9, Estimétion of Particle Transmission by Random Sampling

By Herman Kahn and T. E. Harris

We are here concerned with essentially the same
problem that some of the other speakers have
spoken about. We wish to estimate the proba-
bility that a particle is transmitted through a
shield, when this probability is of the order of
10~% to 10—, and we wish to do this by sampling
about a thousand life histories. It’s clear that a
straightforward approach will not give the results
desired.

Tssentially there are three techniques that will
enable one to attack most of the problems that
arise. The first one we will discuss 1s the splitting
technique, mentioned by Dr. von Neumann. In
one method of applying this, one definies regions
of importance in the space being studied, and,
when the sampled particle goes from a less impor-
tant to a more important region, it is split into
two independent particles, each one-half the weight
of the original. If you go from a more important
to a less important region, you double the weight
of the sampled neutron but play a game of chance,
with probability one-half of winning to decide if
the history is to be continued. The purpose of
this is to spend most of the time studying the
important rather than the typical particles, but
to do it in unbiased fashion.

This immediately raises the question: Why wait
for chance to put the neutrons into the more im-
portant region? Why not sample in such a fashion
that the number of neutrons entering any region
of phase space is proportional to the importance
of that region. More exactly it will turn out
that we will want to choose samples proportional
in size to the product of the probability of getting
into any region times the importance of that
region. It is clear that in order to keep the esti-
mate unbiased something will have to be done to
correct for the effect of sampling from the “‘wrong”’
distribution function. It turns out that this can
be done by carrying along a weighting factor. For
convenience, we refer to this second type of
sampling where the neutrons are forced into the
more important regions, as importance sampling.

The third technique is also close to a suggestion
of Dr. von Neumann’s. - Analytical or numerical
techniques can be combined with the random
sampling. That part of the problem that is hard
to do analytically is done by sampling and that
part that is easy to do analytically, is so done. In
this way, the statistical fluctuations in the
sampling of the easy parts of the problem are

oliminated. It turns out, for example, that in
some problems, the hard part to calculate is the
histories in angle and energy, and most of the
fluctuations of the ordinary sampling techniques
are due to the history in space. A spatial history
can be treated to some extent by purely analytical
means, with but a small increase in the difficulty
of the computation. Therefore it is often profitable
to do this.

I suspect that most of the audience—at least,
most of the statisticians and mathematicians—are
somewhat unfamiliar with this neutron shielding
problem. Therefore before we go on to the prob-
lem of calculating shields, let us see how these
three techniques would apply, for example, to the
numerical evaluation of a double integral. If we
do this, T think that the principles involved will be
clear.

Let us consider a random variable, Z, which is a
function of the random variables X and Y. The
problem is to calculate the average value, 2 where

z=J S z(xy) f(z,9) dzdy.

f(xy) drdy is a distribution function, giving the

joint probability that X lies between » and x+dx
and that Y lies between y and y-+dy. . The
straightforward technique would correspond to an
estimate of the following sort:
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where the z and the ¥ are picked out of the popu-
lation described by f(z,y) and % denotes an
estimate of z. :

The next type of estimate (what we have already
referred to as importance sampling) would corre-
spond to something like this: We represent 2 in
the form

z=J Sz (x,y) fl,9)/f* @) @y dzdy,

where f*(z,y) function is an arbitrary nonzero
probability density function. In this way 2 is
represented as the expected value of z f[f* with
respect to f*, instead of the expected value of z
with respect to f. Values of 2 and y are picked
out of f* at random and an estimate of z is
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The most interesting thing about this last type of
estimate is that if f* is properly selected, it is pos-
sible to get, what we may call, a zero-variance osti-
mate; that is, a sample of one always gives the
correct value. This is done by taking f*=zf/Z.
In order to do this it is necessary to know the
value of Z in advance. Of course the value of Z
would not be known in advance but it might be
approached sequentially in a series of experiments.
In other words one would first perform the experi-
ment using anf* as close as possible to the optimum
f* The initial selection of J* would be made on
the basis of physical intuition and whatever other
information one had about the problem. The
knowledge gained from the first sample would
then help in selecting a better f* for the second
step and so on.

The third type of sampling can be applied when
it is easy to find analytically the expected value of
Z(X,Y) for a fixed value X=2. One can select
N values of X from the marginal distribution of 2.
The estimate of Z is then

o=t ﬁ E(z/z,)
N #= b

where F(z/z;) represents the expected value of 2,
given that X=gz,.

In addition to these techniques, which are all
known to statisticians, various types of stratified
sampling can also be utilized. ‘

Let us now consider an actual physical problem.
A beam of particles impinges on the one face of g
slab of thickness a. The progress of an individual
particle through the slab is a random walk, A par-
ticle traveling through the slab has g probability
uds of having a collision in an interyval ds, where
u is a function of the energy of the particle and of
the constitution of the slab. When g collision
takes place the particle may be absorbed or it
may leave the point of collison with g different
direction and energy. Thus a particle that enters
the slab will eventually be transmitted, absorbed
in the slab, or reflected. We wish to know what
fraction of the original particles will be transmitted
through the slab and how much energy they will
carry with them.

First let us discuss the splitting technique. We
shall consider here the time-independent case,
where there is a steady flow of neutrons across the
slab. The concentration of neutrons at the point
in phase space devoted by (2, o, v) is given by a
function ¢ (z, @, v) where 2 is the position coordi-
nate, o the energy, and v the cosine of the angle
with the normal to the slab. We define a function
¢ (2,a,7) such that ¢(z,e,v) is the probability that
a particle (z,a,y) will eventually be transmitted,
The function ¢ represents the importance of the
region at (z,a,v). TFinally, there is g transition
function f(z,a,y; 2/, o’ ,¥"), which measures the rate
at which particles flow from @,e,7) to (@,a,v").

28

The splitting technique, performed in optimum
fashion, would be somewhat as follows. A set of
surfaces would be defined by the equations:

¢(x s a;'Y) =277,

where ¢ has values running from one to some
integer 7. In other words, surfaces of constant
importance are used rather than surfaces of fixed
values of z. Whenever a particle passes from a
less important to a more important region, it is
split in two. Fach of the resulting particles is
given one-half the weight of the original particle
and is treated independently from then on. When
the passage is from the more important to g less
important region, a game of chance is played in
which the particle has a 50-percent chance of be-
ing eliminated and a 50-percent chance of being
allowed to survive with double its original weight.
It is easy to see that all the particles that get
through will have the weight 2-" and if A7 histories
are started originally and  particles get through
then an estimate of the probability of transmission
is (k/N) 27, Tt is, however, a little difficult to
discuss the variance of this estimate, However,
if we modify the von Neumann technique in a
mild way it is possible to discuss the problem
completely. In this modification the splitting
operation is performed on a particle going from a
region A4 into a more important region B only if
no ancestor of this particle has previously made s
transit from A to B. No operations will be per-
formed on a particle going from a more important
to a less important region. We then have a
simple branching process of a well-known type.
Tt then turns out that for attenuations of  the
order of 1071 about 2,000 life histories are re-
quired, to give a 10-percent probable error.

The surfaces =277, rather than ¢=a- for an

arbitrary integer a, are selected because a=2
minimizes the variance of the estimate among all
integers a. Unfortunately, it is difficult to work
with surfaces in , o, and v. It is much less diffi-
cult to consider surfaces in 2 and a. Accordingly,
1t appears more practical to use g function $(a, a),
where v has been averaged out in some fashion.
It should, of course, be clear that in actuality we
do not know ¢(z, a, v) but simply guess or approxi-
mate it in any calculation.,
. Wenow turn to the second method, correspond-
ng to the use of the distribution F*(zy) discussed
previously. Suppose that g particle history is
being traced and that a collision has just occurred
at z;, the energy and direction following the col-
lision being o, and v,.

The quantities Tit1, @i, v would, in the
natural process, be selected according to a certain
distribution J (a1, gy, Yy T4, @y, vy). Instead,
we may select .1, gy, Vi1 from the distribution

f*(x’l-i-l: Qib1, ’Yi+1l$¢, y, ’)/t),t

and multiply our estimate by the compensating
factor f/#*." If the function J*is perfectly selected,



at each step, we can again obtain a zero-variance
estimate, but this can be done only if the answer
to the problem is known. If we are interested
only in the probability that a particle penetrates
the slab, and not the amount of energy trans-
mitted, the proper choice for f* is

Fr*=F (@i, i1, Vie)/d(@ 1y sy Vi),

for transitions within the slab and f*=f/¢(x;
ai, v;) for going through the slab. [¢=1 if par-
ticle is through the slab], where as before ¢(z, o, 7)
is the probability that a particle at z, , v will
eventually be transmitted. Again, physical intui-
tion, and preliminary sampling work, serve as a
guide to a good approximation to f*. I will not
take up at this time exactly how one would go
about doing this in practice, but I would like to
discuss in a little more detail why this works.
For simplicity let us consider a set of discrete states
running from 1 to n. Let ay be the probability
that a particle jumps from the 4’th to the j'th
state. Let P, be the probability that a particle
starts in the +/th state, and let us again consider
a time independent case—that is let particles be
generated continuously. Furthermore let the £’th
state, and certain others, be “trap’ states; once
the particle enters one of these states it must
disappear on the next step. If ¥, is the expected
number of particles in the i’th state then

%=f:\__l‘,¢i ay+Py, o))

or in matrix notation,
Y=y A+P,

because the expected number in the j’th state
must be the expected number in the 2’th state
times the probability of transition to the j'th state
summed over all 7, plus the expected number that
started in the j/th state.

Similarly if ¢, is the probability of eventually
getting to the k’th state on starting from the ¢’th
state, then where @ is the probability of going
directly from % to k:

b= ;a’ij‘ﬁ]—l— Qq,
in matrix notation we have
3=A43+0, @)

where ¢ stands for the transpose of ¢. If the
probability that we wish to estimate is denoted by

T then
T=§3¢1Q¢=Z¢¢Pi,

as can be seen by multiplying eq 1 by @; and
summing and multiplying eq 2 by P; and sum-

ming, or it can also be seen directly from the
definition of the quantities involved.

To evaluate 7 by a straightforward technique
one would pick at random a state ¢ from the
probability distribution specified by the P;. From
then on the particle is allowed to jump from the ¢
to the j’th state according to the transition prob-
abilities @, and so on. If the particle reaches the
k’th state it is given a score of 1. If it reaches
some other trap state first it is given a score of 0.
The total score divided by the total number of
particles stated is then an estimate of 7'

It is however also possible to estimate T by
working with eq 2, the so-called adjoint equation.
In this case the distribution from which the initial
particle is picked is given by the @, However,
since the summation of the ¢; over 7 is not neces-
sarily one the initial particle is given a weight
equal to this summation. In this adjoint prob-
lem the probability of transition from the ¢ to the
j state is proportional to a,; rather than a,;. Tt is
also given a chance of dying proportional to P,.
It is proportional rather than equal because in
general

Fz=Pi+gl)aﬁ

is not equal to one so that the a,; must be divided
by F, as a normalizing factor. To keep things
unbiased, the weight of the particle must be
multiplied by the same F;. The total weight of
the dead particles divided by the number of
particles tried is again an estimate of 7. It is not
actually necessary to carry along weighting factors
as the particle can be allowed to split into r
independent particples subject to the condition
that if t; is the probability that the particle in the
i/th state splits mnto r particles, then.

iTtirz' F«;.

r=0

This equivalence between the two problems
immediately raises the question if one would not
be able to use information from one of the prob-
lems to devise a more efficient sampling method for
the other. To see that this is so, let us consider
how we would proceed if we actually had a solu-
tion of eq 2, that is, if we know the ¢, Instead
of sampling from the P; initially we would sample
from Pyp,/T. That this is properly normalized is
obvious since =P; ¢;=1T. This corresponds to
sampling from an f*(z) instead of an f(z) and
means we have to multiply by the weighting factor
flf* or Tf¢,. Similarly, the probability of going
from < to 7 will be taken as a*,,=a¢;/7, and the

weighting factor is now ¢,/¢,. The probability of

dying will now be Q,/¢;. That these probabilities
are properly normalized is guaranteed by the fact
that ¢, is a solution of eq 2.

_ The thing to notice is that if we started in the
7'th state and go to the n’th state through an inter-
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mediate path involving the I'th and m’th state,
the weight of the particle is independent of the

Intervening path for

T iy bes bm T
50 o e

which is the same weight the particle would have
had if it had started in the n’th state. Since
¢1=1 the weight of the particle when it dies from
the n’th state is —T-X-(ﬁ—'“:—j:: T, which is just the
P e gy

number we are trying to compute. In other words,
even though the particles are doing a random
walk, their final weight is not random, but
deterministic, and we really haven’t got a random
process at all.

In actual practice one does not actually have g
solution to the adjoint problem. However, it may
be possible to get an approximate solution, and
this approximate solution can be used to modify
the sampling in the way described, to decrease the
fluctuations in the estimate of the answer.

The close relation between the original and ad-
joint process also suggests a type of alternate
sequential sampling, where the quantities corre-
sponding to p; are estimated by sampling from
the adjoint process and then are used in sampling
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from the original process. It is not known to
what extent this is computationally feasible,

The general importance of the adjoint process
has been recognized by von Neumann and others.

We shall illustrate only one of many possibilities
for the third type of sampling. Let 7 (, @, v) be
the probability that a particle in the state (z, a, v)
in the slab will be transmitted without further
collision. The function F can in general be deter-
mined exactly without difficulty. Then if (2.,
%, ;) represents the state of the particle after
the 7’th collision, we may give a score of >0 F (x,,

T
a, vy) to each particle, the sum being taken over
the initial point and all collision points. The
average score for a number of particles is then an
estimate of the probability of transmission. The
advantage of such an estimate is that even par-
ticles that are not transmitted give some infor-
mation about the probability of transmission,
This estimate can be mmproved by not actually
picking the first point of collision bug simply

n
calling it 2, integrating the ZI) F (2,, ery v,) over all

£
z such that the particle stays within the slab, and
then adding up the results for different 7. This

available or the number of collisions that one must
follow is comparatively small.






