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Abstract. Genetic algorithms (GAs) are stochastic search methods based on natural evo-
lution processes. They are defined as a system of particles (or individuals) evolving ran-
domly and undergoing adaptation in a time non-necessarily homogeneous environment
represented by a collection of fitness functions. The purpose of this work is to study the
long-time behavior as well as large population asymptotic of GAs. Another side topic is to
discuss the applications of GAs in numerical function analysis, Feynman—Kac formulae ap-
proximations, and in nonlinear filtering problems. Several variations and refinements will
also be presented including continuous-time and branching particle models with random
population size.
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1 Introduction

J. H. Holland [37] introduced GAs as a kind of universal and global search method
based on natural evolution processes. During the last two decades they have been
used as an optimization tool in a variety of research areas; to name a few: ma-
chine learning [34], control systems [33], electromagnetics [39,53], economics and
finance [42,49], aircraft landing [1,16], topological optimum design [40], and iden-
tification of mechanical inclusions [51,52].

More recently, GAs have appeared naturally in the study of Feynman—Kac formulas
and nonlinear filtering problems (the reader is recommended to consult the survey
paper [20] and references therein). These particle interpretations of Feynman—Kac
models have had numerous applications in many nonlinear filtering problems: to
name a few; radar signal processing ([28,30]), Global Positioning System ([6,7]), as
well as in tracking problems ([41,45,46,35]). Other numerical experiments are also
givenin [11]and [17].
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In contrast to the applications in numerical function analysis, GAs are not used here
to approximate the extrema of a given numerical function but a flow of conditional
distributions. In addition the genetic structure of the algorithm (such as the mutation
and the selection transitions) is not only designed as an instrumental tool to mimic
natural evolution, but is, in fact, dictated by the structure of the dynamics of the
so-called nonlinear filtering equations.

The main purpose of this article is to introduce the reader to the asymptotic theory of
GAs. We also explain the use of these stochastic methods for the numerical solving
of nonlinear filtering problems and in numerical function optimization problems. We
also give a detailed discussion on several variations and refinements for algorithms
recently proposed in the literature on nonlinear estimation problems.

This work is essentially divided into two main parts devoted, respectively, to the
applications of GAs for the numerical solving of the so-called nonlinear filtering
equations and the convergence of GAs towards the global minima of a given nu-
merical function. Our presentation of this material has relied heavily on the two
papers [20] and [21].

In the opening section 2 we introduce the two-step mutation-selection procedure and
the time-inhomogeneous Markov model of GAs treated in this work. As mentioned
above, this model will then be regarded as a global stochastic search method for
studying the set of the global minima of a given numerical function or as a stochas-
tic adaptive grid approximation of a flow of conditional distributions in nonlinear
filtering settings.

To each of these applications correspond a specific asymptotic analysis. In section 2
we lay the foundations of the work that follows by explaining the general method-
ologies needed to study the large population asymptotic and the long-time behavior
of the algorithm. In section 2.1 we give an alternative description of the genetic
model presented in section 2 in terms of an N-interacting particle system approx-
imating model associated with a measure-valued dynamical system. This formula-
tion enables us to identify the limit of the empirical measures associated with the
GA in terms of a Feynman—Kac formula. The modeling impact of this approach will
be illustrated in nonlinear filtering in section 3.

Section 2.2 is devoted to the study of the long-time behavior of the genetic model
presented in section 2. The idea here is to connect GAs with the so-called gener-
alized simulated annealing. We describe a general methodology to conclude that a
GA converges in probability, as time tends to infinity, to the set of global minima of
a virtual energy function. We will combine this general convergence result with a
natural test set approach in section 4 to prove that the resulting stochastic algorithm
converges towards the set of global minima of the desired fitness function as the
time parameter tends to infinity and when the population size is sufficiently large.

The GA presented in section 2 and further developed in section 3 and section 4 is
the crudest of the evolutionary particle methods. In section 5 we discuss several
variations and refinements arising in the literature about nonlinear filtering and gen-
eralized simulated annealing.
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The final section discusses continuous-time GAs. In contrast to the classical Moran-
type genetic model commonly used in GA literature, our interacting particle system
model converges to a deterministic distribution flow. This model has been proposed
in [23] for solving continuous-time nonlinear filtering problems. Several variants
based on an auxiliary time discretization procedure can be found in [11] and [13].
The fundamental difference between the Moran-type particle scheme and the algo-
rithms presented in [11,13] lies in the fact that, in the former, competitive interac-
tions occur at random times. The resulting scheme is therefore a genuine continuous-
time particle approximating model.

The interested reader is referred to [20] for a detailed description of the robust and
pathwise filter and for a complete proof of the convergence results in a context
more general than we have given. Here, we have chosen to restrict our attention
to continuous-time Feynman—Kac formulae. We will also discuss the connections
between this scheme and the generalized and spatially homogeneous Boltzmann
models presented in [36,44].

We end this paper with a novel branching GA in which the size of the population is
not necessarily fixed, but random.

Only a selection of existing results is presented here. Deeper information is available
in [19-21].

2 Description of the Models and Statement of Some Results

The simplest GA is a two-stage and time-inhomogeneous Markov chain given for
eachn > 0 by setting

def. | N\ Selection ~ gef /=~ ~n\ Mutation
gn—(sn,---,én)—‘—)sn= €n3-~-7€n)—)€n+l

and taking values in a product space EV where N > 1 and E is an abstract topo-
logical space. The coordinates of points of EV are seen as positions of N particles
and the integer parameter N represents the size of the population.

e The initial system & = (Eé, .. Sév ) consists of N independent random parti-
cles with a common law 7y on E

¢ In the selection transition the particles Sn = S,} s ,EnN ) are chosen randomly

and independently in the previous configuration &, = (5,11 cee E,iv ) according
to a given non-necessarily homogeneous fitness function

nZE——)]R+
namely
A g(y
P( £, €dx & =y) =1—IZ ‘ 8i (dxP) (1)

_1 gn(yj)



442 P. Del Moral and L. Miclo

where dxr & dx! x --- x dx" is an infinitesimal neighborhood of the point
x=ul ..., xMeEN, y=0u' ..., yY) e EY and §, stands for the Dirac
measure ata € E.

e The mutation transition is modelled by independent motions of each particle
that is

y |
P(gn1 € dxf&n =) =[] Kns1 (y7,dx?) )
p=1

where {K, ; n > 1} is a collection on Markov transition kernels from E into
itself.

The study of the convergence as n — oo or as N — oo of this algorithm requires
specific developments.

To explain and motivate the organization of our work in the next two sections we
describe the main ideas involved in the study of these different asymptotics as well
as some of their consequences in the study of nonlinear estimation problems.

Before turning to further details it is convenient at this point to make a couple of re-
marks. As we said above, the previous selection-mutation Markov chain is the crud-
est of the genetic-type methods. There are, in fact, a number of ways to construct
variations on this model (see for instance [12,20,21] and section 5). In particular, the
definition of the initial system as N i.i.d. particles is not really essential. In numeri-
cal function analysis the asymptotic results as n — oo (and fixed N) presented here
(see also [8] and [21]) are valid for any choice of N starting points. In nonlinear
filtering settings we will be interested in the asymptotic behavior of the empirical
measures of the system as N — oo. In this framework the initial distribution ng is
not arbitrarily chosen, but represents the initial law of the state signal. Therefore,
the initial configuration of the particle systems will be chosen so that the associated
empirical measure is an N-approximating measure of 7.

Another more general remark is that in filtering problems the choice of quantities
(no, gn, K») is dictated by the problem at hand. In some situations the initial law
no, the transitions of the state signal K, and/or the corresponding fitness functions
gn are not explicitly known and/or we cannot simulate random variables exactly ac-
cording to ng and/or K,. Therefore, we need to introduce additional approximating

guantities (U(()M), gr(qM) ) K,SM)), where the parameter M > 1 is a measure of the qual-

ity of the approximation so that in some sense (n(()M), g,(,M), K ,(,M)) — (Mo, &n, K»)

as M — oo. The way the two asymptotics N — oo and M — oo combine are
studied in full detail in [18].

2.1 Large Population Asymptotic

To show one of the central roles played by the selection/mutation transitions (1) and
(2), we start with the study of the asymptotic behavior of the empirical measures
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associated with the systems of particles &, andgn

mE) IZ(SS. and  m(E) < Zas,, n>0

as the number of particles N tends to infinity. It is transparent from the previous
construction that the pair selection/mutation transition can be summarized, for each
each n > 0, as follows

P(Enr1 € dx [ = y) = ﬂ }: g,,(;))( 5 Kt (o). O
i=l j 1 &n

In order to obtain a more tractable description of (3) in terms of a transition which
only depends on the empirical measure of the system m(&,), it is convenient to
introduce some additional notations. We recall that any transition probability kernel
K (x,dy) on E generates two integral operators. One is acting on the set B (E)
of bounded Borel test functions f : E — R endowed with the supremum norm,
defined by

IfIl = sup [f(x)]

xeE

and the other on the set M {(E) of probability measures i on E

def.

K(f)on) & / K(x,d2) £(2)

and

def.

MK)f) = w(Kf) = fu(dx)K(x,dz)f(z)-

If Ky and K are two integral operators on B, (E) we denote by K1 K3 the composite
operator on By (E) defined for any f € By(E) by

KiKaf (x) = fE K1 (x, dy) Ka2(y, d2) £(2).

Using these notations (3) can be rewritten as
N 1N
P(n1 €dx g =y) =[] ®asi (ﬁ > ayf) (dxP), n=0 4
p=1 i=1

where foralln > 0, ®,41 : Mi(E) — M, (E) is the mapping defined by

() L Wy (M) Kny1  with W, () (f) L ”(“(””J;) Vf € By(E)

(5)
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We note that the one-step mapping ¢, involves two separate transitions: the first
one n — W,(n) is nonlinear and will be called the updating step, and the second
one n — nK,4+1 will be called the prediction transition with reference to filtering
theory.

With this formulation it also becomes quite clear that the flow of empirical measures
{m(&,) ; n > 0} converge in some sense as N — to the solution {n, ; n > 0} of
the following measure-valued process

M = Pn (Mn-1), n>1. 6)

Intuitively speaking, if m(§,—1) is close to the desired distribution 7, _; then one
expects that ®,(m(&,—1)) is a nice approximating measure for n,. Therefore, at
the next step the particle system &, = (.5,}, ... »EN) looks like a sequence of inde-
pendent random variables with common law 1, and therefore m(&,) is close to the
desired distribution 7,, . . .

As a parenthesis, and along the same idea, we can associate with any abstract
measure-valued process (6) an N-interacting particle approximating model as in
(4). In other words, the previous algorithm is a particular example of particle ap-
proximating model and the mutation/selection transitions are dictated by the form
of the limiting measure-valued dynamical system (6).

In our situation, the preceding scheme is clearly a system of interacting particles
undergoing adaptation in a time-nonhomogeneous environment represented by the
fitness functions {g,; n > 0} and the selection/mutation transitions are dictated by
the nature of the two-step mappings {®, ; n > 1}. Roughly speaking, the natural
idea is to approximate the two-step transitions
Updating def Prediction
M ——— Tn = Yn(n) —— Nn = M Knq1, n>0

of the system (6) by a two-step Markov chain taking values in the set of finitely
discrete probability measures with atoms of size some integer multiple of 1/N.
Namely, for eachn > 0

N def. i Selection ~N def i Mutation Z
=N 185’ TN 18?’ — M = B
i= =

These constructions first appeared in [26] and [27] and they were developed in [24].
In [20] the authors present an exposé of the mathematical theory that is useful in an-
alyzing the convergence of such particle-approximating models including the law of
large numbers, large deviations principles, fluctuations, and empirical process the-
ory, as well as semigroup techniques and limit theorems for processes. In section 3
we briefly indicate some of the main directions explored in this recent research and
we will introduce the reader to some mathematical tools upon which the theory
dwells.

Anticipating section 3.1, we also mention that the measure-valued dynamical system
(6) can be explicitly solved. More precisely, if

X=1{X,; n>0}
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denotes a time-inhomogeneous Markov chain with transition probability kernels
{Kn ; n > 1} and initial distribution n¢ and if y,(f), f € Bp(FE), represents
the Feynman—Kac formula

n—1
Ya(f) =E ( &[] gk(xk>)
k=0

(with the convention []; = 1), then the distribution flow {n,; n > 0} defined for
any n > 0 and for any test function f € Bp(FE) as the ratio

yn(f)
Yn(1)

is solution of the measure-valued dynamical system (6). In fact, as we shall see
in the further development of section 3, the classical nonlinear filtering problem
can be summarized as to find distributions of the form (8). In this framework, the
probability kernels {K, ; n > 1} represent the transitions of the signal process and
the fitness functions {g, ; n > 0} depend on the observation data and on the density
of the noise source.

(8)

m(f) =

2.2 Long-Time Behavior

Our next objective is to initiate the study of the long-time behavior of the genetic-
type algorithms. In contrast to the situation presented in section 2.1, the size N
of the particle systems is fixed, the genetic model is thought of as a global search
procedure for studying the set U* of global minima of a given numerical function
U : E — R4, and the state space E is assumed to be finite, namely

U &t {x €E: U(x)=mEinU}.

To clarify the notations we shall use the following notations

N
OV (x,dy) = [] Kn(x.dy?)

p=1
and
QP (x, dy) = H Z g"(”( — By (dx”).
p=1 i= J 1 &n

Thus, € = {&§, ; n > 0} is a time-inhomogeneous Markov chain with transition
probability kernel

Q= Q2"
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and E = {En ; n > 0} is a time-inhomogeneous Markov chain with transition
probability kernel

9, =0"g®. 9)

In time-homogeneous settings (that is, if K, = K and g, = g) the general theory
of time-homogeneous Markov chains can be used to study the long-time behavior
of these two chains, but to our knowledge the stochastic stability results which can
be stated are not really useful to calibrate the convergence of GAs to the desired
extrema of a given numerical function.

One of the apparent difficulties in establishing a useful convergence result as n —
oo is finding a candidate invariant measure which enables us to describe some inter-
esting aspects of the limiting behavior of the algorithm.

The key idea is to introduce an inverse cooling schedule parameter 8 : Ry — Ry
with lim,_, o, B(¢) = oo to reduce the analysis to the study of a generalized simu-
lated annealing. This idea has been initiated in [8—10] and has been simplified and
further extended in [21]. As the time parameter is growing, the arbitrary exploration
of the path space by the particles during the mutation step will progressively dis-
appear. The precise choice of the mutation transitions K, in terms of the parameter
B(n) will be given in section 4.1. We have already mentioned that in the selection
transitions the fitness functions g, will take the form

gn(x) = e*ﬁ(ﬂ)U(x)’ n>1

and, as the time is growing, the randomness in the selection will also tend to disap-
pear so that the particles with below peak fitness will progressively not be selected.

The purpose of this paper is to present some theoretical background needed to ana-
lyze the convergence of the algorithm. The results presented here will be restricted
to the transition probability kernel (9) and can be found with complete proofin [21].
In this opening section we describe the basic but general idea which is, in fact, quite
simple. This methodology will be used in several parts of this paper. It is also quite
general and can be used in other contexts.

We have tried to present easily verifiable conditions and results at a relevant level of
generality. Our claim that this description of the mutation and selection transitions is
the natural framework for formulating and studying the long-time behavior of GAs
in numerical function analysis will be amply justified by the results that follow.

We provide no examples in this short section; this choice is deliberate. In section 4

we will show how to obtain the transitions Qg) and Qfgz) in terms of the muta-
tion kernels and the fitness functions. We will also use this framework in section 5
for studying a related GA in which the mutation and the selection stage take place
randomly at each time step. We also believe that it is possible to use this formula-
tion to analyze the convergence of the branching genetic-type variants presented in
section 5.
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To commence to formalize this we first chose the mutation/selection transitions Q

and Q,(12) as governed by S(n), that is
1 (1) 2y _ @
oY = Qs and Q) = Qp(n)
so that for any 8 > O, Q/(;) and Ql(gl) take the form

0§ (r.y) = i (x, y) e AV

and

0 (x.y) =g (x.y) e FVIED

for some numerical functions qél), qéz) :EN x EN — R, and

v y@ . EN w EN R,

© R, U {400)).

(Ry
It is then straightforward to check that the transition probability kernels

def. (1)

0p(x,y) = 05’07 (x. y)

take the form

éﬂ(x, y) = Z gp(x,v,y) e BVx.vY)
veV

with V = EN and
Fpx. v, y) = g5 (x, g (v, y)
and

Vi, y) = VO, 0)+ V@, y).

447

(1)
n

(10)

an

These kinds of mathematical models naturally arise when studying the long-time
behavior of stochastic algorithms such as the generalized simulated annealing. The
parameter 8 in (10) will be regarded as the inverse freezing schedule in classical
simulated annealing and will be used to control the random perturbations of the
stochastic algorithm. When 8 — oo the random perturbations will progressively
disappear and the two different cost functions V() and V@ will be regarded, re-
spectively, as the mutation and selection costs to communicate from one population

to another.

The objective is to prove that the law of a well-chosen time-inhomogeneous genetic
particle scheme concentrates as times tends to infinity to the set U* of global minima
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of a desired numerical function U : E — R.. In order to prove this asymptotic re-
sult we need to characterize more explicitly the long-time behavior of the algorithm
in terms of the communication cost functions V(1 and V@,

As traditional, under some nice conditions, the first step consists in proving that the
algorithm converges to the set of the global minima W* of a virtual energy function
W : EN — R, defined explicitly in terms of the communication cost functions
V) and V@, The second subtle step will be to find conditions on the population
size which ensure that W* is contained in the subset U* x ... x U*(C EN). We will
settle this question in section 4 and 5 by using a natural test set approach.

Under appropriate continuity and irreductibility conditions the first step can be
solved using quite general results on the generalized simulated annealing. Antici-
pating section 5.1, we also notice that the transition probability kernel Qg defined
by

5 1 2
Qp = Q;)+a2 o)

can be written as in (11) with V = {1, 2}.

ar+oar =1 (01,2 €(0,1)) (12)

The precise continuity and irreductibility conditions needed to handle the first step
are summarized in the following assumption:

H The transition probability kernels Qﬂ take the form

éﬂ(x, }’) = Z aﬂ(x, v, _)7) e_ﬁ Vix,v,y)
veV

where V is a finite set and there exists a nonnegative function
7:ENxVxEV — R,
so that
e Foranyx,y € EN andv € V and B > 0 we have

lim gg(x,v,2) =q(x, v,z
ﬁ—++ooqﬂ( ) =q( )

and
gp(x,v,2) > 0 <= q(x,v,2) > 0.
e Foreveryq(x,v,z) > 0and for some By > 0

dlogqgg

(x,v,2)] < +o0.

sup |
B=Bo

e Forany x,y € EV there exists an integer r > 1 and sequence of elements
(Pk» Vk)o<k<r in EN x V such that

po=x and g(pk, vk, pk+1) >0 VYO<k<r and p, =y.
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It is transparent from these conditions that we have some suitable function €(8) —
0, as B — 400, such that

(1—€(B) Qp(x,y) < Qp(x,y) < (1+€(B)) Qpx,y) (13)
where
Qs(x, )= 3 Gx,v,y) e PV
veV(x.y)
and

Vix,y)={weV : qgx,v,y) >0}

But, if we write

V(x,y) = min )V(x,v, )

veV(x,y

Q(x,)’): Z a(st,Y)

veV*(x,y)
Vi(x,y) = v eVix,y) : Vix,v,y) = Vix,y)

then we also have that

Qp(x,y)

T Pt
veV*(x,y)

—BV(x,y) ~ —B(V(x,v,5)-V(x,y))
+e g(x,v,y)e
veV(x,y)—V*(x,y)

= q(x,y) e PV

4 e BV 3 G0x, v, y) e PV,
veV(x,y)—V*(x,y)

Note that condition (H) implies that g is irreducible. Furthermore, if we write

I={(x,y)€ E* : V(x,y) # 0}
J={(x,v,y)6ENxVxEN T, y)el veVix,y)}

and

hy = min > q(x,v,y)/q(x, )
(x,y)el
veV(x,y)=V*(x,y)

hy = min (V(x,v,y) ~ V(x, y))
(x,v,y) 1 vgV*(x.y)
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using (13) we get the system of inequalities
(1—eB) qx,y) e V™Y < Qp(x, y)

and
0p(x,y) < (1+eB) (1 +h e PR2)g(x, y) e PV, (14)

As a parenthesis, if we choose g(x, y) > 0, after some elementary computations,
then we find that

dlog Op(x, y)

dlogg, ~
ap < sup | £4p x,v, |+ sup Vix,v,y).

veV(x,y) B veV(x,y)

The inequality (14) shows that the transition probability kernels

{0p; B> 0}

are of the general form of generalized simulated annealing models studied in [54]
and [21].

In [54] the author studies the asymptotic behavior of such chains using large devi-
ation techniques and in [21] the authors propose an alternative approach based on
semi-group techniques. Both approaches give a precise study of the convergence of
the time-inhomogeneous Markov process controlled by a suitably chosen cooling
schedule and associated with the family of Markov transitions Qg of the form (11)
when V is an auxiliary finite set.

The first method in [54] is developed for discrete-time models whereas the conver-
gence analysis in [21] is centered around continuous-time models. There is a vast
literature on discrete-time simulated annealing (see, for instance [54], and refer-
ences therein). For this reason we have chosen to give a more detailed description
of the second approach.

It is now convenient to introduce some additional notations. In discrete-time or
continuous-time settings the asymptotic behavior of the desired time-inhomoge-
neous Markov processes will be strongly related to the virtual energy function W :
EVN — R, defined as follows:

W(x)= min > V(y,z)— min min Y Vo) (15)

7 N ’
geG(X)(y_)Z)eg x'€eEN geG(x") (y>Deg

where G (x) is the set of x-graphs over £ N (we recall that an x-graph is an oriented
tree over the vertex set EV such that for any x # y there exists a unique path
in the x-graph leading from x to y. See also [5] or [32] for more details), and
V : EN x EN — R, is the virtual communication cost function given by

Vix,y) = min{\7(x, v,y); veV g(x,v,y) > 0}.
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We will also use the notation

Wn=ueEN:wu)=quL

As mentioned, the first approach presented in [54] gives a complete answer for the
convergence in discrete-time settings and in the time-inhomogeneous case when
the parameter B(n) is an increasing function of the time parameter n. With some
obvious abusive notations let us denote by {&, ; n > 0} the discrete-time and time-
inhomogeneous Markov chain starting at some point x € E N and associated with
the collection of time-inhomogeneous transitions {Qg) ; n > 1}.

Theorem 1 ([54]). There exists a constant Co (which can be explicitly described
in terms of V) such that if B(n) takes the parametric form B(n) = %logn for
sufficiently large n and C > Cy then

lim P, € W) =1

The semi-group approach presented in [21] is based on log-Sobolev inequalities
and on the notion of relative entropy. We recall that the relative entropy Ent, (1) of
a measure u with respect to a measure 7 (charging all the points) is defined by

Enty(u) = Y u(x) log (u(x)/m(x)).

xeE

In contrast to the latter, the former approach is based entirely on considerations of
the time-continuous semi-group associated with the Markov kernels Qg, 8 > 0.
Namely, define, for f : EN — R

L)) = > (fO) — f(x)) Opx. ).

yeEN

Instead of the discrete-time model introduced above we are now concerned with the
continuous-time Markov process defined as follows. For a probability measure u
on E, and an inxerse-freezing schedule 8 € C! (R4, Ry), we slightly abuse nota-

tion and write {§ ; ¢ € R, } the canonical process associated with the family of
generators

(Lg@y))i=0 = (Qpr) — D=0

and whose initial condition is g = p. We also write w(¢) the distribution of ’é\,

Before we turn to the long-time behavior of & we first give a more tractable de-
scription of this process. Let A = {A; ; k > 0} be independent and exponentially
distributed random variables with parameter 1 and, given A, let E = {’{\,, ; n > 0}
be a time-inhomogeneous Markov chain on EV with initial distribution x and time-
inhomogeneous transition probability kernels

= def. =~

K, = Qpg1), n>1
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where
def.
T, = Z Ag, n=>0.
=0

Then

'E\_ z() 0<t<Tp
T $n Ih1<t<Ty

defines a time-inhomogeneous Markov process E = {E, ; t € Ry} with initial law
w and infinitesimal generators {Lg(;) ; t € Ry}

Wheneveré‘\ is time-homogeneous (i.e., () = B) it is well-known that Lg has a
unique invariant probability measure 7g so that

VfeBy(EY)  mp(Lp(f) =0

and mg charges all the points. Asymptotically, the behavior of the invariant measure
ng as B — oo depends principally on the virtual energy function W defined in (15).
To be more precise, we recall that g can be written as follows:

R, ~ -
px) where Rgx)= Y. [] 0s0.2.

ﬂﬁ(X) = =
ZzeEN Rp(2) geG(x) (y—2)eg

Now, from the inequality (14) one concludes that
€1(B) Rs(x) < Rp(x) < e2(B) Rp(x)

where €;(8), i = 1, 2, are some functions such that
ﬂli)n;oei(ﬁ)zl, i=1,2

and

Ry = 3 ] aoe 0.

geG(x) (y—2)eg

This can also be rewritten in the form

Rsx)= Y q(g)ePV®

8€G(x)
with

g@= [] a0, and V= ) V@2

(y—2)eg (y—z2)€g
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Therefore, we clearly have the estimate

1 1 1
lim ——logng(x) = lim ——log Rg(x) — lim ——log Rs(2)
e R A= z§~ﬁ

= min V(g) — min min V(g)
geG(x) z€eEN geG(2)

= W(kx).

Due to this estimate, foreach 8 > 0, if {Eﬁ,, ; t > 0} denotes the time-homogeneous
Markov process associated with Lg then we have that

im, Jim, P (g, € W) = 1.
In the time-inhomogeneous situation the convergence of the algorithm to W* is
guaranteed by the following result:

Theorem 2 ([21]). Let {é g ; B > 0} be a collection of general Markov kernels of
the form

/Q\ﬁ(xg y) = Z ZI\/S(X, v, y) e—ﬂv(x.v.y)
veV

where V is a given finite set, V:ENxVxEN > Rt and gg : ENxUx EN >
R+, B € Ry, is a family of functions satisfying condition (H). There exist a constant
Co (which can be explicitly described in terms of V) such that if B(t) takes the
parametric form B(t) = é logt for sufficiently large t and C > Cy then

lim Entry, () =0 and  lim P& € W*) = 1.

This theorem is quite general and it will be used to study the convergence of GAs
when the corresponding transitions have the form (11) or (12). It is also powerful
enough to allow one to treat the classical simulated annealing algorithm. In this
situation N = 1 and Qg takes the form

@ﬂ(x, y)=q(x,y) e BV
with
Vix,y)=max (U(y) — U(x),0)

for x # y, where g is an irreducible transition probability kernel on E and U :
E — R,. In the special case where g is symmetric (that is, g(x, y) = g(y, x)), it
is also well-known that the corresponding virtual energy function W = U and the
previous theorem implies convergence to the desired subset of the global minima
U*. For genetic-type algorithms the virtual energy function depends on the function
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U in a more subtle way and we need to work harder to check that W* is contained
in the desired subset of global minima.

The results developed here are, in fact, a particular form of those in [21] which also
apply to the study of the convergence of generalized simulated annealing with ran-
dom and time-inhomogeneous communication cost functions. Although this subject
is tangential to the main object of this article; let us discuss how these results may
be useful in solving mean cost optimization problems.

In some practical problems the object is to find the global minima of a function
U : E - R, defined by

Ux)=EWU(x, Z)) :f U(x, 2) v(dz)
F

where Z is a random variable taking values in a finite set F with distribution v
andf : E x F — R.. The essential problem is to compute at each time step the
mean cost function U, and the huge size of the set F often precludes the use of the
previous stochastic algorithms.

To solve this problem an additional level of approximation is needed. The natural
idea proposed in [21] consists in replacing at each moment of time in the description
of the stochastic algorithm the function U by the time-inhomogeneous and random
function

1
v 2 [ e zo 6
1 Jo

where A > 0 and {Z; ; t > 0} is a given time-homogeneous Markov process asso-
ciated with the generator G = K —1Id where K is an irreducible transition probability
kernel on E with invariant measure v. A full discussion of the convergence of the
resulting stochastic algorithm to the desired subset U* is outside the scope of this
work; the interested reader is referred to [21].

3 Feynman-Kac and Nonlinear Filtering Models

3.1 Description of the Models

The nonlinear filtering problem consists in computing the conditional distribution
of internal states in dynamical systems, when partial observations are made and ran-
dom perturbations are present in the dynamics as well as in the sensors. In discrete-
time settings the state signal X = {X, ; n > 0} is a discrete-time Markov chain
taking values in a Polish space E (i.e., a complete separable metric space) with
transition probabilities {K,, ; n > 1} and initial distribution ng. The observation
sequence Y = {Y¥, ; n > 0} are R?-valued random variables and take the form

Yn = Hn(Xn, Vn)
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where the V,, are independent and ¢g-dimensional variables, independent of X, and
with a law having a known density, and H, is a measurable function from E x
R? into RY. For any x € E we assume that the variable Y, = H,(x, V,) admits
a positive density y — ¢,(x, y) and the function ¢, is bounded. To clarify the
notation we fix the observations Y, = y,, n > 0 and we write

def.
gn(X) = @n(x, yo).

For somewhat technical reasons we will assume that H, and ¢, and the observation
sequence {y, ; n > 0} are chosen so that g, is a positive and bounded function on
E. These assumptions can be relaxed considerably; a more complete and general set
of assumptions is formulated in [17] and [18].

Given the stochastic nature of the pair signal/observation process, the nonlinear
filtering problem consists in computing recursively in time the one-step predictor
conditional probabilities 7,, and the filter conditional distributions 7,, given for any
bounded Borel test function f by

nn(f) = ]E(f(Xn)lYO =Y0,.-, Ypo1 = Yn—1)
ﬁn(f) = ]E(f(XrL)|Y0 = Y0, Yne1 = Yn—1, Yn = yu).

As usual, the n-step filter 7, is written in terms of 7, as

N (f &n)

M (8n) (1o

ﬁn(f) = lI}n(nn)(f) =
and the n-step predictor is defined in terms of the Feynman—Kac type formula

Yn(f)
Yn(1)

n—1
M (f) = with yu(f) =E ( & T] gk(Xk)> (17)
k=0

with the convention [ [ = 1. By (16), the n-step filter 77, may also be expressed as
the ratio

~ ()
() = 24 (18)
Ya(1)
with
n
5’\"(]() =w(gnf) =E ( f(Xpn) 1_[ gk(Xk)> .
k=0
It is also not difficult to check that y, and ¥, are connected by
)’nzi/\n—lKn’ n>1. (19)

It then follows from the relations (16) and (19) that for any n > 1

M= ®n (Mn—1) : 20)
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with
q)n (r’) = q’n—l (n)Kn .

Another interesting feature of the GA defined by (3) is that it can be used to approx-
imate the Feynman—Kac formulas y,(f) and ¥, (f) defined in (17) and (18). One
of the best ways for introducing the corresponding particle approximating models is
through the following observation. By definition it is easy to establish that for any
n>0

_ Yn(&n) . Ynt1(1)

e =T T @
This yields that
n—1 n—1
v =[] mpep) and L yu(f) =na(f) [] nplep)
p=0 p=0

with the usual convention [[; = 1. Taking these relations into consideration, we
define a natural N-approximating measure y," for y, by setting

n—1
v =[] )@ and  yN(H) =0l ) v¥. @1
=0

In view of (7) and using the same line of ideas we can define the corresponding N-
approximating measures of ¥, and 77,. We have chosen here to restrict our attention
to the distributions y,, and n,.

3.2 Asymptotic Behavior

One of the simplest ways for studying the asymptotic behavior as N — o0 of the
GA presented in section 2 is through the analysis of the un-normalized distributions
{yn ; n > 0}. This approach has been initiated in [26] and further developed in [19]
and [20]. Here we follow line-by-line the synthetic presentation given in [19]. This
approach is based on the observation that the structure of the dynamics of the latter
is linear and one might expect that the analysis of the corresponding approximating
measures will be simplified. In view of (17) and (18) we have that

YO < p <n, Yn =¥pLpn, (Yo = no) (22)

where {L, , ; 0 < p < n} is the time-inhomogeneous semi-group defined by the
relations

Lp,n :Lp+1Lp+2---Ln with Lo(f) = gn-1.Kn(f)
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and the convention L, , = Id. Using these notations one can also check that the
one-step mappings ¥, can be rewritten as

n(Ln(f))

n(Lna(1))

forany n € M|(E) and f € By(E). Using these notations, we notice that for any
n > 0and f € By(E) the stochastic process

C,(m(f) =

MY (f); 0<q<n)

defined as
def.
MY(f) S v Lgnf) = YgLgnf)
q
= > (W pnh) =¥} LpLypn )
p=0
SN N N
= > 1 (1) L) = @p (031 ) Lpn ) @3)
p=0
with the convention ®¢ (n",) = no, is a martingale with respect to the natural

filtration F¥ = {FnN ; n > 0} associated with the N-particle system {£, ; n > 0},
and its angle bracket is given by

1 < 2 2
MY (g =52 (D) @y ((Lp,nf — @)Ly f) ) .
p=0
24)

One concludes easily that y," is an approximating measure of y, without any bias,
that is, for any bounded Borel test function f

E(n¥(H) = m(h) (25)
and

E((rn () - nm(N)?)

- % ZO E ((y’f\’(l))z (Dp(ﬂg_]) ((Lp,nf - q)p(ng_])Lp,nf)z)) .
p=
(26)

Under our assumptions it is also clear that there exist some finite constants C(n) <
oo such that

N2 ¢
E((VnN(f)—Vn(f)) ) < j%) T
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Exponential bounds can also be obtained using the decomposition (23). For in-
stance, by definition of ntN , Hoeffding’s inequality implies that foreachO < p <n
and forany € > 0

N
8 ILpn f12

]P’(‘Ug(lap,nf) - (Dp (772/_1) (Lp,nf)‘ > € nrllv_l) <2e

From which one concludes that
P{ sup
O0<p=n

Since the fitness functions are assumed to be bounded this exponential bound im-
plies that there exists some finite constants Cy(n) and C,(n) such that for any
bounded Borel function f, || f|| < 1 and for every € > 0 we have that

P{ sup
0<p=<n

We now give a brief indication of how these results can be used to obtain useful
estimates for the N-approximating measures n,’,V and 77‘,1,\' . From the previous dis-
played exponential rate one can also prove that there exists some finite constants
Ci(n), C2(n) such that for any € > 0 and for any bounded Borel test function f,

Ifl<1

P(

Precise estimates of these exponential rates are studied in [24] using large deviations
techniques. The previous exponential rates also imply I.” mean errors

N pl/p C(p’n)
W =—mn|) = =

for some constant C(p, n) < oo which only depends on the parameters p and n.
With little work one can use (25) and (26) to prove that there exist some finite
constants C(n) such that for any bounded Borel function f, such that || || < 1,

2

n _N__ e
nf,l(Lp,nf) - P, (ng_l) (Lp,nf)‘ > e) <2 Z e SllpnfiZ
p=0

Ne?

Ca(n)’

yll;v(Lp,nf) - Vp(Lp,nf)’ > 6) <Ci(n) exp —

2

N Ne
M (f) = ()| > €) = Ciw) exp— @7

Ca(n)’

Vp > 1 IE( £

Cn)

E(n)(f)) —n(H)| < : (28)
N

Taking this inequality into consideration, by the exchangeability of the particles and
the definition of the total variation distance of probability measures one can check
that foreach1 <i < N

C(n)

ILaw(&]) — Nulley < T (29)
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The precise magnitude of variability of these mean errors is given by central limit
theorems. A full discussion on these fluctuations would be too great a digression
here, but as the form of the angle bracket (24) indicates, one can prove that the
sequence of random fields

def.
UM EIN (WD =n(H).  f eBo(E)
converges in law as N — oo to a centered Gaussian field

{Un(f); f € Bp(E)}
satisfying

n
2 2
E(Un(H?) =32 (o) mp ((Lpnf = npLpnf)’)
p=0
forany f € Bp(E) (in the sense of convergence of finite dimensional distributions).
The previous fluctuations imply that the sequence of random fields

WY E VN (D =mH),  f €By(E)

converges in law as N — oo to the centered Gaussian field

of 1
w,(f) < v, (— f - nn(f))) . feBy(E).
yn(1)

We conclude this section with some comments on the long-time behavior of the N-
interacting particle system approximating models. If the measure-valued dynamical
system (20) is sufficiently stable in the sense that it forgets any erroneous initial
condition, then one can prove uniform convergence results with respect to the time
parameter (see for instance [20,22] and [25] and references therein). For instance,
with some suitable stability properties for the Markov kernels {K,, ; n > 1} one can
find some coefficient @ € (0, 1/2) such that for any bounded Borel test function f,

Al <1,
Vp=>1 supE(

n>0

N nYr  c(p)
wH-m|) =55

for some constant c¢(p) < oo which only depends on the parameter p. This uniform
convergence result with respect to the time parameter leads us to hope that maybe we
can construct an asymptotic method to study the convergence of GAs in numerical
function optimization in more general settings than the one treated in section 2.2
and in the next section.

4 Numerical Function Analysis

4.1 Description of the Models

The objective of this section is to formulate more precisely the mutation and selec-
tion transitions (10) so that the resulting empirical measures of the GA presented in



460 P. Del Moral and L. Miclo

section 2.2 will concentrate in probability, as the time parameter tends to infinity,
on the set U™ of the global minima of a given numerical function U : E — R,.

As in section 2.2 we assume that E is a finite state space and
B:N—> Ry

is an inverse cooling schedule. Leta : E x E — R be a numerical function which
induces an equivalence relation on E defined by

x~y<a(x,y)=0.
This leads us naturally to consider the partition
Sty s Sn(a) n(a) > 1
induced by ~.
If x is a typical element of E then the equivalence class of x will be denoted by S(x)
Sx)={yeE : x~y}
We further require that
a(x,y)=0=Ux) =U(y).

A trivial example of the equivalence relation satisfying this condition is given by the
following function a

a(x,y)=ao (1 —-1,()), ap > 0.

In this case we clearly have a(x, y) =0 < x = y.

The mutation kernels K, and the fitness functions g, are related to 8(n) as
gn(x) =PIV and K, (x, y) = kg (x, y)
with forany § > 0

k(x,y) e Patxy) it a(x,y)>0
kg(x,y) = _ .
plx. ) _’|S(1x)| (l — D cgs) k(x,2) e ﬂ“(”)) otherwise

where k : E x E — R} is an irreducible Markov kernel, that is, for any x € E

Z k(x,y)=1

yeE

and for any (x, y) € E x E there exists a sequence xg, X1, ... ,X, € E,r > 1 such
that

xXp =x, k(xg, xk+1) > 0 VO <k <r), Xr=y.
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We now describe a general construction which allows us to find the asymptotics of
the desired transition kernels

é def Q(I)Q(2) (30)

where
04 (x,y) = ﬂ kp (x?,

and

—ﬂU(x)

07 (x,y) = ﬂ Z —o W oD

Jle

It can be directly checked that

Q“)(x,y)=< I1 k,s(x”,y”))

p:a(xP,yP)=0

pa(x?,yP)>0

_ Q)]
=0 (x,y) qM(x,y) e PVIEY (31)
with
00 =[] kexPyPISGP)
pa(x?,yP)=0

q‘”(x,y>=< [ k(xp,y”))( [ |s<xp>r‘>

pa(xP,yP)>0 p:a(xP,yP)=0

and
N

VD (x, y) =D ax?, yP).

p=1
We also notice that

9/5(31)(x,y)—> 1 as B — oo.

To describe the asymptotic of Q,(sz) as B — oo we need to recall some terminology
introduced in [8]. We will use the superscript f* to denote the set of global minima
of a given numerical function f : £ — R on a given finite state space £ so that

« def.

f xef; fx)= mlnf}
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The cardinality of a finite set £ will be denoted by |€| and if x and y belong to EV
and 7 € E we write

x@=|{p:1<p=<N,x,=2}
and

x={p:1<p<N, U(x,,):l?(x)} and l7(x)= min U (xp).
1<p<N

A similar discussion to that above leads to the decomposition

p=1 ixi=yp ZjZI e_ﬂ U(x/)
— 1'1![ x(yp) e P (U(yp)—ﬁ(x))
pot Bl IR Y ef (VED=00)
=Py P,y PV, 2

with
9,§2)(x, y)y= [1+ 7" Z ¢=B (UEH=-Uw)=-N
JjEx

N N

q(2)(x’ y) = l—[ x(yp) and V(Z)(x’ y) = Z (U(yp) _ l?(x)) .

p=1 Ixl p=1

As before we also notice that
9;2)(x, y)—> 1 as B — oo.

If we combine (31) and (32), we conclude that the transition (30) has the same form
as in (11), namely

@ﬂ(x,z) = Z qp(x,y,2) e~ BV(xy.2)
yeEN

with

Gp(x,y,2) =G(x,y,2) 0p(x, y,2), V(x, 9,2 =VD(x,y) + VO(y,2)
Op(x.y.2) =05 (x, ) 02 (3.2, Gx,y.2) =qV(x, 9 ¢, 2).

Using the fact that ¢(!) is irreducible, g@(x,x) > 0 and using the form of o,

9(2), one can also check that the assumption (H) introduced on page 448 is satisfied
and therefore theorem 2 applies to our situation with

W)= min Y V(y,z)— min min Y V(y2) (33)

N ’
geG(x) (ySneg x'cEN geG(x") (y>2)eg
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and
Vix.z) = min{V(l)(x, N+VD 20 ¢V, @y, 2) > 0}. (34)

Furthermore, we proved in [21] that there exists a critical population size N(a, U)
depending on the function U and on the equivalence relation a such that

N>N(@U) = W'cCcU'nA

where
def. N ..
A={xeE” : xi~x; V1<i j<N]}
and
» def. N -~ .
Ur={xeE" : U(x):ménU}.

4.2 A Test Set Method

To be more precise about this critical population size we need to investigate more
closely the properties of the virtual energy function W. We now describe a natural
test set approach to study its global minima. This approach is based on the following
concept of A-stability:

Definition 1. Let A be a nonnegative real number. A subset H C EV is called
A-stable with respect to a communication cost function V when the following con-
ditions are satisfied:

1.Vvxe H Vy¢ H Vix,y) > A,
2.Vx¢ H 3ye H Vix,y) <A

The importance of the notion of A-stability resides in the following result which
extends lemma 4.1 of Freidlin—Wentzell [32].

Proposition 1 ([21]). Let A be a nonnegative real number and H C EN. Any -
stable subset H with respect to V contains W*.

One remark is that the subset A is O-stable with respect to the communication cost
function V defined in (34). From this observation one concludes that the canonical
process {§; ; t > 0} associated with the family of generators {Lg, = Qg, —1Id; t >
0}, converges as t — oo in probability to the set A and

min W(x) = min W(x) = 0. 35)
x€A

xeEN
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Using classical arguments (35) implies that for any x € A

W(x) = Walx)

def. . . .
= min Z Va(y,z) — min  min Z Va(y, 2)
864 (S eg VeAgeGal) (S s

where G 4 (x) is the set of x-graphs over A (here the starting and end points of the x-
graphs are in A), and V4 : A x A — R is the taboo communication cost function
defined by setting forany x, y € A

Valx,y)
— min lz}f;‘o“ V(pro Prs1) i P € Cay with YO <k < |p| pi ¢ A],

where C,, is the set of all paths p = (pog, ... , p|p|), with some length | p|, admis-
sible for g (that is g(pk, pxk+1) > O foreach 0 < k < |p|) leading from x to y (that
is po = x and pjp| = y).

Let A = {Ay,..., Apq))} be the partition of A induced by the partition S =
{S1,..., Sp(a)} of E associated with the relation ~

Vi<i<n@ A< Aansy=sV

with
S,-N d;f. S,' X ... XS,'.
———
N times
We observe that forany | < i < n(a) and x,y € A;, V(x,y) = 0. Using this
observation one can prove that forany x € A

def. . . .
Wa(x) =W4(x) S min Y Va(y,2)—min min )" Va(y,2)
8€GA(x) x'€A geG4(x")
(y—>2)eg (y—>2)eg

where V 4 is the communication cost function defined by setting for any x € A; and
y€Ajand1 <i, j <n(a)

lpl—1

Valx, y) =min{ Y Vi pir1) s p€Cry, F0<m <m<|p|-
k=0

VO<k<n)-pr€Ai, Vni<k<ny pi €A,

Vny <k <|pl-pk € Aj ] (36)

As is easily seen, V 4(x, y) does not depend on the choice of x € A;and y € Aj.
Another remark is that

W* =W = W4
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and therefore the following implication holds for any subset H C A

>0 : H A-—stablewrt. V4 — W*C H. (37

In other words, E, converges in probability as t — oo to any A-stable subset H C A
with respect to V 4. The technical trick now is to find a critical size N(a, U) and
a nonnegative constant A(a, U) such that the subset U* N A is A(a, U)-stable with
respect to V 4.

To describe N(a, U) and A(a, U) precisely, we need to introduce some additional
notation. By I'y y, x, y € E, we denote the paths g in E joining x and y, that is,

YO <1 < |q| k(xj, xi+1) >0 go=x qiq =Y.

We will also denote as R(a) the smallest integer such that for every x, y € E in two
different classes there exists a path joining x and y with length |¢g| < R(a), namely

R(a) = max min min |q|.
I<i,j<n(a) (xi,xj)€SixSj €Ty x;

It will be also convenient to use the following definitions

Aa = minfa(x,y) : x,y € E a(x,y) # 0},
8(a) = supla(x,y) : x,y € E}

and

AU =min{|lU(x) -U(y)| : x,y e E U(x) # Uy},
S(U) =sup{|lUx)=U(y)| : x,y € E}.

To formulate our convergence result precisely we need the following lemma.
Lemma 1 ([21]). For every x € A there exists a state y € U* N A such that
Valx,y) < (8(a) +3(U)) R(a).
For every x,y € A such that l7(x) < ﬁ(y) we have
V4(x, y) > min(Aa, AU) N.

Let us write

Ma, U) L (8(a) +8(U)) R(a)

and

NG@, f) & ia, U)/ min(Aa, AU).

Using the above lemma one concludes that
N > N(a, f) = U*N A is A(a, U) — stable with respectto V4. (38)

If we combine (37) and (38), with theorem 2 one concludes that:
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Theorem 3 ([21]). There exists a constant Co (which can be explicitly described
in terms of V), such that if N > N(a, U) and if B(t) takes the parametric form
B(t) = é logt for sufficiently large t and C > Cg then

tl_i)rgloIP’(E\,eU*ﬂA):l.

5 Refinements and Variants

The research literature abounds with variations of the GA described in section 2.
Each of these variants is intended to make the selection and/or the mutation more
efficient in some sense. The convergence analysis of all these alternative schemes is
far from being complete. We also emphasize that these variations come from differ-
ent sources of inspiration. Some of them are strongly related to traditional weighted
re-sampling plans in weighted bootstrap theory (see [4] and references therein).
Another source of inspiration was provided by branching and interacting particle
system theory. The aim of this section is to introduce the reader to these recently
established connections between branching and interacting particle systems, GAs,
simulated annealing, and bootstrap theory.

We begin our program with an alternative GA whose transitions are obtained through
choosing randomly at each step the selection or the mutation transition. This varia-
tion has been presented for the first time in [21] to improve the convergence results
of the classical GA studied in section 4.

We will use the general methodology presented in section 2.2 and the test set ap-
proach of section 4 to prove that the corresponding genetic-type algorithm converges
towards the set of the global minima of a desired numerical function. These results
can be found with a complete proof in [21]. We will make some comments on how
these results improve the one of section 4.

The second variation has been presented in [27] for solving non linear filtering prob-
lems. The main difference with the classical GA of section 2 lies in the fact that in
the former the mutation kernels also depend on the fitness function. The correspond-
ing mutation transition has, in fact, a natural interpretation in nonlinear filtering and
can be regarded as a conditional transition probability. In reference to nonlinear
filtering we will call this kind of mutation a conditional mutation.

We end this section with a brief presentation of several branching genetic-type algo-
rithms. These branching strategies are strongly related to weighted bootstrap tech-
niques [4].

There are many open problems concerning these variations such as finding a way to
study the convergence in global optimization problems.



Asymptotic Results for Genetic Algorithms 467
5.1 Random Selection/Mutation Transitions

The setting here is exactly as in section 2.2 and section 4 but the genetic-type algo-
rithm is now described by the transition probability kernels

Op=a1 09+ 0  ai+m=1 (a.a2e (0 1),

Returning to the definition of Q(l) and Qfgz) given in (31) and (32) and using the

same notation, one concludes that Q p has the same form as in (11)
Qﬁ(x, ) = Z ZI\ﬁ(x, v, 2) e—ﬂ V(x,v,2)
veV

with V = {1, 2} and forany v € V

Fp(x,v,3) =050, 0,9) §x, v, 9)  Op(x,v,y) =05 (x, y)
qx,v, ) =, ¢ (x, y) Vix,v,y) =V, y).
To clarify the presentation we use the superscript (1) to denote the communication
cost function V, the critical height constant Cp arising in theorem 2 and the virtual

energy function W associated with the transition probability kernels 0] g- From the
above observations and theorem 2, choosing 8 of the form

1 -
B() = c logt where C > Cp

for sufficiently large ¢, yields that the canonical process

(R, P, (F)i>0, E)i=0)

associated with the family of generators
Lpwy = Qpw —1d

converges in probability to the set of the global minima W* of the virtual energy
V associated with Qg and defined as in (33) by replacing the communication cost

functions V by V where
V(x,y) = min {V(”)(x, y); veV, q(”)(x, y) > 0].

By the same test set approach we used in section 4 the technical trick here is to
find a critical size N (a,U) and a nonnegatlve constant k(a U) such that the subset
U* N A is A(a, U)-stable with respect to VA, where VA is defined as in (36) by
replacing the communication cost function V by V. In this setting the analogue of
lemma 1 is the following
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Lemma 2 ([21]). For every x, y € A such that U(x) > U(y) we have
Valx,y) < 8(a) R(a).
For every x, y € A such that l?(x) < l7(y) we have

Va(x,y) > min(Aa, AU) N.

Now, if we write

Aa,U)=68@)R(a) and  N(a,U) = A(a, U)/ min(Aa, AU)
one concludes that

N > N(a,U) = U*N A is A(a, U) — stable with respectto V4.

Using the same line of arguments as in the end of section 4 one finally obtains

Theorem 4 ([21]). If N > 1\7(a, U) and if B(t) takes the parametric form B(t) =
é logt for sufficiently large t and C > Cy then

tl_i)rgolp(g, eU*ﬂA):l.

Several comments are in order. The first remark is that in contrast to A(a, U), the
constant A(a, U) does not depend any more on U. Furthermore, the critical popula-
tion size N (a, U) does not depend on §(U). In addition, the bound

ra,U) > A(a, U)

seems to indicate that it is more difficult for the algorithm associated with the com-
munication cost function V to move from one configuration to a better one. This
observation also implies that for the critical size values we obtained we have that

N(a,U) = (1 + &J—)) N(a,U) > N(a,U).
5(a)

Let us see what happens when this alternative genetic-type model specializes to the
case where the state is

E={-1,+1}° S=[-nnl? p=>1
and the fitness function U is given by

U@) =YY Lyyx(s) x(s)+ Y his) x(s)

seSs'eV; seS
where Z; ¢/, h(s) € Z, and

Vs eS8 Vi={s'eS : Isk—sI <1, 1<k<p)
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Let k be the Markovian mutation kernel on S given by

k(x,y) = 1y (y)

1
[V (x)|
with

V(x) & {yeE : card{s € S : x(s) # y(s)} < 1}.

Suppose that the function a is given by
a(x,y)=(1-1:()) Vx,y) €E”.
Then, one can check that

R(a) < max min |g| = card(S) = 2n + 1)?
X,y geCyy

and
8(a) = Aa) = 1.

Let Z; v and h(s) be chosen so that AU > 1 and let N be an integer that N >
(2n + 1)P. The above theorem shows that N igdividuals will solve the optimization
problem when using the GA associated with Qg.

5.2 Conditional Mutations

We now present some genetic-type variants arising in nonlinear filtering literature
(see [12,20] and references therein). For the sake of unity and to highlight issues in
both nonlinear filtering and numerical function analysis, we place ourselves in the
abstract setting of section 2 and section 3.

The first variation is based on the observation that the distribution flow {7,, ; n > 0}
is a solution of a measure-valued dynamical system defined as in (5), by replacing
the transitions K, and the fitness functions g, by the transitions K, and the fitness
functions g, defined for any f € B,(E) by setting

= cl. Kn n —~ cI.
() —K((igf)—) and 20 L Kalgn).

More precisely, one can check that
o= Pp(@n-1), n 21 (39)
with

-~ def. =~ oy
D, (n) = V() Ky
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and
def. N(n f)
U.(n(f) T —=
1n(gn)

Asinsection 2.1 we can associate with (39) an N-interacting particle system {¢, ; n >
0} which is a Markov chain in EV with transitions

N N
-~ 1
P@ny1 €dx[ln=y) = | I Dpy (ﬁ E Syi) (dx?), n>0
p=I i=1

Vf e By(E).

and initial law 79 = W (np), where, as usual, dx def dx!x-..xdx" isan infinitesimal
neighborhood of the point x = (x!,... , xV) e EN,y = (y!,...,yN) € EV.
Arguing as in section 2.1, it is transparent that this transition is decomposed into
two separate mechanisms, namely, for eachn > 0

def. 1 N Selection ~ gef. ~n\ Mutation
o (G e ) = L E (T T ) = G

The selection transition is now defined by

N N
gn()’)
Pty €dx g =) 8,i(dx”)
< -2 wme

and the mutation step
N
P (¢as1 € dx [Cn = ) =H (y?, dxP).

We emphasize that in contrast to the latter genetic model, this genetic particle scheme
involves mutation transitions that depend on the fitness functions. The study of this
variant has been initiated in [27], and large population asymptotic are described
in [24] and [20].

5.3 Branching Genetic-Type Algorithms

We end this section with a brief description of branching and genetic-type variants
presented in [20]. Here again, we place ourselves in the abstract setting of section 2
and section 3.

All these branching strategies are based on the same natural idea. Namely, how to
approximate an updated empirical measure of the following form

( Z %) Z gn (ED) 5 w0)

=1 Z] 1gn(§n)
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by a new probability measure with atoms of size integers multiples of 1/N. In the
GA presented in section 2.1 this approximation is done by sampling N-independent
random variables

. 1<i<N)

with common law (40) and the corresponding approximating measure is given by

1 & N oM
N2 8=y

n

(M3 ..., MY) S Multinomial (vowh . )
and forany 1 <i < N

sn€)
Y0 en(ED)

; def.
[ At
W, =

Using these notations the random and N-valued random variables
1 N
(M), .. M} )

can be seen as random numbers of offsprings created at the positions (5,} s E,fv ).
The above question is strongly related to weighted bootstrap and GA theory (see
for instance [4] and references therein). In this connection the above multinomial
approximating strategy can be viewed as a weighted Efron bootstrap.

Let us present several examples of branching laws. The first one is known as the
remainder stochastic sampling in GA literature. It has been presented for the first
time in [2,3]. From a purely practical point of view this sampling technique seems to
be the more efficient since it is extremely time-saving, and if the branching particle
model is only based on this branching selection scheme then the size of the system
remains constant.

In what follows we denote by [a] (respectively {a} = a — [a]) the integer part
(respectively the fractional part) of a € R.

1. Remainder Stochastic Sampling

At each time n > 0, each particle S,’; branches directly into a fixed number of
offsprings

M. INWE vi<i<N
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. . . . —  def. —i .
so that the intermediate population consists of N, ‘= ZIN=1 Mﬁ, particles. To

prevent extinction and to keep the size of the system fixed it is convenient to
introduce in this population N,, additional particles with

N N N
N E NN, =Y NWi =Y IvWi1= Y (NW})
i=1 i=1

i=1

One natural way to do this is to introduce the additional sequence of branching
numbers

(M,:,...,M,,N)

def. Multinomial (1\7,, ,

(NW)) (NWN) ) @1)
YR owwlhy e ivwily)

More precisely, if each particle &/ again produces a number of Mjl additional
offspring, 1 <i < N, then the total size of the system is kept constant.

At the end of this stage, the particle system /‘;:,, again consists of N particles
denoted by

£ = &f
with
k=1 e
1<k<N, > M,+1<i<)d M, +M,
=1 1=
and for
k=1 = i
1<k<N, ly1<i< » + M
=1 =1
TN +i k
gt =7

The multinomial (41) can also be defined as follows
Mi=card|1<j< W 8 =gt} 1sksw

n=—

where (é,} cee §,I,V ") are 1\7,1 independent random variables with common law

N (vwi)
Z N R Oi -
i=1 2 j=1 (NW;}
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2. Independent Branching Numbers

In the next examples the branching numbers are, at each time step, independent
one of each other (conditionally on the past). As a result, the size of the pop-
ulation at each time n is not fixed but random. The corresponding branching
genetic-type algorithms can be regarded as a two-step Markov chain

Branching . . Mutation

(Nn,81) ——> (Np, &) —— (Nay1, én41) (42)

with product state space £ = UaeN({“} x E%) with the convention that E* =
{A} is a cemetery if o = (. We will note

F={Fu, Fy : n20)
the canonical filtration associated with (42) so that
Fn C I":n C Fn+] .

(a) Bernoulli branching numbers

The Bernoulli branching numbers were introduced in [11] and further de-
veloped in [12]. They are defined as a sequence M, = (M,‘;, 1 <i <Ny
of conditionally independent random numbers with respect to F,, with dis-
tribution given forany 1 <i < N, by

(N.WiYif k = [N,Wi]+ 1

P(M, = kFn) = { 1 — {N,W!}if k = [N, W!]

In addition, it can be seen from the relation

Ny
> (NuWy) = N,

i=1

that at least one particle has one offspring (see [11] for more details). There-
fore, using the above branching correction the particle system never dies.

It is also worth observing that the Bernoulli branching numbers are defined
as in the remainder stochastic sampling by replacing the multinomial re-
mainder branching law (41) by a sequence of N, independent Bernoulli

random variables (M,} MY ") given by

PO = 1|Fy) =1~ P(M" = 0|F,) = (N, W),

(b) Poisson branching numbers

The Poisson branching numbers are defined as a sequence M,, = (M,‘; , 1<
I < N,) of conditionally independent random numbers with respect to Fj,
with distribution given for any 1 <i < N, by

(N, Wiyk

k20 P(M =kF) =exp(~NaW,) 2
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(c) Binomial branching numbers

The binomial branching numbers are defined as a sequence
My =My, 1 <i <Ny

of conditionally independent random numbers with respect to F,, with dis-
tribution given forany 1 <i < N, by

P(M! = k|F,) = ("]’(") (Wik (1 — wiyNn—k

forany0) <k < N,

The previous models are described in full detail in [12]. In particular, it is shown that
the GA with multinomial branching laws arises by conditioning a GA with Poisson
branching laws. The law of large numbers and large deviations for the genetic model
with Bernoulli branching laws are studied in [12] and [14]. The convergence anal-
ysis of these particle approximating schemes is still in progress.

6 Continuous-Time Genetic Algorithms

We shall now describe the continuous-time version of the GA discussed in section 2.
This particle algorithm has been introduced in [23] for solving a flow of distributions
defined by the ratio

v (f)
v (1)

where y; (f) is defined through a Feynman—Kac formula of the following form:

t
yi(f) =E ( F(X,) exp (/O U.(X.) ds))

where {X; ; ¢t € R,} is a cadlag and time-inhomogeneous Markov process tak-
ing values in a Polish space E and {U; ; t € R.} is a measurable collection of
locally bounded (in time) and measurable nonnegative functions. Here, we merely
content ourselves in describing the mathematical models of such particle numerical
schemes. The detailed convergence analysis as the size of the system tends to infin-
ity can be founded in [20] or [23]. In order to illustrate the idea in a simple form we
will also make the sanguine assumption that X is a time-homogeneous Markov pro-
cess with initial law o, its infinitesimal generator is a bounded linear operator on
the set on bounded Borel test functions B, (E) and U; = U is a time-homogeneous
function. The interested reader is referred to [20] for a more general presentation
including Riemannian or Euclidean diffusions X.

n(f) =

Vf e By(E) te Ry (43)
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To motivate our work we also mention that the Feynman—Kac model (43) has differ-
ent interpretations coming from quite distinct research areas. First it can be regarded
as the distributions of a random particle X killed at a given rate and conditioned by
non-extinction (see for instance [48]). Second the previous Feynman—Kac formula
may serve to model the robust version of the optimal filter in nonlinear filtering
settings (see [20] and [23]). Finally, as pointed out in [20], the ratio distributions
(43) can also be regarded as the solution flow of a simple generalized and spatially
homogeneous Boltzmann equation as defined in [36,44].

As for the discrete-time models discussed in section 2.1 and section 3, one of the
best ways to define the genetic particle approximating models of (43) is through the
dynamical structure of (43). By definition, one can easily check that for any bounded
Borel test function f € By(E)

d
a 0 (f) = n(L(O) +n:(fU) = n:(fIne(U) = me (L, (f)) (44)

where L, for any fixed distribution n on E, is the bounded linear operator on By, (E)
defined by

Ly(f)(x) = L(f)(x) +f (f(@) = f(x)) U(z) n(dz). (45)

As its discrete-time analogue (20), we want to solve a nonlinear and measure-valued
dynamical system (44), and the associate generator £, is decomposed into two sep-
arate generators.

To highlight the quadratic nature of (44) and the connections with spatially-homo-
geneous Boltzmann equations we also notice that (44) can be rewritten as

& = m(L(N+ 3 [ @ my)
X ((f&™) = f®) + (FON) = FM)) O (x, y; dx*, dy*)
with
Q(x,y;.) =U(y) 8¢y,y) + U(x) 8(x.x)-

In section 6.1 we discuss a Moran-type particle approximation of the Feynman-Kac
formula (43). We also give an illustration of the semi-group techniques introduced
in [20] for proving useful convergence results as the size of the population tends to
infinity including the central limit theorem and exponential bounds. In the final sec-
tion 6.2 we propose a branching and interacting particle approximating scheme.
To the best of our knowledge this branching-type particle approximation of the
Feynman—Kac formula (43) has not been covered in the literature. We will also
give the connections between this particle scheme and the previous Moran particle
model.
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6.1 A Moran Particle Model

Description of the Model

As traditional, starting from a family {£,, ; n € M(E)}, we consider an interacting
N-particle system

EDes0 = (&, ... &M =0

which is Markov process on the product space E N N > 1, whose infinitesimal
generator acts on bounded Borel functions f : EN — R by setting for any x =
(x1,...,xn) € EN

i . cI. 1 N
L)) = Z Lto(NG)  with m(x) € =3 &

i=1

and where the notation G¢) has been used instead of G when an operator G on By, (E)
acts on the i-th variable of f(xi, ..., xx). This abstract and general formulation is
well-known in mean field interacting particle system literature (the interested reader
is for instance referred to [44] and [50] and references therein). Taking into consid-
eration definition (45) we get

L=L+L (46)
where
~ N .
Ly =) LOfHHx)
i=1
and
N N
Ehm =Y 3 (fai)—f (x)) — U(x))
i=1 j=1
and where for 1 <i,j < Nandx = (x1,---,xn) € EVN, x%J) is the element of

EV given by

VI<k=N, xé"”')=[ﬁ".’§’/§f§
J -

In order to describe more explicitly the time evolution of the EV-valued Markov
process {&; ; t > 0} with infinitesimal generator £, it is convenient to write (46) as
follows

L) = L) + Alx) /E L O = f(x) Qx, dy)

=L+ [ (70) = 1) Qx.ay) @)
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with

N
AMx)=) Ux)=Nm@x)(U) and A= N|U|

.

and

N1 U
Q(x,dy) = — ——— 8,i.n(dy)
i,j=1 N Z/I:I:l U (xi) "

9d = X ad .
Q(x, dy) ( —m(x )(”U”)) dy)+m (x)(“U”) Q(x, dy)

The construction of {& ; ¢ > 0} on an explicit probability space is now classical
(see for instance [23] or [31]). For the convenience of the reader we propose a basic
construction based on the second decomposition (47).

Let {X%*D() ; (k,i) € N%, a € E} be a collection of independent copies of
{X(a) ; a € E} where for any a € E, X(a) denotes the process X starting at a.
Let {Tx ; k € N} (Tp = 0) be a sequence of independent and identically distributed
random variables on R4 with a common exponential law with parameter N ||U .

The random times {7} ; k € N} (Top = 0) will be regarded as the random dates at
which competitive interaction occurs. The initial particle system &y = (56, cee Eév )
consists of N independent random variables with common law 7.

1. Mutation

Between the dates Ty and T the particles evolve randomly and independently
according the law of the time-inhomogeneous Markov process X. That is for
anyl <i <N

§=x* (&), Vellon Tl k>
2. Competitive Selection

Atthetime t = Ty, &1, = (§}k, e Sﬁ’ ) is an EN-valued random variable with

law @(ETk_, .).

The important difference between this Moran-type particle model and the classical
one is that for the former N-particles system, the total rate of selection jumps A is of
order N, while for the classical N-particle Moran model it is of order N2. It is that
difference of scaling, with comparatively less frequent selections, which enables us
to end up with a deterministic process in the limit.

Furthermore, even if we had multiplied the rate of selection by N, the limit exists
(as a right-continuous measure-valued stochastic process) only if the weight of re-

placing the particle &' by the particle S, is symmetrical in & and &/, a condition
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which is not satisfied here, since due to the fitness functions, its value is U, (&,’ )/N.
In our case, more frequent selections would oblige the limit measure-valued pro-
cess to jump instantaneously from a probability to another one better suited for the
maximization of U. In fact, an asymmetrical weighted sampling needs a selection
total rate of order N (this can be deduced from the calculations given in the sec-
tion 5.7.8 of [15]), if one wants to end up with a bounded selection generator. Then
one can add the natural non-weighted sampling selection (see section 2.5 of [15],
or more generally, any other symmetrical weighted sampling selection) with a total
rate of order N2, to obtain in the limit a Fleming—Viot process with selection, as it is
defined directly in the level of the measure-valued process (and not at the particles
system approximation level) in section 10.1.1 of [15] (or, more generally, p. 175 of
this review).

Asymptotic Behavior

The interpretation of the distribution flow {n; ; ¢ > 0} in terms of the limit of the
empirical measures

-

N
ng-l )
m—ﬁz% (48)
’:

as N — oo is given in [20,23] including the central limit theorem and exponential
bounds, see also [36,44] for an alternative approach using coupling techniques. To
see that (48) is a reasonable approximation of 7, observe that for any bounded Borel
function ¢ € By(E) if

N
def. 1

ﬂmmwm=ﬁgwm

then for any x = (xq,...,xnN) € EN

L) x) = mx) (L) (@) -

Our aim is now to make some comments on the semi-group approach presented
in [20] to study the asymptotic behavior of 77,N as the population size N tends to
infinity.

Under our assumption, it is well-known (see lemma 3.68, p. 446 in [38]) that for
any bounded Borel test function f € By(E™N) the stochastic process

def.

M:(f) = f(ér)—f(%'o)—/o L(f)(Es) ds

is a square integrable martingale, and its angle bracket is given by

t
<mmmﬁrwmma
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where I' is the “carré du champ” associated with £
VfeByEY), T f)=LUD~2f L)

Using the decomposition (46) and the definition of £ and L it is easy to establish
that

T(f. f) =T(f )+ )
with

D(f =L —2f L) T ) =LUH -2f L)
and if f € By(E"N) is chosen so that

f(x) =m(x)(p)

for some ¢ € By(E) then

~ 1
L(f, Hx) = N m(x) (FL(p, 9))

with
[L(9, 9) = L(p?) — 2¢ L(p)

and

-~ 1
L/ ) = 5 m) (0 = mE) @) U +mE@O©Y).

Using these notations one concludes that
dnf¥ () = 0} (L,n (@) dr +dM:(f)
with

C
(M (f))l < Nt lol?, Ci<oo V>0,

One can use this result to check that the sequence of distributions {nf\' ; 1> 0}is
weakly compact and any weak limit point is concentrated on the set of solutions of
(44). Using the continuity of the angle bracket and the construction of &, one can
check that there exists some finite constant C, < oo such that the jumps AM,( f) of
the previously defined martingale are bounded by C;|l¢||/N, that is P-a.s.

/

C
|AM: ()] = 7VL lell.
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Let us recall a classical exponential inequality for martingales M; starting at 0 and

whose jumps are bounded uniformly by a €]0, oo[: forall0 <€ < —andt > 0
a

2

Pl sup |Ms|>€, (M);<b _<_2exp—-€—. (49)
sel0.1) 4b

This inequality may be established using calculations from section 4.13 of [43] (see
corollary 3.3 in [47]). Now, if we apply this inequality to the martingale M, (f) one
obtains the following result:

Proposition 2. For any bounded Borel test function ¢ € Bp(E), and T > 0, and
0 < € < |l¢ll, we have that

P (suprcpo,ry 1 @) = 1/ () — fy n¥ (Lo (9)) ds > )
Ne?

<2exp————
=2 POl

for some finite constant C(t) < oo.

To get some more precise estimates we proceed as in discrete-time settings. We start
by noting that

t
vi(l) = expfo ns(U) ds
and therefore for any ¢ € By(E),

t
Ve (@) = n: (@) eprO ns(U) ds.

As in section 3 we introduce the N-approximating measures

t
def.
v (@) = 0 () expf0 N ) ds.

On the other hand, using the Markovian property of X we observe the simple but
essential fact that

Ve (@) = ys(Ki—s(9)),

where {K; ; t > 0} is the semi-group defined by

Vo € By(E), (K (@) (x) =E (<P (X¢(x)) expfo U(X;(x)) dS)
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where { X, (x) ; t > 0} is the time-homogeneous Markov process with infinitesimal
generator L and starting at x € E. From this simple observation one concludes that
for any fixed T > O and forany ¢ € [0, T], x € E and ¢ € By(FE)

d

E;(KT—t (@) (x) = =LK1 () (x) — U(x) (KT-1(9))(x).
By definition of y," (1) and using the same kind of arguments as before, one can
check that the stochastic process

def.

M. T)E YN (7" Kr-@) = v Kr(e),  0st=T

is a martingale, and its angle bracket is given by

!
W, T = [ ) In;V (TL(KT—5(0), KT—s(9))) (50)
2
+ ((KT—s(ﬁl’) — Y (Kr—s(@») (U +n (U)))} ds.

Recalling that y(K7—+(¢)) = yr(9) = w(K7(®)) and y' = 0}/, yo = no one
concludes that

VN (K11 (9)) — ¥: (KT (0))

1
=) (K1(9)) — no (K1 (p)) + Wi M.(p, T).

From which it becomes clear that:

Proposition 3. For any N > 1 and for any bounded Borel test function ¢ € By (E)
we have that

E (V%V (so)) = yr(p)

and

N N2 ¢
E((yT @-r@) ) ==l (51)

for some finite constant Ct which does not depend on the test function.

Using the same line of argument as the one we used in discrete-time settings (see
section 3), it is possible to obtain central limit theorems for the N-approximating
measures y{v and ’7¥ as well as error bounds for the total variation distance. For
instance, using the decomposition

i @) yr(e)
(rF @ =vr@) +nY @) (rr) =¥ )

Ny (p) — nr(p) =

. 1
yr(1)
and (51) one gets the following result:
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Proposition 4. For any N > 1 and for any bounded Borel test function ¢ € Bp(E)

y N2 e,
E ((777 (@) — UT(‘P)) ) < I lell

for some finite constant Ct which does not depend on the test function.

Using the decomposition (52) and Proposition 3 one obtains that
N
Yr (1
E(n7@)—nr@) =E( nf(p) (1=
(UT ‘P) nr(e nr @ (D)

N
=1E( (nﬁ(w)—nr(«))) (1 - %))

Thus, a simple application of Cauchy-Schwartz’s inequality yields that for any test
function ¢, |l¢| <1

E (@) ~ nr)] <

for some finite constant C7 which only depends on the time parameter 7. By ex-
changeability of the particles and the definition of the total variation distance of
probability measures, this implies that

I Law(E)) — nellw < —.

Finally, as the form of the angle bracket (50) indicates one can prove the following
result:

Theorem 5 ([20)). The sequence of random fields

def.

U¥HEIN (D =rr(D),  feByE)

converges in law as N — 00, in the sense of finite distributions, to a centered
Gaussian field {U,(f) ; f € Bp(E)} satisfying

E(Ur(H?) =m0 (K1) = no(Kr (@)?)
+ /0 o (1) [ns (L (K7 (@), Kr—s(9)))

+ 5 ((K7-5(0) = ng(Kr—s (@) (U + ns(U)))} ds.
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Arguing as in discrete-time settings, the previous fluctuation result implies that the
sequence of random fields

def.

WD E VN (D =nr(H),  f € By(E)

converges in law as N — oo to the centered Gaussian field

of 1
wr(f) < Uy ( (f — nr(f))) . feByE).
yr(1)

Finally, setting

MA(T, ) L yN Kr_i(@) — v (Kr(p)), 0<t<T

and, using the same reasoning as before, one can prove that forany 0 <t < T

1 1
| <M(T,9) > | <5 Cr lel> and  |AM(T, ¢)| < = Cr lgl

for some finite constant Cr < oo. Thus, the exponential bound (49) implies that for
any 0 <€ < ol

2

P{ sup [y (Kr—i(9) — v3 (Kr(@))| > €| <2 exp——&—
re0.r] 0 = C(D)lg|?

for some finite constant C(7') < 0o. On the other hand, using Hoeffding’s inequality
we have that
Ne?

N
P (In' (Kr () = (KT )] > €) <2 T

for some finite constant C'(T) < oo. If we combine these two bounds one concludes
that

P (sup;epo. ) 1V (K71 (@) — i (K1—1 (9))] > €)
Ne?

max(C(T), C'(T))llg|?

<4 exp—

and therefore
Ne?

N
P (1n (@)~ mie)| > €) < 4 P el

for some finite constant C”(T) < oo.

Uniform convergence results are developed in [20,22]. These papers provide various
stability conditions on the process X under which one can find (as in discrete-time
settings, see page 459) some coefficient @ € (0, 1/2), such that forany 1 <i < N

sup ||Law(&!) — 1, C < o0

v =< —
t>0 “V Na’
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and for any bounded Borel test function f, || f|l < 1

A

c(p)
NO!

Vp>1 supE(an(f)—n;(f)’p)l/p

t>0

for some constant c(p) < oo which only depends on the parameter p.

6.2 A Branching Particle Model

We end this paper with a presentation of a novel genetic-type model based on
branching selection transitions. To our knowledge this model has not been covered
by the literature and its convergence analysis is still in progress. We also believe that
the semi-group approach presented in [20] applies to study the convergence of this
branching algorithm to the distributions (43).

In contrast to the previous Moran-type GA, the size of the population here will not
be necessarily fixed but random. As a result the corresponding branching particle
system will be regarded as a continuous-time process taking values in the state space

g d;f UPZO EP

with the convention that E” = {A} is a cemetery point if p = 0. The point A will
be isolated and, by convention, all bounded Borel test functions f € By(£ — {A})
will be extended to £ by setting f(A) = 0.

It will be also convenient to adjoin A to the state space E and we set Ea = EU{A}.
Again, the test functions ¢ € B, (E) will be extended to Ea by setting ¢(A) = 0.

The infinitesimal generator G of this branching scheme is defined by

G=G+G (53)
where, for any f € Bp(€) andx = (x1,... ,xp) € EP, p > 1,
p

Gfay =) L)

i=1

and
Gf(x) = A(x) fg (f) — f(x) Qx,dy)

with

p
Mx) =) Ux)
i=l
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the transition probability kernel Q on £ given by

Qf (x) / £ Qx, dy)

p
= iZZ[[ f (x(i,q,u)) S(x, x,,du)}B(x xi, q),
where
x(i,q,u):(xl,...,xi_l,u,...,u,xi+1,...,xp),
S———

q times

and for any x € &, S(x, xj,du) and B(x, x;, q) are distributions on E and on N.
In our construction, the point A will be an absorbing point in the sense that if the
process started at A it will stay in A. Therefore, for p = 0 we will also use the
convention ) 5 = 0 and Q(A, {A}) = 1. With this convention if p = 0 (i.e,,

x = A) we have that G f(A) = 0and G f(A) =

The distributions S(x, x;, du) and B(x, x;, g) will be chosen so that the following
equality holds true:

- = L U(x;)
B(x, x;) S( ,Xi) = —— o(x; 54
;: (x, x;) S(p)(x, x ; 5,:1 Uen o(x;) (54)

N |-

for any ¢ € By(E) where B(x, x;) and S(¢)(x, x;) are defined by

B(x,x) =y _ qB(x,xi,q)

q>0

and
S(p)(x, x;) =/E S(x, xi, du) (u).

We now make this condition more precise by noting that if f € By () is defined for
any x = (x1,...,xp) € EP, p>1,by

1 p
fe) = pm@)lp)  where  m(x) = > by, (55)
i=1

for some ¢ € Bp(E), then

G(f)(x) = p.m(x) (L) (@)) -
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To see this claim we first observe that for such a bounded test function f and for
any x = (x1,...,xp) € EP, p>1

G(fH)w)
1 pP

=) =YY [/ (qe() — o(x1) S(x, x;, du)} B(x,xi.q)
p i=1¢g>0 E
1 <& —

=M - DY B, x)S @) (x,x) — ¢ (xi) Bx, xi.q).

i=1 g>0
Using (54) one concludes that for any x = (xq,...,xp) € EP, p > 1,

~ 14 4 U ;
G(HE) =) Ulx)) (Z ,,—(“— o(x;) — m(x)(fp))
j=1 i 2= Ux))

= p. (m(x) (pU) — m(x) () m(x)(U) ).

Recalling that for any bounded test function f of the form (55) and for any x =
(x1,...,xp) € EP, p > 1, we have that

14

~ . p
GH® =D L@ =) L)) = p.mx)(L(p)),

i=l i=l

one concludes that for any bounded test function f of the form (55) and for any
x=(x1,...,xp) € EP,p>1

G(Hx) = p. (m(x)(L(p)) + m(x) (U) — m(x) (¢) m(x)(U))
= p.m(x) (Lmx)(®)) .

Along the same line of ideas as before, it is possible to construct inductively the
branching (with interaction) particle system with generator G. In contrast to the
previous situation, the size of the population is not necessarily fixed and it will be
denoted by N, at each time ¢, in other words

SI = (gzl’-" ’ tNl) € ENt‘

We also need to introduce a sequence {t; ; k£ > 1} of independent random variables
with a common exponential law on R with parameter 1. If we write {7} ; k > 0}
for the random times at which the competitive branching interaction occurs, the
inductive description is as follows. Initially 7o = 0 and the particle system & =
(501, R EON %) consists of Ny independent random variables with common law 7.
The initial size Ny is a non-random integer and represents the precision parameter
of the scheme.

Now we assume that we have defined the branching process up to time Ty_; (in-
cluded) for some k > 1. If Ny,_, = O the particle system dies and we let N, = 0
and & = A forany ¢ > T;_;. Otherwise the mutation/branching selection transition
is defined as follows:
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1. Mutation

Between the dates Tx—1 and T the particles evolve randomly and independently
according to the law of the time-inhomogeneous Markov process X. That is, for
any 1 <i < Np_,

g =xM) (&) Vielion Tl
where Ty = T;_| + 7% and 7} is defined by setting
Nt,
Ti—1+w k—1
ki ‘
w= [0 0 vt () @)
T i=1

(recall that #; is a random variable with exponential law on R} with parameter
1). During this stage the size of the system remains constant and we set

N; =N, vVt € [Ti—1, Tkl.
2. Competitive Branching Selection

Attime t = T alabel i is chosen uniformly on {1, ..., N7,_, }, and the particle
with label i dies and is replaced by a random number of offsprings q,i with law

B (-5 -)

and independently, these offspring are randomly given a location u}'( with law

S (en-. &5 -).
At the end of this stage the particle system &7, is defined as

, ) . N

1 -1 +1 Tk—1
ETk :(ST’(_,... ,S;—k_,u;c,... ,u;(,%-;‘k_,... ,ng_ )
———

g times
and the resulting population size is defined as

N1, = (N7, — 1) + 4y

Let us give some examples of branching selection laws satisfying condition (54).
We assume that x = (xy, ... ,xp) € EP forsome p > 1.

1. If B(x, x;,.)and S (x, x;, .) are defined by

B(x,xi,.) =68
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and

£ U(xj)
S(x,xl,.)—z maxj, (56)

j=1
then, since forany ¢ € By(E)and 1 <i < p

14 .
B(x,x) =1 and 3(¢)(x, x;) = Z Ux))

j=l1 Zlle U (xk) P

condition (54) clearly holds. This example corresponds to the Moran-type ge-
netic scheme presented in the previous section. Indeed, in this situation we
clearly have for any f € By(£) and for any x = (x1,...,x,) € EP, p >1

P p |
= (Z U(xk)) % Z (f(x(i‘j)) _ f(x)) pU(Xj)

==l Y U@
=1

1 <& -
=22 (ra")) - fm) vy
Piz1i=
where for 1 <i,j < pandx = (x1,---,x,) € EP, x@7 is, as usual, the

element of E” given by

xi o ifk #i

Vi<k=p, ngi’j)={xj ifk =i

. If B(x, x;,.)and S (x, x;, .) are defined by

p U(xi)
Z/IC):] U (xi)

then for any ¢ € By(E) we have S(¢)(x, xi) = ¢(x;) and condition (54) is
again met. In this situation the size of the population may not be fixed. To high-
light the connections with the discrete-time branching schemes presented in
section 5.3 the reader may check that condition (57) holds for the Bernoulli and
Poisson branching laws

B (x, Xi, -) = (1 - {E(x, xi)}) I[E(x,x,-)](') + {E(x, xi)} I[E(x,x,')]+l(')

S(x,xi,.)=8; and  B(x,x) = (57)

and
B . B , Xi 9
B(x,xi,.) = e~ B(x.xi) Z M 14(.).
q>0 q:

We recall that [a] (respectively {a} = a — [a]) is the integer part (respectively
the fractional part) of a € R.
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Now we return to the probabilistic analysis of this branching particle model. We
have studied the asymptotic behavior of this scheme, but the corresponding publi-
cation still isn’t ready. For the convenience of the reader, we only formulate a few
basic results to illustrate how the methodology used for the Moran type GA can
be used in this more general framework. As usual, we start by noting that for any
bounded Borel test function f € Bp(E) the stochastic process

def.

M) ) — Feo) — fo G(f)(&) ds

is a local martingale and its angle bracket is given by

t
(M) = fo C(f, £)(E) ds

where I is the “carré du champ” associated with G
L(f, f) = G(f) = 2f G(f)-
Now, using the decomposition (53) and the definition of G and G one can check that

T(f, /) =T )+ T f)

with

FLNH=0UD =26 T H=G6fH-2f3(f.
If f € Bp(€) is chosen so that for any x = (x1,...,xp) € EP, p > 1, and for
some ¢ € By(E)

fx) = p.m(x)(p), (58)
then forany x = (x1,...,xp) € EP, p > 1

T(f, £)(x) = p. m(x) (TL(p, 9))
with
FL(g, 9) = L(p?) — 20 (L(9))
and
T(f. N =G((f) — Fx)?) )
= A(x) % ij > fE (qp) — @(x)* S(x, xi, du) B(x,x;,q).

i=1¢>0

Let us notice that if distributions S(x, x;, du) and B(x, x;, q) are defined by (56)
then for any x = (x1,...,xp) € EP, p > 1, we have that

T )@ = pom@) (0 =M@ U +mx)©))
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and if these distributions satisfy (57) one gets that

T(f, /)@ = p.m(x)(U).m(x) («P Y @—17? B, ., q)) .

q=0

In contrast to the previous Moran-type genetic model the “carré du champ” cor-
responding to the selection procedure is not necessarily bounded and we need to
introduce some auxiliary assumption on the mass variation of the systems, namely
we will assume that

sup m(x) (Z q2 B(x, .,q)) < 00.

xe€& qZO

In the special case where the test function f is given by (58) we have that the
stochastic process

t
Ny m(&)(¢) — No m(§o)(p) — /0 Ns m(&) (Lm,)9) ds, t>0

is a square integrable martingale. Of course, if ¢ = 1 this implies that the total mass
process {N; ; t > 0} is a square integrable martingale starting at Np.
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