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Meas., transition, function “ µpdxq, Kpx , dyq, f pyq

Integral/matrix operations [pµ,K, f q
finite´state

“ (row,matrix,column)]

µpf q :“

ż

f pxq µpdxq

pµKqpdyq “

ż

µpdxqKpx , dyq Kpf qpxq “

ż

Kpx , dyqf pyq

Composition

pK1K2qpx , dzq “

ż

K1px , dyqK2py , dzq

”Product” & ”reverse” measures:

pµˆKqpdpx , yqq :“ µpdxq Kpx , dyq “ pµ ˆ Kq5pdpy , xqq
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Disintegration/Set of couplings

P “ pµ ˆ Kq

P Πpµ, ηq ðñ µK “ η

Relative entropy

H pQ | Pq “ Q
ˆ

log

ˆ

dQ
dP

˙˙

§ νm,σ “ Rd -valued Gaussian with mean ”m” and cov. ”σ”

§ G “ Centered unit variance Gaussian „ ν0,I
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Bayes’ rule “ dual/backward transition

Bayes’ rule (Bayesian notation)

ppx , yq “ ppxq ppy |xq “ ppyq ppx |yq

P Πpppxq, ppyqq

õ

pµ ˆ Kqpdpx , yqq :“ µpdxq Kpx , dyq “: pµKqpdyq K7
µpy , dxq

“ ppµKq ˆ K7
µq5pdpx , yqq

Bayes’ rule (abuse notation K7 “ K7
µ)

µ ˆ K “ ppµKq ˆ K7q5 P Πpµ, µKq
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Reverting coordinates px , yq⇝ py , xq
Bayes’ rule (Bayesian notation)

ppy , xq “ ppyq ppx |yq “ ppxq ppy |xq

P Πpppyq, ppxqq

õ

pη ˆ Lq5pdpx , yqq :“ ηpdyqLpy , dxq “: pηLqpdxq L7
ηpx , dyq

“ ppηLq ˆ L7
ηqpdpx , yqq

Bayes’ rule (abuse notation L7 “ L7
η)

pη ˆ Lq5 “ pηLq ˆ L7 P ΠpηL, ηq

õ

η ˆ L “ ppηLq ˆ L7q5 P Πpη, ηLq
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Bayes’ rule for linear-Gauss models: X „ µ “ νm,σ

x
Kθ⇝ Zθpxq “ α ` βx ` τ 1{2G with θ “ pα, β, τq

ùñ CovX ,ZθpXq “ σβ1 and CovZθpXq,ZθpXq “ βσβ1 ` τ

⇝ Regression/Dual/Backward/Conjugate/Update formula

$

&

%

µ ˆ Kθ “ ppµKθq ˆ KBm,σpθqq5

y ⇝ ZBm,σpθqpyq :“ m ` κθ py ´ pα ` βmqq ` ς
1{2
θ G

with the gain/regression matrix

κθ :“ σβ1 pβσβ1 ` τq´1 and ςθ :“ pI ´ κθβqσ

ðñ Bayes’ map

θ ÞÑ Bm,σpθq “ pm ´ κθpα ` βmq, κθ, ςθq
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Entropic optimal transport - (Static) Schrödinger bridge

Target/Marginals proba pµ, ηq & Reference P :“ µ ˆ K

Pµ,η :“ argmin
Q P Πpµ,ηq

HpQ | Pq

Note when η “ µK :

P “ µ ˆ K “ Pµ,µK P Πpµ, µKq

Theo 5.1 Arxiv 2503.15963 (2025): For ”good ref. P” Dε ą 0 s.t.

HpηK | µKq ď HpPµ,ηK | Pµ,µKq ď ε Hpη | µq

„ For good ref. P

Ent. marginals-K ď Ent. bridges ď ε ˆ Ent. marginals
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Sinkhorn (half) bridges, start from the ref. K0 “ K

P0 :“ µ ˆ K0

“ ppµK0q ˆ K7

0q5 P Πpµ, µK0q

Choose K1 :“ K7

0 and ”to correct” pµK0q set

P1 :“ pη ˆ K1q5 “ pηK1q ˆ K7

1 P ΠpηK1, ηq

Choose K2 :“ K7

1 and ”to correct” pηK1q set

P2 :“ µ ˆ K2 “ ppµK2q ˆ K7

2q5 P Πpµ, µK2q

and so on. . .

{{ Filtering {{ Bayes stats ⇝ sequential Bayes updates

Finite state ⇝ matrix operations (“ Iterative proportional fitting)

Non finite/Non gaussian: Sinkhorn eq. UNSOLVABLE “ Algo.
{{ Nonlinear filtering equation “ filtering algorithm
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Basic notation

Entropic optimal transport

Equivalent formulations
2-blocks Gibbs samplers
Half Schrödinger bridges
(Dual)-Schrödinger potentials

Some stability theorems

Linear-Gaussian models

Extensions
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2-blocks Gibbs samplers

Even targets:

P2n :“ µ ˆ K2n

“ pπ2n ˆ K2n`1q5 with π2n “ µK2n

ùñ @n ě 0 fixed point eq.: µrK2nK2n`1s “ µ “ π2nK2n`1

Odd targets:

P2n´1 :“ pη ˆ K2n´1q5 “ π2n´1 ˆ K2n with π2n´1 “ ηK2n´1

ùñ @n ě 0 fixed point eq.: η rK2n´1K2ns “ η “ π2n´1K2n
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2-blocks Gibbs samplers - Gibbs loop process

µrK2nK2n`1s “ µ
p1q
“ π2nK2n`1 and η rK2n´1K2ns “ η

p2q
“ π2n´1K2n

ñ π2pn`1q :“ µK2pn`1q

p1q
“ π2n

“

K2n`1 K2pn`1q

‰

ÝÑnÑ8 η

π2n`1 :“ ηK2n`1
p2q
“ π2n´1 rK2n K2n`1s ÝÑnÑ8 µ

Example: n “ 0, µ “ e´U and K0 symmetric-Gaussian:

P0pdpx , yqq9 exp

ˆ

´Upxq ´
1

2t
}x ´ y}22

˙

dxdy

”Auxiliary/Proximal sampler” with a ”restricted oracle sampling” K7

0. . .

Oxford Language/Dictionary: Priest/Medium

”prophecy/response/message (from the gods) especially an ambiguous one.”
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In terms of half Schrödinger bridges

Even ⇝ Odd
P2n`1 :“ argmin

QPΠpπ2n`1,ηq

HpQ | P2nq

Sketched proof:

Hppη ˆ Lq5 | µ ˆ K2nq “ Hpη | µK2nq ` Hpη ˆ L | η ˆ K2n`1q.

ùñ optimal transition L “ K2n`1 ùñ P2n`1 “ pη ˆ K2n`1q5

Odd ⇝ Even

P2pn`1q :“ argmin
QPΠpµ,π2pn`1qq

HpQ | P2n`1q

”Conclusion”:

pπ2n`1, π2pn`1qq ÝÑnÑ8 pµ, ηq ùñ P2n`1 & P2pn`1q ÝÑnÑ8 Pµ,η
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In terms of Schrödinger potentials pµ, ηq “ pe´U , e´V q

Reference P0 “ µ ˆ K⇝ P2n “ µ ˆ K2n :

Kpx , dyq “ Qpx , dyq :“ qpx , yqdy and set Rpy , dxq :“ qpx , yqdx

P2npdpx , yqq
n“0
“ e´U2npxq qpx , yq e´V2npyq dxdy with pU0,V0q “ pU, 0q

ðñ K2npx , dyq “
Qpx , dyqe´V2npyq

Qpe´V2nqpxq
and e´U “: e´U2nQpe´V2nq
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In terms of Schrödinger potentials pµ, ηq “ pe´U , e´V q

P2npdpx , yqq “ e´U2npxq qpx , yq e´V2npyq dxdy

P2n-Conjugate dx |y “ K2n`1py , dxq

K2n`1py , dxq
U2n`1“U2n

“
Rpy , dxqe´U2n`1pxq

Rpe´U2n`1qpyq
, e´V :“ e´V2n`1Rpe´U2n`1q

ðñ P2n`1pdpx , yqq “ e´U2n`1pxq qpx , yq e´V2n`1pyq dxdy

Schrödinger system pV2pn`1q “ V2n`1q:

U2n`1 “ U ` logQpe´V2nq and V2pn`1q :“ V ` logRpe´U2n`1q.

17/34



In terms of Schrödinger potentials pµ, ηq “ pe´U , e´V q

P2npdpx , yqq “ e´U2npxq qpx , yq e´V2npyq dxdy

P2n-Conjugate dx |y “ K2n`1py , dxq

K2n`1py , dxq
U2n`1“U2n

“
Rpy , dxqe´U2n`1pxq

Rpe´U2n`1qpyq
, e´V :“ e´V2n`1Rpe´U2n`1q

ðñ P2n`1pdpx , yqq “ e´U2n`1pxq qpx , yq e´V2n`1pyq dxdy

Schrödinger system pV2pn`1q “ V2n`1q:

U2n`1 “ U ` logQpe´V2nq and V2pn`1q :“ V ` logRpe´U2n`1q.

17/34



In terms of Schrödinger potentials pµ, ηq “ pe´U , e´V q

P2npdpx , yqq “ e´U2npxq qpx , yq e´V2npyq dxdy

P2n-Conjugate dx |y “ K2n`1py , dxq

K2n`1py , dxq
U2n`1“U2n

“
Rpy , dxqe´U2n`1pxq

Rpe´U2n`1qpyq
, e´V :“ e´V2n`1Rpe´U2n`1q

ðñ P2n`1pdpx , yqq “ e´U2n`1pxq qpx , yq e´V2n`1pyq dxdy

Schrödinger system pV2pn`1q “ V2n`1q:

U2n`1 “ U ` logQpe´V2nq and V2pn`1q :“ V ` logRpe´U2n`1q.

17/34



In terms of Schrödinger potentials pµ, ηq “ pe´U , e´V q

P2npdpx , yqq “ e´U2npxq qpx , yq e´V2npyq dxdy

P2n-Conjugate dx |y “ K2n`1py , dxq

K2n`1py , dxq
U2n`1“U2n

“
Rpy , dxqe´U2n`1pxq

Rpe´U2n`1qpyq
, e´V :“ e´V2n`1Rpe´U2n`1q

ðñ P2n`1pdpx , yqq “ e´U2n`1pxq qpx , yq e´V2n`1pyq dxdy

Schrödinger system pV2pn`1q “ V2n`1q:

U2n`1 “ U ` logQpe´V2nq and V2pn`1q :“ V ` logRpe´U2n`1q.

17/34



Basic notation

Entropic optimal transport

Equivalent formulations

Some stability theorems
Log-concave + lin-gauss ref.
Linear decays in a single line

Linear-Gaussian models

Extensions

18/34



Log-concave at 8 marginals + lin-gauss ref. transition

Markov transport Ó entropy ⇝ sandwich inequalities

Hpπ2n | ηq ď Hpµ | π2n´1q ď Hpπ2pn´1q | ηq

Proof: pπ2n, π2n´1q “ pµK2n, ηK2n´1q

Entropy bridge decays

Hpη | π2nq ď HpPµ,η | P2nq “ HpPµ,η| P2n´1q ´ Hpµ | π2n´1q

By Theo 7.9 Arxiv 2503.15963 (2025) [„ for good references]

Entropy bridges ď εˆ entropy marginals

ó

HpPµ,η | P2nq ď p1 ` ε´1q´n HpPµ,η | P0q
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Linear decays in a few lines (Pn`1 ”corrects marg of ” Pn)

dP2q

dP0
px , yq “

«

ź

0ďnăq

dP2n`1

dP2n
px , yq

ff «

ź

0ďnăq

dP2pn`1q

dP2n`1
px , yq

ff

“

«

ź

0ďnăq

dη

dπ2n
pyq

ff «

ź

0ďnăq

dµ

dπ2n`1
pxq

ff

.

For any Q P Πpµ, ηq by sandwich Ó inequalities we have

EntpQ | P0q ě EntpQ | P0q ´ EntpQ | P2pq`1qq “ Q
ˆ

log
dP2pq`1q

dP0

˙

“
ÿ

0ďnďq

pEnt pη | π2nq ` Ent pµ | π2n`1qq

ě pq ` 1q pEnt pη | π2qq ` Ent pµ | π2q`1qq
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Basic notation

Entropic optimal transport

Equivalent formulations

Some stability theorems

Linear-Gaussian models
Gaussian Schrödinger bridge
Gaussian Sinkhorn bridges
Riccati difference equations
Some stability theorems

Extensions
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Gaussian models

Marginals pµ, ηq “ pνm,σ, νm,σq and reference transition:

Kpx , dyq “ Kθpx , dyq “ PpZθpxq P dyq

with the random map

θ “ pα, β, τq ÞÑ Zθpxq :“ α ` βx ` τ 1{2G

Some advantages: Closed-form Schrödinger & dual potential bridges,
finite-dimensional (sequential) solutions of Sinkhorn bridges (”true”
Sinkhorn Algorithm), Riccati matrix diff. equations/steady states, ⇝
same tools for log-concave marginals (vs Cramer-Rao & Brascamp-Lieb),
links with Bayesian inference, MCMC/Gibbs/. . . , complete convergence
analysis with sharp rates, coupling tools/bridge gaussians mixtures, . . .
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Gaussian Schrödinger map “ Riccati steady-state

ZSpθqpxq “ m ` ςθ χ
θ px ´ mq ` ς

1{2
θ G with χ

θ :“ τ´1β

ðñ fixed point of Riccati matrix equation:

pςθ χ
θq σ pςθ χ

θq1 ` ςθ “ σ

ðñ rθ ϖ´1
θ rθ ` rθ “ I

with the rescaled matrices

ςθ “: σ1{2 rθ σ1{2 and ϖ´1
θ :“ σ1{2 pχθσχ

1
θq σ1{2

Closed form Discrete Algebraic Riccati equation (DARE)

rθ “ ´
ϖθ

2
`

ˆ

ϖθ `

´ϖθ

2

¯2
˙1{2

+Sharp rates Ă Riccati eq./Floquet form Ă Arxiv (2021)/SIAM 2022

‘ Brief review Ă Appendix B in Arxiv 2412.18432 (2024)
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Gaussian Sinkhorn pθ0
ref
“ θq & θ2n ⇝ θ2n`1 ⇝ θ2pn`1q

$

&

%

P2n “ µ ˆ Kθ2n “ ppµKθ2nq ˆ Kθ2n`1q
5

P5
2n`1 “ η ˆ Kθ2n`1 “

`

pηKθ2n`1q ˆ Kθ2pn`1q

˘5

with the Bayes’/Regression/Dual/Conjugate maps

θ2n`1 “ Bm,σpθ2nq and θ2pn`1q “ Bm,σpθ2n`1q

⇝ θn :“ pαn, βn, τnq & Sinkhorn Gauss marginals

µKθ2n “ νm2n,σ2n and ηKθ2n`1 “ νm2n`1,σ2n`1
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Gaussian Schrödinger map “ Riccati steady state

ZSpθqpxq “ m ` ςθ χ
θ px ´ mq ` ςθ

1{2 G with χ
θ :“ τ´1β

with the rescaled matrices

ςθ “: σ1{2 rθ σ1{2 and rθ “ Riccϖθ
prθq

Sinkhorn map “ Riccati difference equation:

Zθ2npxq “ m2n ` τ2n χ
θ px ´ mq ` τ

1{2
2n G

with the rescaled matrices

τ2n “ σ1{2 υ2n σ1{2 and υ2n :“ Riccϖθ
pυ2pn´1qq ă I

and the expected values

m2n ´ m “ σ1{2 pI ´ υ2nq σ´1{2 pm2pn´1q ´ mq

25/34



Gaussian Schrödinger map “ Riccati steady state

ZSpθqpxq “ m ` ςθ χ
θ px ´ mq ` ςθ

1{2 G with χ
θ :“ τ´1β

with the rescaled matrices

ςθ “: σ1{2 rθ σ1{2 and rθ “ Riccϖθ
prθq

Sinkhorn map “ Riccati difference equation:

Zθ2npxq “ m2n ` τ2n χ
θ px ´ mq ` τ

1{2
2n G

with the rescaled matrices

τ2n “ σ1{2 υ2n σ1{2 and υ2n :“ Riccϖθ
pυ2pn´1qq ă I

and the expected values

m2n ´ m “ σ1{2 pI ´ υ2nq σ´1{2 pm2pn´1q ´ mq

25/34



Gaussian Schrödinger map “ Riccati steady state

ZSpθqpxq “ m ` ςθ χ
θ px ´ mq ` ςθ

1{2 G with χ
θ :“ τ´1β

with the rescaled matrices

ςθ “: σ1{2 rθ σ1{2 and rθ “ Riccϖθ
prθq

Sinkhorn map “ Riccati difference equation:

Zθ2npxq “ m2n ` τ2n χ
θ px ´ mq ` τ

1{2
2n G

with the rescaled matrices

τ2n “ σ1{2 υ2n σ1{2 and υ2n :“ Riccϖθ
pυ2pn´1qq ă I

and the expected values

m2n ´ m “ σ1{2 pI ´ υ2nq σ´1{2 pm2pn´1q ´ mq

25/34



Brief review of vn`1 “ Riccϖpvnq :“ pI ` pϖ ` vnq´1q´1

Uniform estimates 1 ď p ď n

Riccpϖp0q ď Riccnϖp0q ď Riccnϖpvq ď Riccn´1
ϖ pI q ď Riccp´1

ϖ pI q ď I

Unique (closed-form) positive fixed point

rϖ “ Riccϖprϖq “ ´
ϖ

2
`

ˆ

ϖ `

´ϖ

2

¯2
˙1{2

Sharp exp. Ó (Floquet form & 1d-closed-form), ℓmin:=min eigenvalue

}vn ´ rϖ} ď c1,ϖ δnϖ }v0 ´ rϖ} with δϖ :“ p1 ` ℓminpϖ ` rϖqq´2

Matrix products

}pI ´ vnq . . . pI ´ v1qpI ´ v0q} ď c2,ϖ δn{2
ϖ
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2
`

ˆ

ϖ `

´ϖ

2

¯2
˙1{2

Sharp exp. Ó (Floquet form & 1d-closed-form), ℓmin:=min eigenvalue

}vn ´ rϖ} ď c1,ϖ δnϖ }v0 ´ rϖ} with δϖ :“ p1 ` ℓminpϖ ` rϖqq´2

Matrix products

}pI ´ vnq . . . pI ´ v1qpI ´ v0q} ď c2,ϖ δn{2
ϖ
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Some convergence theorems (reference θ “ θ0)

P2n :“ Pθ2n :“ µ ˆ Kθ2n ÝÑnÑ8 PSpθq :“ µ ˆ KSpθq

In terms of the parameter

ρθ :“ p1 ` ℓminpϖθ ` rϖθ
qq´2 with ϖθ :“ σ´1{2 τ pβσβ1q´1 τ σ´1{2

Entropy estimates (sharper than any log-concave marg. studies)

Ent
`

Pθ2n | PSpθq

˘

ď cθ ρnθ
`

}τ ´ ςθ} ` }m0 ´ m}2
˘

.

p-Wasserstein distance

Wp

`

Pθ2n ,PSpθq

˘

ď c1,θppq ρnθ }τ ´ ςθ} ` c2,θ ρ
n{2
θ }m0 ´ m}

Same Riccati eq. Ă Log-concave (vs Cramer-Rao & Brascamp-Lieb)

§ Log-concave marginals Arxiv 2503.15963 (2025)

§ Conditional covariances Arxiv 2504.18822 (2025)
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Basic notation

Entropic optimal transport

Equivalent formulations

Some stability theorems

Linear-Gaussian models

Extensions
Static vs Dynamic
Path space bridges
Optimal vs Entropic transport
Parametric-based projections

28/34



Example: Linear-diffusion flow pXs,spxq “ xq

t P rs,8r⇝ dtXs,tpxq “ pAtXs,tpxq ` btq dt ` dWt

Semigroup & Marginals “ Internal states distributions :

Ps,tpx , dyq :“ PpXs,tpxq P dyq and νt “ ν0P0,t “: LawpXtq

On any given final time t:

µ ˆ K “ ν0 ˆ P0,t “ ν0 ˆ Kθrts with θrts “ pαrts, βrts, τ rtsq

and the parameters

αrts :“

ż t

0

Es,tpAq bs ds with Bt Es,tpAq :“ At Es,tpAq

βrts :“ E0,tpAq and τ rts :“

ż t

0

Es,tpAq Σs Es,tpAq1 ds.
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Backward/Dual semigroup on r0, ts Q s

Pt,spy , dxq :“ PpXt,spyq P dxq ðñ νs ˆ Ps,t “ ppνsPs,tq ˆ Pt,sq
5

Example νspdxq “ pspxqdx and Xt,tpxq “ x :

´dsXt,spxq “ p´pAsXt,spxq ` bsq ` p∇ log psqpXt,spxqqq ds ` dWs

On any given final/terminal time t:

µ ˆ K “ ν0 ˆ P0,t and pµ ˆ Kq5 “ pµKq ˆ K7 “ νt ˆ Pt,0

Notes:

§ Pb with continuous time ⇝ Sol. discretize SDE

§ Pb with unknown ps ⇝ Sol. with scores/neural networks
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Static vs Dynamic bridges Qpdωq on Ω :“ Cpr0,T s,Rdq

Qx,y pdωq :“ Qpdω | pω0, ωT q “ px , yqq

Qpdpx , yqq :“ ηpdxq Lpx , dyq with Lpx , dyq :“ QpωT P dy | ω0 “ xq.

Entropy factorization Q ! P:

EntpQ | Pq “ EntpQ | Pq `

ż

Entp Qx,y | Px,y q
looooooooomooooooooon

“0ðQx,y“Px,y

Qpdpx , yqq.

Dynamic Schrödinger bridge Cpµ, ηq “ tQ : Q P Πpµ, ηqu

Pη,µ “ argmin
Q P Cpη,µq

EntpQ | Pq.

Solution “ Static bridge + Pinned process :

Pµ,ηpdωq :“

ż

Px,y pdωqPµ,ηpdpx , yqq
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c-Optimal vs Entropic transport pµ, ηq “ pe´U , e´V q

Q “ µ ˆ L s.t. µL “ η and ref. Ppdpx, yqq “ µpdxq e´cpx,yq{t dy

Entropic cost

Qplog dQ
dP q “ Qplog dµbη

dP q ` Qplog dQ
dµbη q

ùñ H pQ | Pq ` ηpV q “
1

t

ż

cpx, yq Qpdpx, yqq ` H pQ | µ b ηq

t-regularized entropic optimal transport:

Pµ,η :“ argmin
Q P Πpµ,ηq

HpQ | Pq »tÓ0 argmin
Q P Πpµ,ηq

ż

cpx, yq Qpdpx, yqq
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Ex.: Gauss targets + Lin-Gauss ref (“ Quadratic cost)

Riccati ref. matrix:

τ “ t I ùñ
ϖθ

t2
“ σ´1{2 σ´1

β σ´1{2 with σβ :“ βσβ1

Riccati fixed point » Geometric mean covariance:

rθ
t

“ ´
ϖθ

2t
`

ˆ

ϖθ

t2
`

´ϖθ

2t

¯2
˙1{2

»

´

σ´1{2 σ´1
β σ´1{2

¯1{2

ùñ
ςθ
t

:“ σ1{2 rθ
t

σ1{2 » σ´1
β 7 σ

Limiting transport map from νm,σ to νmσ

ZSpθqpxq “ m `
ςθ
t

β px ´ mq ` ς
1{2
θ G » m ` pσ´1

β 7 σq β px ´ mq
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Parametric class tKθ, θ P Θu & projections

θ2n ⇝ θ2n`1:

Entppη ˆ Kθ2n`1q
5 | µ ˆ Kθ2nq

:“ infθPΘ Entppη ˆ Kθq5 | µ ˆ Kθ2nq

“ Entpη | µKθ2nq ` infθPΘ Entpη ˆ Kθ | η ˆ K 7

θ2n
q.

Note:

inf
θPΘ

Entpη ˆ Kθ | η ˆ K 7

θ2n
q “ 0 ðñ Dθ P Θ such that Kθ “ K 7

θ2n
.

Linear-Gaussian “ unbiasedness property.
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