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Abstract. In this paper a new generation of particle filters for nonlinear dis-
crete time processes is proposed, based on convolution kernel probability density
estimation. The main advantage of this approach is to be free of the limitations
encountered by the current particle filters when the likelihood of the observation
variable is analytically unknown or when the observation noise is null or too small.
To illustrate this convolution kernel approach the counterparts of the well-known se-
quential importance sampling (SIS) and sequential importance sampling-resampling
(SIS-R) filters are considered and their stochastic convergence to the optimal filter
under different modes are proved. Their good behaviour with respect to that of these
filters is shown on several simulated case studies.
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1. Introduction

Nonlinear filtering, i.e estimating the distribution of a dynamical sys-
tem state variables x; conditional on the observations of state-depen-
dent variables y; up to time ¢, is a real problem in many fields of
engineering. Since the development of the Kalman filter in 1960 for the
linear case, a wide variety of approximate methods were proposed to
deal with the nonlinear one. The most famous and the most widely
used by the engineers is the extended Kalman filter (EKF). For more
details about the EKF see (Jazwinski, 1970). But the EKF lacks of the-
orical support and often presents troubles in practice. Some improve-
ments, a few of which are presented in (Chen, 1993), were proposed
as generalised Kalman filters but without overcoming these drawbacks.
Investigation in the field of nonlinear filtering has thus remained very
active.

Among the alternatives to the EKF, the Monte Carlo approaches of-
fer practical and theorical results. The corresponding state of the art
is reviewed by (Liu & Chen, 1998) and (Doucet, 1998). The Monte
Carlo filters are divided into two families : the first one also the oldest,
includes the filters based on the sequential importance sampling (SIS)
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algorithm and the second the filters based on the sequential importance
sampling resampling (SIS-R) algorithm. The principle of Monte Carlo
filter based on SIS was developped in the early 70’s, by (Handschin,
1970) and by (Akashi & al., 1975) but due to the limitations of the pro-
cessors of the time remained dormant until the 80’s when it was revived
by (Davis, 1981) and (Kitagawa, 1987). However, the SIS filters suffered
from divergence in long time. The new generation of Monte Carlo SIS-
R filters improved on this issue but did not completely overcome it.
The idea of introducing a resampling step in the SIS algorithm was
independently proposed by (Gordon & al., 1993) with “the boostrap
filter”, (Del Moral & al., 1992), (Del Moral, 1995) with “the Interact-
ing Particle Filter” (IPF) still one of the most performant filters, and
(Kitagawa, 1996). A lot of filters based on SIS-R were then developed.
A complete review of these works is presented in (Doucet & al., 2001).
The convergence of the IPF to the optimal filter is proved by (Del
Moral, 1998), (Del Moral & al., 2001) or (LeGland & Oudjane, 2004).
However, in spite of their theorical properties, the filters based on SIS-
R still present several drawbacks in practice. Systems with non-noisy
observations are not supported by these filters because the density of
the noise is used to weight the particles. Even too small observation
noise can induce divergence of the filters. Moreover, the problem of
divergence in long time has not completely disappeared. According to
(Hrzeler & Knsch, 1998) it is caused by the discrete nature of the
distribution approximations produced by the SIS-R filters. A step of
regularization on the state variable distribution was then added into
the SIS-R algorithm successively by (Hrzeler & Knsch, 1998), (Oudjane,
2000), ( Warnes, 2001) and (Musso & al., 2001), in order to produce a
probability density as approximation of the optimal filter. Actually, the
convolution kernels are used to stabilize signal to noise, this idea has
been introduced and analyzed in some details in (Del Moral & Miclo,
2000) and in (LeGland & Oudjane, 2003). Practically, the addition of
this regularization step improves the behavior of the filters and the
theorical properties are kept. See (Oudjane, 2000) or (LeGland & Oud-
jane, 2004) for the convergence of the resulting Regularized Interacted
Particle Filter (RIPF) using convolution kernel regularization.
However these improvements do not relieve definitively from practi-
cal difficulties in case of too large (and even too small) signal-to-noise
ratio. Moreover, these regularized filters still rely on the analytical
availability of the observation likelihood, a classic Monte-Carlo filter
assumption not frequently met in real situations. Only (Del Moral &
al., 2001), (Del Moral & Jacod, 2001) considered a context in which this
likelihood is not accessible and used a regularization of the observation



distribution .

The approach we propose is based on convolution kernel density
estimation and implicit regularization of both state and observation
variable distributions, and is free of their analytical knowledge. Only
the capability of simulating the state and observation noises is required.
The problem of null or small observation noise is also overcome. The
theoretical properties of these new particle filters rely entirely upon the
kernel probability density estimation theory and not upon that of the
current particle filter theory, even if from a certain point of view these
filters can be interpreted as generalization of that of (Del Moral & al.,
2001).

The paper is organized as follows. The next section is devoted to
recalling the Monte carlo filtering context. A transition from the par-
ticle filters to the convolution filters is presented in Section 3. The
algorithmic and theoretical properties of the basic Convolution Filter
(CF) are presented in Section 4 and that of the Resampled-Convolution
Filter (R-CF) in Section 5. In Section 6 the behaviour of our convolution
filters are compared with that of their counterpart interacting particle
filters and Monte Carlo filter, on simulated case studies in different noise
situations. Finally, results of kernel density estimation theory useful to
the study of the convergence properties of our convolution filters are
gathered in Appendix A and the proofs of these properties themselves
are presented in Appendix B.

2. The filtering context

Consider a general discrete dynamical system

z¢ = fi(Ti-1,6t)
{ Yt = ht(l“tﬂlh)e (1)

in which z; € R?% and y: € IR? are the unobserved state variable
and observed variable respectively. e; and 7, are the independent state
noise and observation noise respectively. f; and h; are two known Borel
measurable functions, possibly time-varying.

The filtering problem is to estimate the distribution m; of x; conditional
on the past observations yi,...,y:, the so called optimal filter. When
the density function of my exists it will be noted p(z¢|y1,...,y:) or
p(xt|y1¢) or simply p;. Of course the filtering problem only exists when
the functions h; are not bijective. All the filters are thus developed to
deal with such a context, and generally the functions h; are not even
assumed injective.



To build up Monte Carlo filters, the following hypotheses are generally
assumed:

— the distribution, mg, of the initial state variable xg, is known.

— the distributions of the noises ¢; and 7, are known for all ¢ € IN.

The density of n; plays a crucial role for Monte Carlo filters since it is
used to weight the generated particles. Let us illustrate this point by
recalling briefly the Interacting Particle Filter (IPF) algorithm, one of
our filters of reference in this paper:

— Fort=0
generation of n particles : (Z§,- = ,Z3) d.i.d. ~ T
Estimation of mo : 75 = 37 wydz: (where wi) = L;i=1,---,n).
— Fort>1
(i)  Sampling step : (Z}_1,--+, 30 1) ~ 7.

(ii)  Evolving step : £i|t'—1 ~ ft(iféfl, ) |
(ili) Weighting step : w} = \I]t(j;\tfl)/(z?:l ‘I]t(jzlqt—l))
(

iv) Approximation step : 7 = > i Wg(si"i\t—ﬂ

with 6z Dirac measure.
t|t—1

The weight w! of each particle is given by the likelihood function
Uy (z) = p(y¢|x). The observations y; thus operate the filter through
the likelihood function which is assumed to exist and to be known.
This assumption is rather restricting in practice. Moreover let us note
that it rules out the non-noisy case and can also cause trouble when
the noise 17, is too small and also when the noise is non-additive as in
the general system (1).

These severe drawbacks are circumvented in the approach proposed
in this paper which as will be seen shortly, uses convolution kernels to
weight the generated particles, with furthermore interesting theoretical
and practical benefits.

As a transition let us see beforehand a possible kernel-based improve-
ment of the particle filters to deal with the unknown likelihood case.
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3. From the Particle Filter to the Convolution Filter

We shall illustrate this transition through the well-known IPF particle
filter of (Del Moral, 1995) but it could have been performed with any
filter built up from the SIS or SIS-R principle.
Suppose that a limited knowledge of the distribution of 7; prevents
access to the likelihood function ¥y(z) = p(y:|x) and only permits to
simulate observation y; from a given x; through model (1).
Let Kj(.) be a Parzen-Rosenblatt kernel (see appendix A). In order
to clarify the presentation, we just recall that, for all the paper, a
kernel K is a bounded, positive, symmetrical application from IR? —
R, such that [Kd\ = 1, where A is the Lebesgue measure. Using
kernel estimation theory we can then consistently approximate W, by
simulating observations, and use this approximation in place of the true
function in the previous IPF algorithm. This amounts to replace steps
(iii) and (iv) by

(iii)’ Weighting step

For (i=1:n)
tage 1
Generz}‘%ion of~7/y observations:
Ypy---5Yp ~ ht(xff‘tfl? )
Stage 2

Approximation of W;: }
o i 1 N -
PN (el @y 1) = ok e Kn(ye — 97)

Approximation of the weight of Z*

e : te—1°
wi = P (Yl Ty )
Normalization of the weights & = wi/(31" ; wi)

(iv)  Approximation step 7j' = Y1 @1%:5531-‘ :
tjt—1

Theorems A.1 and A.2 of Appendix A give general conditions ensuring
convergence of ﬁN(yt]ﬂ‘t_l) to \I/t(iat_l) as N tends to co. But the
interest of this approximation (and the possible recovering of the IPF
properties) is impaired by the high computing cost induced at each
step (N x n random variable generations).

The convolution kernel approach we propose to remedy to the the-
oretical and practical limitations of the particle filters do not suffer

from this computing handicap. It uses a joint (z,y;) density estimation

11



which does not demand extra N x n observation simulations at each
step. Moreover the kernel density estimation theory allows a complete
original theoretical study of the convergence properties of these new
filters.

We shall introduce first the Convolution Filter, i.e. the convolution
counterpart of the basic particle filter.

4. The Convolution Filter (CF)

The density of the optimal filter is defined by

pxy (¢, Y1:t)
p(xelyre) = v (un) (2)

where pxy (x¢,y1.4) and py(y1.) are the (x¢,y14) joint density and
the marginal density of y1.;, respectively. For all the yi.; such that
py (y1:¢) = 0, we use the convention p(x|y;.;) = 0.

Let 2z = (x4, y1:t)-

Assumptions:

— the distribution, mg, of the initial state variable xg, is known.

— the simulation of the noise variables ¢; and 7; according to their
true distributions is possible for all ¢ € IN.

— there exists a probability measure p; such that z; ~ uy, for all ¢.

— there exists a probability measure 14 such that yi.; ~ 14, for all t.

4.1. KERNEL ESTIMATION OF THE OPTIMAL FILTER DENSITY

Let # (i = 1,---,n) be generated according to mg. For i = 1,...,n :
starting from & a recursive simulation of system (1) ¢ times succes-
sively, leads to Zi = (%%, 91.,) ~ fu.

Empirical estimates of the measures y; and 14 are given by

1 & 1 &
:E255§ and ”?Zﬁzéﬂi:t

where ¢ zi and 5~ i ~are Dirac measures. Kernel estimates p'yy and py-

of the densmles pxy and py are then obtained by convolution of these
empirical measures with appropriate kernels:
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Py (ze) = Ki spi(z) =150 K (2 — %)

x 1 Kﬁn(xt - f%)K;i’n (Y1: — gi:t)

n

and for py
n

_ 1 _ y
Py (y14) = K * v (y14) = - STKY (yre — Gia)-
i=1

in which K} | Ky and K;in are Parzen-Rosenblatt kernels of appro-
priate dimensions and K} (y1.¢ — 41.,) = 5 K} (y; — 75).

An estimate of the density of the optimal filter p;(x¢|y1.+) is then given
by:

Py (2t)
Py (y1:t)
1 Kﬁn(zt )

?:1 Kl?z (ylit - git)

P K (o — E) K] (y1a — Tie)
?:1 Kfzi (ylzt - !H;t)

n

P (zelyre) =

. (3)

The basic convolution filter (CF) is defined by this density estimator.
As for the true densities, we use the convention : p"(z¢|y1.¢) = 0 for all
the y1.+ such that p}(y1.+) = 0. Before giving convergence properties of
CF, let us see a simple recursive algorithm for its practical computing.

4.2. CF ALGORITHM

— Fort=0
. generation of &, ..., I8 ~ m. '
. initialization of the weights : w* =1 for (i =1,---,n).
— Fort>1
(i)  evolving step : T~ fy(Ty,)) and g ~ by (3, ),

for (i =1,---,n)

(i) weight updating : w' = K} (y; —gf) x w',
for (i=1,---,n)

(ili) estimation :

1 wingfn (zt — ji)

n i
i=1W

p?($t|’y1:t) =

13



4.3. CONVERGENCE PROPERTIES OF THE CF FILTER

Several results of stochastic convergence and convergence rate are pro-
posed in the following for the CF filter. Proofs are given in Appendix
B.

Let us see first some results of ponctual convergence.

THEOREM 4.1 (quadratic mean convergence).
If K® and KY are Parzen-Rosenblatt kernels, if py is positive and
continuous at y1.¢ and if pi(x|y1.) is bounded then,

lim h, =0 ‘ )
Tian nhtetd — oo (= A0 B (elyre) = pe(zelyi)]” =0
n—oo n

The expectation is defined with respect to all the simulated variables
(%, Ui.t)i=1,...n, conditional on the observed variables y.;.

THEOREM 4.2 (a.s. convergence ).

If K® and KY are positive, bounded, Parzen-Rosenblatt kernels, if py
is positive and continuous at y1.+ and if pr(xt,ylzt) 1s continuous at
(x¢,y1:4) then

limy, oo hpy =0

nhtgte = lim pi'(ze]y1e) = pe(@elyie) - a-s.

limn_’oo logn

Results of Li-convergence are now provided which have no equivalent
for the usual (not regularized) particle filters since only the optimal
filter probability measure is estimated by these filters.

THEOREM 4.3 (a.s. Lj-convergence ).

If K® and KY are positive, bounded, Parzen-Rosenblatt kernels, if py is
positive and continuous at yy.+ and if xy — pxy (¢, Y1.4) @S continuous
for almost every xy, then

lim,, oo hypy =0 ] "
y nplatd — lim /|pt (ze|y1:4) — pe(xe|yre)|dee =0 a.s
1My —o0 logn - n—oo

Proof: Theorem 4.2 and Glick’s theorem (A.3) ensure this result.

Let us complete this Li-norm result by a convergence rate result, This
necessitates to recall the notion of class of a kernel.

DEFINITION 4.1 (kernel of class s).
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Let s > 1. A kernel of class s is a Borel measurable positive function
K which satisfies
(i) K is symmetric, K(—z) = K(z), =z € IR%.

(i)  Jra K =1.
(iii)  Jrax®K(x)dr =0 for1 <a<s—1.
(iv)  [galz®||K(x)|dz < oo for |a| = s.

where o € N, 2% = 2{* ... 25 and |a| = a1 + ...+ ag.

Note that, a kernel K of class s > 2 must necessary take negative
values. Although in this paper we only consider positive kernels, in non-
parametric estimation advanced works, (Devroye, 1987) for example,
kernels taking negative values are allowed.

Let W*P(Q) = {f € L,(Q)|D*f € L,(Q), Ya : |af < s} the
standard Sobolev space.

THEOREM 4.4 (rate of L;-convergence).

Suppose that py € WS (IR') and pxy € WL (R""?) and that K7 €
Li(RY) and K* € Li(RY“") are kernels of class s > 1. Assume
further that for somee >0, K = KY, K*, f =py,pxy, 0 = tq,tq+d,
we have [ ||ul|®T¢K (u)?du < oo and [(1 + ||ul|°T€) f(u)du < co. Then,

E[ [ 1" @ilyna) = plailysa) dai] = O(h3) + O(1/ mbif ™)

The expectation is defined with respect to all the simulated random
variables (Z}, y;) and the observation variables ..

4.4. COMMENTS

The assumptions lim,, .. nhﬁ{”d = oo and lim,,_, by, = 0 used in the
first three theorems imply that the number n of generated particles
must grow with ¢ to ensure convergence. This restricting condition
was already required by the Monte Carlo filters built from the SIS
algorithm. The same improvements can be considered. The first one is
to limit the memory of the filter to T" time steps backwards. It is easy
to show that convergence results analogous to those just presented are
obtained under the more satisfying assumptions lim,, o nhL9+% = oo
and lim,, .. h, = 0. However, the optimal choice of T is difficult in
practice and such a limited memory approximation of the optimal filter
is only justified under mixing assumptions on the dynamical system
(Del Moral, 2004). Other approaches are possible, as the introduction
of a forgetting factor of the past. A more efficient one is the introduction
of a trajectory selection step in which only simulated trajectories (7 .,)
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sufficiently close to the observed one (yi.¢) are kept, with a complete
set of theoretical convergence results (Rossi, 2004). In this paper we
present another improvement of the basic convolution filter using a
resampling step analogous to that of the SIS-R filters, with the effect
of relieving from a necessary particle number increase with time to
improve the optimal filter estimation.

5. The Resampled-Convolution Filter (R-CF)

A resampling step can take place very easily at the beginning of each
time step cycle of the basic CF algorithm, as follows.

5.1. R-CF ALGORITHM

— Fort=0

let p0 be taken as the probability density of the initial state dis-
tribution .

— Fort>1
(i) resampling step : (i%ﬁl, ceLER ) ~ Dy
(ii)  evolving step : T~ fi(@ ) and g ~ (3,

fori=1,...,n.

(ili) estimation step :

ol = it Kk, (0~ GO, (o0~ )
| vKY (v — 37

n

(5)

Remark: even though the dependence of the z; density estimator p}
on the past observed values y1.4—1 is not explicit in (5), the resampling
step makes it effective, as shown by the following convergent properties
of the filter.

5.2. CONVERGENCE PROPERTIES OF THE R-CF FILTER

All the convergence results proper to the CF filter are kept and even
improved since they are now free of any particle number increase with
time. We shall just show it through the study of the Li-convergence of
the filter.

THEOREM 5.1 (a.s. Li-convergence ). If K* and KY are positive bounded
Parzen-Rosenblatt kernels, if p(-|y1:1—1) is positive and continuous at y;
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and exists M > 0 such that p(yi|xy) < M for all t, if exits o €]0,1]
such that nh24 = O(n®) then

. nhn+q o
(I 2 — [ wtsinafan =0
THEOREM 5.2 (rate of convergence).

Suppose that py = p(yily1.i—1) € W IR?) and pxy = p(zs, Ye|y14-1) €
WL (IR and that the kernels KY € Li(IRY) and K™ = K*KY ¢
Li(RY*Y) are of class s > 1. Assume further that for some e > 0, for
K =KY, K%, f=py,pxy, 6 = q,q+d, we have [ ||u]|® K (u)?dz <
oo and [(1 + ||ul|%F€) f(u)du < co. Then

E[ [ 1" @ilysa) = plarlysa)ldar] = wlO(3) + 001/ b
with up = 2t — 1.

The expectation is defined with respect to all the simulated random
variables (Z}, y;) and the observation variables ..

5.3. COMMENTS

As wanted, by comparison with the CF filter convergence conditions the
assumptions lim,, ..o nh%+d/ logn = oo and lim,, . h, = 0 ensuring
convergence of the R-CF to the optimal filter, are more satisfactory
and the rate of convergence with respect to the particle number is less
time dependent.

6. Simulated case studies

The behaviour of the proposed CF and R-CF convolution filters are
now compared with that of their SIS and SIS-R counterparts, on a
well-known bench-mark nonlinear dynamical system, for different state
and observation noise situations.

Let us consider the following system, considered by (Netto & al., 1978),
(Kitagawa, 1996; Kitagawa, 1998) and (Doucet, 1998; Doucet & al.,
2001) among others.

{ Ty = %xt_l + 12_5;%_11 + 8cos(1.2t) + vy

2
Yt = 3—6 + wy
where zog ~ N(0,5).
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The competing filters are

MCF : Monte Carlo Filter

IPF :  Interacted particle Filter

IPF-R : Interacted particle Filter post-Regularised
CF :  Convolution Filter

R-CF : Resampled Convolution Filter

in the three different situations
Case 1 : v~ N(0,1) and w; ~ N(0,0.1?)

Case2 : v~ N(0,1) and w; ~ N(0,1)

Case 3 : v~ N(0,10) and wy ~ N(0,1)
For each of the three noise cases and a given number n of parti-
cles, the behaviours of the respective filters are compared through a

mean squared error criterion computed for each filter over N = 100
trajectories of length L = 500 time steps,

1.1 X
MSE == " =" |l — & |7
L Nj:l

in which z;; is the true value of the state variable for the 4t trajec-
tory at time ¢ and &;; is the estimate of E[x;|y;1,---,y;] given by

% A jé‘,t the mean of the n particles generated according to the filter
at time t.

A Gaussian kernel is used to build up the CF and R-CF filters and to
regularize the IPF filter (i.e. to compute the IPF-R). The kernel band-
with is taken as h,, = std(Z},...,Z?)/n'/?, as usually recommended.
Table 1 shows that in Case 1 (small observation noise) only the CF and
R-CF filters perform safely, whereas the MCF, IPF and IPF-R filters
all diverge whatever the number of particles used.

For greater observation noise (Case 2 and 3) the performances of the
interacting particle filters and convolution filters are rather close to
each other, with a slight advantage for the R-CF filter.

7. Conclusion

The convolution kernel estimation theory offers a set of probability den-
sity estimating tools very efficient when large samples of observations
distributed according to the distribution to be estimated are available.
Following these lines the simulation of the state and observation vari-
ables of a dynamical system from a given initial state distribution,
through the system noise simulation, allows to build up several types
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Table I. Case 1 : vt ~ N(0,1) and w: ~ N(0,0.1%)
Nb of particles | MCF  IPF IPF-R | CF  R-CF

N=20 0 0 0 0 17.39
N=50 0 0 0 16.80 10.27
N=100 0 0 0 14.70  9.26
N=200 0 0 0 13.98 8.93
N=500 0 0 0 12.92  8.09
N=5000 0 0 0 13.26  7.58

Table II. Case 2 : v ~ N(0,1) and wy ~ N(0,1)
Nb of particles | MCF ~ IPF IPF-R | CF  R-CF

N=20 27.57  32.52 25.90 24.53 24.33
N=50 22.60 19.63 15.84 19.55 15.70
N=100 19.73 13.54 11.67 || 16.26 12.43
N=200 17.88 11.77  10.91 1598 11.39
N=500 16.19 1094 10.70 || 14.76  10.89
N=1000 14.66 10.60 10.64 14.29  10.65
N=5000 12,55  10.56 10.54 13.90 10.46

Table III. Case 3 : vy ~ N(0,10) and w¢ ~ N(0,1)
Nb of particles | MCF ~ IPF  IPF-R | CF  R-CF

N=20 60.76  53.95 50.21 46.69 38.55
N=50 53.14  33.60 31.08 41.31  27.99
N=100 47.31  25.96 25.55 36.50 24.75
N=200 46.30 24.16  23.70 || 37.76  23.89
N=500 44.23 2296  22.59 | 34.60 23.07
N=1000 41.62 22.20 22.26 36.27 2231
N=5000 3745 21.71 21.69 36.72 21.68

of convergent estimate of the optimal filter of the system, given an
observed trajectory. This new convolution-based filtering approach can
take place within the particle filter family. However besides the estima-
tor construction itself, it differs from these filters by several important
traits such as the required assumptions (no use of the observation
likelihood), the structure of the noises (additive or not), the intrinsic
regularization of the distribution estimate (a density), the estimation
stability (enhanced robustness to small noise) and even no restriction
about system without observation noise. Moreover, one can notice the
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rather simple form taken by the convolution filter algorithms proposed,
in particular that of the R-CF filter which achieved the best perfor-
mances in all our case studies. The analytical study of the convergent
properties of these new filters, quite different from that of the usual
particle filters, takes advantage of general results from kernel estima-
tion theory. Finally, no attention was paid in this paper to issues of
more practical than theoretical importance as the choice of the type of
convolution kernel to use and that of the kernel bandwidth parameter.
A deeper recourse to nonparametric density estimation theory could
help in improving these choices.

Appendix
A. Elements of kernel estimation theory

DEFINITION A.1. A kernel K is a bounded, positive, symmetrical ap-
plication from R — R, such that J KdX =1, where X is the Lebesgue
measure.

d

Example: the simple Gaussian k 1 K _(— —M
ple: the simple Gaussian kerne (z) = Nor exp 5 )

DEFINITION A.2. A Parzen-Rosenblatt kernel is a kernel such that
lim ||z|K (z) =0

llz[|—o0
DEFINITION A.3. Let Xy, --,X, bei.i.d. random variables with com-
mon density f. The kernel estimator of f, f,, associated with the kernel
K is given by

fn(z) = n—zd ZK(CE ;nXZ) = (Khp, * ptn)(z) z€R?

n =1
where the bandwidth parameter hy, > 0 and p, = % w1 0x, is the
empirical measure associated to Xq,---, X,.

We often use the practical notation K (x) = h%K (75) r € R

LEMMA A.1 ( Bochner). Let K be a Parzen-Rosenblatt kernel and
g e Ll(]Rd), then for all x where g is continuous

lim (g  K)(x) = g(2)
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Proof : see (Bosq & Lecoutre, 1987).

THEOREM A.1. For any f € Lo, if fn is associated with a Parzen-
Rosenblatt kernel, we have

hn — 0, nhi — 00 = E[fu(z)— f(z)]> =0

Proof : Theroem proved by (Parzen, 1962) for d = 1 and by (Cacoullos,
1966) for d > 1 .

THEOREM A.2. If f, is associated with a positive bounded Parzen-
Rosenblatt kernel, we have

nhd
logn

hn, — 0, —o00 = falx)— f(z) as.

whenever f is continuous at x.
Proof : see (Rao, 1983).

THEOREM A.3 (Glick). If {fn} is a sequence of density estimates
converging almost everywhere to a density in probability (or almost
surely), then [ |fn — f| — 0 in probability (or almost surely).

Proof : see (Glick, 1974) or (Devroye, 1987)
THEOREM A .4 (rate of convergence). Let f € W*! be a probability
density. Suppose that K € Ll(]Rd) is a kernel of class s > 1. Assume

further that for some ¢ > 0 we have [ ||z||%K(z)?dx < oo and [(1 +
|2[|+€) f(x)dx < co. Then,

L[ Ifa — £ = O(h3) + O(1//nh)

Proof : see (Holmstrm & Klemel, 1992).

B. Proofs

B.1. PROOF OF THEOREM 4.1 (QUADRATIC MEAN CONVERGENCE
OF THE CF FILTER)

The expectations are defined with respect to all the simulated (%, 7i),
conditional on the observed y;.¢.
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" adona) = plarlinn) = S (Bl )] = 17 )
Pry(@eyue)
+ E[p (y1.0)] p(ze|y1:t)
= %(EW@MH — P (1)
+P§y($t, Y1:t) — pxy (e, Y1:t)
E[p} (y1:1)]

pxy (@, Y1) pxy (Te, Y1)
+( EpL (i)  py(yie) )

According to Lemma A.1 (Bochner) one has

lim h, — 0, nanéo nhflq — 00 = TLILH(;OIE[P@(QM)] = py (y1:¢)

n—oo

which implies

o pxy (T ye)  pxy (@ Y1)y
o (B ]l ) ="

n—oo
In addition, Theorem A.1 ensures that
lim hy, — 0, lim ™ — oo = Elpky (20, y14) —pxy (€0, y14)]* = 0

which implies

n — .
nhngO]E pXY(xt’i-l;t)n pXY(wtayl.t)]Q _o.
- [py(ylzt)]

It only remains to study the behavior of

n(CCt| :t) n . 9
E[%(E@Y(ym)] —py(ylzt))} .

By construction

n KT Y Kg i
PH(Eelyre) = ==L hn(xt gxt) h(y~1.t Ui.t)
iz Ky (Y1 = 1)
= Yo WiK§ (xy — 2})
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where ~

K]g(y}:t - git)
>ic1 Kg(yu — G4
and by applying Jensen inequality

P = 1=1,---,n.

n

" (wt|y1:e) Z i (e — xt)z

then

~ ~n 2
E[p" (2lyro) (B3] — D)k - 5]

< S Wil — o) T [ E G )1
i=1

n

= ZWZ<E[PY /Kh )2p(&]§1..) A7

=1

.

Z Z(IE[PY /Kx p(xe — th%:t)du

=1

(B3] - / K*(u

where M = sup,, ... P(T¢|y1:0)-
In addition

:&|’_‘

<

SIS

E [IE[P’{/] - pﬂ oy [p’ﬂ

") i
Y1 = 10)) = EIK (g1 — 510))?)
= o (K2 *py) = JE@))P

I
3|=3 =
1S
;‘N@
—~
<
—
o~

|
<

and according to Bochner’s lemma (A.1) applied to py with the kernel
(KY)?/ [ ((K7)?),
lim ()2« py ) () = v (1) [ (K7(0))

then

RRATIE [Tl (n.)] — pR-(10)] — py (o) [ (K7 () o
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Finally

tq p" n n 2
nhn +dIE[IE[p$X(|ZLt)] (IE[pY] - pY)}
M [E[pi (y1.0)] — pi(ne)] [ K= (w)?du
]E[pg(ylzt)]Q
. M [ K%(u)?du [ KY(v)%dv
pY(yl:t)

<

ensuring that

Jim B[ (edlyra) = padlyra)l* = 0.

B.2. PROOF OF THEOREM 4.2 (A.S. CONVERGENCE OF THE CF
FILTER)

By construction

pn Tt|Y1:t) =
(@ly1.e) P (Y1:)

Theorem A.2 ensures that

(xt,ylzt) - p(xt,y1:t) a.s.

pn
p"(y14) — p(y14) a.s.

As p(y1.t) is assumed positive, the result is proved.
B.3. PROOF OF THEOREM 4.4 (L;-CONVERGENCE RATE OF THE

CF FILTER)

Unless specif‘ied‘ the expectations are defined with respect to all the
simulated (Z},7;) and observed y;.; variables.
Let By = {y1+ : py(y14) > 0}, we have

B[ [ 10" el -pladyrldar] = By g, [ [ 19" @l —plodynolda].
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We shall then suppose y1.+ € By in the following equations :

Py () pxv ()
p@(yt:t) Py (yt:t)

Pn(xt\ylzt) - p(xt‘ylzt) =

p&y PXy

Py PY

Py Dy — PXYDy
DYDY

PXyPy — PxyPy + Dy Dy — PXyDPy
Dy-PY

Pxy (py — pY) + ¥ (p%y — Pxv)

DYDY
1 n n n
= 5;{pxy‘—pru+(pY<—pprxu4
then
1
|pn(55t|y1:t) —p(l“t|y1;t)| < 7{|P?(Y($t,y1:t) —pXY($t,y1;t)|
pY(yl:t)

oy (y1:4) — D5 (91:0) [Py (el yn.0)|

1
pY(ylzt)
Hpy (1) = )| [ pgy (oelyno)da)

/’pn(ﬂﬁt\ylzt) — p(xtlyre)|day < {/ D%y (26, Y1:t) — Pxy (@4, y1e)|day

1
B py (Y1:) {/M&Y(mt’yl:t) = pxy (@4, Y1) |day

+lpy (y1:0) = P (1)

No

W
Ey,, {/ " (x¢|y1:t) —P(Cﬂt|y1:t)|dl“t} = jf D" (zt|y1:t) — p(@e|yre)|daepy (Y1:0)dy.e

IN

jf D%y (e, y1:t) — Dxy (@4, y1:e)|dzedyre
+/ |pY(y1:t) _pgl/(yl:t”dyl:t

or

By, [llpky —pxiylle] < Ipky —pxvlie + 9% —pyllo
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then

Elllpxy —pxjylla] < Ellpky —pxy ] + Ellpy — pylld.

Finally, according to Theorem A.4

E[l[p%y — pxyllza] = Ohg) + 00 /\/nhif*) + O(h3) + O(1/y/nhif)
= O(h) + O(1/\/nhi*?)

B.4. PRrROOF OF THEOREM 5.1

For t = 1 the result is true according to Theorem 4.3. Let us assume it
is true until time ¢ and let us show it is still true at time ¢ + 1.
The three following lemmas will be useful to ensure this result.

LEMMA B.1. Letu(z) andv(z) be two probability densities on R? and
f =min(u,v). Let U and V be respectively the subsets of R on which
min(u,v) = u and min(u,v) =v. Let I =UNV. Then m is
a probability density. :

Proof of the lemma

If=Jpu+tfyv=—Jiu
= 1= Jyeut Jgv—Jfu
= 1-[Jyu—frul+ fyv—fiu
= 1= Jfyutfyo
= 1—[y(u—0)
= 1— 2 [|u—v| according to Scheffe’s lemma.

O
Now let 1
An = §Hp?($t|y1;t) — pe(ze, [y1:e) | 11 (6)
By assumption
lim A, =0 a.s
n—oo
Let S = (z},...,2Z%) be sampled from py'. We shall show that there
exists a subsample of S, Z}',...,#,"™ and a new sample @}',...,&;"",

which together can be considered as sampled from p;. Such a device was
used by (Devroye, 1987) to study the robustness of kernel estimates.
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Let us define the three following functions:

£, = min(py',pt)
n

- 1-A,

On = p?fmzlr(bp?,pt)
h, —= pt—migip?,pt)

Let us note that by Lemma B.1, f,,g, and h,, are density functions
and that

p? = An'gn+(1_An)'fn
bt = Anhn+(1_An)fn

This shows that each ! sampled according to p? is with probability
A, sampled from g,. Let Zi,...,Z, be random variables such that
Z; = 1if 3t ~ g, and Z; = 0 if 3L ~ f,. The Z; are thus Bernoulli
variables with parameter A,. N, = > Z; is then a binomial variable:

N, ~ B(n, Ap). ‘
M, = n — N, is the random number of 7; sampled from f,. Let
T, ..., 2" be this subsample, 1 < iy < ... < iy, < n. Let Iyy =

{i1,...,in, } and Iy ={1,...,n} — Iy, .
Consider now the new following random sample

i i ifie Iy .

) t

Ti=19 .5 . . fori=1,...,n 7
t {x% with @} ~ hy, sii € Iy e (7)
Z},...,2Z7 can then be considered as a virtual random sample from

the unknown p; which holds M,, elements common with the previous
sample S;* drawn from p}'.
By applying system (1) to the actual Z},...,Z} and then to the virtual

zj for i € Iy, one gets (xtl-i—laytl—f—l)v o (@, YY) and (£i+17§§+1) for
i € Iy. Thus one gets new actual and virtual samples, (z;,, ytl_H), ..
o (@ Yyt and (214, Ti41)s - - - (B4, T4 ) Tespectively, with M,

common pairs.
With the first sample, let us build the R-CF estimate of the optimal
filter:

i1 K (w41 — w%H)K}i(ym - ygﬂ)
P (@elyre) = == ‘ (8)
t+ it Kﬁ(ytﬂ ~ Yig1)
With the second sample, we can consider the virtual kernel estimate of
the optimal filter:

Yo K (w41 — f%+1)K/g(yt+1 — i) ()
Sy Kj (Y1 — Uig1)
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built from particles 7 41 themselves born from particles #! sampled
from the true unknown p;(x¢|y;.t). This virtual estimate can then be
considered as a simple convolution filter for one time step ahead.

Now we can write

P 1 (@1 |y1:e) — Dot (@1 |y, < ||P?J:1(Cﬂt+1|y1:t) — D1 (@1 |yre) || oy
HPr 1 (@er1|ye) — P (@eralyie) ||y

and according to Theorem 4.3 for CF filters, we have

d+q
li nhy 7 _ . _
{ M —o0 Togn = lim 1P} (@1 |yre) —pea (e v [ = 0 as.

lim, o0 hpy =0

It thus remains to study the behaviour of

Ip% 1 (o1 lyre) =D 1 (Teg1yiee) ||z, :/|P?+1($t+1|y1;t)—25?+1(33t+1|y1;t)|d$t+1

Let
Dy (xi41) = pio1 (@e1|y1:e) — Pyt (Te1 Y1)

then by definition one has

Sy K, (w1 — 2 ) Kny, (Y1 — Y1)

D T4 = g
(@) St K, (Y1 —y§+1)

_ 2iz1 K, (w41 — f%H)Khn (Y11 — @éﬂ)
it Ky (Y41 — Ui1q)

Sy K, (w1 — 24 ) Kny, (Y1 — Y1)
Z?:l Khn(ytJrl - y§+1)

_ St K (@41 — 2310 K, (Yer1 — Yiga)
i1 Ky (Y41 — Ui41)

Sy K, (w1 — 2 ) Kny, (W41 — Y1)

+ a
i1 K, (Y1 — y§+1)

_ izt K, (w41 — f%H)Khn (Y1 — @éﬂ)
i1 Kny (Y41 — Ui4q)
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it implies

n

1D (x41)] <> Kny (x40 — 210) Kny (i1 — viga)
i=1

1 1
x‘ __ _ ]
Zzn:1 Kh,, (Yer1 — yiﬂ) Z?:1 K, (Yer1 — y%ﬂ)

1 n ) )
+ > Kn, (@1 — 240) Kn, (Y41 — yii1)

znzl Khn (yt+1 - g%-‘,—l) ‘ i=1

n
=Y Kn, (@1 — Fpy1) Kn, (Y41 — ﬂfm)’

i=1

As (ﬁﬂ@gﬂ) = (xi+17y§+1) for i € Ipr, one gets

| < i1 K, (w1 — xiﬂ)Khn (Yt+1 — ygﬂ)
N Zzn:1 Kh,, (Y1 — ﬂ§+1) Z?:l Kp,, (Ye41 — y§+1)

| Dy (2¢41)

X‘ Z K, (Yt+1 — yi+1) - Z K, (Y41 — ﬂiﬂ)‘

el i€lN

1 ‘ ‘
Z K, (2141 — 1) K, (Y1 — Yi41)

+ —
i1 K, (Ye+1 — i) icln

- Z K, (41 — 55%+1)Khn (Y1 — @§+1)’
i€ln

By assumption, the kernel K is a density, then

‘ ZiEIN K, (ye+1 — ygﬂ) - ZieIN Kh, (Y41 — ?7§+1)}
Sy Kny, (Y1 — iy)

[1Dasidara <

ZieIN K, (Yeg1 — y§+1) + ZieIN Khn(yt+1 - §§+1)
+ - —
> Kny, (Y1 — yt+1)

Finally we get
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ZieIN Kk, (Y1 — y§+1) + ZieIN Kh,, (Y1 — ﬂ§+1)
it Ky (a1 — i)

IN

2

J 1P ldai

2N, N%L ity Knn Wer1 — Ui1) + N%L ity Knn (W1 — Y1)

= 1 n ~1
n 7 2ie1 Ky (Y1 — Yigr)
_qt i
¢ Ly KT R D Kt
2Nphy, No i€l hY, N, 4vi€ly hy,

nhi, LS Ky (Y1 — Giyq)
According to theorem 4.2, it holds
1 & ;
- > Kn, (i1 — Gip1) = Pyer1lyre)  a.s.
i=1
and p(yi41|y1:t) is positive by assumption.

K(ytﬁ»l_ﬂz_',l) K(yt+1—yz+1)

} 1 h 1 h
Let us show that N N el 7%%” and N, ZieIN h;lvn
n n

are a.s. asymptotically bounded.
Let us consider the first term and to alleviate notations let

ytJrl_gi 1
K (7}1” tt

fori € Iy.
Let M,, = IE[X;|F] and Z; = X; — M,, with F; the set of all generated
variables through the instant ¢. The variables 71, ..., Z,, are identically

distribued and independant conditionally to F;.
We have

N, (N, —1
L NalVa — 1)

ik

Nn
E[(} Z)"] = N.E[Z{]
i=1
because IE[Z;Z; 7, 7)) = E[IE|Z;|R|E[Z; Z,Zi|F]] = 0 for all (j,k,1)
among {1,...,n} —i. According to Markov-Tchebychev inequality we
deduce

|y Xz
-4

E(Z{] | B[z}

N3t 2N2et

AL
P(|FZZZ-| >e) <
n =1

(10)
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Let us study the terms IE[Z?] et IE[Z{] :

E[Z7] = E[E[ZF|7]
E[E[X?|F] - EX;| 7]

E[E[XF|F]].

IA

However
Yi+1—T; 1112
K( 5

ELX}|7] .
Nn,

P(Fev1ly1:6)dTe1

hn K (1)?
= /%P(ytﬂ — huly1:)du
Nn

IN

with My = M [ K% and p(y;|x;) < M, M exists by assumption. The in-
equality p(¥i+1|y1+) < M rises from the joint-density p(Zii1, Jr+1|y1:t)
and that the link between %441 and ;41 is in conformity with the model.
Indeed, 311 is obtained by applying the equation of observation of the
system to Z¢41. Thus we can write

P(Tes1ly1:) = /ﬁ(ft+1,ﬂt+1|y1:t)dﬂ3t+1

= /P(ﬂt+1|ﬂ3t+1)ﬁ(ﬂ5t+1|y1:t)d~’5t+1
/Mﬁ(ftﬂ\yl:t)dftﬂ
M

IA A

Finally we get
E[Z}] < ——. (11)

Let us study now IE[Z7}] :
E[Z{] = E[E[Z{|F]]
= B[E[X{|A] - ABXP|A]E[X,|A] - AB[X| F]ELX,| A
+OIE[X? | F)E[X,|F]? 4 E[X, | F]*
E[E[X{|7] + 6E[X?|F]E[X;| 7]’

IN
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However o
1

B[X7|F] < 7T

N,

n

Mhg
E[X|F] < 1
Nn

and .
Yi+1—Yi1 )4

K(
/ +ﬁ(ﬂt+1 [y1:¢)dTes1
hNn

E[X{ | 7]

_ / hi K (u)!

10 Pyee1 — hulyr:e)du
hNn

K 4
/ (?’u) Mdu
hn
My
— 3
h
with My = M [ K*. We get
M. M, M?2h24
2 gt n

3q q 2q

E[Z]] < (12)

The application of (11) and (12) to (10) leads to

My 60, M? M}
N3R et Nihjy et~ aN2h3 et

1
P(’FZZJ >e€) <
ni=1

By assumption, exists a > 0 such that Nh2d = O(N?), then the serie
My . 6MM? 7
4

of general term
& N3h3E 4 T NFhY e

? .
converge. According to
2NZh3E et & &

Borel Cantelli lemma, we deduce Nin Zfi"l Z; converge a.s. to zero as
N, tends to infinity. Let

K(yt-ufﬂiﬂ) K(yt-%l*giﬂ)

: 1 B D
lim — —— —E[——F] =0 a.s.
as p
K (L Vi Mhs
0 < B[——7—|A] < S
Nn Nn
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K(yt+1*z7§+1
where h, < hy,. Hence Nin D il ——2 " is a.s. asymptotically

q
hNn
bounded. _
Vi1V
K(i}m

leads
h?vn

The application of the same reasoning to N%L D iy

to the same result.
Thus for large N,, we have

N A MhL | Mh?
N, h i

| Dy (eg1)|dzpy < = - s

/ " nhi, % i1 Kny, (Y41 — i)

4N, M
no= S Kn, (Y1 — Uiy

And finally for large n and N,

Ny,
/‘Dn($t+1)’dxt+1 = 0(7) a.s. .

However % is the empirical estimate of A, € [0, 1], by Hoeffding’s
Inequality (Hoeffding, 1963), for any A,,

Ny,
PU? — A,| > ¢) < 2exp{—2ne?}. (13)

As limy 00 Ay, — 0 a.s., (13) implies lim,, oo Ay = 0 a.s.. This com-
pletes the proof of the theorem.
O

B.5. PrROOF OF THEOREM 5.2

To alleviate notations let us denote transitorily

py = p(Wtlyre-1), pxy = p(Tt, Yelyr4-1), Pxyy = p(@e|y1:t).

Py = p"(Welyie-1), Py = P (@6, yelyri—1), Pxy = P (x| Y1:e),
estimated from couples (x},y;) born from particles z;_; generated from
P (Te-1|y1:e—1). '

Py = D(y¢|y1:4—1), the virtual estimate of py from particles Z}_; sampled
from p(x¢—1|y1.4—1) the true optimal filter distribution, as given by (7).
My = ﬁ"A(xt,yt|y1;t,1), the virtual estimate of pyxy from the same
particles Zj.

Then by definition
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p&y _ bxy

Py —Pxly =
X | Py PY

PxyPy — PXYDy
Py DY

PxyPy — Py Py + PxyDPy — PXxYDPY
DYDY

Py (Py — pY) + 0¥ (P%y — PxY)
DYDY

1
= — {p}y —pxy + (py — p@)p}\y}-
py

N

1
\P}nf—PXM4 > 5;[WKY”—pXY\+WPY-—p@@§nJ-

We deduce

Py — Pxvlpy < Ipky — pxvl| =+ [py — Y| Py

We easily have

By, 1y, D%y — Pxvllc] < llpky — pxvlie + 1Py — py il

and

E(lpy —pxvlie] < Ellpky —pxvlla] + E[[py — pylil.

Now

E[llp%y —pxvlz] < Elllpky — bxyllzi] + E[l|pxy — pxv 1]
and
E[|lpy — py|l1] < E[|py — by 1] + E[py — py 1]

As the virtual Z} are generated according to the optimal filter p X|y> by
Theorem A.4 it holds
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E[||5%y — pxyllz1] = O(hS) + O(1/4/nhE™)
and also
E[|5% — py 1] = O(h3,) + O(1/y/nhl)
Now, let us turn to the term IE[||p%y — p%y ||£1] and consider again the
quantity A, (6) previously introduced:
1 n
A, = §||pt71(xt71|y1:t71) —pe—1(Te—1, [y1:t—1) || 11

Let us notice that p'%, and p%y are built from M, = n — N,, com-
mon couples (zy,y;) born from M, common particles zj_;, with N,, ~

B(n,A,). Then

- 1 ) .
Py — vl = = 130 KT, (o0 — 2D K, (o~ vi)
i€lN ) )
—Kjp (v — 3K} (ye — §p)|dady;

< 2Nn

- n

As E[%|An] = A,, it holds

E[llpky — pxy)llz,] < 2IE[A]

and by the same arguments
Elllpy —pyle,] < 2E[A,].
Finally
Elllpky —pyiyl] < AE[A] +O(h) + 01/ k™)
namely

E[\\p"(wt\ylzt) —p(wt\yu)HLl} < 2IE[||Ipi i (ze—1|yr:e—1) — pe—1(@e—1, [y1:4—1)| 21

+O(hS) + O(1/1/nhE™).

Furthermore for ¢t = 1, according to Theorem A.4, it holds

B [|[p" (z1ly1) = p(a1y1) 1, | < Oh3) +O(1/y k™)

which by ascending recursion leads to

E|[lp" (:ly1) = plarlya) ] < 2= 1)(003) + 00/ ki)

O

35



References

Akashi H., Kumamoto, H. and Nose, K. Application of Monte Carlo Methods to
Optimal Control for Linear Systems under Measurement Noise with Markov
Dependent Statistical Property. International Journal on Control, vol.22, no. 6,
p821-836, 1975.

Bosq D. and Lecoutre, J.P. Thorie de I’estimation fonctionnelle. Economica, Paris,
1987.

Cacoullos T. Estimation of a multivariate density. Ann. Inst. Statist. Math., 18,
p179-189, 1966.

Davis M. New Approach to Filtering nonlinear Systems. IEEFE Proceedings, Part
D, vol. 128, no. 5, p166-172, 1981.

Chen G. Approximate Kalman Filtering. World Scientific, Approximations and
Decompositions vol. 2, 1993.

Del Moral, P., Rigal G., Salut G. Estimation et commande optimale non linaire :
un cadre unifi pour la rsolution particulaire. Technical report 2, LAAS/CNRS,
contrat DRET-DIGILOG, Toulouse, 1992.

Del Moral P. Nonlinear filtering using random particles. Theory Probab. Appl Vol40
No4, 1995.

Del Moral P. A uniform convergence theorem for the numerical solving of the
nonlinear filtering problem. Journal of Applied Probability, 35(4):873-884, 1998.

Del Moral P. Measure-valued processes and interacting particule systems. Applica-
tion to nonlinear filtering problems. The Annals of Applied Probability, vol. 8,
No2, 438-495, 1998.

Del Moral P. Feynman-Kac Formulae. Genealogical and Interacting Particle Systems
with Applications. Probability and its Apllications series, Springer, 2004.

Del Moral, P., Miclo, L. Branching and Interacting Particles systems Approxima-
tions of Feynman-Kac Formulae with applications to Non-Linear Filtering. In
Sminaire de Probabilit XXXIV, Ed. J. Azéma, M. Emery, M. Ledoux & M. Yor,
Lecture Notes in Mathematics, Springer-Verlag Berlin, vol 1729, p1-145, 2000.

Del Moral, P., Jacod, J. and Protter, P. The Monte-Carlo method for filtering with
discrete-time observations. Probab Theory Relat. Fields 120, 346-368, 2001.

Del Moral, P., Jacod, J. Interacting Particle Filtering With Discrete Observation.
In Sequential Monte Carlo Methods in Practice Ed. Doucet A., de Freitas, N.,
Gordon., N.; Statistics for Engeering and Information Science, Springer, p43-75,
2001.

Devroye, L. A Course in Density Estimation. Birkhuser Boston, 1987.

Devroye, L. The equivalence of weak, strong and complete convergence in L1 for
kernel density estimates. Ann. Statist., vol 11, 896-904, 1983.

Doucet, A. On Sequential Simulation-Based Methods for Bayseian Filtering.
Technical report CUED/F-INFENG/TR.310, University of Cambridge, 1998.
Doucet, A., De Freitas, N. and Gordon, N. Sequential Monte Carlo Methods in

Practice. Statistics for Engeering and Information Science, Springer, 2001.

Glick, N. Consistency conditions for probablity estimators and integrals of density
estimators. Utilitas Mathematica, vol. 6, p61-74, 1974.

Gordon, N.J., Salmond, D.J. and Smith, A.F.M Novel approach to nonlinear/non-
Gaussian Bayesian state estimation. IEE Proceedings-F, vol. 140, no. 2, 1993.
Handschin, J.E. Monte Carlo Techniques for Prediction and Filtering of Non-Linear

Stochastic Processes. Automatica, no. 6, p555-563, 1970.

Hoeffding, W. Probability inequalities for sums of bounded random variables.

Journal of the American Statistical Association, vol. 58, p13-30

36



Hrzeler M. and Knsch, H.R. Monte Carlo Approximations for General State-Space
Models. Journal of Computational and Graphical Statistics, vol.7, no.2, p175-193,
1998.

Holmstrm L, and Klemel, J. Asymptotic Bounds for the Excepted L' Error of
a Multivariate Kernel Density Estimator. Joural of Multivariate Analysis, 42,
p245-266, 1992.

Jazwinski, A.H. Stochastic processes and filtering theory . Academic Press, London,
1970.

Kitagawa, G. Non-Gaussian State-Space Modeling of Nonstationary Time Series.
Journal of the American Statistical Association, 82(400), p1032-1041, 1987.
Kitagawa, G. Monte Carlo Filter and Smoother for Non-Gaussian Nonlinear State
Space Models. Journal of Computational and Graphical Statistics, vol.5, no.1,

pl-25, 1996.

Kitagawa, G. A self-organisation state-space model. Journal of the American
Statistical Association, 93(443), p1203-1215, 1998.

LeGLand F., Oudjane, N. A Robustification Approach to Stability, and to Uniform
Particle Approximation of Nonlinear Filters. Stochastic Process. and Appl., vol.
106, 2, pp. 279-316, 2003.

LeGLand F., Oudjane, N. Stability and Uniform Approximation of Nonlinear Filters
using the Hilbert Metric, and Application to Particle Filters. The Annals of
Applied Probability, 14, 1, pp. 144-187, 2004.

Liu J.S. and Chen, R. Sequential Monte Carlo Methods for Dynamic Systems.
Journal of the American Statistical Association, 93(443), p1032-1044, 1998.
Musso C., Oudjane, N., LeGland, F. Improving Regularised Particle Filters In
Sequential Monte Carlo Methods in Practice, Eds : Doucet A., de Freitas N.,
Gordon N., Statistics for Engeering and Information Science, Springer-Verlag,

New York, p247-271, 2001.

Netto, M.L.A., Gimeno, L. and Mendes, M.J. Nonlinear filtering of discrete time
systems. Proceedings of the 4th IFAC Symposium on Identification and System
Parameter Estimation, Thilisi, USSR, p2123-2130, 1978.

Oudjane, N. Stabilit et approxzimations particulaires en filtrage non linaires, appli-
cation au pistage PhD thesis, Universit de Rennes I, France, 2000. Statistics
PhD.

Parzen, E. On estimation of a probability density function and mode. Ann. Math.
Statist., 33, p1065-1076, 1962.

Rao, B.L.S. Prakasa Non Parametric functionnal estimation. Probability and
Mathematical Statistics, Academic Press, Orlando, 1983.

Rossi, V. Filtrage Non Linaire par Noyaux de Convolution. Application un Procd
de Dpollution Biologique. PhD thesis, Ecole Nationale Supérieure d’Agronomie
de Montpellier, France, 2004. Statistics PhD.

Warnes, G.R. The Normal Kernel Coupler : An adaptave Markov Chain Monte
Carlo method for efficiently sampling from multi-modal distributions. Technical
Report 39, Departement of Statistics, University of Washington, 2001.

37



