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Abstract

We describe a new Monte Carlo algorithm for the consistent and un-
biased estimation of multidimensional integrals and the efficient sampling
from multidimensional densities. The algorithm is inspired by the classical
splitting method and can be applied to general static simulation models.
We provide examples from rare-event probability estimation, counting, and
sampling, demonstrating that the proposed method can outperform exist-
ing Markov chain sampling methods in terms of convergence speed and
accuracy.
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1 Introduction

One of the first Monte Carlo techniques for rare-event probability estimation is
the splitting method, proposed by Kahn and Harris [20]. In the splitting technique,
sample paths of a Markov process are split into multiple copies at various stages
of the simulation, with the objective of generating more occurrences of the rare
event. The rare event is represented as the intersection of a nested sequence of
events, and the probability of the rare event is thus the product of conditional
probabilities, each of which can be estimated much more accurately than the rare-
event probability itself. Applications of the splitting method in this Markovian
setting arise in particle transmission [20], queueing systems [11, 12, 13|, and
reliability [24]. The splitting method has remained popular in the physics and
statistics community and has gradually evolved over the past two decades [15, 16,
32, 33, 34], to become an effective simulation technique for dynamic simulation
models. More recent improvements include theoretical results about the optimal



selection of the splitting levels [7, 22, 23, 11] and the use of quasi Monte Carlo
estimators [25].

The aim of this paper is to introduce a new algorithm, called the Gener-
alized Splitting (GS) algorithm, which extends the applicability of the splitting
method to both static (that is, time-independent) and non-Markovian models.
The GS algorithm has its roots in an adaptive population Monte Carlo method
described in [1, 2, 8] that uses the product rule of probability to estimate rare-
event probabilities. In contrast to the specific Markov setting of the classical
splitting method, the GS method involves the following general framework [30]:
let ¢ be the expected performance of a stochastic system, of the form

(= By[H(X)] = / F ) H(x)u(dx), 1)

where H is a real-valued function, X is a random vector, and f the density of
X with respect to some base measure pu. A special case of (1) is obtained when
H(x) = I{S(x) > 7}, where S is a function and « a parameter large enough such
that

0= L) = EfI{S(X) 2 7} = P(S(X) =) (2)

is very small, so that ¢(v) is a rare-event probability [30, 31]. Another special
case of (1) is obtained when H(x) = e=¥®)/7 which arises frequently in statistical
mechanics in the estimation of the so-called partition function [29].

Using the GS algorithm, we construct unbiased estimators for rare-event prob-
abilities of the form (2) — and, in general, multidimensional integrals of the form
(1). In addition, the method provides unbiased estimates for the variances of the
estimators. The GS method tackles these static non-Markovian problems by ar-
tificially constructing a Markov chain using, for example, Gibbs or Hit-and-Run
moves, and then applying the splitting idea to the Markov process induced by
these moves.

The GS algorithm has the following advantages over existing MCMC algo-
rithms for estimating (1). First, the GS algorithm provides an unbiased esti-
mator ¢ for ¢ in (1) without the need for a burn-in period. In other words, it
is not necessary that the Markov chain constructed by the algorithm reach sta-
tionarity in order to obtain unbiased and consistent estimates for . However, a
well mixing chain reduces the variance and the simulation effort. Second, unlike
most MCMC algorithms, the GS algorithm provides a consistent and unbiased
estimate of the mean square error of £. Third, problems associated with selecting
appropriate starting values for the Markov chain in the GS algorithm are strongly
mitigated. Finally, while the stationarity of the chain constructed by the GS al-
gorithm is not essential for the estimation of ¢ within the GS framework, testing
the hypothesis that the chain has reached stationarity is easy and computation-
ally inexpensive. These properties allow for substantial computational savings
over traditional MCMC algorithms.



Many Sequential Monte Carlo (SMC) methods [19, 28] can be viewed as clas-
sical splitting algorithms for rare-event simulation, and vice-versa. For example,
the fixed effort (FE) splitting first proposed in [11, 12] is a special case of the SMC
method in [19] with fixed number of particles at each iteration. It follows that all
splitting procedures can be significantly enriched by the numerous SMC theoret-
ical results in [27]. However, for the static case presented in this paper we have
the following essential differences from the fixed effort splitting in [11, 12, 27].
All SMC methods use a bootstrap resampling step to replicate the same point in
a population numerous times. This typically decreases the diversity of the Monte
Carlo population. In contrast, there is no apparent bootstrap resampling step in
the proposed GS algorithm. As a result, the performance of the GS estimator is
improved due to the increased diversity in the Monte Carlo population, and the
unbiasedness property in Proposition 3.1 is not a consequence of similar results
in the SMC [28] or the splitting [11, 12] literature. In addition, the formulation of
the splitting method as a SMC method does not give a concrete implementable
algorithm [27] in the rare-event simulation setting. The SMC framework [28]
does not provide guidance as to how to construct the sequence of importance
sampling densities. The GS algorithm described in this paper addresses these
issues by selecting the sequence of intermediate distributions adaptively, and
makes the connections between SMC and the fixed effort splitting methods more
transparent.

The rest of the paper is organized as follows. In Section 2 we review the
classical splitting method. In Section 3 we explain how to obtain unbiased esti-
mates of (2) using the GS methodology. We apply the method to the satisfiability
(SAT) counting problem — a combinatorial counting problem. We prove the un-
biasedness property of the GS algorithm and explain the differences between the
classical splitting method and the GS method. In Section 5 we show how SMC
(or the equivalent fixed effort splitting) method compares with the GS approach.
In Section 6 we extend the applicability of the algorithm to the more general
problem of estimating (1). In the last Section 7 we show how the algorithm
can be used for sampling from multidimensional densities for which the standard
MCMC methods perform poorly. Finally, we give possible directions for future
research.

2 Classical Splitting for Dynamic Simulation

A basic description of the classical splitting method is as follows. Consider a
Markov process X = {X,, u > 0} with state space 2~ C R", and let S(-) be a
real-valued measurable function on 2, referred to as the importance function.
Assume for definiteness that S(Xy) = 0. For any threshold or level v > 0, let U,
denote the first time that the process S = {S(X,), v > 0} hits the set [y, c0); and
let Uy denote the first time after 0 that S hits the set (—oo,0]. We assume that



U, and U are well-defined finite stopping times with respect to the history of X.
Then, one is interested in the probability, ¢, of the event E., = {U, < Up}; that is,
the probability that S up-crosses level v before it down-crosses level 0. Note that
¢ depends on the initial distribution of X. The splitting method [12, 15] is based
on the observation that if v > 7, then E,, C E,,. Therefore, we have by the
product rule of probability that £ = ¢ ¢o, with ¢ = P(E,,) and ¢ = P(E., | E,,).
In many cases, estimation of c;co by estimating ¢; and ¢y separately is more
efficient than the direct Crude Monte Carlo (CMC) estimation of £. Moreover, the
same arguments may be used when the interval [0,+] is subdivided into multiple
subintervals [vo,71), [v1,72)s - -, [77-1,7], where 0 = 79 < 91 < -+- < 90 = 7.
Again, let E,, denote the event that the process S reaches level ; before down-
crossing level 0. Since E,, E,,, ..., E,, is a nested sequence of events, denoting
¢, =P(E,, | E,_,), we obtain £ = [[_, ¢.

The estimation of each ¢; is performed in the following way. At stage t = 1
we start Ny X s (a fixed number) of independent copies of X and simulate the
corresponding process S(X). Each copy of X is run until S(X) either hits the
set (—o0, 0] or up-crosses the level 71; that is, each copy is run for a time period
equal to min{U,,,Up}. The number s; is an integer referred to as the splitting
factor at stage t = 1. Define []1 to be the indicator that the j-th copy of S(X)
hits the set [y1,00) before (—00,0], 7 = 1,..., Ny X s1, and let N; be the total
number of copies that up-cross v;; that is,

Noxs1
Ny= > I
j=1
An unbiased estimate for ¢; is ¢; := Né\QSI. For every realization of S(X) which

up-crosses 7;, we store in memory the corresponding state X, at the time 7 of
crossing. Such a state is referred to as the entrance state [11]. In the next stage,
t = 2, we start sy new independent copies of the chain X from each of the Ny
entrance states, giving a total of N7 X sy new chains. Again, if we let [ 32 indicate
whether the j-th copy of X (starting from an entrance state at level ;) hits
the set [vq, 00) before (—oo, 0], then ¢, = NfVX“’SQ, where Ny = E;V:llx” I?, is an
unbiased estimate of ¢y, see [11]. This process is repeated for each subsequent
t = 3,...,T, such that N;_; X s; is the simulation effort at stage t, and N;
is the number of entrance states at stage t. The indicators {I} at stage ¢ are
usually dependent, and hence the success probabilities {P(I; = 1)} depend on
the entrance state from which a copy of the chain X is started. It is well known
[11, 15] that despite this dependence, the estimator

T T

T=T[a =215
No

t=1 t=1

is unbiased.
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Figure 2: Typical evolution of the splitting algorithm for a two-dimensional
Markov process {(Xl(bl), Xq(f)), u > 0}.

The idea of the splitting method is illustrated in Figure 1, where three level
sets {x: S(x) =y}, t =0,1,2 are plotted. Here three independent paths of the
process S(X) are started from level vy = 0, two of these paths die out by down-
crossing level 0, one of the paths up-crosses level 7;. Three new independent
copies of the chain are started from the entrance state at level 7, (encircled
on the graph), two of these copies down-cross 0, but one copy up-crosses level
v2. Figure 2 shows a typical realization of a two-dimensional Markov process
{(qul), Xff)), u > 0} that corresponds to the scenario described on Figure 1.

For a given importance function S, the efficiency of the splitting method de-
pends crucially on the number of levels T, the choice of the intermediate levels
Y1, -..,Yr—1, and the splitting factors s1, ..., sy. Ideally one would select the lev-
els so that the conditional probabilities {¢;} are not too small and easily estimated



via CMC. Assuming that the cost of running the Markov process is independent
of t, the total simulation effort is a random variable with expected value

T T t—1 T t—1 T t

Z StE[Nt_l] = NO Z St g(’%ﬁ—l) H S5 = N() Z St H Cj S5 = No Z Clt H CjSj.
t=1 j=1 t=1 j=1

t=1 t=1 j=1 j=
(3)

An inappropriate choice of the splitting factors may lead to an exponential growth
of the simulation effort. For example, if ¢;s; = a > 1 for all j, then N, Zthl cltat
grows exponentially in 7. This is referred to as an explosion in the splitting
literature [16]. Alternatively, if ¢;s; = a < 1 for all j, then E[Ny] = Nya” decays
exponentially and with high probability Ny (and hence ?) will be 0, making the
algorithm inefficient. It is thus desirable that c;s; = 1 for all j, that is, the
splitting is at critical value [16]. In practice, one obtains rough estimates {o;} of
{¢;} via a pilot run and then initializes from each entrance state j = 1,..., Ny, at
every stage ¢, s; = Qt_l paths. In case 1/p; is not an integer, one can generate a
Bernoulli random variable with success probability Q]-_l — ng_lj and then add it to
LQ;IJ to obtain a random integer-valued splitting factor S; with expected value
1/p;. This version of the splitting algorithm is called the Fized Splitting (FS)
implementation, because at every stage ¢t one generates a fixed expected number
of copies o; ! from each entrance state. An alternative to the FS implementation
is the Fized Effort (FE) implementation, where the simulation effort is fixed to

N at each stage, instead of the number of copies [11]. The estimator then is

T Nt
N

t=1

KFE =

The FE implementation prevents explosions in the number of total Markov chain

copies, but has the disadvantage that it is more difficult to analyze the variance

3 Splitting for Static Rare-event Probability Es-
timation

We now explain how one can obtain unbiased estimates of the rare-event proba-
bility (2) using the splitting idea described in the previous section. First, choose
the importance function S and partition the interval (—oo, ] using intermediate
levels —00 = 799 < 71 < ... <9711 < 7 = 7. Note that, unlike in the classical
splitting, 79 = —oo. We assume that the sequence of levels is chosen such that
the conditional probabilities P;(S(X) > v |S(X) = %-1) = ¢, t = 1,...,T,
are not rare-event probabilities, and that we have rough estimates {o,;} of {¢;}
available. These estimates cannot usually be determined on-line, but we later



explain how we can construct the sequence {v;, 0;}_, using the adaptive pilot
algorithm described in [2]. Without loss of generality, we assume that generating
random variables from f is easy.

Algorithm 3.1 (GS algorithm for estimating ¢ = P;(S(X) > v))
Given a sequence {7:, 0s}1_, and a sample size N, execute the following steps.

1. Initialization. Sett =1 and Ny = 0, L)EJ (which ensures that No/o1 is an

1
integer). Generate

X1, XNoJor ~iid f(x)

and denote Xy = {X1,...,Xnyjo }- Let X1 = {Xy,..., Xy, } be the largest
subset of elements in Xy for which S(X) = v (points Xy and Xy on Figure
3), and let Ny be the size of Xy. If Ny =0, go to Step 4.

2. Markov chain sampling. For each X; in X; = {Xy,...,Xn,}, sample in-
dependently:

Yij ~ Ht(y ‘ Yi,j71>7 Yio=X;, j=1,... , Stis (4)

1 1 1
Sy — \‘—J ~iq Ber (— - \‘_J> , i=1,..., Ny
Oi+1 Ot+1 Ot41

Here ki(y | Yi;-1) is a Markov transition density with stationary pdf

fiy = 11501 22

where

1
Ot+1

FEach S; is a splitting factor equal to L J plus a Bernoulli random vari-

able with success probability gt—lﬂ — L 1 J Reset

Ot+1
Xt = {Yl,l >Y1,2 PRI JYI,St,l gttt ) YNt,l 7YN,5,2 PACIEI 7YNt,St,Nt }7
where X, contains |X;| = SN Syi elements and E[|X;| | Ny] = Qi\ﬁl' For
ezample, on Figure 3 we have Xy = {X;;, i = 1,2;7 = 1,...,10} and

x| = 20.

3. Updating. Let X;y1 = {Xy,...,Xn,,, } be the largest subset of elements in
X, for which S(X) = ~11. Here, Nyyy is the random number of vectors in
X, for which S(X) = i1 (for ezample, Xo = {X;;,7 =2,6,7} and Ny =3
on Figure 3). Reset the level countert :=t+ 1.



4. Stopping condition. Ift =T or Ny =0, set Nyyy = Npyo = -+ = Npr =0
and go to Step 5; otherwise, repeat from Step 2.

5. Final estimator. Deliver the unbiased estimate of the rare-event probability:

T

~ Ny

C=—11o: 5
Nogt (5)

and the unbiased estimate of the variance:

— L U a Y
By = th= & Ay
Var(?) No(No — 01) ; (OZ T) ’ (6)

where O; denotes the number of points in Xr that share a common history
with the i-th point from the initial population Xy and are above yr = 7y at the
finalt =T stage. For example, on Figure 3 we have Oy = 11 and O; = 0 for
1t =2,...,10, since only points Xi 94, k=3,...,10 and X164, k =7,8,10
are above 3 threshold and they are all part of a branch that has Xy at its
T00t.

In Step 2 of Algorithm 3.1 a move from X to Y (using the transition density
ki(y | x)) can, for example, consist of drawing Y from the conditional pdf

Vi~ fi(yi | Yao oo Yoo, Xir, o0 XG), 1=1,000m,

as in the Gibbs sampling method [31]. The transition density is then

re(y [ %) :Hft(yi|y1>---yi—1,$i+1,---,$n)- (7)
i=1

Alternatively, a move from X to Y may consist of a Hit-and-Run move [9]:

1. Generate a uniformly distributed point on the surface of the n-dimensional
hyper-sphere:

A 7.\ "
d:(—,...,—) . Z ~N(0;1).
|1Z]| ||Z]|

Here ||z||? o 2442
2. Given the current state X, generate A from the density:

def f(X + )\d)
aA X, d) = [ (X +ud)du
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Figure 3: Typical evolution of the GS algorithm in a two dimensional state space.
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Figure 4: Typical evolution of S(X) corresponding to the scenario in Figure 3.



3. The new state of the chain is:

v [ XHAd, i S(X+Ad) >,
- X, otherwise

We illustrate Algorithm 3.1 on a typical problem of the form (2) with three
levels (T" = 3). Figure 3 depicts the GS recipe as applied to a particular two-
dimensional rare-event simulation problem. The three level sets {x : S(x) =
v}, t = 1,2,3 are plotted as nested curves and the entrance states at each
stage are encircled. We assume that the {7} are given and that ¢, = 1/10
for all ¢; that is, the splitting factors are s, = o; ' = 10 for all ¢. Initially, at
stage t = 1, we generate Ny/o; = 10 independent points from the density f(x).
We denote the points Xi,...,X;9. Two of these points, namely X; and Xy,
are such that both S(X;) and S(X3) are above the ~; threshold. Points X,
and X, are thus the entrance states for the next stage of the algorithm, and
N, = 231'11 I{S(X;) > 7} = 2. In stage t = 2 we start independent Markov
chains from each of the entrance states X; and Xj5. The only requirement is
that each Markov chain has a stationary distribution equal to the conditional
distribution of X given that S(X) > 7y, where X ~ f. The length, or the
number of steps, of both chains is equal to s = 10. Thus, the simulation effort
for t = 2 is Ny x s9 = 20. In other words, in stage t = 2 we generate

Xij~ k(x| Xim1), j=1,...,10, i=1,2,

where X, o = X, and x4(-|-) is a Markov transition density with stationary pdf
fi1 given by (t = 1)

Figure 3 depicts the Markov chains as branches sprouting from points X; and
Xs. Note that these branches are drawn thicker than branches generated at stage
t = 3. None of the points on the X5 branch have a value S above 7. Points
X122, X416, X7 from the X; branch (encircled) make it above the 7 threshold.
These three points will be the entrance states for stage ¢t = 3 of the algorithm.
Thus,

10
Ny =3 (H8(X1y) = 9} + 1{S(Xs) = m}) = 3.
j=1
In the final stage we start three independent Markov chains with stationary den-
sity fo from each of the entrance states X 2, X 6, X1 7. The length of each chain
is s3 = 10. Thus, the simulation effort for stage t = 3 is 3 x 10 = 30, and we

generate
Xl,j,k ~ liQ(X|X17j7k_1), l{? = 17...,107 ] = 2,67 7,

where X jo = Xy ;, and ro(-|-) is a Markov transition density with stationary
density fo defined in (8). Figure 3 shows that the points that up-cross level 3

10



are Xy94, k=3,...,10 and X, 6%, k = 7,8,10. Thus, in the last stage T' = 3
we have Ny = 11. Finally, an estimator of £(ys) is

T
~ N _
lyr) = Fz Hst g
t=1

and this gives the estimate 11 x 1073. Proposition 3.1 shows that such an estima-
tor is unbiased. Figure 4 shows the behavior of the importance function process
S(X) for every chain starting from the entrance states Xy, Xy and X 2, X 6, Xy 7
(encircled). Here S; ;, = S(X; ;) and time is measured in terms of the number
of Markov chain moves. Note that the Markov chain paths generated at stage
t = 2 are drawn thicker. The three chains starting from X o, X ¢, X 7 are all de-
pendent, because they share a common history, namely, the branch with root at
X. These three chains, however, are conditionally independent given the branch
with root at X;.

Example 3.1 (SAT Counting Problem) There are many different mathemat-
ical formulations of the Boolean Satisfiability problem (SAT) problem [17]. Here
we use a formulation which is convenient for the problems from the SATLIB
website www.satlib.org. Let x = (z1,...,2,), z; € {0,1} denote a truth as-
signment. Let A = (A;;) denote a m x n clause matriz, that is, all elements of A
belong to the set {—1,0,1}. Define b = (by,...,b,) to be the vector with entries
by =1—>77  I{A;; = —1}. In the standard SAT problem one is interested in
finding a truth assignment x for which Ax > b. In the SAT counting problem,
one is interested in finding the total number of truth assignments x for which
Ax > b. The SAT counting problem is considered more complex than the SAT
problem [31, 35|, and in fact the SAT counting problem is known to be an #P
complete problem. Here we aim to find the total number of solutions of the SAT
problem, that is, we wish to estimate the size of the set

%*:{X:Zm;]{zn;Aijijbi} >m}
i= j=

To estimate | 2| we consider the problem of estimating the probability

(=P(S(X)=m), {X;}~u Ber(1/2), S(x)=3 1{ > Ay > b}

(9)
via Algorithm 3.1. Thus, each row of A represents a clause and S(x) is the number
of clauses that are satisfied. The size of the set is then estimated from the relation
| Z7*| = ¢ x 2". As a numerical example, consider the uf75-01 problem from the
SATLIB website with m = 325 and n = 75. We applied Algorithm 3.1 with
N = 10* and the splitting factors and levels given in Table 1, giving a total

11



simulation effort of about 2.8 x 10° samples (the expected value is given by (3)),
including the pilot run.

The Markov transition density x; in Step 2 of Algorithm 3.1 is given by (7)
and the stationary pdf is

1 m n
ft(X) = WI{ zzll{ jzlAijLUj 2 bz} 2 ’)/t}, € € {0, 1}

In other words, a move from x to y using the density x;(y |x) is equivalent to
the following Gibbs sampling procedure.

1. Given a state x such that S(x) > v, generate Y1 ~ fi(y1 | 2o, ..., 2,);
2. Foreach k =2,... ,n—1, generate Y, ~ fi(yx | Y1, ..., Y 1, Tha1, .-, Tp);
3. Finally, generate Y,, ~ fi(yn|Y1,..., Y0 1).

Note that one can write the conditional density of Y} as

Pk, ykzl
Yi, o Y1, Tpg1, ., x,) = )
filys [ Y1 k=15 Lk+1 ) { 1—pr, ye=0

where p, = s >} with s, = S(Y1,.. ., Yo 1,0, Zps1, -, Tn), S =
I{sﬁ}*yt}—l—l{s,;}%} k ) ) -1,V +1 y4hbn ), k

5(3/1,...,Yk_1,1,$k+17...,$n). -

With the above setup, we obtain | 27| = 2.31 x 10® with estimated relative
error of 5.8%. Total enumeration of all possible truth assignments for which
Ax > b would require the equivalent of a simulation effort of size 27 ~ 3.7 x
102 and is hence impracticable. To achieve the same relative error using CMC
would require a sample size of approximately N = 4.8 x 10?'. Thus, we see that
with a minimal amount of additional work the GS algorithm has reduced the
simulation effort by a factor of approximately 10'°. Note that a better choice
for the importance function S may allow for all conditional probabilities ¢; =
P(S(X) > 7| S(X) > 7-1) to be more or less equal, thus giving a superior
estimate. However the optimal choice of the importance function in splitting is
still an unresolved problem [11, 25].

12



Table 1: The sequence of levels and splitting factors used in Algorithm 3.1 for
instance uf75-01.

Ll m 0t

[ 0t
1 285 | 0.4750

17 | 311 | 0.3072
2 | 289 | 0.4996

18 | 312 | 0.3104
3 292 | 0.4429

19 | 313 | 0.2722
4 294 | 0.4912

20 | 314 | 0.2253
5 | 296 | 0.4369

21 | 315 | 0.2235
6 | 298 | 0.3829

22 | 316 | 0.2071
7 | 300 | 0.3277

23 | 317 | 0.1892
8 302 | 0.2676 24 | 318 | 0.1722
9 303 | 0.4982

25 | 319 | 0.1363
26 | 320 | 0.1413
27 | 321 | 0.1237
28 | 322 | 0.0953
29 | 323 | 0.0742
30 | 324 | 0.0415
31 | 325 | 0.0115

10 | 304 | 0.4505
11 | 305 | 0.4359
12 | 306 | 0.4239
13 | 307 | 0.3990
14 | 308 | 0.3669
15 | 309 | 0.3658
16 | 310 | 0.3166

We can put a deterministic lower bound on |27*|. The population X7 at the
final iteration of Algorithm 3.1 is approximately uniformly distributed over the
set 2" and as a result can be used to find some of the distinct solutions of the
SAT problem. We ran Algorithm 3.1 10 times with N = 10* and were able to find
2258 distinct solutions amongst the 10 final populations generated at iteration
T. Thus, we conclude that | 2| > 2258.

Finally, we note that significant variance reduction can be achieved when the
GS algorithm is combined with the Cross Entropy method [3]. Table 2 shows the
estimates with their respective relative error obtained using the combined GS
importance sampling estimator described in [2, 3]. The SAT instances are from
[18].

Table 2: Twelve SAT counting problems with the current best estimate obtained
via the combined GS importance sampling estimator described in [3].

Case number SAT Instance \/‘/’?/T\ relative error
1 uf75-01 2258.28 0.03%
2 uf75-02 4590.02 0.07%
3 uf250-01 3.38 x 10%! 4.4%
4 RTI_k3_.n100-m429_0 20943.79 0.01%
5 RTI_k3_n100_-m429_1 24541.70 0.02%
6 RTI_k3_n100_-m429_2 3.9989 0.01%
7 RTI_k3_n100-m429_3 376.016 0.01%
8 RTI_k3_n100_-m429_4 4286.28 0.3%
9 RTI_k3_n100-m429_5 7621.11 0.7%
10 RTI_k3_n100_-m429_6 2210.20 0.01%
11 RTI_k3_n100-m429_7 1869.64 0.3%
12 RTI_k3_n100_-m429_8 1832.29 0.01%
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Concerning the properties of the estimator (5) and its variance, we have the
following result.

Proposition 3.1 (Unbiasedness of the GS estimator) The estimator in (5)
is an unbiased estimator of £, and (6) is an unbiased estimator of Var(?).

Proof: Using the notation of Figure 3, we can write

T
Np =3 [T HSXKpnn) = 1

p t=1

where p = (p1,...,pr), and in the sum above p; ranges over 1,..., No/o1 and py, t > 2,
ranges over 1,...,8;1,p, ,. In addition, X, ~ f(-), independently for all p;, and for
t 2 2 we have Xy, p, ~ Ft—1(- [ Xpy,.po—1) With Xp, o pe 10 = Xpypes

Since the splitting factors {S; ,, } are independent of {X,,, X, p,,...,Xp}, we can
write

T
E[N7 [{Stp.}] = ZEHI{S(XZJ17---,pt> > Yt}
P t=1

The expectation under the multiple summation is

T pt

/ /f Xp ) (5 (xp;) >71}HH’% 1(Xpy, et | Xpr e b= DTS (Xpype) 2= 1} dXpy dXpy -y

t=21=1

which by integrating in the order defined by dx,, dx,, . ,, and each time applying the
invariance property

/f(X)I{S(X) Z Ytrai(y [ x) dx = f(y)I{S(y) = v}, forallt, (10)

yields ¢ = l(yr) = [ f(x)I{S(x) = yr}dx. Therefore

No
Tl = T St Dt =1l = ’
E[N7] = E[E[N7 | {Stp, }] B [Z 1] [T e

p

and the estimator (5) is unbiased. To derive the variance of (5), observe that by
definition

Op, = I{S(Xp,) 2} Z HI{S propt) Z Vb
D2y0-,PT 1=2

Since the {X,, } are independent and Ny = 3 Oy, , we have Var(Nr) = %Var(Opl),
from which (6) follows. U

Whatever the mixing speed of the Markov chains, the estimator 7 is unbiased.
However, that does not mean that the mixing of the chain is irrelevant. In
the extreme case of no mixing at all, that is, when the chain does not move in
the sample space, the estimator ¢ reduces to the unbiased Crude Monte Carlo
estimator of the rare-event probability £.
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4 An Adaptive Generalized Splitting Algorithm

We now describe the algorithm which we use as a pilot run to estimate the
splitting factors {o;} and the levels {1:}. It is the earliest version of the GS
algorithm [2], and we will refer to it as the ADAM algorithm, which stands for
ADAptive Multilevel splitting algorithm. For example, Table 1 is created using
Algorithm 4.1 with N = 1000, o = 0.5, and the Markov transition density in
Example 3.1.

Algorithm 4.1 (ADAM Algorithm)  Given the sample size N and the pa-
rameters o € (0,1) and v, execute the following steps.

1. Initialization. Set the counter t = 1.

(a) Generate Xy,...,Xy ~ f(x) and denote Xy = {Xy,...,Xn}.
(b) Let

N

~ . 1

¢ = argmin {— E I{S(X;) >~} < Q}, X, eX. (11)
~v€{S1,...,Sn} N i=1

That is, 7, is the smallest value from amongst S(X1),...,S(Xy) such
that %Zi\; H{S(X;) 2 %} < 0. Set v = min{vy,%}. Let X =
{Xy,...,XnN,} be the largest subset of elements in X, 1 for which
S(X) = w. Let N, = |X,|. Then, oo = it is an approzimation of
the probability ¢, = P;(S(X) = v | S(X) = yi-1), Y0 = —00.

2. Markov chain sampling. Identical to Step 2 of Algorithm 3.1, except that
in (4) the splitting factors are generated in a different way, namely,

N ,
Stz:\‘ﬁtJ—i_B“ Z:]_,...,Nt.

Here each By, . .., By, are Ber(1/2) random variables conditional on vaztl B;

N mod N;. More precisely, (B, ..., By,) is a binary vector with joint pdf

Ny —r)!
P(Blzbl,...,BNt:bNt):%

|
bt tby, =1}, b€ {0,1),
N,

where r = N mod N;. As a consequence of the different generation of the
splitting factors, after resetting

X = {Yu Y12, Yis, s s YN, Y N2 YN S, },

the set X; contains exactly N elements.
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3. Updating and Estimation. Reset the countert :=t+1 and proceed exactly
as in part (b) of Step 1.

4. Stopping condition. Ifvy, =, set T =t and go to Step 5; otherwise, repeat
from Step 2.

5. Final estimates. Deliver the estimated levels 7y, ..., v, the splitting factors
01,--.,0r, and the (biased) estimate of the rare-event probability:

N,
£ADAM —HQt Ht 1 t- (12)

The main differences between the ADAM algorithm and the GS algorithm are
the following. First, the difference in Step 2 of the ADAM algorithm is that the
splitting factors are generated in a way that fixes the simulation effort at each
stage to be N, similar to the fixed effort splitting in [12]. Second, as seen from
(11), the levels {~;} are determined online using the random populations {X;}.
As a consequence of these differences, the estimator ZADAM is not unl)iased and
the algorithm does not provide a simple estimate for the variance of {apam-

The ADAM algorithm can be used as a stand-alone algorithm in the sense
that it can provide an estimate of ¢ without the need for any preliminary sim-
ulation. For many medium scale problems we could not detect any substantive
difference in the numerical performance of Algorithm 4.1 (ADAM) versus Al-
gorithm 3.1 (GS). For example, for the cost of 3.1 million samples (N = 107,

0 = 0.5) Algorithm 4.1 gave an estimate of @”\ﬂ = 2.26 x 10® with estimated
relative error of 3%. However, for large scale problems we detected some bias in
the estimates provided by Algorithm 4.1, and the estimated relative error (from
repeated independent runs of ADAM) seemed to underestimate the true rela-
tive error. We thus recommend using the GS algorithm (with ADAM used for
the pilot run) instead of using ADAM by itself, because the GS algorithm gives
provably unbiased estimates for £ and the variance of £. We refer to [8] for some
results and discussion about the asymptotic bias.

5 Fixed Effort Generalized Splitting

Recall that the GS algorithm is a generalization of the classical Fixed Splitting
(FS) algorithm described in the introduction and presented in [12]. It is possible
to develop a generalized version of the FE splitting method, so that the possibility
of population explosions does not exist. Since the FE splitting in [12] can be
interpreted as a particular SMC algorithm [19] (with systematic resampling), the
following algorithm can also be interpreted as an SMC algorithm.
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Algorithm 5.1 (Fixed Effort Generalized Splitting) Given a sequence {7;}_,
and sample size N, execute the following steps.

1. Initialization. Set the counter t = 1.

(a) Generate Xy,..., Xy ~ua [f(X) and let Xy = {Xq,..., Xy}

(b) Let X, = {Xy,...,XnN,} be the largest subset of elements in X,y for
which S(X) = v, where Ny = |X,|. If Ny =0, go to Step 4.

2. Markov chain sampling. For each X; in X; = {Xy,..., Xy, }, sample in-
dependently:
Yi:j ~ Kt(Y’Xi)7 ] - 17"'7Sti7 (13)

where S;; = {%J + B, i =1,..., Ny, and r(y | X;) is a Markov transition

density with stationary pdf fi(y) = %, and each B; is a Ber(1/2)

random variable conditional on Zf\il B; = N mod N;. Reset

X = {Yl,l Yo, Yas, e s YN, YN 7"'7YNz,3tNt}7

where X; contains |X;| = Zf\il S = N elements.

3. Updating. Reset the counter t =t + 1 and proceed exactly as in part (b) of
Step 1.

4. Stopping condition. Ift =T or Ny =0, set Nyyy = Npyo = --- = Np =10
and go to Step 5; otherwise, repeat from Step 2.

5. Final estimator. Deliver the unbiased estimate E:E = ﬁ Hle N;.

We call Algorithm 5.1 the Fixed Effort Generalized Splitting (FE-GS) algorithm
to distinguish it from the GS Algorithm 3.1. The main difference between the
FE-GS and GS algorithms is in Step 4, and in particular (13) and (4). In FE-
GS the {S;} in (13) depend on the random variable ;. Thus, the possibility
of explosion is avoided by making the splitting dependent on the history of the
process. The simulation effort at each stage t is fixed to be vaztl Sy = N.
Furthermore, the {Y;;} are sampled by restarting the Markov transition density
k¢ from the same point X;. In contrast, in the GS algorithm the {S;} in (4)
are completely independent of {N;} and the past performance of the algorithm.
In addition, each Y, ; is generated from x;(y | Y, ;1) instead of x(y | X;), thus
decreasing the dependence between, say, Y;; and Y; y,, and giving a more reliable
estimate in Step 5. Another advantage of the GS algorithm is the availability
of an estimate of the relative error from a single simulation run. To estimate
Var(lrg) we have to run the FE-GS algorithm a number of times independently.
Similar to classical FE splitting, the FE-GS estimator is unbiased. For a
simple proof see [3] and for a proof in the more general SMC setting see [19].
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Example 5.1 (Numerical Comparison Between GS and FE-GS) Consider
estimating the probability ¢(n) = P (>, X; > n), Xi,...,X, ~ua Ber(1/2).
We compare the performance of the FE-GS and GS algorithms on this simple
problem using the same simulation effort for both algorithms, and the levels and
splitting factors {~;, 0;} determined from a single common run of ADAM with
0= 0.1 and N = 10*. Table 3 shows the results of the simulation experiment.
The first column shows the simulation effort used for 10 independent runs of the
FE-GS method (so that each run incurs 1/10 of the total simulation effort). The
GS method uses a slightly smaller (random) simulation effort. The third column
shows the GS estimate Z(n) with the estimated relative error. The last column
shows the ratio of the relative error between Z(n) (GS estimator) and E:E(n) (FE-

GS estimator). The variance of Ure (n) is estimated from the 10 independent runs.
A value of 0.1 means that for the same simulation effort the GS estimator Z(n)
gives a relative error which is 10% of the relative error of the FE-GS estimator
lee(n). The table suggests that the variance of the FE-GS estimator can be as
much as 5000 times the variance of the GS estimator. More importantly, the
FE-GS yields an infinite relative error for n > 60, because the population of
points becomes extinct before reaching the final level (y7 = n). Increasing the

simulation effort to 107 did not help the FE-GS algorithm.

Table 3: Comparison between GS (fixed splitting) and FE-GS (fixed effort) im-
plementations. The relative error of ¢(n) is given in the brackets.

total simulation effort n Z(n) \/Var(Z(n))/Var(ZFE(n))
108 20 | 9.6 x 1077 (3%) 0.26
106 30 | 9.1 x 10710 (2%) 0.20
106 40 | 9.1 x 10713 (3%) 0.02
106 50 | 9.1 x 10713 (3%) 0.02
106 50 | 9.4 x 10716 (4%) 0.03
106 60 | 9.3x 10719 (4%) FE-GS fails
108 70 | 8.9 x 10722 (5%) FE-GS fails
107 80 | 8.5 x 10725 (2%) FE-GS fails
107 90 | 8.2x 10728 (2%) FE-GS fails
107 100 | 7.7 x 10731 (2%) FE-GS fails

As another numerical example we consider the SAT counting instances from
Table 2. In all cases the simulation effort for both the FE-GS and GS is kept the
same and such that N = 10° for the GS algorithm and with {v;, o;} determined
by the ADAM algorithm with ¢ = 0.1 and N = 10*. The second row of Table
4 shows the ratio (Var(¢)/Var(frg))"/2. It can be seen that the GS algorithm
performs significantly better than the FE-GS algorithm.
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Table 4: Comparative performance between the FE-GS and the GS algorithms
on the SAT counting problem. The instances are the same as in Table 2.

Case ‘ 1 2 3 4 5 6 7 8 9 10 11 12
\/Var(Z)
\/Var(ZFE>

0.53 0.13 0.10 0.15 0.29 0.05 0.28 0.04 026 023 062 042

As mentioned in the introduction, the GS algorithm performs better than the
FE-GS algorithm, because there is no apparent bootstrap resampling step in the
GS algorithm. In summary, we recommend using the ADAM or GS algorithms,
instead of the FE-GS algorithm.

6 Estimation of Integrals of the Form E, |H(Z)]

In the last section we show how one can estimate rare-event probabilities of the
form (2) using either the ADAM or GS. In this section we extend the applicability
of these algorithms to the more general problem of estimating integrals of the form
(1). To this end we rewrite (1) using the following notation:

2~ BH(2) = [ pla) H(z)d, (14

so that now the aim is to estimate Z. We show that the GS algorithm provides
an unbiased estimate of Z. First, note that E,[H(Z)] = 2E,[H(Z) I{zz)>0] —
E,[ |H(Z)| ], so that without loss of generality we can consider estimating (14)
for H(z) > 0. Second, let p(z) be a proposal density from which it is easy to
sample and which dominates p(z)H (z) in the sense that

p(z)H(z) < e p(z), for all z € R, (15)

for some v > (In(Z) —b)/a, where a > 0 and b € R are fixed arbitrary constants.
Note that the constant ¢*7*? is an upper bound on Z. Typically we have 7+ >
Z orv> (In(Z2) — b)/a and in many cases it is natural to choose p = p.

Algorithm 6.1 (Estimation of 2)

1. Inputs. Suppose we are given a proposal p(z), parameters v,a,b such that
(15) holds, and algorithm A. Here A denotes either the GS, or the ADAM

algorithm.

2. Estimation of (. Use algorithm A to estimate
() =EHSX0 >N = [ f1{S6) > )ax (19
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where the vector x = (z,u) € R™ x [0,1] augments z with the variable

€ [0,1], the value S(x) is given by S(x) = (%) — 2 and the
density f(x) by f(x) =p(z) x [{0 < u < 1}, XER”Jr1 :

3. Estimation of Z. An estimate of Z in (14) is: Z = "7 {(7).

The following proposition shows that the estimate Z is unbiased if A is the
GS algorithm.

Proposition 6.1 (Relation between ¢ and Z) The pdf

p(z)H (z)
Z

is the marginal density of fr(x) = ﬁf(x)[{&'(x) > yr} (recall that yr = ),
and Z = e +04(~),

(17)

Proof: Note that u is an auxiliary variable similar to the one used in the Accept-
Reject method for random variable generation [29]. From (15) it follows that
(with x = (z,u)" so that x,,1 = u):

Jorttnen = | PO o (R ) - G2 o
i) /01] fucrai@), _ poits

() et1 (2 l(7) s+t
because I;(flii((z) 1 for all z by (15). Since Z is the normalizing constant of
p(z)H (z), we conclude that Z = e®7+0((~). O

Example 6.1 (Two Humps Function) Consider the problem of estimating
without bias the normalizing constant Z = Z(\) of the pdf proportional to

h(z) _ exp (_Z% + Z% + (21;2>2 _ 2)\2122) ’ = R27
for some parameter A\ € R, say A = 12. The density h(z)/Z(12) is plotted
on the left panel of Figure 6. This is a problem of the form (14) with p(z) =
> €Xp (—@) and H(z) = 2mexp (—%) Let p(z) = p(z), a =
3, b= ’\32 +In(27), and A be the GS algorithm in Step 1 of Algorithm 6.1. Then,
(16) can be written as () = Py (—(Z1Z5 — A\)* — 2In(U) > ~), where the vector
x = (z,u) is augmented such that

1 2 2
f(x):%exp( Zl;%) x 1{0 < u < 1},
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and the level v = 0 is such that (15) holds. To apply the GS algorithm for
the estimation of (16), we need to specify the transition pdf x; with stationary

densit
’ ) = T (7= N = 2In(w) > 7}
o) = )

A move from X to X* using the transition density r;(X*|X) consists of the
following (systematic) Gibbs sampling procedure.

Algorithm 6.2 (Transition density x;(X*|X))

1. Given a state X = (27, Z3,U)’ for which S(X) > ¢, generate Z7 ~ fi(2] | Z2,U); that
is, draw Z7 from a truncated standard normal density on the interval [I7, I5], where

L = min{)‘z_—g”, A;;‘L I, = max{AZ;;L, A;;‘}, and g =+/—y — 2In(U).
2. Generate Z3 ~ fi(z5 | Z7,U); that is, draw Z3 from a truncated standard normal density
on the interval [I1, 5], where I; = min{ /\Z:H7 >\+u} I, = max{2£ 21 and p =
1

zZi 0 Z;
—v — 2In(U).

3. Generate U* ~ fi(u|Z5, Z3), that is, draw a uniform random variable U* on the interval

[0, 1], where
* r7k 2
u:min{l, exp (—7t+(Z1Z2 A >}

2
Output X* = [Z7, Z5,U*].

To estimate ¢ we apply the GS algorithm with N = 2000, A = 12, and the
levels and splitting factors in Table 5.

Table 5: Levels and splitting factors used to compute the normalizing constant
of h(z).

t] 1 2 3 4 5 6
—117.91 —77.03 —4478 —20.18 —440 0
o | 0.1 0.1 0.1 0.1 0.1  0.2853

We obtain ¢(y ) =292 x107° with estimated relative error of 5%. Hence, in
Step 3 of Algorithm 6.1 we obtain Z = E( ) X e+l = E( ) x 2meM /2 = 3.41 x 1026
with a relative error of 5%. Note that Table 5 is computed using the ADAM
algorithm with o = 0.1, N = 2000 and using the same transition density ;.
The combined simulation effort of the GS algorithm and the ADAM algorithm
is about 1.2 x 10° samples. In contrast, CMC estimation of Z via the estimator
a7 LS M H(Zy), {ZiYia ~ p(z), M = 1.2 x 10° gives an estimate of 1.6 x 10%
with estimated relative error of 60%.

For this two-dimensional example we are able to verify the simulation results
using deterministic quadrature. An approximate value Z(12) ~ 3.5390 x 10%° is
obtained using the deterministic recursive Simpson’s rule [10]. The constant Z
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in the next example, however, cannot be easily computed using an alternative
method due to the high-dimensionality of the problem.

Example 6.2 (Rosenbrock function) Consider computing the normalizing con-
stant of the pdf proportional to

h(z) =exp (—AR(z)), =z €[-2,2],i=1,...,n,

where R(z) = >0 (100(zi41 — 22)% + (2 — 1)?) is the Rosenbrock function in
R™, [30]. Again, the problem is of the form (14), with p(z) = 1/4", z € [—2,2]"
and H(z) = 4"h(z). Let p(z) = p(z), a = XA and b = In(4"). Then, (16) can be

written as ((y) = Py (—@ — R(Z) > 7) , where

H?:1 {-2< 2 <2}

o x {0 <u<1}, x=(z,u),

f(x) =

and v = 0 is such that (15) is a tight bound. To estimate ¢ we apply the ADAM
algorithm using a transition density ;(x* |x) with stationary pdf

{5 - R(z) > )
aen .

A move from X = (Z,U)" to X* = (Z*,U*)" uses Gibbs sampling as follows. Given
a state X = (Z,U)’ such that S(X) > v, we generate U* ~ f;(u|Z). Then, for
each j = 1,...,n — 1 we generate Z; ~ fi(z;|U*, Zy,..., 25 , Zj11,- s Zn).
The distribution of each Z; is uniform on the set {[ri,r2] U [rs,r4]} N [-2,2],
where 7, < ry, 73 < r4 are the real roots of a certain quartic equation a;z* +
asx® + azx® + asx + a5 = 0. Depending on the coefficients, the quartic equation
has either 2 or 4 real roots (r3 = r; and ry = r9). Finally, we generate Z* ~
fi(zn |U*, ZY, ..., Z% ). The random variable Z has uniform distribution on the
set [ry, 7] N [—2,2], where r; < ry are the roots of a certain quadratic equation
a1z + asx + az = 0. For more details see [3].

As a numerical example, consider the case where A = 10* and n = 10. We
run the ADAM algorithm 400 independent times with ¢ = 0.5 and N = 103, and
obtained £ = 9.7x1073¢ with estimated relative error (using the data from the 400
runs) of 7%. Therefore, Z = £ x e™+0 = 1 x 41 ~ 1.0 x 102 with relative error
of 7%. Each run of the ADAM algorithm took about 117 iterations (7" = 117),
giving a total simulation effort of N x 400 x T' = 46.8 x 10° samples. For the same
simulation effort the CMC estimator %Zf\; exp(—AR(Z)), M = 46.8 x 109,
with {Z;} ~uq U[—2,2]'Y gives an estimated relative error of 99.9%. To achieve
a relative error of 7% using CMC estimation would require a simulation effort of
approximately 2 x 1037 samples.

fi(x)

22



Remark 6.1 (Optimization of Rosenbrock function) Numerical minimiza-
tion of the Rosenbrock function R(z) is a challenging minimization problem [30].
It is commonly used as a test case for a wide range of numerical optimization
routines. The function R(z) has a global minimum of 0 at z = (1,...,1). One
way in which R(z) could be minimized is to sample approximately from the
Boltzmann density e M®) /Z 7z € [~2,2]" for a large value of A. In Example
6.2, as a consequence of estimating the constant Z using Algorithm 6.1, we also
obtain an estimate for the global minimizer of R(z). In particular, the pop-
ulation Xp = {X;,...,Xx,} at the final iteration of the ADAM algorithm is
approximately distributed according to the stationary density fr(x). Hence, Z;
in X; = (Z;,U;) is approximately distributed according to the marginal (Boltz-
mann density) p(z)H(z)/Z = e ® /Z and we can use Z; : i = argmin; R(Z;)
as an estimate for the global minimizer of R(z). For the numerical example
considered above we obtain

Z; = (1.00, 0.99, 0.99, 0.99, 1.00, 1.00, 1.00, 1.00, 1.00, 1.00)’

with R(Z;) ~ 5 x 107°. The result is close to the true minimizer (1,...,1)".
We obtain similar results for n = 100. This example illustrates how we can use
Algorithm 6.1 (with A set to be ADAM) as an optimization algorithm. This is
similar to the simulated annealing algorithm [26, 31], in which the MH sampler
is used to approximately sample from the Boltzmann density and minimize the
function R(z). For more optimization examples see [3].

7 MCMC Sampling

In this section we consider using the GS Algorithm 3.1 as an alternative to stan-
dard Markov chain Monte Carlo sampling from multidimensional pdfs of the

form:
_ S Lisoz
filx) = ————==—=.
£(ve)
Note that since (17) can be viewed as a marginal density of (18) for t =
T, sampling from (17) can be achieved by sampling from (18). We show that
the population A7 in the final stage of the GS algorithm can be treated as a
sample from the multidimensional pdf (18) even in cases where standard Markov
chain Monte Carlo algorithms are impractical due to poor mixing. In addition,
we also provide a convergence diagnostic which tests the hypothesis that the
population Xp is drawn from the target pdf (18). Deciding when a Markov
chain has converged is an important problem in applications of Markov chain
Monte Carlo. Many methods for diagnosing convergence have been proposed,
ranging from simple graphical methods to computationally intensive hypothesis
tests [5, 6]. See also [28] for a similar SMC approach to diagnosing convergence
of MCMC algorithms.

(18)
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For clarity of presentation we explain how to sample from (18) in a separate
algorithm, in which the transition density is reversible.

Algorithm 7.1 (Splitting Sampler)  Given a sequence {v;, 0;}1_,, set s; =
[o;] for allt < T and execute the following steps.

1. Initialize. Set the counter t = 1. Keep generating X ~ f(x), un-
til S(X) > 7. Let X! = X be the output. Note that X' has density

fi(x) = (%) I{soyzny /e

2. Markov chain sampling. Generate
Y, ~iia F&t(Y|Xt)7 Jg=1.. s, (19)

where rky(y | X") is a reversible Markov transition density with stationary

pdf fu(y)- Let Neyy = Y20, sy sy - If News = 0, repeat from Step 1;
otherwise, continue with Step 3.

3. Updating. Let X!t be a uniformly sampled point from the set of points
{Yy,..., Y} such that S(X*™) > ~v,1. The pdf of X is thus given by
the conditional density

Lis(xt+t) 3,40} Fe (X[ XY)
Ct+1(Xt) 7

(20)

where ¢i1(y) = [ Iisa)smnaay ke(x|y) dx is the probability that a move
of the Markov chain starting in state y has a performance above ~yiiq.
Note that an unbiased estimate of ciy1(X") is ¢ (XY = N;—t“ , so that
E[¢;11(X") | X = ¢41(X"). Reset the counter t =t + 1.

4. Final Output. Ift = T, output {¢,11 (X))} and (X', ..., XT); other-
wise, repeat from Step 2.

A diagnostic test is based on the following result.

Proposition 7.1 (Sufficient Condition for Stationarity) If>.,_'Inc, i (x")
is a constant for every (x',...,x7) such that S(x') > v, t =1...,T — 1, then
the final state X1 of Algorithm 7.1 has the pdf

o = L6z f(X)

In other words, if 3.1 'Inciy1(x!) does not depend on (x',...,xT), then the
Markov chain of Algorithm 7.1 is in stationarity.
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Proof: First, the joint pdf of (X!, ..., XT) is:

T—1

>l T Lisoayzan 77 Liseet)sva (X x5

fr(x', ..., x") = H - )
6] =1 Ct+1(X)

Using the reversibility of the transition densities {k;}, we can write the joint pdf
as

R L($(xT) > (x| xtH
frxt, .. xT) fe) z( Lt H KCHJ(};) ) : (21)

Ideally, we would like the joint pdf in (21) to be identical to the target:

fT(Xl, o ,XT) _ f( )I{;' (x)2vr} H rop (xt | Xt+1> (22)

because then x’ has the desired marginal density fr(x). We can measure how
close the sampling density ]?T(Xl, ..., x1) is from the target density fr(x',...,x7)
using any distance measure from the Csisar’'s ¢-divergence family of measures
[4,31]. A convenient member of Csisar’s family of measures is the y2 goodness of

fit divergence defined as D(p — ¢) = 5 [ L2 10 BH)—ax)* gy 1 +1EL EX) , for any
given pair of pdfs p and ¢. Thus, we can measure the closeness between the sam-

pling pdf (21) and the target pdf (22) via D(J/”Zr — fr) = —% %EfT tT;11 C?té(xt) )
t+1

Hence, after rearranging, we have

(fT — fr) = HCtJrl —Var (HCtJrl ) ;

where we have used the fact that E;_ 15 cia(X) = €/cy. Tt follows that the
distance between (21) and (22) is zero if and only if Varg Hz:ll ci1(XH) =0. In

other words, if [T_," c;41(X") (or 327" Ine1(XY)) is a constant, then the pdfs
(21) and (22) are identical and X has the desired marginal pdf. O
Algorithm 7.2 uses an ANOVA to test if 33, " Inc, 1 (X?) is a constant.

Algorithm 7.2 (x? diagnostic test for stationarity with respect to fr(x))

1. Let (X!, XT),... (XL, ..., X)) ~ fr(x!,...,xT) be a population from
the sampling density (21) obtained via Algorithm 7.1, and let C be the
M x (T — 1) matriz of estimates:

(X)) Ine(X3) - nep(XTh
o Incy(X3) Incz(X3) --- Imep(Xi™h
Inéy(XL,) Inc(X3,) - Wep(XE

where the i-th row depends on (X}, X2, ..., XT).

25



2. Compute the following statistics:

B Tl B | M
row means: Ci;e = T—1 Z Cij column means: Coj = i Z Cij
o= Cw
overall mean: C = 71 ; Cej , row effect” sum of squares: SSTR = ;(Ci. -C)
[73y N ” - 1 — 2 2
within row” variance: SSE = =T 1) 2 ;(Cij —Cej)”.

3. Under the hypothesis that >, In(ci41(XY)) is a constant, and assuming an

approximately normal distribution for {C;.,Ca;}, the test statistic T =
SSSSTER has the x* distribution with M — 1 degrees of freedom. The p-value
(of a x* test to diagnose convergence of the Markov chains, see [14]) is
1 — ®(7T), where ® is the cdf of the x* distribution with M — 1 degrees of

freedom.

If the chain in Algorithm 7.1 samples according to the target, then the sums
across each row of matrix C' should be roughly the same. The two-way analysis-
of-variance test in Algorithm 7.2 simply tests for row effects in matrix C'. Each
column of C represents a different level, while each row of C' represents a given
factor. We caution that most diagnostics frequently successfully detect unde-
sirable Markov chain behavior (slow mixing or lack of stationarity), but they
can never be used to demonstrate in any meaningful way that the Markov chain
accurately samples from the target pdf.

Example 7.1 (Comparison With Gibbs Sampler) To illustrate the perfor-
mance of the splitting sampler, we consider the problem of sampling from the
pdf in Example 6.1. We run Algorithm 6.1 with exactly the same setup as in
Example 6.1, except that the three steps in Algorithm 6.2 are executed in a
random order, resulting in random Gibbs sampling, as opposed to systematic
Gibbs sampling. The random Gibbs sampling ensures that the transition den-
sity k¢(X* | X) is reversible. Figure 5 shows the empirical distribution of Z at
levels (v0,71,73,7%) = (—o0,—117.91,—44.78,0). The vy = —oo case shows
the sample from the proposal p(z), and the 75 case shows 2030 points approx-
imately distributed from the target density given in the left panel of Figure 6.
Notice how the two distinct modes emerge gradually. The p-value in Step 3
of Algorithm 7.2 is 0.1, thus failing to detect transient behavior and support-
ing the hypothesis that the chain samples according to the target. In addition,
the proportion of points in each mode at the final stage is roughly equal to a
half, namely, 1009 points belong to the upper right mode and 1021 points be-
long to the lower left mode. Note that the standard Gibbs sampler applied to
h(z) = exp (— (2} + 23 + (2122)% — 2A2129)/2), A = 12 fails. In particular, start-
ing from (0,0) we iterate the following steps 109 times.
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Figure 5: The empirical distribution of Z conditional on S(X) > ~, for t =
0,1, 3,6, respectively.

Figure 6: Left panel: Plot of the two-humps density. Right panel: Empirical
distribution of the output of the standard Gibbs sampler.
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e Given (73, Z,), generate Z; ~ N (ﬁZZQQQ, Z221+1>.

o Given Z;, generate Z5 ~ N (13(21*1*)2, <z;>12+1)- Update (21, Zs) = (2, Z3).

The right panel of Figure 6 shows that the standard Gibbs sampler results in
a chain which is trapped in one of the two modes and fails to mix satisfactorily
in 10 steps. Here the chain of length 10% is thinned to have 10® points, that is,
we keep the 10%-th, 2 x 10%-th, 3 x 10°-th, etc. points from the original Markov
chain sequence. Our numerical experience suggests that the performance of the
Gibbs sampler is affected by the starting value of the chain. In contrast, the
problem of selecting starting values for the chains within the splitting sampler
is strongly mitigated. Overall, the splitting sampler explores the support of the
target density better than the standard Gibbs sampler. For a comparison with
other samplers such as the equi-energy sampler [21], we refer to [3].

8 Conclusions and Suggestions for Future Work

This paper presents a Generalized Splitting algorithm, that extends the origi-
nal splitting idea of Kahn and Harris to static and non-Markovian simulation
problems. Similar to the original splitting method, the GS method induces a
branching process by constructing an artificial Markov chain via the Gibbs or
Hit-and-Run samplers. Notable features of the proposed approach are as follows.

First, the GS algorithm provides an unbiased and consistent estimator of ¢
in (1) without requiring that the Markov chain constructed by the GS algorithm
reaches stationarity. It is not necessary that the chain is irreducible. In contrast,
standard MCMC algorithms provide a biased estimate of ¢ for any finite run time.
In general, this bias can only be reduced by discarding observations during the
initial transient or burn-in phase of the MCMC algorithms. Thus, any inference is
always based upon a portion of the sampler output. In addition, the GS algorithm
provides an unbiased estimate of the mean square error of /. In contrast, standard
MCMC algorithms provide biased error estimates.

Second, the GS algorithm can be used to generate samples (approximately)
according to a given multidimensional pdf, for which standard MCMC methods
fail, by significantly improving the exploration of the multidimensional pdf. In
addition, the GS-sampler provides a computationally inexpensive convergence di-
agnostic based on a y? test statistic. In contrast, most of the existing convergence
diagnostics [5] are computationally intensive and graphical in nature.

A possible direction for future research includes the classical problem in split-
ting: finding an optimal importance function for a given rare-event estimation
problem. That is, we aim to estimate P(h;1(X) = ~v|h(X) > ~) for an
optimal (in minimal variance sense) sequence of importance functions {hs}_,
where hr(X) = S(X) and the events {h(X) = v} C {h1(X) = 7} for all
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t. In this paper we have only considered the quite arbitrary special case where
h(X) = S(X)/a; (that is, P(S(X) = 741 | S(X) = v) with v = ay) for some
suitably chosen sequence {a;}.
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