5)(x) I=/ P(X', Yy (x)) AW,
0

The existence of this two-sided stochastic integral is discussed below in (6.4).

To simplify the presentation, we fix the state variable x and we write ¥, and ¢(X’,Y;)
instead of Y;(x) and &(X’, Y;(x)). Next technical lemma provided a more explicit description
of the Malliavin derivatives of the processes ¢(X', Y;).

Lemma 6.1. For any s <t we have
Dy (X', Y,) = [0((0X") 0 Y5 )(Ys) (5 0 Y5 )(Xy)
+((0X") 0 Y5 )(¥y) x 0(5 o Y )(¥y)] T(Yy)
In addition, we have
D, &(X*,Yy) = [3((3X") 0 X, )(¥s) (0 0 X5 )(Ys)
+ (X" 0 X )(Yy) 80 (X, (Yy)) | (X))

Proof. Using the chain rules properties, for any s < ¢ we have
D, &(X', Y,) = Dy ((3X")(Y,1(Yy)) (5 0 ¥s )(Y,))
= D, ((0X" 0 Y, )(Yy)) (s 0 Y, )(¥y) + (BX' 0 Yy 1)(¥;) Dy(s o ¥y )(Yy)
The end of the proof of the first assertion comes from the fact that
D, ((BX’ o YX,,)(YS)) =3(0X" o Yy )(Yy) DsYy with DY, =5(Yy)
In the same vein, we have
Dy(g o Y5 )(Ys) = 3(g o Yy, )(¥s) a(¥y)
We also have that
D, $(X*, Ys) = D; (9X°)(Yy) s(¥5))
= D, (3(X" o X; )(Yy)) s(¥y) = Dy (((0X") 0 X,,) (¥s) (0X,.1)(Xs)) s(¥s)
The last assertion comes from the fact that
D; (((0X") 0 Xy1) (¥5) (9X;.)(Yy))
=D, ((0X") 0 Xy1) (¥5) (30X, )(¥s) + ((BX") 0 X)) (¥y) Dy(3Xs.,)(Ys)
The r.h.s. term in the above display can be rewritten as follows
Dy (0 Xy,)(Ys) = 00 (X, (¥s)) (3 X, )(¥y)
= ((0X") o X;,)(Yy) Di(0X,,)(Yy) = 9(X" 0 X;,1)(¥s) d0(X,,,(Yy))
In the same vein, we have
D, ((0X") 0 X,1) (Yy) = ((9°X") 0 X, )(Y) D, X, (Yy)
= ((9°X") 0 X )(Yy) o (X;,(¥y))
= D, ((0X") 0 X,;) (¥s) (0X, )(Ys) = d((DX") 0 X, )(¥s) 0(X,,(Yy))
This ends the proof of the second assertion. The proof of the lemma is now completed. W
Next proposition extends Proposition 3.3 in [49] to stochastic processes of the form (6.2).

228



P. Del Moral and S.S. Singh Stochastic Processes and their Applications 154 (2022) 197-250

Proposition 6.2. Let [0, 1], be any refining sequence of partitions of the unit interval. For
any h > 0 we define

SN = Y XY (Wi — W)
tel0,1],

Then S"(®) is a Cauchy sequence in Lo(£2). In addition, for any decreasing sequence of time
steps hy > hy, we have the formula

hlimOE (S"1(®) $™(2))
1—)
1 (6.3)
) (/ H(X',Y,)? dt +/ D, &(X',Y,) D, d(X*, Y,) ds dt)
0 [0,112

Before entering into the details of the proof of the proposition, we give a couple of
comments. The hypothesis that [0, 1], is a refining sequence indexed by 4 is not essential
but it simplifies the proof of the proposition, see for instance Lemma 3.1.1 in [43]. Arguing as
in the proof of Theorems 3.3 and 7.1 in [49], itself based on Proposition 3.1 in [45], the above
proposition ensures that the two-sided integral defined by the L,(f2)-limit coincides with the
Skorohod integral of the process @(X’, Y;) over the unit interval; that is, we have that

1
/ OX'Y) dW, =L —lim 3" XM Y) (Wi — W) (6:4)
0 h—0
tel0,1],
From Lemma 6.1, all the n-absolute moments of the Malliavin derivatives D, (X', Y,) are
finite with at most quadratic growth w.r.t. the initial values. This clearly ensures the Skorohod
integrability of the integrand in the Lh.s. of (6.4). In this context, Proposition 6.2 can be
interpreted as a version of the isometry property (2.27) for the generalized two-sided integral
defined above.

Remark 6.3. Besides the fact that the Skorohod integrand ¢(X’, ¥;) in (6.2) has a somehow
different structure than the models discussed in [49], we shall see in the proof of Proposition 6.2
that the analysis developed in [49] can be adapted without too much work to analyze this
class of stochastic flows. We also mention that the existence of the n-absolute moments
of the Malliavin derivatives D; ¢(X’, Y;) simplifies the analysis developed in [49] for only
mean-square differentiable stochastic flows.

Proof of Proposition 6.2. We fix 4, > hy and we assume that [0, 1];, is a refinement of
€ [0, 1]p,. For any (s, 1) € ([0, 1], x [0, 1]5,) we also set
I = XM Yy S Y) Wy, — Wo) (Wi, — W)
With a slight abuse of notation we set
AW, = Wy, — W) and AW, i= (Wigp, — Wy)
e For any overlapping pair s <t <t + hy < s + h; using the decomposition
AWy = (Woin, — Wign,) + AW, + (W, — Wy)

we have

E( XYy S(XH2,Y) AW, AW | W, v W)
— @(Xs+h1’ Ys) @(XtJrhz’ Yt) h2
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It follows from the continuity properties of the processes that

1
E( > m" —non(/ O(X', Y, dr)
0

s<t<t+hy<s+h|
e When s + h; <t we have
XM = 3(X" o Xyin,1)
= B(Xt+h2 o X‘Y+/’l],t) + ((8Xt - 8X1+h2) o XS+hl,t) X aXS#’h]J

On the other hand, we have the decomposition

X' — X" = (BX"™"2) 0 Xy 14ny) X Xy spn, — 0X'T2

= ((0X"™2) o (I + AX,) — 3X'*"2) + 3X"™"2 x AX,
+ (@X"™™2) o (I + AX,) — 9X"™2) x AX]

with the increment functions

AX; = aX;’[+h2 - 1 and AX[ = X[’[+h2 - I

With a slight abuse of notation, we shall denote by O(#”) some possible random variable with
any n-absolute moment of order A”, for some p > 0 with 0 < & < 1. In this notation, we have

t+h
AX|(x) = / T 90 (X)) 39X, ., (x) dW, + O(hy) = O(hy?)

t+h
AX,(x) = / i o (X1.u(x)) dW, + O(hy) = O(hY*)

Given a smooth function 8 we set
3"0(x, y) = /1 ﬂ 0"(x +€y) de
o (=D

In this notation, we have the first and second order decompositions

((@X™H2) o (I + AX,) — 0X"™h2) (x)

= (02X (x, AX,(x)) AX,((x)

= (°X"2)(x) AX,(x) + (X" T2)(x, AX,(x)) AX,(x)?
This implies that

@BX' — axX')(x)

= (32X"h2)(x) AX,(x) + X2 (x) x AXI(x)

+(@3X 2 (x, AX,(x)) AX,(x)? + (32X Th2)(x, AX,(x)) AX,(x) x AX(x)

from which we conclude that

AXH =X 0 Xyin )

+ [0@X™2) 0 Xy ) X (AX)) 0 Xyny 1) + (X ™2 0 Xy )
X (AX)) o Xy4n;.)] + OCh2)

This yields the first order decomposition
X, Yy)

=), (Y) + ¥, ,(Y)) (AX) 0 Xgin ) Xy) + ¥y (Vy) ((AX)) 0 Xyip, . )(¥s) + O(h2)
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with the functions

YO, (Y,) 1= d(X'2 0 Xyp, (X)) (¥y)
Yl (Yy) = 0((0X"2) 0 Xyyn, )(Yy) ¢(¥;)  and

if(YX) = a(Xt+h2 o Xs+h1,r)(Ys) g(YA)

Notice that none of the functions but the increment functions (AX,) and (AX;) depend on
Wi t4hy» nOr o0 Wi o).
In the reverse angle, we have

@X'*"y oy,
= (X"™2) 0 (Yyyn, i 0 ¥y)
+ [(@X""2) 0 Yyin.0) o (I + AYy) — (AX"™2) 0 Yyyp )] 0 ¥y
with
AYy = Yyun, — D) = Yon, =T + AYy) 0 Y,

Arguing as above, we have

[(@X"2) 0 Vi) 0 (v + AYe(3) — (X" 2) 0 Yyn, )(3)]

= 9((0X"2) 0 Yy, () AY,(y) 4+ 02((0X"2) 0 Yo, (. AYs(y)) (AY())?
We conclude that

@XMy oy,

= (@X"™"2) 0 (Yoyn,.c 0 Yo) + 0((@X2) 0 Yyin, )(Ys) (AY,) 0 Yy) 4+ OChy)

In the same vein, we have

oY =(s0Yun0Y)+3(s 0 Yoin )¥s) (AYy) o ¥s) + Ohy)
Multiplying these terms, we check that

O(X" Y = w2, (V) + W (Y)) ((AY)) o Y) + O(hy)

with the functions
WL (Ys) = ((0X""2) 0 Yopn, )(Yy) X (6 0 Yy, )(X)
vl (Yy) = [0((OX"2) 0 Yoy, )(Ys) X (5 0 Yorn, )(Yy)
+ ((OX"2) 0 Yo )(Y5) X 3(s © Yyny, (Y]
None of the functions but the increment AY, depend on W 45, nor on W, 14 p,.
Recall that the functions $(X't"2,Y,) and W?, ,(Yy) do not depend on AW,. In addition, the
functions @(X*t"1,Y,) and Wf’ ,(Y;) do not depend on AW;. This yields the formula
E(&(X* ™, Y,) &X' Y, AW, AW,)
=E ([oX*, ¥) — 9, (Y] [9X2, 7)) — 0 ,(Y)] AW, AW,)
=E(7,,(Y,) ¥,,(Y)) [(AY)) 0 ¥s) AWl [(AX) o Xoin,)(Ys) AW,])
+ B (W),(%) ¥2,(%) [(AYy) 0 ) AW [(AX)) 0 Xy, )(Yy) AW,])
+0 (hf“/ 2)
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To take the final step, observe that
E(AY(y) AWy)

s+hy s+hy
=E (f b(Yv,u(y)) (Wv+h1 - Wu) du) +E (/ E(Ys,u(y)) du)

- K e 14172
= F(Y,.u(v)) du +o(h1 )

In the same vein, we have

E ((AX)(Xst0(0) AW: | Wo o)
t+hy 14172
=E 0 Xy dit | Weni ) +0 (17
t

and
E ((AX)Xs1n,.00)) AW, | Wi, 1)

_ rth 141/2
=E 90 (Xshyu(¥)) OX1 ) Xsiny 1(y)) du ) + 0O <h2 )

rth 1412
~E 9 (00 X)) X, () dut ) +0 (nyF177)

This shows that
ht Ry 'E(S(XTT Y S(XTT, ) AW AW,)

s+hy t+hy
=E(u7_3,t(m v (Y hy! [ / (Y,) du] hy! [ / o (Xsiny.u(Ys)) duD

s+h
+1E(u7;’,(YS) W2, (Y hy! [/ 1 (Y, du] hy!

t+hy 12
x [ [ 000 0 X)) du])+0(h1 )

It follows that

limE| Y 1"

h1—0
s+hy<t

L pt
=E (,/() /0 [8((8Xf) 0 Y )(Yy) (¢ o Yy )(Yy)
+((OX") 0 Yy )(¥y) x 85 0 Yy )(¥y)] T(Yy)
x [8((X") 0 X)(¥s) 0(Xs () + B(X 0 X, )(Y) B0 (X, (V)] s(¥s) ds di)

We end the proof of (6.3) using Lemma 6.1 and symmetry arguments. This ends the proof of
the proposition. W

6.2. Generalized backward Ito—Ventzell formula

This section is mainly concerned with the proof of Theorem 1.1. Before entering into the
details of the proof we discuss how it applies to the process (X, ¥;) introduced in (6.1).
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Consider the random fields
Fi(x) = X'(x) = dF, = 9X' and 3°F, = 3°X'
1
G:(x) = 0X"(x) b(x) + > ?X'(x) a(x) and H,(x):=3dX'(x) o(x) (6.5)

In this notation, the backward random field formula (4.1) with ¢ € [0, 1] takes the form

1 1
Fi(x) .= Fi(x) +/ G(x) ds +/ Hy(x) dW; with Fi(x)=x (6.6)
t 12
We fix some given Yy = y € R and we write Y; instead of Y,(y) and set
(Au, B, Z) = (@(Y,), b(Y,), 5(Y,))

In this notation, we have

t t
Yt=y+/ B, du+/ 5, dw, 6.7)
0 0

Observe that B, X, as well as the Malliavin derivatives D, 2, = do(Y,) D,Y, have moments
of any order. Consider the processes

1
Ui :=0F(Y;) B + 5 ath(Yz) A — G(Yy)

= 3X'(Y) (b —b)(Y) + % 3*X'(Y) @—a)Yy)
V, = 0F,(Y,) X — H(Y,) = 0X'(Y;) @ —o)(Y;) with A, := %>

In this notation, up to a change of sign and replacing x by Y, in (1.10) the stochastic
interpolation formula stated in Theorem 1.2 on the unit interval takes the following form

1 1
Fl(Yl)—Fo(Yo)=/ U, ds+/ V. dW,
0 0

More generally, suppose we are given a forward real valued continuous semi-martingale Y;
of the form (6.7) for some W), ,-adapted functions B, and X, and a backward random field
models of the form (6.6) for some W, j-adapted functions F;(x), G,(x), H;(x).

We consider the following conditions:

(Hy)': The functions F,(x), G,(x) and H,(x) as well as the differentials 3 H,(x) and 8*F,(x)
are continuous w.rt. (t, x) for any given o € 2. In addition, for any n > 1 we have

sup (| (Y + IV IHY, + )IVIGX, + ) < g)

lyl<n

sup (10H, (Y, + V)| V [0F,(Y, + V)| V [*F(Y: +)) < gat)

lyl<n 1
with E (/ gi(t) dt) < 00
0

(H»)': The Malliavin derivatives D0 F,(x) and DsH;(x) are continuous w.r.t. x and (s, 1)
Jfor any given w € (2. In addition, for any n > 1 we have

(6.8)

sup (I(Ds F)(Yy + )|V [(Ds H)(Y; + ) < ha(s, 1)

|ylsn
sup|y <, ((DsOF)Yr + ) < hals, 1) (6.9)
with E(/ hﬁ(s,t)dsdt) < o0
[0,1)2
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(H3): The random processes By, X, as well as D, are continuous w.r.t. the time parameter
and they have moments of any order.

The next theorem is a slight extension of Theorem 1.1 applied to the semi-martingale and
the random fields models discussed in (6.7) and (6.5).

Theorem 6.4. Consider a backward random field models of the form (6.6) for some functions
F,(x), G,(x), H,(x) satisfying (H;) and (Hy). Also let Y, be a continuous semi-martingale of
the form (6.7) functions and assume that B, and %, satisfy (H3). In this situation, for any
t € [0, 1] we have the generalized backward It6—Ventzell formula

Fi(Y;) — Fo(Yo)

t 1 5
=/0 <8FS(YS) By + 5 07F,(Yy) As — Gs(Ys)> ds (6.10)

t
+ / (8FY(YY) 2? - H?(Yc)) de
0
The r.h.s. term in the above display is understood as a Skorohod integral.

Proof. We use the same approximation technique as in [13,47,48] (see also the proof of
Theorem 3.2.11 in [43]). Consider a mollifier type approximation of the identify given for
any € > (0 by the function

@e(x) := @(x/€)/e for some smooth compactly supported function ¢
st [70 p(x)dx = 1.

For any x, applying the It6-type change rule formula stated in Proposition 8.2 in [44] to the
product function

I(X'(x), pe(Y; — x)) i= X' (x) @e(¥; — x)
we check that

(Fi(x) @e(Y: — x)) = (Fo(x) (Yo — X)) = /Ot ug(x) ds + /Ot Vs (x) dW; (6.11)
with

ug(x) = Fy(x) 0pe(Y; — x) By + % Fy(x) 0¥y — x) Ay — 9 (Ys — x) Gs(x)

v (x) = Fy(x) 0pe(Ys — x) X5 — ge(Yy — x) Hy(x)

The stochastic integral in the r.h.s. of (6.11) can be interpreted as a two-sided stochastic integral.
Recalling that

Do (Yy — x) = Dy Ys 09 (Ys — x)
we check that

DvE(x) = D, Fy(x) 3p(Yy — x) Z + Fo(x) D, Yy 3*p. (Y, — x) X,
+ Fy(x) 3¢ (Yy — x) D, X — D, Y 3¢ (Yy — x) Hy(x)
— @ (Ys — x) D;Hy(x)
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Condition (H3) ensures that the processes Y; and D, Y, have moments of any order. In addition,
under the regularity conditions (H;)" and (H,) we check that

t t 2
/ E (/ ut(x)? ds) dx < oo and / E ([/ vE(x) dWs:| ) dx < o0
0 0

Applying the Fubini theorem for Skorohod and measure theory integrals (see for instance [36,
43,50] and the work by Leon [40]) we check that

t t
FE(Y,) = / F(x) 9e(Y, —x) dx = / Fox) e(Yo—x) dx + / US ds = / Ve dw,
0 0
with
Ui = /uj(x) dx and V= /vf(x) dx

Integrating by parts where derivatives of ¢, appear we check that

USE = / (an(x) Bs + % 32FS()C) As - Gs(x)> (/)G(Ys —)C) dx
Ve = f @F(x) 5 — H@) gulY, —x) dx

From the a.s. continuity of F;(x) in x for each t > 0, we have
Ff(Y) — F(Y) = [ (F, (Y, —e x)— F/(Y)) p(x) dx —>co O

The functions 3 F,(x), 3>F;(x) and G,(x) are almost surely continuous w.r.t. x and uniformly
locally bounded. In addition, the random variables A, and B, are integrable at any order.
Moreover, under (H;)' there exists some parameter n > 0 depending on the support of ¢
such that for any € > 0 we have the estimate

1
|Us| < sup [dF(Ys + y)| |Bs| + 5 sup 10° Fy(Ys 4+ y)| |As| + sup |G,(Y, + y)|
|yl<n [yl<n [yl<n

< &) (1 + |Agl + |Bs))

Thus, by the dominated convergence theorem on ({2 x [0, 1]) equipped with the measure
(P(dw) ® dt) we have

t t
/ Us ds — 0 / Uy ds aswellas FS(Y;) —>co0 Fi(Y))
0 0

It remains to check that

t
E(/ AR V) ds)+E (/ (D, V§ — D, Vy) (D; VS — D;V,) dr ds) —c0 O
0 [0.11

(6.12)
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Observe that
t
/ (VE— V) ds
0

2 / / (0Fy(x) — 3F(Y0))* X7 ¢e(Ys — x) dx ds
0

+2 / (H,(x) — Hy(¥.) ¢u(Y, — x) dx ds
0

Using the chain rule property we have
D, V¢

— f D, (0F,(x) 5 — Hy(x)) ¢c(¥, —x) dx

+ / (aFv(x) Ef - Hv(x)) Dt‘pe(yx —)C) dx
Integrating by parts, we check that
D,Vi = / [D: (0F,(x) 55 — Hy(x)) + (87 Fy(x) &y — 0H(x)) D,Y,] @e(Ys —x) dx
Observe that
D; (3F,(x) 5 — Hy(x)) + (0> F(x) X — 9H,(x)) D,Y.
= ((D;0Fy)(x) 4 0* Fy(x) D,Y;) Xy + 0F(x) D, X, — (D Hy)(x) + 0 Hy(x) D,Yy)
On the other hand, we have
D,Vy = Dy(0F;(Yy)) Xy + 0F(Yy) D, X5 — D,(H(Yy))
((D,BF)(Y)+82F(Y) D,Y, )E + 0F(Ys) D/ X
- ((Dl‘HY)(YY) + aHY(YY) DtYs)

Arguing as above, we have the estimate

E (/ (D, Vi — D, Vy) (D; VS — DsV,) dr ds)
[0,1]2

<2E (/ (D, V{ — D, Vy)* ds dt) <2t ) de
[0.1)?

1<i<s

In the above display, J;(¢) stands for the sequences
Ji(e) = E ( / @F,(x) = F,(Y,)? (D1 5)* @e(Ys — x) ds dt dx)
[0,112xR

Jr(€) =E (9 Hy(x) — dH,(Ys)* (D, Y5)? @e(Yy — x) ds dt dx)

.]3(6) =E

( [0,112xR

( (9 Fy(x) = 0 Fu(Y,)” (DyY,)? A, gc(Y, —x) ds dr dx)
[0,112xR

The last two terms depend on the Malliavin derivatives of 0 F; and H, are they are given by

Ju(e) = E

Js5(€) = E(

/ ((D,dF,)(x) — (D dF)(Y,))* Ay e (Yy —x) ds dt dX>
[0,112xR

(D Hy)(x) — (D H)(Y,)? ge(Ys — x) ds dt dx)
[0,112xR

236



P. Del Moral and S.S. Singh Stochastic Processes and their Applications 154 (2022) 197-250

Arguing as above, by the dominated convergence theorem we conclude that the Skorohod
integral

t t
/ Vi dW,  converges in L,(£2) as € — 0 to the Skorohod integral f Vs dW,
0 0

This ends the proof of (6.12), and the proof of the theorem is now easily completed. W

We end this section with some comments.

Remark 6.5. Recalling that the diffusion flow Y; introduced in (6.1) has finite absolute
moments of any order, the integrability conditions stated in (6.8) and (6.9) are satisfied as
soon as the functions F,, G,, H,, the differentials 8 F,, 3> F,, d H,, and the Malliavin derivatives
D, H,, D;0F, have at most polynomial growth w.r.t. the state variable.

It is now readily check that (H;) and (H,) are met for the random fields introduced in
(6.5).

The proof can be also be extended without difficulties to multivariate models. Following the
proof of Proposition 3.1 in [47], an alternative proof of Theorem 6.4 based on Itd formula for
Hilbert space valued processes can be developed. This elegant functional approach requires
to introduce a custom Hilbert-space valued processes framework but this approach avoids
to do explicitly the interchange of integration using the Fubini theorem for Skorohod and
measure theory integrals. As the statement of Proposition 3.1 in [47], the assumptions of
Theorem 6.4 can also be weaken when expressed in terms of this generalized stochastic calculus
for Hilbert-space valued processes.

7. Illustrations

7.1. Perturbation analysis
Assume that & = o and the drift function b, is given by a first order expansion

N2

_ ) F)
bi(x) = by, (x) 1= b(x) + 8 b§/(x) with b, (x) = b{"(x) + 3 b (x)

for some perturbation parameter é € [0, 1] and some functions bg’;),(x) with i =1, 2.

In this context, the stochastic flow X, ,(x) := Xf’,(x) can be seen as a §-perturbation of
X1(x) = Xg[(x).

We further assume that the unperturbed diffusion satisfies condition (7);.

To avoid unnecessary technical discussions on the existence of absolute moments of the
flows we also assume that bgf),(x) are uniformly bounded w.r.t. the parameters (4, ¢, x). In
addition, b?l)(x) is differentiable w.r.t. the coordinate x and it has uniformly bounded gradients.
In this situation, we set

169 == sup 165, and  [|VEDV|| = sup VB (x)]|
8,t,x 1,x

With some additional work to estimate the absolute moments of the flows, the perturbation
analysis presented below allows to handle more general models. The methodology described in
this section can also be extended to expand the flow X fy,(x) at any order as soon as § > bs ;(x)
is sufficiently smooth.

The first order approximation is given by the following theorem.
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Theorem 7.1. For any s < t, x € R? and § > 0 we have the first order expansion

82
X2 ,(0) = X, (x) + 8 9X,,(x) + ) 33X, (x) (7.1

with the first order stochastic flow
t
X000 i= [ (V) (e B (X

The remainder second order term 852Xs,,(x) in the above display is such that for any n > 2
s.t. Aq(n) > 0 we have the uniform estimate

sup E[[197 X, ()" < e,

s,t,x
Proof. Using (4.12) we readily check that

DX ,(x) = 87" [X?,(x) — X,,(x)] = / t (VX0r) (X2, (0)) bS(X2,(x)) du
By Proposition 3.2 for any n > 2 we have é

i) = ha — (0 = 2p(Vo /2 > 0= E (IDX2,0") " < e IbVI/25m)  (1.2)
This yields the first order Taylor expansion (7.1) with

92X, (x) == 3V X, (0) + 857 X, (x)

and the second order remainder terms

9CVX, (x) == / (VX,0) (X2 )Y 62X () du
VX (x) = 2871 / [(VXii) (X2 ,00) = (VXu) Xsue)] BPXE,(x)) du

+257 / (VXu) Ko@) [BP(X],(00) = B (X ()] du

Arguing as above, for any n > 2 s.t. A} (n) > 0 we have the uniform estimate

1/n
E (1957 X, 0l") < e 1620 /55 )

To estimate Béz’l)Xs,,(x) we need to consider the second order decompositions

271 9%V X, (x)

1 t
= /0 / [V X ] (Xsa) + €2, () = X))
x [BO(X2,(x)) ® DX ,(x)] du de

1 pt
- / / (VX)) (X5(x)) VDD (X () + €(X2 () = X;u(x)). )
0 K
x DX? ,(x) du de
Combining Proposition 3.3 with the estimate (7.2) for any n > 2 s.t. A4(n) > 0 we check that

EL9Z VX, 01" < ¢ (141 X(b, 0)/Aam) (16V1/2a(m)
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for some universal constant ¢ < oo and the parameter X (b, o) introduced in (2.7). This ends
the proof of (7.1). The proof of the theorem is completed. W

7.2. Interacting diffusions

Consider a system of N interacting and R-valued diffusion flows X! (), with 1 <i <N
given by a stochastic differential equation of the form

dxf;_,(x)zB,( ,(x), — Z X! (x)) dt + o, <% > Xi,(x)) dw!

1<1<N I<i<N

for some Lipschitz functions B;(x,y) and o,(y) with appropriate dimensions. In the above
display, W/ stands for a collection of independent copies of d-dimensional Brownian motion
W;. Assume that B;(x, y) linear w.r.t. the first coordinate.

In this situation, up to a change of probability space, the empirical mean of the process

_ 1 ,
Xx,t(x) = N Z ij',t(x)

1IN

satisfies the stochastic differential equation

s,t t st t st X t t . t ’
. ' \/N '

Formally, the above diffusion converges as N — oo to the flow X, ,(x) of the dynamical system
defined by

X1 (x) == by (Xs,t(x))

More rigorously and without further work, the forward—backward interpolation formula (1.10)
yields directly the bias—variance error decomposition

_ 1 4 _ _
Xs,t(x) - Xs,l(x) = ﬁ / (szu,l) (Xx,u(x))/ au(Xs,u(x)) du

+%ﬁ / (VXut) X)) 00(X0(x)) dW,

This readily implies the a.s. convergence
X () = Novoo X0 (0)
After some elementary manipulations we check the bias formula
. - e
Nh—I>noo N [E(Xs,t(x)) - Xs,t(x)] = 5 / (szu,t) (Xs,u(x))/ au(Xs,u(x)) du
We also have the almost sure fluctuation theorem

t
Jim VN [X(0) = X,0(0)] = / (VXut) (Xsu(x)) 0u(Xsu(x)) dW,
7.3. Time discretization schemes

This section is mainly concerned with the proof of Proposition 1.4. We fix some parameter
h > 0 and some s > 0 and for any ¢ € [s + kh, s + (kK + 1)h[ we set

dX!,(x)=Y!(x)dt + 0 dW, with Y] (x):=b (X! ., ()
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for some fluctuation parameter o > 0. For any s + kh < u < s + (k4 1)h we have
X300 = XU () = Y200 (= (s + k) + 0 (W, = W)
Using (4.12), in terms of the tensor product (2.1) we readily check that

X (0) = X, (x) = f (VXui) (X2, [Y],(0) = b(X!,(x)] du

Combining (3.5) with the Minkowski integral inequality we check that

E(I1X",(x) — X, 0)")""

= / E (“ (VXu,t) (X?,u(x))/ [Yshu(x) _ b(Xﬁ”u(x))] ”n)l/n du

t
- / e B (1Y) () — bX" nl") " du

where the second line follows from the exponential estimate of the tangent process from
Proposition 3.1. The integrand will be bounded as follows: for any s +kh < u < s+ (k+ 1)h
and any n > 1 we have

E (IbCxs, () = YA,0I")" < 161 (LBO) + (0 19511 b+ V)

which then yields the stated result of the proposition. We now prove the stated bound on the
difference of the drift processes. For any s + kh < u < s + (k 4+ 1)h we have

b(X",(x) — Y, (x)

s,u

1
= |:/0 Vb (X i) + €(X{, (1) — X?,s-&-kh(x)))/ b (X{ 40 () d€i| (u = (s +kh)

1
+ [ / Vb (Xf’H_kh(x)—i—e(Xf,u(x)—Xﬁ',s_kkh(x))), de] o Wy — W)  (1.3)
0

The IL,,-norm of the second integral term is bounded by |Vb|lovh.
The assumption (x, b(x)) < —B ||x|%, for some B > 0, implies the stochastic flows X; ,(x)
has uniform absolute moments of any order n > 1 w.r.t. the time horizon, that is, we have that

mu(x) < kp (14 [Ix])  with m,(x) defined in (2.11).

The stochastic flows Xﬁ"l(x) also obey a similar moment bound: observe that for any ¢ €
[s + kh,s + (k + 1)h[ we have
dIXy, 0l
< [=2h0 X0, QNP +2 (X2, (), bX] 41, (X)) = BX? (X)) + 0°d] dt
+20 X!, (x)dW,
Thus, for any € > 0 we have

dIX I < [(=240 + OIXE ) + €IV + 0%d] di +20 X!, (x)dW,

We can check that the stochastic flows X” (x) also have uniform moments w.r.t. the time
horizon; that is, for any n > 1 we have that

~ n1l/n
i, (x) = sup sup E || X, (x)[|"] "< e (L4 IxD)

h>0 t=s
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Using this bounds, we check that
E(I(X g4 GO = 16O + 11, (1) V|

The end of the proof now follows elementary manipulations, thus it is skipped. The proof of
Proposition 1.4 is now completed. W

8. Comments and comparisons with existing literature

The interpolation formula (1.10) can be interpreted as an extension of Alekseev—Grobner
lemma [1,27,34] as well as an extended version of the variation-of-constant and related
Gronwall type lemma [8,28] to diffusion processes. In this connection we underline that the
forward—backward formula (1.10) differs from the stochastic Gronwall lemma presented in [51]
based on particular classes of stochastic linear inequalities that does not involve Skorohod type
integrals.

The forward—backward interpolation formula (1.10) can also be seen as an extension of
Theorem 6.1 in [49] on two-sided stochastic integrals to diffusion flows. This interpolation
formula can also be interpreted as a backward version of the generalized It6—Ventzell formula
presented in [47] (see also Theorem 3.2.11 in [43]).

Stochastic interpolation formulae of the form (1.10) and their discrete time version discussed
in (4.2) are not really new. To describe their origins, it is worth to mention that the stochastic
perturbations may come from auxiliary random sources, uncertainty propagations, as well as
time discretization schemes and mean field type particle fluctuations.

The pivotal interpolating telescoping sum formula (4.2) and the second order forward—
backward perturbation semigroup methodology discussed in the present article can also be
found in Chapter 7 in [21] for discrete time models as well as in the series of articles [23-25]
published at the beginning of the 2000s, see also Chapter 10 in [22]. In this context, the random
perturbations come from the fluctuations of a genetic type particle interpretation of nonlinear
Feynman—Kac semigroups.

The more recent articles [10,12,11] also provide a series of backward—forward interpolation
formulae of the same form as (1.10) for stochastic matrix Riccati diffusion flows arising in
data assimilation theory (cf. for instance Theorem 1.3 in [11] as well as Section 2.2 in [12]
and the proof of Theorem 2.3 in [10]). In this context, the random perturbations come from the
fluctuations of a mean field particle interpretation of a class of nonlinear diffusions equipped
with an interacting sample covariance matrix functional.

We underline that the Ito—Alekseev—Grobner formula (4.6) discussed in [11] is an extension
of the interpolation formula (1.10) to stochastic diffusion flows in matrix spaces. In this context
the unperturbed model is given by the flow of a deterministic matrix Riccati differential equa-
tion and the random perturbations are described by matrix-valued diffusion martingales. The
corresponding Ito—Alekseev—Grobner formulae can be seen as a matrix version of Theorem 1.2
in the present article when o = 0. These stochastic interpolation formulae were used in [11] to
quantify the fluctuation of the stochastic flow around the limiting deterministic Riccati equation,
at any order. We will briefly discuss the analog of these Taylor type expansions in Section 7.1
in the context of Euclidean diffusions.

The forward-backward perturbation methodology discussed in the present article has also
been used in [3,5] in the context of nonlinear diffusions and their mean field type interacting
particle interpretations, see for instance Section 2.3 in [5]. In this context, the random
perturbations come from the fluctuations of a mean field particle interpretation of a class

241



P. Del Moral and S.S. Singh Stochastic Processes and their Applications 154 (2022) 197-250

of nonlinear diffusions. The extended version of the [to—Alekseev—Grobner formula (1.18) to
nonlinear diffusions is also discussed in Section 3.1 in the article [3]. In this situation, the
time varying drift and diffusion functions of the stochastic flows depend on some possibly
different nonlinear measure valued semigroups which may start from two possibly different
initial distributions. For a more thorough discussion on this class of nonlinear diffusions, we
refer to the [to—Alekseev—Grobner formula (3.2) and Corollary 3.2 in the article [3]. These
Itd—Alekseev—Grobner formulae correspond to Theorem 1.2 in the present article when o = 0.

The spectral condition (7), defined in (2.8) is well suited to analyze the exponential decays
of the gradient and the Hessian of stochastic flows and thus the differentials of Markov
transition semigroups (cf. for instance the variational estimates provided Section 3 in the present
article). This variational methodology based on different forms of the spectral condition (7),
has been developed in a systematic way in [3] in the context of mean field type interacting
diffusions at the level of the nonlinear process itself (see for instance the Corollary 3.2 and the
Wasserstein exponential stability theorem, Theorem 3.3 in [3]) as well as at the level of the
particle system in product spaces to derive uniform propagation of chaos estimates w.r.t. the
time parameter (see for instance Theorems 4.2 and 4.3 in [3]). When applied to Langevin-type
interacting diffusions with constant diffusion coefficient as well as even and convex interacting
potential condition (7), reduces to the typical strong convexity of the exterior potential (cf.
the comments below Proposition 1.4). In this context, uniform propagation of chaos estimates
for more general classed of interacting Langevin-type diffusions involving random interacting
forces are provided in the recent article [7].

We underline that the spectral condition (7), is also closely related to the obtuse-angle
condition introduced in [18] to analyze the exponential decays of the gradient of Markov
semigroups (cf. condition (31) and Theorem 4.1 in [18]), and further developed in the
article [17] to derive uniform in time estimates for the weak error of the Euler method for
diffusions. The obtuse-angle conditions (31) and its homogeneous version presented in [18] is
expressed as a time varying or as a functional inequality to deduce exponential decays from
the evolution equation of the semigroup. A spectral form of the obtuse angle condition with
respect to the coordinates of the differential fields is provided in the more recent article [17].
This spectral formulation is closely related to the spectral condition (7), discussed in (2.8).

The interpolating stochastic semigroup techniques discussed in the present article are also
applied to mean field particle systems and deterministic nonlinear measure valued semigroups.
In this context, the process X, is given a deterministic measure-valued process and YS,,
represents the evolution of the particle density profiles associated with an approximating mean
field particle interpretation of X;,. For instance, the article [4] is concerned with interacting
jumps models on path spaces, the second article [5] discusses the propagation of chaos
properties of mean field type interacting diffusions. The stochastic interpolation formulae
discussed in [4,5] correspond to the case (1.10) with ¢ = 0 and or & # o (see for instance the
interpolation formula (3.5), Theorem 2.6, Theorem 2.7 and the interpolating telescoping sum
in Section 1.2 in [5]).

In the series of articles discussed above, as in (1.9) the central common idea is to analyze
the evolution of the interpolating process (1.13) between a given process X;, and some
stochastic flow 75,, with an extra level of randomness. In discrete time settings, the differential
interpolation formula (1.9) can also recasted in terms of a telescoping sum of the same form
as (4.2) combined with a second order Taylor expansion reflecting the differences between a
stochastic semigroup and its perturbations, see for instance Chapter 7 in [21].
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In most of the application domains discussed above, this second order stochastic perturbation
methodology has been developed to quantify uniformly w.r.t. the time horizon the propagations
of some stochastic perturbations entering in some deterministic and stable reference or
unperturbed process. In the context of Euclidean diffusions, this corresponds to the situation
where the diffusion function o = 0 (the case @ = 0 can be treated by symmetry arguments).
The Ito—Alekseev—Grobner type formulae discussed in Section 3.1 in the article [3] correspond
to Theorem 1.2 in the present article when o = o.

The present article can be seen as a natural extension of the second order perturbation
methodology developed in the above referenced articles to diffusion type perturbed processes
when o #G.

To the best of our knowledge, the first article considering the case 0 # o with o # 0
and o # 0 is the independent work of Hudde—Hutzenthaler—Jentzen—-Mazzonetto [30]. In this
article, the authors discuss an It6—Alekseev—Grobner formula for abstract diffusion perturbation
models of the form (4.11). Here again, as in the list of referenced articles discussed above,
the common central idea is to use discrete time approximations and combine the pivotal
interpolating telescoping sum formulae (4.2) with a second order Taylor expansion. Besides
this fact and in contrast with our analysis, the fluctuation term (1.12) discussed in [30] cannot
be interpreted in terms of the extended two-sided stochastic integral defined in (4.3) (see also
Proposition 6.2) but only in terms of a Skorohod stochastic integral. The study [30] is also
based on a series of particularly chosen and custom regularity conditions. For instance, the
authors assume that the abstract diffusion perturbation models are chosen so that the Skorohod
fluctuation term exists without providing any quantitative type estimate. This work is also not
connected to the two-sided stochastic integration calculus developed by Pardoux and Protter
in [49] nor to any type of backward It6—Ventzell formula.

We feel that our approach is more direct and intuitive as it relies on an extended version of
Itd’s change rule formula (1.9) to interpolating stochastic flows. It also allows to interpret the
fluctuation term (1.12) as an extended two-sided stochastic integral.

In Section 5 in the present article, we will also see that any quantitative analysis requires to
estimate the absolute moments of the Malliavin derivatives of the stochastic integrands of the
Brownian motion arising in the Skorohod fluctuation term. In our framework, these Malliavin
derivatives depend on the gradient of both of the diffusion functions (o, o) as well as on the
tangent process of the perturbed diffusion flow. The quantitative analysis developed in 5 can
be extended without difficulties to abstract diffusion perturbation models satisfying appropriate
differentiability and integrability conditions.

The article [30] also presents an application to tamed Euler type discrete time approxima-
tions of a stochastic van-der-Pol process introduced in [53], simplifying the analysis provided
in an earlier work [31]. In this situation, we underline that the Skorohod fluctuation term is null
so that the resulting Alekseev—Grobner type formula resumes to the simple and elementary case
discussed in (1.18) and in the article [3]. As expected for this class of “unstable processes”,
the authors recast a series of L,-estimates discussed in [31] into a series of estimates that grow
exponentially fast with respect to the time horizon.

In contrast with the present work, the above article does not discuss any quantitative uniform
estimates w.r.t. the time horizon. The analysis presented in [30] is mainly concerned with the
proof of a Skorohod—Alekseev—Grobner type formula for abstract diffusion perturbation models
and it does not apply to derive any type of estimates to general diffusion perturbation models
without adding regularity conditions.
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Besides its elegance the forward—backward interpolation formula (1.10) is clearly of rather
poor mathematical and numerical interest without a better understanding of the variational
processes and the Skorohod fluctuation term (1.12). A crucial problem is to avoid exceedingly
pessimistic exponential estimates that grow exponentially fast w.r.t. the time horizon.

One advantage of the second order perturbation methodology developed in the present article
is that it takes advantage of the stability properties of the tangent and the Hessian flow in the
estimation of Skorohod fluctuation term and this sharpen analysis of the difference between
stochastic flows. Our main contribution is to develop a refined analysis of these variational
processes and the Skorohod fluctuation terms. We also deduce several uniform perturbation
propagation estimates with respect to the time horizon, yielding what seems to be the first
results of this type for this class of models.

The forward-backward stochastic interpolation formula (1.10) can also be extended to
more general classes of stochastic flows on abstract state spaces. For instance the recent
article [34] provides a deterministic first order version of (1.10) on abstract Banach spaces. The
stochastic perturbation analysis developed in the series of articles [4,5,10,12,11,23-25] and the
books [21,22] is applied to matrix-valued diffusions and measure valued processes, including
mean field type interacting diffusions and Feynman—Kac type interacting jumps models.

The stability properties of these abstract models discussed above depend on the problem
at hand. To focus on the main ideas without clouding the article with unnecessary technical
details and sophisticated mathematical tools based on abstract ad hoc regularity conditions we
have chosen to concentrate the article on diffusion flows on Euclidean spaces with simple and
easily checked regularity conditions.
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Appendix

In this appendix we prove the estimates (1.16) and (2.11) and Proposition 3.3. We commence
with a detailed discussion of the relationship between some key results in this paper and
previous works in the literature.

Proof of (2.11)

Whenever (M), is satisfied, we have
2(x, by () + llor@)lI7 < vo + nllxll = yallx
with the parameters

Yo = ap + 2B vi=a+28 and =28 —a
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Observe that
d| X5, ()]
= [2(X;.0(x0), bi(X 51 0))) + N0 (X CDNF] dt +2 3 (X1 (%), 00 (X1 (x))) dWS
After some elementary computations, for any n > 1 we check that
n BE[I1X, ()IP"] < = [y2 = 2(n = Daa] E [ X5, (0)1*"]
+ [y +200 = Dol E [ X0 (0]
+ [ + 2(n — Dol E[I1X,, () 2"~V]
This implies that
1/n
BE [1X,, )] < —[y2 — 20 — Daa] E[[I X, (017"
1/2n
+ 1 + 200 — Daa] E[1X,., 0]
from which we check that for any € > 0 we have

AE [, x))>]"

1/n

+ [vo +2(n — Dao]

<=y, —2n—Da, —2¢] E [||Xs,z(x)||2"]1/”

+ [vo + 2(n — Dao]
This implies that
UE [ Xs.:(0)1*"]

1
+ — [y 420 — Doy
8¢

1/n

n1l/n 1
< =20 — (n— 1/2)az — €] E[I X, 01*]"" + g 1 200 = D’
+ [y + 2(n — Doy
from which we check that
nl/n - —(n—1/2)az—€|(t—s
E (X ] < e72lmomtDeamelen 2

1 [y +20 = D’ + [yo +2(n = Dag]

8e 2[82 — (n — 1/2)ay — €]
as soon as € < B, —(n—1/2)a, and n > 1. Replacing € by (8, — (n — 1/2)a,) and then (2n)
by n we check that

E[11X,,000"]""

1 y1(n) + yo(n)'/?

4./e(1 —€) Ba(n)!/?
with  y;(n) = yi + (n — 2)a;

This ends the proof of (2.11). W

< e~ 1=)ha(m)(t—5) Ixl +

Proof of Proposition 3.3

The proof of the estimate (3.10) is mainly based on the following technical lemma of its
own interest.

Lemma A.l1. Let Z, be a non negative diffusion process satisfying in integral sense an
inequality of the following form

dZ, < (=AZ; + o v Z,+ B dt +dM, with 0,(M); < (uzv Z + UtZt)2
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for some parameters A > 0 and v, > 0, and some non negative processes (¢, B;, u;). In this
situation, for any € > 0 we have

ro
E(Zt”)l/" < gfo Ans(€)ds ]E(Z(')')l/” +/ s nu(e)du Z?(E) ds (A.1)
0
with the parameters
n—1 €
Ani(€) == —A R
,t( ) + 2 U[ + 2

I é (E[e]"" + 0 = D E[aw)™]")

7€) =E[B] ]l/n 3

Proof. Applying It6’s formula, for any n > 2, we have
n~'9,E(ZM
n—1
E |:Z;’_l(—)»Z; to VZi+ B+ 5 Ui Z, + v, Z,)? Zf_2i|
2 n 2 n—1
=<— vt> E(Z,)+IE|:</3;+ u,)Zt ]
+E ([(x, +(n — Duv] Z7~ 1/2)

On the other hand, for any € > 0 we have the almost sure inequality

n— n 1 n— € n
[, 4+ (n — Duyv,] 27072 707 < 3¢ lou+(n Duv ] 20" 4+ 5%
This implies that
n~ '3, E(ZM

< Apy(€) E(Z,n) +E |:(,31 + —1

1
u; + % [0 + (n — 1)u,v,]2) Z,”_l:|

Applying Holder inequality we check that

(v

n—1 1 2” v myl=1/n ~ n\1—1/n
El{B + > u; +2 [a; + (n — Du,vy] E(Z;) <zp E(Z})

;1 u? + 5o [a,—l—(n—l)u,v,]) Z;’“]

This yields the estimate

HEEZHY" =Bz~ YW n 1 E(Z) < Any(e) B(ZHY" + 2F
This ends the proof of the lemma. W

We set

Yo () = IIV2X )lI7 and Ty, (0) = VX, (0] 7

and we also consider the collection of parameters
Itllr = sup,  Nullr  p) = sup, , Amax(vi(x))

with the tensor functions (t;, v,) introduced in (3.9). Observe that

It <IVZblF+d V2ol and p(v) <d [[Voll3
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Whenever (7), is met we have
Tr[V2 X, (x) Ad(X 0 (x) V2X,,(x)] < =244 Yy (x)
Also observe that
ITr [V (0) ® VX, ()] (Xsi(0) VX )] < Delle Yor )2 Ty (0)?
and
T [ [V X0 ® VX, (0] 0 (X () [V X0 (0) @ VX, (0] | < o) Tsto)®
In the same vein, we have

|Tr {[VXs,t(x) ® VXs,t(x)] VZU,J((XS,,(X)) VZXs,t(x)/
+ V2X, (%) Vo i(X,1(x)) V32X, (x)'} |
< NIV20illr Ty (x)* Y5 ()2 + p(Voy) Yy (x)

We are now in position to prove Proposition 3.3.

Proof of Proposition 3.3. Applying the above lemma to the processes

Z =Y A=2a  a=2tlr T,07 B=p) L)
and the parameters

u; =23d Vo |r Ty (x)* and v =2Vd p.(Vo)
we obtain the estimate (A.1) with the parameters

hni(€) = =2 g = dn = Dp.(Vo)? - 2]

z2/(e) = {p(v) +2d(n —1) [V}

4
+- Ity +4 d*(n— 1) pu(Vo)* [Violl; )}
n 1/n
< E[IVX,, 04"
Observe that
_ n 1/n
Z(e) <en® (1ve™) X(b, o B[IVX,,0)lI%]"

for some universal constant ¢ < co and the parameter X (b, o) defined in (2.7). Using (3.8) we
check that

E (IV2X, ,(0))2)""

! 2 2 )
<en? (1ve ) X(b. o) / e—z[}\A—d(”—l)ﬂr(VU) () e—4[u—<n—1>p<w> Je=s) du
s

_ —d(n— 2_€|(1—
— an (1 VE_I) X(b’o_)z e Z[AA d(n—1)p«(Vo) 4]([ s)

1
/ o2 [FA= = 00(Vo Pt Dldpu (Vo —p(Vo P § )
s

Assume that

Aa > dn — Dp,(Vo)?
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In this case there exists some 0 < ¢, < 1 such that for any 0 < € < ¢, we have

A —dn—1Dp, (Vo) > e
and therefore

E(IV2X,,)I2) " < e n e X(b, o) exp (= [ha —d(n — Dp,(Vo)> — €] (t —9))

This ends the proof of the proposition. W
Proof of (1.16)

Using (2.15), the generalized Minkowski inequality applied to (1.10) whenever (7),/s is
met for some 6 €]0, I[ and n > 2 gives

E[IT, (A, Ab)x)I"]""
Kn/s . .. (A.2)
<50’ (NABC s —s) + 1 AaCO)lluja—s)  with (i, A(n)) given in (2.14),

The Skorohod integral S; (Ao )(x) is estimated using Theorem 5.2. Using (A.2) and (5.9) we
check that

— 1/n
E 11X, (x) — X, 0))"]"
< koyspn (1AaC sy + 1B ya—s) + 140 ©)llanss, (1V [1x1D)

as soon as the regularity conditions (7),/s,, (M)2nss, and (T )a,/1—s,) are satisfied for some
parameter n > 2 and some &1, 8, €]0, 1[. Choosing §; = (1 — §,)/2 and setting § = §, we
check that

E[11X,,(x) — X, 0))"]""
< s (1AaC)anjits) + NABE anja 1) + 1 A0 (©llanss (1V [1x1D)

as soon as (M)s,/s and (T')2,/(1—s) are satisfied for some parameter n > 2 and some § €]0, 1[.
For instance, (M)2,/s and (7 )an1—s) are satisfied as soon as

Br— /2> m/S—1) ar and iy >dn/(1—28)—1) p.(Vo)?
This ends the proof of (1.16). W
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