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LV\/hat Is a Hidden Markov Model?

Hidden Markov Model

The Hidden State Process {Xg}x>0 is @ Markov chain on X with
initial distribution v(x)A(dx) and transition kernel
q(z, 2" )\(dx").

The Observed Process {Y}}r>o is such that the conditional
distribution of Yp.,,* given Xg., has the product
(conditional independence) form

n

1T 9k ) () -
k=0

We use v(x;0), q(x,2’;0), g(x,y ;) to denote dependence with
respect to the model parameter 0.

*Yo.n denotes the collection Yy, ..., Yy,
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LV\/hat Is a Hidden Markov Model?

This notion is (in our views) fully equivalent to the HMM
described in a functional form:

Xk‘+1 = G(Xk, Uk‘) 5
Yy = 0( Xk, Vi),

where {U}r>0 and {Vj}x>0 are mutually independent i.i.d.
sequences of random variables (also independent of Xj).

The term “state-space model” often refers to the case where a and
b are linear functions of their arguments (and {Uy}, {Vi}, Xo are
jointly Gaussian).

Likewise, the term “HMM" is sometimes used (not in this talk!)
more restrictively for the case where X is a finite set.
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ergodic

finite state space continuous state space
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LWhat Is a Hidden Markov Model?

HMM Examples

% 4 tracking, vision
source coding S stochastic volatility
ion channel modelling b5

g. |. state-space model
finite state space continuous state space

speech recognition

handwritting recognition trajectory models
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L Beyond Hidden Markov Models

A Note on Non-HMMs

There are models that are not HMMs, for which (most of) what is
said today applies, in particular Markov-switching (autoregressive)
models (sometimes a.k.a. jump Markov models):

The Observed Process {Yj}r>o is such that the conditional
distribution of Y}, given { X} }r>0 and Yp.,_1 is
given by

g [(Xk:a kap:k:fl) 7y] :u(dy) .
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LMaximum Likelihood Parameter Estimation for HMMs

General Objectives

Except in particular cases, there is no “simple” (e.g.,
moment-based) estimator, hence the need to compute and study:

The (Log-)Likelihood

gn(ybn ' H) déf |0g I—n(Ybn ; H) s

The Score and Observed Information Matrix
Voln (Yo 0) , =Viln(Yom 1),

The Intermediate Quantity of the Expectation-Maximization (EM)

Q(e , 0/) =E [Iogp(XO:na Youn ; 9)’ Youn ; 0/] .
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[Gupta and Mehra, 1974], [Campillo and Le Gland, 1989],
[Le Gland and Mevel, 1997], [Douc and Matias, 2002]

[Baum et al., 1970],
[Segal and Weinstein, 1989], [Douc et al., 2004]

[Zeitouni and Dembo, 1988],
[Elliott et al., 1995], [C, 2001]
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LMa><imum Likelihood Parameter Estimation for HMMs

Ll. Extended Chain / Sensitivity Equations

Additive Decomposition of the Log-Likelihood

gn(ybn ' 9) = Z |Og Ln(Yk’YO:k—l ' H)
k=0
_ng[/ z, Yy 1) P(Xkeda:|Y0k 1:0)

_¢k‘k,1(a:,()))\(dx) “predictor”

(1)

where the predictor may be updated recursively

, Y5 0 _1(z; 0 ,
onla’ )= [ g(an?Ykl)BZil’ill;(;) o ) @
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Ll. Extended Chain / Sensitivity Equations

The Extended Chain / Sensitivity Equations Approach

» L (Yo V) is an additive functional of an extended Markov
chain {Xk‘ayka ¢k|k 1 }k’>0

» Same is true for Vyl, (Yo, ; ¢) and —V%En(Yo:n . 0) by formal
differentiation of (1)—(2).

» In simple models at least (in particular when X is finite), may
be effectively used for parameter estimation.
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Ll. Extended Chain / Sensitivity Equations

Makes it possible to use known MC results.

Naturally has a recursive form, which is good for large data
sets, and may be used (...) for recursive estimation.
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Ll. Extended Chain / Sensitivity Equations

Makes it possible to use known MC results.

Naturally has a recursive form, which is good for large data
sets, and may be used (...) for recursive estimation.

{ Xk, Yi, pr—1(-: ) }x>0 is a very degenerate MC.

Details of the computation of the score (and Hessian!) are
often hairy.

Necessitates the definition of quantities which are not of
direct interest such as Vg 1,(2'; 0) (“tangent predictor”).
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LZ. Fisher Equality

Additive Decomposition of the Gradient of the
Log-Likelihood

vng(YvO:n ' H) =E [v6‘ |ng(X0:n7 YO:n ) 9)| YE):n ; H]
n—1

=Y E[Vologtx(Xy, X1:0)[ Yo 0], (3)
k=0

where

v O)g(a, Yo, Ol O)g(a', Ve 0), if k=0,
q(z, 2" g2, Y1 :0) otherwise.

tr(z, 2’ 0) = {
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Ll\/|a><imum Likelihood Parameter Estimation for HMMs

L 2. Fisher Equality

Involves the smoothing distributions rather than the prediction
distributions.

Cannot rely on usual® MC properties anymore but need to
establish general forgetting properties, e.g., on behavior of

[E[f( Xk, Xpr1)| Youn o 0] = E[f( Xk, Xpr1)| Yornap : 011

as n — Q.

Practically very simple once smoothing distributions have
been evaluated;

Allows for the use of a very basic optimization approach
(Expectation-Maximization).

TNote that the conditional distribution of {X}}r>0 given Yo, is that of a
non-homogeneous MC.
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Ll\/|a><Imum Likelihood Parameter Estimation for HMMs

L 2. Fisher Equality

Define 7, such that, for any (bounded) function f,
k-1

/f(:v)rk(a: )JA(dz) = E [f(Xk)zVQ log t;( X7, Xi41:0)

=0

Yb:k

such that [ 7(z; 0)A(dz) is the quantity of interest.

Tk+1 may be computed recursively from ¢z, 7 and Yy as

ma(oer 0) = ()" [wk )

+ ri(zr  0) Vo log t(zk, Ty )]tk(ﬂckaxkﬂ )A(dzr)

Ti(+:0) — Vol (Your : 0)prii(-: 0) is equal to the tangent filter
Voor k(-1 0) (the recursion is fully equivalent to the sensitivity
equations).
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Ll\/|a><imum Likelihood Parameter Estimation for HMMs

L 2. Fisher Equality

Similar (conceptually) to the case of the score through the use
of Louis identity (although details are somewhat more
involved).

V20, (Youn : 0) + V(Yo )[_]t:

n—1
S E [V log s (X )\Yo:n |+
k=0
n—1n—1 .
ED. D Viegti(Xp, Xisr: 0)[ =5 ]| Yo
k=0 j=0

Also has a recursive implementation (although it does not
reduce to an additive functional of the smoothing
distributions).
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Ll\/Ia)dmum Likelihood Parameter Estimation for HMMs

L 2. Fisher Equality

Exact computation of the smoothing distributions is feasible

in models where the state space X is finite
[Stratonovich, 1960], [Baum et al., 1970]

in Gaussian linear state-space models
[Bryson and Frazier, 1963]; [Rauch et al., 1965] (and several
papers in the time series literature of the early 1990s).

In all other cases (except but a few), only approximate numerical
methods are available. We consider in the following the use of
(a.k.a. particle filtering) methods.
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LParameter Estimation with Sequential Monte Carlo Methods
L

Basics of Sequential Monte Carlo

Structure of the Joint Smoothing Distribution

The joint smoothing distribution

k

Sonr 11 (Tora1 1) = [Lepr Yo O [ [ el 204 :0)
1=0

may be rewritten recursively as

Le+1(Yours1:0)7 1
Le(Youx ) G0k ik (To:k  O) (T, Tt 0)
cr1(0)

where the normalization constants are not computable.
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LParameter Estimation with Sequential Monte Carlo Methods
L

Basics of Sequential Monte Carlo

propose N independent “particle” trajectories {ﬁé:kﬂ I<isN

under a Markovian scheme such that

k
po:k+1(So:41) = po(€p) H (& &41)

compute importance weights

,- ¢0 k+1\k(£o k+1 )
Wet1 =
i p01k+1(§o:k+1)

then,
N

Wit i
Z Nijf(go:k:-i—l)
i=1 Zj:l wk—i—l
is an estimate of E [ f(Xo.x+1)| Yo:x+1: ¢] for arbitrary (integrable)
functions f.
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LParameter Estimation with Sequential Monte Carlo Methods
L

Basics of Sequential Monte Carlo

Sequential (Implementation of ) Importance Sampling

If f depends only on xj.1 or is a sum functional of the states,
storing the complete particle paths is not needed as

; tk(&}wéfﬁ& : H)
Wiy = wh x kL
* rk(§k7£k+1)

and, in the example of the score,

k
Y Vologti(&, &1 0) = Vo logtu(&p, Ghyr  0)
1=0

'Ylic+1
k—1 o
+>  Vologti(&f, &1 :0) -
=0

-~

Vi
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- Advanced Aspects of SMC Methods

Weight Degeneracy and Resampling

Regular resampling is needed to avoid weight degeneracy and to
guarantee the long-term (as k increases) stability of the particle
filter [Gordon et al., 1993], [Del Moral and Guionnet, 2001].

Resampling
Replace {&},wi}i=LeoN by [& 31 1=1-N such that the
discrepancy between the resampled weights {J),i}i:l""’N is reduced

and SN, &)};652 is a good approximation to SN Widg:

In general the resampling is random and subject to the constraints
N=N
& =1/N
E[#{i,lgiSN:&izgiH{wé}} — Nwl (forj=1,...,N)
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[llustration of the Boostrap Filter on a Toy Example

» Noisy AR(1) model

X1 — = ¢(Xy — p) +oUs
Y= Xp +1Vi

p=0.96=0095c%=0.01,1%=0.02 = (¢2/(1 — ¢?))/5
» To approximate the predictive distribution ¢y 1, we use the

bootstrap filter with IV = 50 particles, plotting the full
particle paths {56;k7§1i+1}1§i§N for each time index.

» This example is used since we may also compute the actual
filtering densities using Kalman filtering
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- Advanced Aspects of SMC Methods
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Several approaches have been investigated to improve smoothing
estimates, many of which are based on non-sequential processing
(typically forward-backward approaches).

A simple but effective approach proposed in [C et al., 2005]
consists in devising particle methods that approximate

S

1
E [Velogti(Xi, Xiv1: O)| Yo.vayne ]

l

I
o

(for a sufficiently large delay d) rather than

T
L

E[Vglogti(Xi, Xi41:0)| Yo 1 0] -

N
I
o
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Some Heuristic Arguments on Why the Fixed-Lag
Approximation is Preferable

» The Induced Bias Is Small In models where the particle filter
is stable (approximation error does not grow with time index
n for fixed-dimensional functions), E [f(Xl,Xl+1)| YO:(l+d)/\n]
and E[f(X;, Xi41)| Yo:n] are rapidly getting comparable as d
grows due to the forgetting properties of the smoothing
distributions.

» The Variance |s Reduced For a given number N of particles,
E [ (X1, Xi41)) YO:(ler)/\n] may be approximated more
reliably than E [ f(X7, Xi+1)| Yo-n]-



Particle Methods for Parameter Estimation in Hidden Markov Models
LAn Example on the Stochastic Volatility Model

The canonical discrete-time model is

Xpy1 = ¢ Xi + Uy U ~N(0,1)
Yy = Bexp(Xi/2) Vi Vi ~N(0,1)

where
{Y% }x>0., the observations, are the log-returns;
{Xk}>0 is the log-volatility which is assumed to be a
stationary Gaussian AR(1) process;
{Uk}r>0 and {Vi}r>o are independent zero-mean unit
variance white Gaussian noise.

The parameter 3 is a scaling factor, ¢ is the persistence
(memory) in the log-volatility and o//1 — ¢? its scale.
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To implement the EM algorithm (or gradient-based methods), one
need to evaluate E [.S;(Xo.n)| Youn : 7], for 0 < i < 4 with

n—1

SO(‘TO:n) = 56% 5 Sl(xo:n) = in s SZ(xo:n) = l’i ,
k=0 k=1

3(zo:n) Z TrTh-1 +(zon) Z Y exp(—y) -

3

The EM update formulas are simple functions of these quantities,
e.g.,

* 54
b= n+1°
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Particle estimators for ¢, 1(%0.r,) = >

k=0 Tk

(top) and ty, 3(z0:n) = 3of_1 Tk —1 (bottom)

for n = 945: from left to right, increasing particle population sizes of N = 102, 10%, and 10%; on each graph,
fixed-lag smoothing approximation for smoothing delays d = 10, 20, and full-path “joint” particle approximation.
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Three superimposed SEM trajectories with N = 50 particles for, left:
“joint”, and, right: “fixed-lag” (§ = 20) approximations (Xx+1 = ¢Xi + oUk,
B exp(Xw/2)Vi, n = 945, exchange rate data).
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Number of Iterations

Parameter estimates with MCEM and fixed-lag approximation (delay d = 20): 400 iterations; the
number of particles is 250 for the first 100 EM iterations, 500 for iterations 101 to 200, and then increases
proportionally to the squared iteration number.

#Other Option: Stochastic-Approximation EM (SAEM)
[Delyon et al., 1999].



Particle Methods for Parameter Estimation in Hidden Markov Models

LAn Example on the Stochastic Volatility Model

How Do We Know It Is Correct? Comparison with Brute
Force Strategy using MCMC Simulations

i i i
o 50 100 150 200 250 300 350 400
Number of Iterations

FIgU '€ Trajectory of the MCEM algorithm for the stochastic volatility model and GBP/USD exchange rate
data. In the E-step, an MCMC algorithm was used to impute the missing data. The plots show 400 EM iterations
with 25,000 MCMC sweeps in each iteration.
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Stability of approximations of Zz;é E[s(Xk, Xr+1)| Yo : 0]
as n increase (with proper normalization in n).

Convergence of parameter estimates based on particle
. . -1
approximation to Y —o E [ s(Xk, Xk11)] Yo:(k-+d)Ak ].

Suitability for recursive estimation (empirically, yes, based on
SAEM)?
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