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1. Computing Value at Risk by Monte Carlo simulations

Value at Risk and quantile

» P&L of a portfolio on [0, 7] AV(X)=Vp —Vy+ fOT CF
with X € R? the risk factors impacting the portfolio value on 0, 7]

» ValueatRisk VaR, =|inf{s e R|P(AV <s)>1-—a}]
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P&L

AT

5 % / 9504

Lt

VAR _

R B -T B -5 -4 -3 -2 A 0 1 2 3 4 H B T 3 i€

VaR 95% = 6 M€

VaR, = |F~(«a)|, where F(s)=P(AV <s), foral s € R
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1. Computing Value at Risk by Monte Carlo simulations

Monte Carlo method for VaR estimation

» The distribution function F' can be viewed as an expectation

F(s) =E[Iay(x)<s], foral s€R

» Traditional Monte Carlo Method for computing VaR

1. Monte Carlo simulations give an approximation of ~ F'(s) :
;N
Fn(s) = N ;I(AV(XZ-) <s), foral s€R

= Too many evaluations of AV for a given accuracy

2. Inversion of N and interpolation for approximating VaR
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2. Importance Sampling for variance reduction

Importance Sampling for variance reduction

» Change of measure p — ¢ where q dominates Hp

m=E,[H(X)] =EJJHY)2(Y)], where X ~p and Y ~ g

» Optimal change of measure  p — ¢* achieves zero variance if H > 0

» Monte Carlo approximation

(Y;), where (Y1,---,Yy) iid. ~ ¢

S

B, [H(X)] ~ iy = 77 > H(Y)

= How to simulate and evaluate approximately — ¢* ?

N. Oudjane - EDF R&D- Journ ées MAS 2008



2. Importance Sampling for variance reduction

Variance of the Importance Sampling estimate

» Let g be a (possibly random) importance probability density domi nating ¢~

Var(mi,) =E|Varimi, | F,]| "’YG’T[E[m(JJW | qu]l

=0

ffq denotes the sigma-algebra generated by the random variable sinvolved in q

» The variance of the IS estimate depends onthe  “distance” between ¢ and ¢~

Var(mj,) = %E [/[(q* — Q)%](w)dfc

» Idea : use Interacting Particle Systems for Importance Sampling (IPS -1S) to

approximate q* by qN based on an IV -particle system to achieve

Var(m?\j_,v) < with 0 < a <1/2

MN«
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2. Importance Sampling for variance reduction

Some alternative approaches

» Large deviation approximation  for rare events simulation

» Approximation of H to obtain a simple form fo  ¢*

ex : [Glasserman&al00] for computing VaR,  A-I" approximation of the portfolio
» Cross-entropy [Homem-de-Mello&Rubinstein02]
0

q” is chosen in a parametric family such as to minimize the entro oy K(q%,q")

» Interacting Particle Systems whithout Importance Sampling
[DelMoral&Garnier05], [Cerou&al06]

Interacting Particle Systems for Importance Sampling (IPS -1S) can be viewed as

a non parametric version of cross entropy approach
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2. Importance Sampling for variance reduction

Progressive correction [Musso&alO1]

» We introduce a sequence of non negative functions (Gk)ogkgn such that

[ Go(z) =1
foral x €RY, ¢ Theproduct Go(z)---Gp(z) = H(z)
If Gk(a:) = (0 then Gk+1(az) =0

\

» In our case H(x) =I1(AV(z) < s) then we choose

Gr(z) =Iav(z)<s, » With s=135, <--- <50 = 400

» Dynamical system on the space of probability measures (l/k)ggkgn
(
vy = pdx
\ Gryy_
vy, = i =G Vg1, forall 1<k<n
\ fRd Gr(x)vg_1(x) dx

= v, =q¢ dx
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2. Importance Sampling for variance reduction

Space exploration

» We introduce a sequence of Markov kernels (Qk)ogkgn such that

Ve = Q. ie. vp(dr) %/ v (du)Qr(u,dx), foral x € RY
Rd

» Inour case where G (z) = Iay(2)<s, . if pis Gaussianthen () is
easily obtained from a Gaussian kernel () reversible for p,

Qu(z,dr") = Q(z,dz" ) Iay (m)<s, + |1 — Q(z, AV ((—00, si]))| 65 (dz’)

» Dynamical system on the space of probability measures (Vk)0§k<n

vy = pdzx
v = G- (Vp_1Qk—1), forall 1<k<n

= v, =q¢ dx
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3. Interacting Particle Systems for Importance Sampling (I PS-1S)

Approximation of the dynamical system

» The idea is to replace at each iteration &k, v._1Qr_1 byits N-empirical
measure SV (v,_1Qr_1) such that

SN(Vk 1Qk—1) Z(SXZ where (Xk, ,X,iv) areiid. ~ vp_1Qr_1
1 =1

» Dynamical system on the space of dicrete probability measur es (Vév)()gkgn

Vo SN(VO)

= Gy, - SN(V,iV_le_l) , forall 1<k<n

=> One can show that 1/7]1\[ ~ ¢* dxr [DelMorall
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3. Interacting Particle Systems for Importance Sampling (I PS-1S)

Algorithm

» Initialization : Generate independently
(X3, -, X)) iid. ~ p thenset 1) = ZéXz
» Selection : Generate independently
N
(X X)) idd. o~ Y =D wh iy
» Mutation : Generate independently foreach ¢ € {1,---, N},
Xlzﬂ—l—l ~ Qk(Xlzcv )

» Weighting : For each particle ¢ € {1,---, N}, compute

N
i Gk-l—l(Xk—l—l) N i
Whai1 = thenset 11 = » w0y
Q k41
Z; 1 k+1( k—i—l) i=1
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3. Interacting Particle Systems for Importance Sampling (I PS-1S)

11

Adaptive choice of the sequence (Gk)ogkgn

[Musso&al01], [Hommem-de-Mello&Rubinstein02], [C  érou&al06]

» The performance of Interacting particle systems is known to deteriorate
max G,

SN (v Qr-1)(Gr)

when the quantities are big

N
1 .
The idea is then to chose G such that N Z G (X}) is not to small
i=1
» Inour case where  Gi.(7) = Iay(2)<s, . thethreshold sy is chosen as a

r.v. depending on the current particle system and on a parame ter p € (O, 1) ;

N
s = inf < s such that ZIAV(X’L’)SS > pN
i=1
» This choice of Sj is not prooved to guarantee that the algorithms ends in a
finite number of iterations but this point does not seem to be a problem in our

simulations
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3. Interacting Particle Systems for Importance Sampling (I PS-1S)

12

Density estimation

» Atthe end of the algorithm, we get v = ¢* dx

But Importance Sampling requires a smooth approximation wi th density qN

» Kernel of order 2 K

K>0 K =1 [z; K =0 [ xizj] K < 00
» Rescaled kernel K, Kp(x) = # K(%)

N i ' Density estimation . N,h _ i o i
> v —Zw dxi . —Zw Kn(- — X)

» Optimal choice of h => El/¢V — ¢*|; < —%—
N 2(d+4)

777777777777777
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3. Interacting Particle Systems for Importance Sampling (I

PS-IS)

13

» Particles N = 500

been studied : results are all comparable

Some simulation results : Variance ratio

» Several test cases depending on the form of function x — AV (z) have

» X isa d dimensional Gaussian variable and m = [, [Iay(x)<s]

lterations 1 ~ 10to 60 Simulations M = 10000

d=1 d=2 | d=3 d=4 d=5
R 150
m = 10 . 50 50 30 25
10~
s 1000
m = 10 , 300 300 200 140
o6 2.10° 10° 10° 5.10% 2.104
m =
200 400 300 460 480
d=6 d=717 d=38 d=9 d =30
m =102 22 14 11 8 5.1073
m = 107" 100 70 55 40 1073
06 104 2.10° 2.10° 4.10° 1
m =
250 480 300 300 360
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3. Interacting Particle Systems for Importance Sampling (I PS-1S)
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