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Disintegration/Set of couplings

P = (uxK)
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Disintegration/Set of couplings
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Disintegration/Set of couplings

P=(uxK)eN(un) < uk=n

Relative entropy
_ dQ
ne 7= e(os(G))

> Umo = R9-valued Gaussian with mean "m" and cov. "o

» G = Centered unit variance Gaussian ~ g
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Bayes’ rule = dual/backward transition
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Entropic optimal transport
Schrédinger bridges
Sinkhorn bridges
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Entropic optimal transport - (Static) Schrodinger bridge
Target/Marginals proba (;,7) & Reference P := pu x K

Bup = argmin H(Q | P)
QeMN(u,n)
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Entropic optimal transport - (Static) Schrodinger bridge
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Equivalent formulations
2-blocks Gibbs samplers
Half Schrodinger bridges
(Dual)-Schrddinger potentials
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Pon(d(x,y)) = e~ Uan(x) q(x,y) e~V dxdy

Pa,-Conjugate dx|y = Ko,r1(y, dx)

Uzni1=Uan R(y’ dX)e_U2"+l(X) -V ._ —V —Uzn
Ic2n+1()/a dX) - R(67U2"+1)(y) , € =e R(e 2 +1)

= Pansi(d(x,y)) = e” %110 g(x,y) e Vi) dxdy

Schrodinger system (V2(n+1) = Voni1):

Usni1 = U + log Q(e™">") and Vo(nt1) = V + log R(e=Vani1),



Some stability theorems
Log-concave + lin-gauss ref.
Linear decays in a single line
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Log-concave at o0 marginals + lin-gauss ref. transition

Markov transport | entropy ~~ sandwich inequalities
H(man | n) < H(p | T2n-1) < H(mon—1y | M)

Proof: (map, Ton—1) = (kon, Nk2on—1)
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Log-concave at o0 marginals + lin-gauss ref. transition

Markov transport | entropy ~~ sandwich inequalities
H(man | 1) < H(p | m2n-1) < H(mon-1) [ 1)

Proof: (map, Ton—1) = (kon, Nk2on—1)

Entropy bridge decays

H( | 720) < H(Puy | Pan) = H(Puyl Pan—1) — H(p | m20-1)

By Theo 7.9 Arxiv 2503.15963 (2025) [~ for good references|

Entropy bridges < £x entropy marginals

U
H(Ppuy | Pan) < (L4717 H(Ppuy | Po)
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Linear decays in a few lines (P,.1 "corrects marg of " P,)

dibq _ d¢6n+1 dib n+1
dPo )= ln szn ][n dP2n+1 Y)

0<n<gq
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dibq _ d¢6n+1 dib n+1
(ny) - l n dPan X,y ] [ n dP2n+1 )

dPO O0<n<gq 0<n<gqg
L<n<q d7r2,, ] |J)<n<q d7r2,,+1 ]

For any Q € N(u,n) by sandwich | inequalities we have

dP.
Ent(Q | Po) > Em(gp0>_Ent<g|p2(q+1)>=g('ogjéé’j”)

- Z (Ent (n | m2,) + Ent (u | m2021))

0<n<gq
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Linear decays in a few lines (P,.1 "corrects marg of " P,)

dibq _ d¢6n+1 dib n+1
dﬁb(Xay) - l [] d?b X,y ] l I] d¢5n+1 )

O0<n<gq 0<n<gqg

L<1:[<q d”2" ] qu d7T2n+1 ]

For any Q € N(u,n) by sandwich | inequalities we have

Ent(Q | Po)

WV

dP
Ent(Q | Po) — Ent(Q | Po(g41)) = Q (log 2(q+1))

dPo
>, (Bnt (3 | man) + Bt (st | 7an11)

0<n<gq

(g +1) (Ent ([ maq) + Ent (1 | 72g+1))

\%
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Linear-Gaussian models
Gaussian Schrodinger bridge
Gaussian Sinkhorn bridges
Riccati difference equations
Some stability theorems



Gaussian models

Marginals (1,7) = (Vm., Vm,5) and reference transition:
’C<X7 dy) = KG(X7 dy) = P(ZO(X> € dy)
with the random map

0= (a,8,7) — Zy(x) = a+6x+7'1/2G
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Sinkhorn Algorithm), Riccati matrix diff. equations/steady states, ~-
same tools for log-concave marginals (vs Cramer-Rao & Brascamp-Lieb),
links with Bayesian inference, MCMC/Gibbs/. .., complete convergence
analysis with sharp rates, coupling tools/bridge gaussians mixtures, . ..
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Gaussian Schrodinger map = Riccati steady-state

Zs(9)(x) =M + 59 Xg (x —m) +¢? G with Xg:=778

<= fixed point of Riccati matrix equation:

(so Xo) o (s9 Xo) +cp =0
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with the rescaled matrices

s =072 ry 7% and w, =72 (XgoXp) T2
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Gaussian Schrodinger map = Riccati steady-state

Zs(9)(x) =M+ Xg (x —m) + o? G with Xg:=7713

<= fixed point of Riccati matrix equation:
(so Xo) 0 (9 Xo) +so =T <= rgw, rg+ry=1
with the rescaled matrices

s =072 ry 7% and w, =72 (XgoXp) T2

Closed form Discrete Algebraic Riccati equation (DARE)

oG (= (3))
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1/2
I @0\?
"= +<w‘9+<2>>
+Sharp rates < Riccati eq./Floquet form — Arxiv (2021)/SIAM 2022
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Gaussian Schrodinger map = Riccati steady-state

Zsg)(x) =M+ Xg (x —m) + §91/2 G with Xg:=7718
<= fixed point of Riccati matrix equation:
(so Xo) 0 (9 Xo) +so =T <= rgw, rg+ry=1
with the rescaled matrices

s =072 ry 7% and w, =72 (XgoXp) T2
Closed form Discrete Algebraic Riccati equation (DARE)
1/2
— @0\?
"= +<w‘9+<2>>

+Sharp rates < Riccati eq./Floquet form — Arxiv (2021)/SIAM 2022
@ Brief review  Appendix B in Arxiv 2412.18432 (2024)
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Gaussian Sinkhorn (B L 0) & Oy ~ O2pi1 ~> Opnsn)

{ Pzn ) M * K@gn - ((IU/KQQ,,) X ,‘(‘92n+1)b
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Gaussian Sinkhorn (B L 0) & Oy ~ O2pi1 ~> Opnsn)

Pan = X K92n = ((MK92n) X K‘92n+1)b

b
P|2)n+1 = n xKp,,, = ((WK02,1+1) XK9z(n+1))
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ref

Gaussian Sinkhorn (0 = 0) & 0yy ~ O2pi1 ~ Oo(pi1)
Pon = [0S K92n = ((MK92n) X K‘92n+1)b
b
P|27n+1 = n xKp,,, = ((WKazm) XK92(n+l))

with the Bayes’/Regression/Dual/Conjugate maps

02011 = Bmo(02n) and  O(ni1) = Brmz(02n41)
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Gaussian Sinkhorn (B L 0) & Oy ~ O2pi1 ~> Opnsn)

Pon = X K92n = ((MK92n) X K‘92n+1)b
b
P|27n+1 = n xKp,,, = ((WKazm) X K92(n+1))
with the Bayes’/Regression/Dual/Conjugate maps

02011 = Bmo(02n) and  O(ni1) = Brmz(02n41)

~ 0, = (@, Bn, 7n) & Sinkhorn Gauss marginals

/’I’K02n = Vman,020 and nK92n+1 = Vmpny1,02041
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Gaussian Schrodinger map = Riccati steady state

Zsp)(x) =m+cp Xo (x —m) + @Y G with Xp =718

with the rescaled matrices

o =7"2ro"? and )= Riccg, (rp)
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Gaussian Schrodinger map = Riccati steady state

Zso)(x) =M+ Xg (x—m) + "> G with Xg:=77'8
with the rescaled matrices

1/2

w=7"no and ry = Riccg, ()

Sinkhorn map = Riccati difference equation:

Zy,,(X) = map + T2n Xg (x — m) + 7'21,{2 G

with the rescaled matrices

Ton =02 Up, /% and v, 1= Ricee, (Va(n_1)) </
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Gaussian Schrodinger map = Riccati steady state

Zso)(x) =M+ Xg (x—m) + "> G with Xg:=77'8
with the rescaled matrices

1/2

w=7"no and ry = Riccg, ()

Sinkhorn map = Riccati difference equation:

Zy,,(X) = map + T2n Xg (x — m) + 7'21,{2 G

with the rescaled matrices

Ton = 02 00, 772 and  wop, = Ricee, (Va(n_1)) </

and the expected values

Mon — T =2 (I —wy,) 7 /2 (My(n—1) — M)
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Brief review of v,1 = Riccy(v,) := (I + (w + Vn)_l)_l

Uniform estimates 1 < p < n

p
Ricc? (0) < Ricel (0) < Riccl (v) < RiceS M (1) < Riee? H(1) < 1
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Brief review of v,,1 = Ricco(v,) := (I + (@ + v,) 1) 7!
Uniform estimates 1 < p <n

Ricc? (0) < Ricel (0) < Riccl (v) < RiceS M (1) < Riee? H(1) < 1

Unique (closed-form) positive fixed point
1/2
. w w2
rm = Ricey (re) = -5t (w + (?) )

Sharp exp. | (Floquet form & 1d-closed-form), {min:=min eigenvalue

Vo — re|l < €1 02 Vo — re|l - with 6 1= (1 + Lmin(@ + 1)) 2
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Brief review of v, 1 = Riccw(vn) =+ (w+ v, H?
Uniform estimates 1 < p <

Ricc? (0) < Rice? (0) < Rice? (v) < Rice 1 (1) < Riec? (1) </

Unique (closed-form) positive fixed point
. - o2\ 1/2
r = Riccw (rm) = -5t (w + (5) )

Sharp exp. | (Floquet form & 1d-closed-form), {min:=min eigenvalue

Vo — reo| < 1w 07 Vo — re|  with 6o i= (1 + Lin( + 1)) 2

Matrix products

(=)o (I = vi)(I = v)| < o 6722
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Some convergence theorems (reference 6 = 6)

Pan := Pa,, = 1t X Koy, —>ne0 Ps(g) := 1t X Ks(a)

In terms of the parameter

p0 = (1 + Lmin(wop + rw@))_2 with wy:=o Y2 1 (505’)_1 ro 2
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Some convergence theorems (reference 6 = 6)
732,, = P92n = X K92n —>pn—w0 Ps(e) = X Ks(a)
In terms of the parameter

p0 = (1 + Lmin(wop + rw@))_2 with wy:=o Y2 1 (505’)_1 ro 2

Entropy estimates (sharper than any log-concave marg. studies)

Ent (Ps,, | Ps)) < co pj (|7 —soll + [mo — ) .

p-Wasserstein distance

n n/2 _
W, (Pa,,., Psoy) < cro(p) o |7 — <ol + ca6 p5> | mo — |

Same Riccati eq. — Log-concave (vs Cramer-Rao & Brascamp-Lieb)
> Log-concave marginals Arxiv 2503.15963 (2025)
> Conditional covariances Arxiv 2504.18822 (2025)
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Extensions
Static vs Dynamic
Path space bridges
Optimal vs Entropic transport
Parametric-based projections
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Example: Linear-diffusion flow (X;(x) = x)
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Example: Linear-diffusion flow (X;(x) = x)

te [S, OO[’V") thS,t(X) = (Ath,t(X) + bt) dt + th

Semigroup & Marginals = Internal states distributions :
Pst(x,dy) :=P(Xst(x) edy) and 1 =19Pos =: Law(X;)
On any given final time t:
px K =uvyx Pyt =1y x Ky with 0[t] = (aft], B[t], 7[t])

and the parameters

Q
—
i

I

t
J gs,t(A) bS dS With at gs’t(A) = At gs’t(A)
0

=

—

il
Il

t
Eos(A) and 7[t]:= J £..1(A) T E.1(A) ds.
0
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Backward/Dual semigroup on [0,t] > s

Peo(y.dx) = P(Xes(y) € dx) <= vg x Py = (vsPss) x Py2)’
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Backward/Dual semigroup on [0,t] > s

Peo(y.dx) = P(Xes(y) € dx) <= vg x Py = (vsPss) x Py2)’

Example vs(dx) = ps(x)dx and X; ((x) = x:

—dsXt,s(x) = (= (AsXt,s(x) + bs) + (Vlog ps)(Xe,s(x))) ds + dWs

On any given final/terminal time t:

pxK=vyxPoy and (uxK)’ = (uk)x K =vx P

Notes:
> Pb with continuous time ~- Sol. discretize SDE
» Pb with unknown p; ~~ Sol. with scores/neural networks
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Static vs Dynamic bridges Q(dw) on Q := C([0, T],R)

QY (dw) = Q(dw | (wo,wr) = (x,¥))
Q(d(x,y)) := mn(dx) L(x,dy) with L(x,dy) = Q(wr € dy | wo = x).
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Q(d(x,y)) := mn(dx) L(x,dy) with L(x,dy) = Q(wr € dy | wo = x).

Entropy factorization Q « P:

Ent(Q|P)=Ent(Q|7>)+f Ent( Q%Y | PYY)  O(d(x,y)).
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Dynamic Schrédinger bridge C(p,7) = {Q : Qe M(u,n)}

P, . = argmin Ent(Q | P).
Qe C(n,u)
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Static vs Dynamic bridges Q(dw) on Q := C([0, T],R)

QY (dw) = Q(dw | (wo,wT) = (x,¥))
Q(d(x,y)) := mn(dx) L(x,dy) with L(x,dy) = Q(wr € dy | wo = x).

Entropy factorization Q « P:
Ent(Q | P) = Ent(Q | P) +J Ent( Q% | P*Y) Q(d(x,y)).
[ —

—0=Q*y =Pxy

Dynamic Schrédinger bridge C(p,7) = {Q : Qe M(u,n)}

P, . = argmin Ent(Q | P).
Qe C(n,u)

Solution = Static bridge + Pinned process :
Pun(d) i= [ P7(dw)P,., (d(x.)
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c-Optimal vs Entropic transport (1, 1) = (e™ Y, e V)

Q=pxL st pl=n and ref. P(d(x,y)) = pu(dx) e <Y/t dy
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c-Optimal vs Entropic transport (1, 1) = (e™ Y, e V)
Q=pxL st pl=n and ref. P(d(x,y)) = pu(dx) e <Y/t dy

Entropic cost

Q(Iogz ) = Q(log 4&n d’p ) + Q(log d,@q)

— Q| P)+0(V) = ¢ [ clxy) Qixy) +H(Q | n@1)
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c-Optimal vs Entropic transport (1, 1) = (e™ Y, e V)
Q=pxL st pl=n and ref. P(d(x,y)) = pu(dx) e <Y/t dy

Entropic cost

Q(log 42) = Q(log %421) + O(log ;22.)
— Q| P)+0(V) = ¢ [ clxy) Qixy) +H(Q | n@1)

t-regularized entropic optimal transport:

Py = argmin H(Q | P) =0 argmin f c(x,y) Q(d(x,y))
Qe M(u,m) Qe NM(u,m)
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Ex.: Gauss targets + Lin-Gauss ref (= Quadratic cost)

Riccati ref. matrix:

w
T=tl= TQG =g 12 O'ﬁ_l 7 Y2 with op:= fof
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Ex.: Gauss targets + Lin-Gauss ref (= Quadratic cost)

Riccati ref. matrix:
W ——1/2 -1 ——1/2 . .
T=tl=»t—2:0 /O'ﬁ o Y2 with og = Popf

Riccati fixed point ~ Geometric mean covariance:

1/2 1/2
o _ _@o wo (@)2 N (——1/2 —1 7_1/2)
t 2t * < 2 T\ 2 ) =\ % ¢

S0 —12 o —1 4=
:*2201/2 ?0'1/220'51110'
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Ex.: Gauss targets + Lin-Gauss ref (= Quadratic cost)

Riccati ref. matrix:

@
T=tl—= TQG =g 12 O'ﬁ_l 7 Y2 with op:= fof

Riccati fixed point ~ Geometric mean covariance:
1/2 12
o @y (@ (w9)2 (——1/2 1 7_1/2)
—=—7— "+ | = +{5 ~ |0 05" 0
t 2t ( £2 2t A

SO — ro _ 1=
= 2 .= 5/ —01/220511:10
t t

Limiting transport map from v, , to vms

Zoo)(x) =i+ %9 B(x—m)+q” Gam+ (05" 1) B (x—m)
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Parametric class {Kjy, 0 € ©} & projections

02 ~ Oopy1:
Ent((n X K92n+1)b | 220 KeZn)
= infpeo Ent((n x Ko)® | 1 x Kg,,)

= Ent(n | uKa,,) + infgeo Ent(n x Ky | n x ngH).
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Parametric class {Kjy, 0 € ©} & projections

02 ~ Oopy1:
Ent((n X K92n+1)b | 220 KeZn)
= infpeo Ent((n x Ko)® | 1 x Kg,,)

= Ent(n | uKa,,) + infgeo Ent(n x Ky | n x ngH).

Note:

GingEnt(nxKg|n><ng)=O<=>3969 such that K9=K£2.
ph . .

Linear-Gaussian = unbiasedness property.
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