Nonlinear Filtering: Interacting Particle Resolution

P. DEL MORALT

Abstract

This paper cover stochastic particle methods for the numerical solving of the nonlinear filtering
equations based upon the simulation of interacting particle systems. The main contribution of
this paper is to prove the convergences of such approximations to the optimal filter, yielding
what seemed to be the first convergence results for such approximations of the nonlinear filtering
equations. This new treatment was influenced primarily by the development of genetic algorithms
(J.H. Holland [11], R. Cerf [2]) and secondarily by the papers of H.Kunita and L.Stettner ([12], [13]).
Such interacting particle resolutions encompass genetic algorithms, incidentally our models provide
essential insight for the analysis of genetic algorithms with a non homogeneous fitness function with
respect to time.

Introduction

The basic model for the general nonlinear filtering problem consists of a nonlinear plant X with
state noise W and nonlinear observation Y with observation noise V. Let (X,Y) be the Markov
process taking values in .S X IR and defined by the system:

FX/Y) { B h )4V B2 @)

where S =R, d > 1, h: S — R and V,, are independent random variables having a density g,, with
respect to Lebesgue measure. The signal process X that we consider is assumed to be a temporally
homogeneous Markov process with transition probability kernel K and initial probability measure
v, on S. We assume the observation noise V' and the state plant X are independent. For simplicity
the observation process Y is real valued, the extension to vector observation is straightforward.
One can study filtering problems in more general settings. We choose not to do so there, preferring
to focus on the central ideas and the methods used in this paper can be extended if desired.

The filtering problem is concerned with estimating a functional of the state process using the
information contained in the observation process Y. The information is encoded in the filtration
defined by the sigma algebra generated by the observations Yi,...,Y,,. Let f be an integrable
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Borel test function from S into IR, the best estimate of X,, given the observations up to time n is
the conditional expectation:

()Y EGX)YY) Y ()

With the notable exception of the linear-Gaussian situation general optimal filters have no

finitely recursive solution [3]. This paper cover stochastic particle methods for the numerical solving
of the nonlinear filtering equations based upon the simulation of interacting particle systems. Such
algorithms are an extension of the Sampling/Resampling (S/R) principles introduced by Gordon,
Salmon and Smith in [10] and independently by Del Moral, Noyer, Rigal and Salut in [4] and
[5]. Several practical problems examples which can be solved using these methods are given in
[1] and [8], including problems in Radar/Sonar signal processing and GPS/INS integration. Such
particle nonlinear filters will differ from the others ([6], [7]) in the way they store and update the
information that is accumulated through the resampling of the positions.
We start by giving some general notations and we recall some basic facts related to the theory
introduced by Kunita and Stettner([12], [13]). In section 2 we introduce the interacting particle
approximation and we design a natural stochastic basis for the study of the convergence. In section
3 we describe recursive formulas for the conditional distributions and the context we are interested
in. We propose a natural framework which allows to formulate explicitly mean error bounds in
terms of the likelihood functions related to the resampling/selection procedure. The hardest point
of our program is contained in section 4: the study of the convergence of our algorithm requires
specific development because of the difficulty to compute mean error estimates which are essential
to perform convergence rates. The key idea is to introduce in the mean square error estimates a
martingale with unit mean using the functions g,. This martingale approach simplifies drastically
the evaluation of convergence rates discussed in section 5. This last section contains our main
result: We prove that the interacting particle filters converges to the conditional distribution when
the number of particles tends to infinity. The convergence rate estimates arise quite naturally from
the results and associated methodologies of section 3 and 4.

1 Non Linear Filtering Equation

1.1 General Notations

Before starting out on the description of the non linear filtering equation let us first introduce some
general notations.

Let C(S) be the space of bounded continuous functions on S with norm || f||lec = sup,cs|f(2)].
Let P(S) be the space of all probability measures on S in which the weak topology is induced.

lim o =p i P(S) = vrecs) lm [ fun= [ fn

n——+oo

Let u € P(S), f € C(S) and, let Ky and K; be two Markov kernels. We will use the standard
notations

uky(dy) = / u(de) Ki(z,dy)  KiKofz,dz) = / K1 (2, dy) Ks(y, d2) (2)
K@) = [ Kie.dy) S(9) uf = [ wlda) f(2) 3)
With m € P(S?) we associate two measures m and m € P(S) as follows

Vfec(s) mf:/ m(dzy,dzy) f(zz) mfz/ m(dzy,dzy) f(z)
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With a Markov kernel K and a measure p €€ P(S) we associate a measure u x K €€ P(S?) by
setting

Viec(sh)  (ux K)f:/ u(dar) K (21, das) f(z1,22)
Finally we denote C(P(5)) the space of bounded continuous functions F': P(S) — R

1.2 Recursive Filters and Bayes’ Formula

In this section we describe recursive expressions for the conditional distribution of X, and (X,,, X, 41)
given the observations Y = (Y1,...,Y,). Let (2 = Qy x Qq, F},, P) be the canonical space for the
signal observation pair (X,Y). Therefore P is the probability measure on € corresponding to the

filtering model F(X/Y) when
e v is the probability measure of Xg.
e the marginal of P on € is the law of X.
o V, =Y, — h(X,) is a sequence of independent random variables with densities g,,.

We use F/(.) to denote the expectations with respect to P on Q. To clarify the presentation we
will also note
Myt = T X K (4)

Using Bayes’ Theorem we see that the conditional distribution of X, given the observations up to
time n is given by
Tn = pu(Tn_1,Yn) n>1 o=V (5)

where
[ 1@ galy = h(a)) (u K) (do)
pr(tt,y) [ = - (6)
[ 90ty = hla)) (0 K) (de)
for all f € C(5), 0 € P(S), y € R and n > 1. Much more is true. Following Kunita and
Stettner([12], [13]) the above description enables us to consider the conditional distributions 7, as

a (o(Y™), P)-Markov process with infinite dimensional state space P(S) and transition probability
kernel II,, defined by

L F () = [ Floa(a, 1) guly = b(2)) (0 ) (dz) dy

for any bounded continuous function F : P(S) — R and g € P(S5). In other words with some
obvious abusive notations

Ap(Yns Tny Tne1/Tn-1) = Ggn(Yn — h(zn)) dy, Tpo1(dep—1) K(zp-1,dz,) (7)
P(Yn/Tn1) = / 9n(Yn = h(zn)) (Tp-1 K)(dzy) (8)

Now, the construction of the recursive expression for the conditional distribution of (X, X,,41)
given the observations Y” is a fairly immediate consequence of (4) and (5). Using the above
notations one gets easily

Mpt1 = @p(my,Y,) n>1 mog=v X K (9)

where

/ fz1,22) gn(y — h(z1)) m(dzo, dzq) )
/ K (21, des) (10)

/gn(y — h(z1)) m(dzo, dzy)
for all f € C(S?), p € P(S) and y € R.



2 Interacting Particle Systems

2.1 Description of the Algorithm

The particle system under study will be a Markov chain with state space SV, where N > 1 is the
size of the system. The N-uple of elements of S, i.e. the points of the set SV are called systems of
particles and will be mostly denoted by the letters , y, z. Given the observations Y = y, we note
(Zp, Tnt1)n>o the P(S%)-Markov process defined by the transition probabilities

N
Py ((Zo, 21) € d(20,21)) = H mo(dzh, dz7) (11)
p=1
~ N 1 N
P[y]((ffn,%ﬂ) € d(z0,21)/(Zn-1,2) = (x0,21)) = H A E 5 (z},2%) d(Z(ZJ)7Z]19)) (12)
p=1 =1
By the very definition of mg and ®,, we also have the following
1. Initial Particle System ]5[ ] (2o = dz) H (dz?)
p=1
_ N
2. Sampling/Exploration Py (xn =da/Z,y = 2) = H K (2P, dzP)
p=1

: oS- 90— h()
3. Resampling/Selection By (@, =dz/z, = 2) = H Z d,i(da?)

Finally one gets a sequence of particles systems

Tp_1 :(f}l_l,...,an ) —x, = (x}l,,mnN) —>§n:(£1

niee

It is essential to remark that the particles 2! are chosen randomly and independently in the
population {z! ..., 2} from the law 7 defined by the likelihood functions and the present
measurement Y, . Namely

(13)

Then it moves to &, | according the transition probability kernel K. In other words the SV-valued
Markov chain z,, = (Z1,...,ZY) is obtained through overlapping another chain z, = (z},...,2)
which represents the successive particles obtained by exploring the probability space with the

transitions K. More precisely the motion of particles is decomposed in two stages:

Sampling/FExploration Resampling/Selection
Ip > Ty > Tyt (14)

The algorithm constructed in this way will be called an interacting particle filter. The terminology
interacting is intended to emphasize that the particles are not independent and differs from the
particle resolutions introduced in [7] and [6].

Remark 1 The formulated algorithm permits generalization in the case when the selecting proce-
dure is used from time to time. In practical situations a simple way to do it consists in introducing
a resampling schedule. For instance we may choose to resample the particles when fifty percents of

the weights are lower than with a convenient choice of A > 0 and p > 2.
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To point out the connection with genetic algorithms and so emphasize the role of the likelihood
functions g¢,, assume further:

1. The state space S is finite.

2. The Markov transition kernels K;(z, z) are governed by a parameter [ with K;(z, z) — 1,(2)
as [ grows toward infinity.

3. A noise observation V,, also governed by a parameter [ with distribution
exp (—V(v) logl) dv
/exp (—=V(u)logl) du

dPY (v) =

4. Homogeneous series of observations with respect to time
- def
V=1 Y.=y Viy—h(z)) = f(z)

The corresponding Exploration and Selection mechanisms are governed by a parameter [ and take
the following form:

N
Pr (acg) =dz/z\) = z) = H K(z7, 2P)
p=1
l) N o N -f(z)
Pr (fg) = x/xi_l = 2) = H E N 1 (z")
p=1 =1 E l_f(ZJ)

B
Il
—

In this very special situation Cerf [2] gives several conditions on the rate of decrease of the per-
turbations 1/logl(n) to ensure all particles 200D Visit the set of global maxima of the fitness
function f in finite time when the number of particles N is greater than a critical value.

Unfortunately there is a critical lack of theoretical results for the convergence of such algorithms

for the numerical solving of the nonlinear filtering equations.

The crucial question is of course whether the empirical random measure N=1 N, 0~ converges
to the conditional distribution 7, when the size of the particle system is growing. This is answered
in the positive in theorem 2 section 5. We will show that for every bounded Borel test function

f:S—>Randn>1

||Mz

— Ty, f)D =0 (15)

We give a new and detailed analysis of this problem. These results are largely recent although the
question of the local convergence occurs in [5]. Unlike genetic algorithms it should be underline
that we are not necessarily trying to recover the unknown state variables exactly. The conditional
distribution gives the conditional minimum variance estimate but the error does not in general
converge to zero as the time tends to infinity (see Kunita [12]).

Such particle nonlinear filters differs from those introduced in [7] and [6]. It clearly encom-
passes the genetic algorithms introduced by Holland [11] and recently developed by R. Cerf [2]. An
advantage of this procedure is that it simultaneously explore the probability space according the
a priori Markov kernel and update the information that is accumulated through the resampling of
the positions. In introducing such adaptation/selection laws the particle system acquires certain
configurations as to represent an estimate of the conditional distribution. They provide a natural



procedure for a system of particles to sense its environment according their likelihood functions
and the observations.

It is clear that such particle resolutions could be naturally formulated in other context: neural
networks, model parameter identification, optimal control ([9]).

2.2 The Associate Markov Process

Now we shall proceed to model such interacting particle procedure and the nonlinear filtering
problem in a natural stochastic basis. In the preceding paragraph we have remarked on the fact
that the particles coincide with the support of random measures which estimate the conditional
distribution. A convenient tool for the analysis of the modelling of such interacting particle systems
is the splitting transition kernel:

Cn
P(S%

L& i o oq2 2
—>{ﬁ25zz.$65}C7’(5) (16)
defined for every F € C(P(S?)),n€ P(5% and N > 1 by

def 1 N
CxFn) = [ Fm) Cxndm) S[R3 60 de) ol (1)
=1

The interpretation of Cy is this: by starting with a measure 7 € P(S?), the next measure is the
result of the sampling N independent random variables z* with common law 7:

Cx

1 X
7 %m:ﬁ;%i

Given a series of observations Y = y we observe that the random empirical measures
1 N
N —_ — o~ .
Y Z 5(%@;“)

=1

are the result of sampling N independent random variables with common law

N .

n\Jn — h . .

®,(m,y) =7 x K =3 — (y (xn))j 5, x K
=1 Zj:l gn(yn - h($n))

N

N as a canonical P(S5%)-

The above observations enables us to consider the empirical measures m
valued Markov process (€', 3,, F,]) by setting

By (mdY € dn) = COn (@n(mo,ya),dn) Py (mby € dn/md = p) = O (@0 (1, y), dn) (18)

Now we design a stochastic basis for the convergence of our particle approximations. To capture
all randomness we list all outcomes into the canonical space defined as follows:

1. Recall (2, F},, P) is the canonical space for the signal observation pair (X,Y).
2. We define Q = ' x Q and F,, = 8, x F, and, for every & = (W', w2 w?) € Q we define:
mY (@) =w! X, (@) =w? Y, (@) =’

n n n

3. For every A € f3, and B € F,, we define P as follows:

PlaxB) ™ [ Pyey4) @) (19)



As usual we use E (.) to denote expectations with respect to P and E[y] (+) to denote expectations

with respect to P[y]. With some obvious abusive notations we have
n
~ N N N N
dp (ml yer s My Y1y - e 7yn) = H CN (q)k—l (mk—17 yk—l) ,d’l’llk ) dp (yh . 7yn)
k=

with the convention ®g (mé\], yo) =vXx K

3 General Recursive Formulas

We shall adopt in this section an unconventional model for the conditional distributions. The
choice is dictated by our desire to have very simple relationships between the likelihood functions
and the conditional distributions. Initially, this will require a setup quite different from that used
in sections 1 and 2 but in the end of our investigations will resemble more and more the models
presented in section 1. The setting is the same as in section 2.1. In particular, unless otherwise
stated we assume the observation data is a fixed series of real numbers Y = y.

This assumption enables us to consider the conditional distribution m, as a probability parame-
terized by the observation parameters yy,..., ¥y, .... Therefore, when the context is unambiguous
we will often write for brevity g, (z) instead of g, (y, — h(z,)). Using this notation an alternative
notation for (5) is the recursive formula

7771—1](( f gn)

T f = - VfelC(S
f ﬂ-n_lI( (gn) f ( )
3.1 Likelihood functions analysis
The proof of the convergence (15) involves
1. the Maximum Log-likelihood functions given by
ply bor1/2p41)
V.iw(y) = suplo WARRAAR ZanVA Ao dp(z T p+1<n 20
/n(y) sup log | ( P tren/57) (Zp+1/2p) (20)
‘/n(y) — Z Vp/p—l(y) (21)
p=1

where

® p(Yn, ..., Ypt1/y") denotes the density under P of the distribution of (Y, ..., Y,4+1) con-
ditionally to Y? = (Y7,...,Y},)

® p(Yn,.. ., Ypt1/Tpy1) denotes the density under P of the distribution of (Y,,,...,Yp41)
conditionally to X,

o dp(zpy1/zp) = K(xp,drpys).
2. The conditional expectations given by

FP (@) = E(F(X0)/Xp, Youtse - Vo) (@py Ypits oo s ¥n)  0<p<n—1  (22)

The functions V,,/, represents Log-likelihood functions on the observation process Y and they are
closely related to the resampling/selection mechanism of our algorithm. The relationship is due to
the fact that the selection mechanism is formulated in terms of the fitness functions and

PYn/Tn) = Gn(yn — h(zn)) (23)
P Up/07) = [ DUt /2p1) dplapia/a,) (24)



Example 1 1. Assume here that state and observation processes (X,Y) are given by the linear
dynamics

X, = AX,1+W, (25)

Y, = CX,+V, (26)

with X, € R, Y, € R, Yo =0, A and C are real numbers, Xo, W, and V, are normally

distributed with means 0 and respective non negative covariance QQy, () and R. The conditional
densities of Y,, given X,, and Y"1 = (Y1,...,Y,_1) are given by

pyn/2n) = gulyn — Can) = \/ﬁexp <—%(yn - an)QR_l)

1 1 ~ -1
= exp (——(yn—CA Xn_1)2 (02 Pojna1 -|-R) )
\/27T|C2 Pn/n—l +R| 2

plyn/y™™") =

with the well known measurement update equations

X, 2 B/ =AX 0+ K, (Ya-CAX,)
e -1
K, d:f CPn/n—l (612 Pn/n—l +R)
def 12\ 2
Pn/n—l = FE <(4Xn - E()(n/y 1)) ) = A? Pn—l/n—l + Q

de e 2 _ _ -1
Py =2 E ((Xn_1 — E(Xn_1/Y 1)) ) = (Pn_ll/n_2 +CR 1C)
In this very special situation

|C¢2 Pn/n—l + R|
| &|

Viu/noa (V) < log | exp ((Yn —CAX,)? (02 Pojn1+ R)_l)]

Further manipulations yields

, 2 |C? Pyjp_y + R| ) ~ —1
Vn/p(}’) S IOg [H |CQ S: 1—|_ Rl exp <(Yk — CA AXk_l)Q (02 Pk/k—l + R) )]
k=p -P

1— Ak-r
1—A @
2. Let X be a discrete time Markov process belonging to a finile discrete sel S and assume that
the observation noise V,, form a sequence of independent, random variables with

Y (v) = —— P (=ZUn) U,:S—RT
/ exp (—U,(v)) dv

In this hidden Markov model 'V, ;,_1(Y) <2 sup,eg Uy (Yo — h(z))

with So = 0 and for A# 1, E (X — B (Xp/X,))") = Sk =

The functions (20), (22) and (24) will be used in our analysis of the convergence (15). This
analysis which requires specific developments because of the difficulty to estimates mean errors.
For instance:

N 2 5
Eyy ((%; f(f;)) ) = Ey <<miv+1f) )



Thus, Tchebitchev’s inequality and convenient estimates of

2 - N — h(zt N\
Ey; ((ﬂivf) ) = Ej ((Z 9n(bn = h(zn)) f(w;)) ) (27)

=1 ;'\7:1 gn(yn - h(-r}?z))

would give a complete answer to the convergence in LO(P[y]). Unfortunately it is difficult to esti-
mate (27) or even E[y] (ﬂ'?{bvf)

Accordingly, to point out the connections between (22) and (24) and so emphasize the role of
the Log-likelihood functions V,,/, we first introduce a natural framework in which the relationship
between (22) and (24) is made explicit. The recursive expressions described in the next section
will be used repeatedly in the last part of the paper for the convergence (15).

3.2 Recursive Formulas

The chief purpose of this section is to introduce recursive expressions for (22) and (24). The
technical approach presented here is to work with a the same given sequence of observations Y = y.
The conditional distributions 7, and the conditional expectations (fT(Lp))1<p<n will be formulated
as a probability and a sequence of functions parameterized by the observation parameters y. The
recursive formulas described in this section will show how the sequence of observations scales the
update of both 7, and fép). Our constructions will be explicit and the recursions will have a simple
form. First, let us give some details about the use of Bayes’ formula in our setting. With some
abusive but obvious notations we have the recursions forall 1 <p<mn

PWns - Up/Tp) = PUp/Tp)PYns - - - Ypt1/Tp)
= D0/20) [ P 1 [4) dp(zpa /) (28)
PWn - yp/Tp)  _ PWp/T0) [ P Yprr/Tpn1) o
ST = sy | T iy dblennfe) (@)
Py v1) = pWn/Y" ") PWn=1/Y"7?) - (y2/ 1) (1) (30)

To clarify the presentations we introduce the following definitions, for all 0 < p < n

1. gy(zp)(-rp) = p(y'ru tey yp/xp)

2. Gnfp-1(2p) = PWns - Yp/p) [Py - Y/ Y77
We will slightly abuse notations and we will often write g, (z,) instead of gén)(mn) = p(yn/zn). It
is now easily checked from the above remarks that

Guppa(@) = 9@/ [ mldz) Kzt dz) o) (3) (1)
9P(@) = gplay) [ Koy dopn) 97 (ep) (32)
Gutp1(@0) = Gy (55) [ K@) gy (4] (33)

In summary then, we have the backward recursive formulas.

Proposition 1 For every 0 <p<n-—1
(p)

. an .
ggp) =9Gp (K g7(2p+1)) In/p—1 — ) In/p—1 = Gp/p—1 K(gn/p) (34)
Tp—1K gn
We will adopt the conventions m_1 K = v and géo) =1.



Moreover, by the very definition of 7, and 7'V, one gets

F(2) n(n — h(2)) () v i |
mf):/ Ny =S el ) gy (g
| onton = 2 22 D SR ARV IEES)

For brevity we will write T (f) =

Continuing in the same vein we derive the conditional expectations fép) introduced in (22).
Using Bayes’ rule one has the following basic equation for all 1 <p<mn

dp(xnv wp/'rp—lv yp7 e yn) = dp(xn/'rpv yp+17 .. 7yn) dp(xp/xp—lv yp7 ey yn)
p(ynv"'vyp/xp)
dp(x,/x,_1
PYns - Yp/Tp-1) (r/2p-1)

- dp(xn/'rpv yp-l—h ey yn)
By the same line of arguments, for all 1 < p < n, one gets

dp(x’m Ip, mQv—l/yn) = dp(ajn/xm Yp+1y -+, yn) dp('rpa xp—l/yn)
p(ynv"'vyp/xp)
P(Yny - Yp/yPt)

= dp(zn/Tp, Ypt1s---+Yn) dp(zp/p—1)dp(zp—1/y" ")

Thus we arrive at
/ Tp—1(dzp_1) K(zp_1,dz)p) fép)(xp) gff’)(xp)

T f =
[ momldeyon) K@y, day) 6(z,)

VifelC(S) 1<p<n (36)

As well, one has

/ K(zp-1,dxy) fép)(wp) gép)(wp)

[ Elapr,da) 69(z,)

VifelC(S) 1<p<n (37)

In summary then, our conditional expectations fép) can be described as follows

Proposition 2 For every f € C(S5), the conditional expectations (fép))lgpgn salisfy the recursive
formula For every f € C(S) and1 <p<mn

f(p_l) d;f I((f"gp) gn/p—l) _ Kr(ﬁgp) g'/(zp))
" I((gn/p—l) I((g,ﬁbp))

Vi<p<n (38)

Moreover for every f € C(S) and 1 <p<mn

(mp—1 K) (gnp ) (mp—1 K) (gn/p—l)

We will adopt the conventions fé_l) def z/(fT(LO) 97(10))/1/(97(10))
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4 Mean Square Estimates

In this section we analyze the structure of the Log-likelihood functions V;,,, pointing out explicit
bounds. Our next objective is to estimate convergence rate and mean errors. We shall do this
now, beginning with some lemmas which will be use repeatedly in this section.

Lemma 1 Let f:S5 — R be any inlegrable Borel lest function, n > 0 and N > 1.
We have P-a.e.

Epy) (mnNHf/ﬁn) = m Eyy (mn-}—lf/ﬁn) =y Kf (40)
By (X1 12/8:) = o () 4+ (= ) 2 (41)
By (% £)7162) = m K () + (- ) (VK f)? (42)

proof:
It suffices to note that

Eyy (_nﬂf/ﬂn) =
By (mly1 (N?/8,) =
By (m n+1f/ﬂn) =
By (M1 (D?/8,) =

m(f) C’N(WT]LV x K,dm) = ﬂ'ivf

(m)? Ol x K, dm) = x¥ (1) + (1- 1) (52

m(f) Cn(rl x K,dm)=7VKf

n

S S S S

() Ol x Kodm) =+ s K() + (1- 1) 5K D?

Now we derive a technical recursion formula in p for the expressions

Epy ( 01 (9nyp FFTD)/ By ) 0<p<n-1

Lemma 2 Let f : S — R be any inlegrable Borel test function, n > 0 and N > 1. For every
0 <p<n-—1 we have the recursion

TN (g /p—1 F)

E[Y] ( p-I—l(g’rL/p Fey /8, ) — ﬂ]]gVK (Qn/p fé}ﬂ-l)) — = TP P —a.e. (43)
proof:
Using the inductive definitions of fép), gn/p and lemma 1 we have
E[Y] (mjfo\;l (gn/pr(Lp-H)) /ﬁp) = N (gn/pf (p+1) )
. om, (gp/p_1K(9n/pf7§p+1))) B ml (gn/p—l ép))
- i (gp/p—l) - i, (gp/p—l)
[
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4.1 Martingale Approach

To estimate mean square errors the key idea is to introduce a (]5, Fn)—martingale UN using the
functions g,/,_; and the random measures mY . More precisely we define U as follows

Definition 1 We note UN the stochastic process defined by

In other words UN = H (W ng/k—l(ﬁc))-
k=1 =1

Lemma 3 UY is a (P, I,)-martingale with E(UN) =1 and P — a.s. E[y](UN) =1.

n

proof:
The first statement follows on recalling that

9a(2) _ gu(Yu— h(z))
T Kg | p(Ya/Y")

gn/n—l(*r) =

This gives P — a.s.
BWN/Ey) = UM, / T (Gujnr) O (70 5 K, dm) dp(y/Y" )
= U [ gnln — b)) (=D K (d) dy = U,

and the first assertion follows. To prove E[y] (Ué\f) =1, the above discussion go through with minor

changes. Indeed P — a.s.

Ey(UY) = Ely) (mnN (gn/n—l) Uiv_1) = Fjy] (E[Y] (mnN(gn/n—l) /ﬁn—l) Uiv_1) (45)

Now, using the inductive definition of g, /, we obtain
Epy (mnNgn/n_1 /ﬁn—l) =01 (Gnn—2) /T 1 (9n—1/n—2)

Then (45) = Epy (UT]LV) = Epy (mnN—l(gn/n—Q) Uév_z) = Ky (E[Y] (mnN_l(gn/n—z) /ﬁn—2) Uiv_z)

This procedure can be repeated. using the recursive formulas described in section 3.2 we note
that

Ejy] (UT]LV) = Ey (E[Y] (mzjov(gn/p—l) /ﬁp—1) Ué&)
Eyy (7 (9njp=1) [Bp-1) = 01 (9 fpm2) /T 1 (G fp2)
= Ejy] (UT]LV) = Ey (E[Y] (mfgv_1(9n/p—2) /ﬁp—z) Uév_z)

Using backward induction in p the result follows from the fact that

By (m]lv(gn/O)) =vK(gnp) =1

The analysis of UV is a powerful tool to study the convergence rate of our interacting particle
filter. That is, introducing the process U one makes possible the calculation of mean errors, then
these estimates will be reinterpreted back. As a typical example we have the following lemma

12



Lemma 4 For any integrable Borel test function f: S — R we have

[ ] (Un —n+1 (f - ﬂ'nf)) =0 P —a.e. (46)

proof:
Using lemma 3 it is equivalent to prove

Epy ( n n—|—1f) =mnf

Now, using lemma 1 and the fact that fén) = f note that

E[y] (Ué\f mnN+1f) = E[Y] (E[ (ﬂnN-}—lf/ﬁn) UN)
By (mdy11/82) = wF =Y Gafnor 1)/ (Gnjn1)
= Epy] (UT]LV MnN-Hf) = Ky (UT]LVI 0 (G f1 [ ))

Now, using backward induction in 1 < p < n—1 and the recursive formulas described in section 3.2

Epy (Uév 41 (90 f(p+1))) = Ey (U Ey (mp+1(9n/p Py /B, ))
E[Y] ( p-|—1(gn/p p-I—l )/ﬁ ) = mp (gn/p—l fnp))/mn—l(gp/p—l)
= By (U mi¥af) = By (U ) (9jpr 1))

Finally the result follows from the recursive formulas described in section 3.2 and the fact that

VK (g0 1)

- =Ty
vK (gn/O) /

E[Y] (mjlv(gn/o fél))) = I/K(gn/o fél)) —

4.2 Mean Square Estimates

To prove the convergence (15) it clearly suffices suffices to prove that

N 2 AN N ’
lim  Eiy, <(Un 1) ) =0=lim Epy) ((ﬁ;f(wn) - 7rnf) Un) (47)

The chief purpose of this section is to provide a way for estimate the rate of convergence of (47) in
terms of the log-likelihood functions V;,,,. Such computations are at the heart of the development.

They will simplify drastically the evaluation of the convergence rates discussed in the last section.
We quote first the following result.

Proposition 3 For every series of observations y € RN,

1. v, /p( ) <‘/ n/n— 1( )+‘/n—1/n—2(y)+'--‘I'Vp-l—l/p(y) S‘/n(y) VO§p<n

k
2, Forevery0 <k <nand 0<py<...< pp_1 < pr =n we have E Vorsoia (Y1) < Valy)
=1

13



proof:
The proof is a straightforward computation using the implication

ntp = K (Gnjpr1) Gprrsp = Vasp(y) = 10g 1K (97/,) loo < Vippr1 (4) + Vi1 (v)
[

Now we want to develop explicit formulas for expressing the effect of the population size and the
observation likelihood functions on the mean square errors (47). The following propositions will
be used repeatedly in the last section.

Proposition 4 For every N > 1 and n > 0 we have P-a.e.

~ n n—k k
1. E[Y] ( ) S Z 7\71‘7 ( %) Z exp (; ‘/pl/pl—l (YY))

k=1 0<po<...<pp=n

2. By (UN - 1)?) < (1 - (1 _ %)n) V(¥

proof:

2) is a clear consequence of proposition 3 and 1). Let us prove 1). Using lemma 3
Epy ((Uév - 1)2) = Fjy ((UiV)Q) -1

Hence, with the standard convention Z = 0, it is sufficient to prove that
[

n n— k
[ ] ((UN) ) Z N}k (1 B %) k E exp (Z sz/pz_l(Y)) (48)
=1

0<po<...<pp=n

The proof of (48) is based on backward and forward induction in n and maximization techniques.
Using lemma 1 and the recursion in lemma 2 we have

E[Y] ((Uév)Q) = ( ( gn/n 1) /ﬁn—l) (Ué\f—l)Q)
N

. 1 .
E[Y] (miv(gn/n—l)Q/ﬂn—l) < I (gn/n 1) + <1 - V) (777]7,\7_1](971/72—1)2

4

— 2
— V1Y) (1_ i) ( m£1v—1(gn/n—2) )
N N mnN—1(9n—1/n—2)
Thus

Epyy ((UN)?) < % eVrn=r ) By ((Uév_1)2)+<1 - %) By (Byyy (Y1 (90yn-2)*/ Bu2) (UN.5)?)

By the same line of arguments for every 1 <p <n —1

— 2|H @1

IN

_ 1 mN(gn/ —1) ’
Y] ( p+1( /P) p) N m;]ov(gp/p—l)

~ 1 é 2

Eiy (miv(gn/o)Q/ﬁo) < eVniol) (1 - ﬁ) (VKQ”/O)

Cascading in the above expression

~ 1 1 n—1 1 n—1—gq ) )
B (027) < (1- ) +y S (-5) B (@)



Suppose the inequalities (48) have been proved for every ¢ < n — 1, that is

Evy (U)?) < iék (1—%)H > exp (Xk: ot ( )

k=0 0<po<...<pr=¢g

then

- N2 1 1\n-(+k) g
Ey) (UN)?) < (1 - ﬁ) +Z (1 - —) T 2 e Vap (Y +Z Vourma (

0<pp<...<pp<n

and the result follows.

The same techniques then establish the following result

Proposition 5 For any bounded Borel test function f : S — R, N > 1 and n > 0 we have P-a.e.

1 N . Nio 5 n+1 1 1 (n+1)—k
Y] (((WZ [(@,) —mNU,) ) <A f11% Z NE (1 - N) Z exp (Z pi/pi— 1 )
=1 k=1 0<po<...<pr_1 <P =n
(49)
Therefore

=1

N 1\ 7+
(NEf —meN>)s4ufuzo(1—(1—ﬁ) )expmm) (50)

proof:

Let us prove 1). For any bounded Borel test function f : S — R, using the recursive formulas
described in section (3.2) we have

N
Eiv) ((%Ef@)wy) = By (1 (DUN)?) = By (B ((mY )2/8,) (UF)?)
E[Y] ((mfzv—l—lf)2/ﬁn) < %Hf“go 1__ ( n (Gn/n— 1f)

gn/n 1

~ W1 By () + (1= %) By (Y (g NUY))

Arguing as above for every 1 < p < n — 1 one gets

IN

= By ((m, NUY)?)

2 . .
By <(m§ov+1(9n/pfép+l))UéV) ) = Ey <E[Y] < Myt1 (gn/pf p+1 /ﬂp) )
N
P

b 3) (e )
P p/p—1

Loz V) <_i) 2
7 o) (1= 2 ()

2

~ 2
E[Y] <m§)\f+1 (gn/pfép-l—l)) /ﬂp)

IN

IN

E[Y] (mi\] (gn/ofél)) ’ /50)

Cascading these inequalities with the expression (51) we conclude that

. n n—k ) 1
By (a0 02)) < 5 1% 3 (1-5) " iy (@) + (1-5) sy

]V
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with the convention V, /, = 0. Then, using formula (48) one obtain easily

n n—I {+1
Z N (1 - _) Z exp (Z Vpl/pl—1(Y))
=0 N N 0<po<...<p1<pig1=n s=1
n+1 I
Z €xp (Z sz/pz—1(Y))
=1 s=1

. 1\ (nt+1)=l
(%)

0<po<...<p1_1 <pr1=n

By (O - o) UF)") < ue

IA
&~
=
_w

The second statement follows from 1) proposition 3 and (}) < (?‘H).

5 Convergence Theorems

We are now ready to prove the convergence of the interacting particle approximation described
in section 2. The following theorem is our main result, it states the relevant consequences of the
mean square error estimates stated in propositions 4 and 5.

Theorem 1 For every N > 1, n > 0 and any bounded Borel test function f: S — R, T > 0, and
0 < €< 1/2 we have

sup Py (‘ Zf” 7l

n€l0,T]

> e) < w (1 — <1 - %)T—H) P—ae. (52

with A(T, f,Y) = 2 sup (4] f||%, 1) €"7Y) . Moreover

@ : 1\ T\
nZFOpT]E ( Zf —ﬂnf) < B(T, f,Y) (1— (1—F) ) P —a.e. (53)

with B(T, f,Y) = 4||f||sc €V7(¥)/2

proof:
Using propositions 4 and 5 and Cauchy-Schwartz inequality we have

inl-es) = et (o

N .
F;f(mn)_ﬂ-nf gt
n+1 1/2
B(T, 1Y) (1 - <1 - %) )

and the inequality (53) follows. To prove (52) write

(1- Uﬁ))

IN

N
A=Y 21— B={3 Y J@E) -mfl >

=1

Using the implication
Vo<e<l [UN-1<e=UN>1-¢
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and proposition 4 we have

P[y] (Uév >1- 6) > P[Y] (|U7{LV - 1| < 6) > 1—€%E[y] ((Ué\f — 1)2) > 1—6% <1 - (1 — i)n) eVn(Y)

L?V
o 1 RN W
P[Y](A)—?(l_O_N) )en()

On the other hand 5 gives the inequalities

Therefore

- 1 1

N N 2
P[Y](B n A) < 6_2E[Y] (|%Z:f(5;) - 7Tnf|2 1A) < WE[Y] (((%z—:f@;) - an) Ué\]) )

4111115 o,y VnlY)
S T-002 (1 <1 N) )

Finally the inequality

Fy)(B) < Py (BN A) + Byy(4) (54)

and the implication 0 < € < 1/2 = ¢ < 1 — € end the proof.

Corollary 1 For every N > 2, n > 0 and for any integrable Borel test function f: S =R, T > 0,
and 0 < € < 1/2 we have

L?V

N ,
3 FE) — wf| > ) cALLY) p (55)
=1

sup P[Y] (
ne0,7]

where A(e,T, f,Y) =4T A(T, f,Y)/ €.

proof:
From the inequality e¢¥ > 1+ y it follows that

. <1_%>n+1 < _(n+1)10g<1_%> :(n—l—l)log(%)

and logz < 2 — 1. Thus we conclude

N n4+1 2n+1)  4n
1—(1-—= < < < N >2 >1
< N) SNoiST N S N22 ez

This completes the proof.

Theorem 2 LetY = y € RN e a series of observations such that V,(y) < +oo. For every
bounded Borel test function f: S —R N > 1 and n > 0, we have

n€[0,7]

N P
Vp>0 sup E[y] ((% Zf(fc;) - an) ) — 0 (56)
i=1 N — +oo
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proof:
Using the inequality

)

IR
ﬁ;f(xn) _ﬂ-nf

N P
Ve >0 E[y] ((%Z]{(f;) - ﬂ-nf) ) < P+ (2 Hf”oo)p p[y] (
=1

and Corollary 1 the result follows.

Consider the following assumption on the observation process:

V) V>0 EVo(Y) ™ a(n) < +oo (57)

This assumption enable us to estimate the convergence rate of our approximations in spaces L?(P)
with p > 0

Theorem 3 Assume V is satisfied. For every bounded Borel test function f : S — R N > 1,
n>0,0<e<1/2and M >0 we have

sup P (
ne0,71]

with A(T, M, f,€) = 8sup (4] f||co, 1) T €M (1) /¢4

>e)§%+% (58)

1
<D _f@,) —mf
N; In) m T

proof:
Using theorem 1

d

with A(f) =2 sup (4 ||f||c0, 1), then

. 1 A(f) Mo 1\ "+t
d <2 e - 0-5)7))

and the arguments used in the proof of Corollary 1 end the proof.

€

< 6) > P (Vo (Y) < Ma(n)) - w (1 - <1 - i)nﬂ)

[N
W;f(mn) _ﬂ-’ﬂf

JREAR
ﬁ;f(‘rn) _ﬂ-nf

Finally by the same line of arguments as for Theorem 2

Corollary 2 Assume V is satisfied. For every bounded Borel test function f: S — R, N > 1 and
n > 0, we have

N 2
Vp>0 sup E ((%Zf(ffn) — ﬂ'nf) ) — 0 (59)
i=1 N — 400

n€[0,7]
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