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Sequential Monte Carlo methods which involve sequential im-
portance sampling and resampling are shown to provide a versatile
approach to computing probabilities of rare events. By making use of
martingale representations of the sequential Monte Carlo estimators,
we show how resampling weights can be chosen to yield logarithmi-
cally efficient Monte Carlo estimates of large deviation probabilities
for multidimensional Markov random walks.

1. Introduction. In complex stochastic models, it is often difficult to
evaluate probabilities of events of interest analytically and Monte Carlo
methods provide a practical alternative. When an event A occurs with a
small probability (e.g. 107%), generating 100 events would require a very
large number of events (e.g. 1 million) for direct Monte Carlo computation
of P(A). To circumvent this difficulty, one can use importance sampling in-
stead of direct Monte Carlo, changing the measure P to ) under which A is
no longer a rare event and evaluating P(A) = Eg(L14) by m~ 3", L;i1la,,
where (L1,14,),...,(Lm,14,,) are m independent samples drawn from the
distribution @, with L; being a realization of the likelihood ratio statistic
L := dP/dQ, which is the importance weight. While large deviations theory
has provided important clues for the choice of @) for Monte Carlo evaluation
of exceedance probabilities, it has also been demonstrated that importance
sampling measures that are consistent with large deviations can perform
much worse than direct Monte Carlo; see Glasserman and Wang [18]. Chan
and Lai [8] have recently resolved this problem by showing that certain
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2 CHAN AND LAI

mixtures of exponentially twisted measures are asymptotically optimal for
importance sampling. For complex stochastic models, however, there are im-
plementation difficulties in using these asymptotically optimal importance
sampling measures. Herein we introduce a sequential importance sampling
and resampling (SISR) procedure to attain a weaker form of asymptotic
optimality, namely, logarithmic efficiency; the definitions of asymptotic op-
timality and logarithmic efficiency are given in Section 3.

Instead of applying directly the asymptotically optimal importance sam-
pling measure @ that is difficult to sample from, SISR generates m se-
quential samples from a more tractable importance sampling measure @
and resamples at every stage t the m sequential sample paths, yielding a
modified sample path after resampling. The objective is to approximate the
target measure () by the weighted empirical measure defined by the resam-
pling weights. Details are given in Section 2 for general resampling weights
(not necessarily those associated with the asymptotically optimal resampling
measure). Section 4 illustrates the SISR method for Monte Carlo computa-
tion of exceedance probabilities in a variety of applications, which include
boundary crossing probabilities of generalized likelihood ratio statistics and
tail probabilities of Markov random walks. These applications demonstrate
the versatility of the SISR method and the relative ease of its implementa-
tion.

Our SISR procedure to compute probabilities of rare events is closely
related to (a) the interacting particle systems (IPS) approach introduced
by Del Moral and Garnier [14] to compute tail probabilities of the form
P{V(X:) > a} for a possibly non-homogeneous Markov chain {X;}, and
(b) the dynamic importance sampling method introduced by Dupuis and
Wang [16, 17] to compute P{S,/n € A}, where S,, = >.7*;g(X;) and
{X,} is a uniformly recurrent Markov chain with stationary distribution
7 such that [ g(z)dn(z) ¢ A. Both IPS and dynamic importance sampling
generate the X; sequentially. Dynamic importance sampling uses an adap-
tive change of measures, based on the simulated paths up to each time
t < n. A recent method closely related to dynamic importance sampling
is sequential state-dependent change of measures, introduced by Blanchet
and Glynn [3] for Monte Carlo evaluation of tail probabilities of the maxi-
mum of heavy-tailed random walks. The IPS approach uses “mutation” to
sample )N(t(jr)l (conditional on the X Y), . ,Xt(z) already generated) from the
original measure P and then uses “selection” to draw m i.i.d. samples from
{(Xfi), e t(i), )Aft(j_)l) : 1 <i < m} according to a Boltzmann-Gibbs parti-
cle measure. The theory of IPS in [14] focuses on tail probabilities of V' (X;)
for fixed t as described in Section 2 rather than large deviation probabilities

imsart-aap ver. 2008/08/29 file: sisr23.tex date: December 16, 2010



SEQUENTIAL MONTE CARLO FOR TAIL PROBABILITIES 3

of g(Sp/n) for large n as considered in Section 3. Our SISR procedure is mo-
tivated by rare events of the general form {X,, € I'} that involves the entire
sample path X,, = (X1, ..., X,) and includes {V (X,,) > a} and {S,/n € A}
considered by Del Moral and Garnier, Dupuis and Wang as special cases.
The sequential importance sampling component of SISR uses an easily im-
plementable approximation @ of Q; in many cases it simply uses @ = P.
Thus, it is quite different from dynamic importance sampling, even though
both yield logarithmically efficient Monte Carlo estimates of P{S,,/n € A}.

2. Sequential importance sampling and resampling (SISR) and
martingale representations. The events in this section are assumed to
belong to the o-field generated by n random variables Y7, ...,Y, on a proba-
bility space (2, F, P). Let Y; = (Y1,...,Y};) for 1 <t¢ < n. For direct Monte
Carlo computation of « := P{Y,, € I'}, i.i.d. random vectors Y ) o ,Y,(Lm)
are generated from P and « is estimated by

m
(2.1) Gp =m”! E:l 1{Y5f)el“}.
1=

The estimate ap is unbiased and its variance is a(1 — a))/m, which can be
consistently estimated by

(2.2) 63 :=ap(l —ap)/m

In most stochastic models of practical interest, the Y; are either inde-
pendent or are specified by the conditional densities p;(-|Y:—1) of Y; given
Y;_1, with respect to some measure v. Direct Monte Carlo computation
of P{Y, €T}, therefore, involves Yl(i) yee ,Yéi) that are generated sequen-
tially from these conditional densities for 1 <4 < m. In contrast, SISR first
generates m independent random variables fft(l), . ,fft(m) at stage t, with
}7(1) having density function g (- |Y§Z)1) to form ?(z) (Y gl)l,f/(z)) and
then uses resampling weights of the form w; (Y )/ >y we(Yy )) to draw
m independent sample paths YLS]), 1 <j < m, from {Y,gl),l < i< m}.
Here ¢; are conditional density functions with respect to v such that ¢ > 0
whenever p; > 0; one particular choice is ¢ = p¢. In Section 3, we show
how the weights w; can be chosen to obtain logarithmically efficient SISR
estimates of rare event probabilities.

The preceding SISR procedure uses bootstrap resampling that chooses i.i.d.
sample paths from a weighted empirical measure of {?gl), 1 <i<m} It
is, therefore, similar to the selection step of the IPS approach, that chooses
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4 CHAN AND LAI

i.i.d. “path-particles” from some weighted empirical particle measure; see
[14]. The Monte Carlo estimate of a using SISR with bootstrap resampling
is

(2.3) ag=m"" ;L(?ﬁ)hnl(YSZln AWery
where hg = 1 and
k _ m
pe(yelyt—1) Wy _ 1 (i)
h = , Wy = — we(Y,7).
(24 tl_[lfh (Yelye-1)’ k() tl;llwt(}’t) ' m; ((¥i)

Chan and Lai [9] have recently developed a general theory of sequential
Monte Carlo filters in hidden Markov models by using a representation sim-
ilar to the right-hand side of (2.3) for these filters. The method of their
analysis can be applied to analyze m(ap — «), decomposing it into a sum
of (2n — 1)m terms so that the summands form a martingale difference se-
quence. Let E* denote expectation under the probability measure @ from
which the ?gl) and Y,gi) are drawn, and define for 1 <t < n,

(25)  filyr) = E*[L(Yn)1liy,ery|Ye = yi] = L(y)) P(Yn € T[Y: = y),

setting fo = a and fn(ﬁ?n) = L(?n)l (¥,ery- An important ingredient in the
analysis is the “ancestral origin” a(i) of Y(‘) Specifically, recall that the “first

generation” of the m particles consists of Yl(l), cen, }71(7”) (before resampling)
and set a§ R = j if the first component of Y() 1s 171@ ) Let #,(;) denote the
number of copies of Y,i) generated from {Y . ?(m } to form the m

particles in the kth generation, and let w,(j) = wk(Y( ))/E 1wk(Y/,(ﬁj)).
Then it follows from (2.4) and simple algebra that for 1 <i < m,

mw = b (Y /h(YE),
z LY (YY) = Z # [ ) (YD),

(1) = (l) =j

Zn: S A = fia (YD (YY)

t=1 ;- (i) _ .

+i S &L - mwl) o (Y )k (Y
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SEQUENTIAL MONTE CARLO FOR TAIL PROBABILITIES 5

= Z fnYZ) hn—1(Y ,(:Zl)—Oé,

S>1:j

recalling that fy = a, hp = 1 and defining a(()i) =1. Let

26) €2 = S [AOYD) = fa (YO (Y) for 1<t <m,
il =j

= > @ —me) AV —al for 1<t <n—1L.
ira) =
Then for each fixed j, {egj ), 1 <t < 2n— 1} is a martingale difference
sequence with respect to the filtration {F;,1 <t < 2n — 1} defined below,
and

m

(2.7) m(ap — a) Z -+ eéjn) 1)-
7j=1

The martingale representation (2.7) that involves the ancestral origins of
the genealogical particles is useful for estimating the standard error of ag,
as shown by Chan and Lai [9] who have also introduced the o-fields

2.8) Fuq = o({VP:1<i<m}
u{(Y®, Y§+) a):1<s<t1<i<m)}),
For = o(Fa—1 U{(Y; (Z)) 1 <i<m}),

with respect to which (2.6) forms a martingale difference sequence.

Since fn(YS)) = L(Y(l)) {Y(”er} and Y /% (#tl) mw( )) =0for1 <t<
n—1, summing (2.6) over ¢ and j yields (2.7). Without tracing their ancestral
origins, we can also use the successive generations of the m particles to form

martingale differences directly. Specifically, in analogy with (2.6), define for
1=1,...,m,

(2.9) Zé?fl = [f(Y; ) fi—1(Y t 1)]ht 1(Y() Yfor 1 <t<mn,

75) = (Y (YD) — Z w? (YY) for 1 <t <n—1.
j=1

As noted by Chan and Lai [9], {(Zt(l), e Z(m)) 1<t<2n-—1}is a mar-
tingale difference sequence with respect to the filtration {F;,1 <t <2n—1}
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6 CHAN AND LAI

and Zt(l), ceey Zt(m) are conditionally independent given F;_1; moreover,
2n—1

(2.10) m(@g —a)= > (Z) +-- 4 2.
t=1

From the martingale representation (2.10), it follows that E*(ap) = a.
Moreover, under the assumption that

n t—1 t—1

(211)  of =Y B [2(Y0) /) TT we(Y0)] B TT wi(Yr)] = na? < o,
t=1 k=1 k=1

application of the central limit theorem yields

(2.12) vm(ap —a) = N(0,03) as m — oo.

A consistent estimate of o3 is given by

(2.13) 5% = m_li{[ > YD) (YY) )]
j (1)

=1
J [ )

n—1 ) ) 9
Y Y @Y - me)as)
t=1 . (i) _ .
B2y =
which can be shown to converge to 0123 in probability as m — oo by making
use of the martingale representation (2.7); see [9] for details. Del Moral and
Jacod [15] have derived by a different method a martingale representation

similar to (2.10); see (3.3.7) and (3.3.8) of [15], in which the term Z

in (2.9) corresponds to the tth mutation on the ith particle and Zé? the
tth selection by the ith particle. In [15], these two terms are combined into
a sum, and a central limit theorem similar to (2.12) is proved under the
assumption of bounded f,.

Note that in (2.12) on the asymptotic normality of ap and in the consis-
tency result o3 2, o3, the sample size n in the probability a = P{Y, € I'}
is assumed to be fixed whereas the number m of Monte Carlo samples ap-
proaches co. The consistent estimate 63 of o in (2.13) provides an estimate
op/+/m of the standard error s.e.(ap) of the Monte Carlo estimate ap. Note
that the usual estimate \/ap(1 — ap) is inconsistent for v/m s.e.(ap) because
of the dependence among the m sample paths due to resampling in the SISR
procedure as in [13, 14]. The case of n approaching co will be considered in
the next section, in which the representation (2.6) will still play a pivotal

imsart-aap ver. 2008/08/29 file: sisr23.tex date: December 16, 2010



SEQUENTIAL MONTE CARLO FOR TAIL PROBABILITIES 7

role, but which requires new methods and large deviation principles rather
than central limit theorems

Instead of bootstrap resampling, we can use the residual resampling scheme
introduced by Baker [1, 2] which often leads to smaller asymptotic vari-
ance than that of bootstrap resampling. We consider here a variant of this
scheme, introduced by Crisan, Del Moral and Lyons [11], that can result
in further reduction of the asymptotic variance. Let |-| denote the greatest
integer function and let m; be the sample size at stage t, with m; = m.
We modify the bootstrap resampling step of the SISR procedure as follows:
Let U ) ) e .,Ut(mt) be independent Bernoulli random variables satisfying
P{Ut =1} = mtwgi) - Lmtwy)J. For each 1 < ¢ < m; and t < n, make
#ﬁi) = |y w,g )J + Ut() copies of (Y t(),aﬁ”l, hgi)l,wgi)). These copies con-
stitute an augmented sample {(Y(j) () h(]), §j)) 11 <j <myy1}, where
M1 = D (Z and hgi) = h(l) (mtwt( )) Estimate a by

G i=my Y LY (Y

1)1{Y§f)el“}'

Define e;,j ) by (2.6) in which m is replaced by m¢, and define Fo;—1 (or Fay)
by (2.8), in which m is replaced by msy1 (or by myy1). Moreover, define

Zyy = [f(Y)) - i 1<Y£i>1>]ht (Y for 1<t <n,
Zy = # = ma YY) = a] for 1<t <m -1,
for ¢+ = 1,...,ms. Recall that the first generation of particles consists of

Yl(l)7 e ,171(m) and that aii) = j if the first component of Yt(i) is }71(j ) for
j=1,...,mand ¢ = 1,...,myy1. Analogous to (2.7) and (2.10), we have
the martingale representations

m 2n—1
(2.14) mn aR a Z 61 _|_ _'_ean) 1) — Z (Zl(gl)"i_'"+Z]imL(k+1)/2J))'
J=1 k=1

Analogous to (2.13), define

mY [ X b

J=1 ’LIGS),lij
n—1 ) ) 2
- [1 +3 Y - mtwgz))}aR} :
t=1 (i)
ita, =]
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8 CHAN AND LAI

From (2.14), it follows that E*[m,(ar — «)] = 0. Let

ne = E*{ ﬁ wk(Yk)}, hi(yt) = 77t/ ﬁ wk(Yr),
k=1 k=1

and let y(z) = (x — |z])(1 —x + |x])/x for x > 0. If (2.11) holds, then anal-
ogous to corresponding results for @p and 53 in the bootstrap resampling
case, we now have as m — oo,

6% Lok, my/m B 1 for every t > 1,
vm(ar — a) = N(0,0%),

where 01% < O‘% and

ok = Y E{IfA(Ye) — fEa(Ye)lhi 1 (Y1)}
t=1

= * h;tkf (Yt— ft Yt h?; Yt —a2
+;E{7( h%(Yt)l))[ ( )hi‘((Yt)) ]}.

Details are given in [9]. Note the additional variance reduction if residual
resampling is used instead of bootstrap resampling.

3. Logarithmically efficient SISR for Monte Carlo computation
of small tail probabilities. Let £,&1,&9,... be i.i.d. d-dimensional ran-
dom vectors with a common distribution function F' such that ¢ (6) :=
log(Ee?€) < oo for ||0]] < 6o. Let Sp = & 4 -+ + &n, po = EE, © = {0 :
Y(0) < oo}, and let A be the closure of Vi)(©) and A° be its interior. Assume
that for any 6y € ©° and 0§ € O\ ©°,

1;%1(9 —00)' V(0o + p(6 — b)) = oo,

Then by convex analysis, (see e.g. [4, Chapter 3]), A contains the convex hull
of the support of {S,,/n,n > 1}. The gradient vector Vi is a diffeomorphism
from ©° onto A°. For given pu € A° let 6, = (V4) "' (u) and define the rate
function

(3.1) ¢(p) = 31618{9’M —P(0)} = O — 1 (On)-

We can embed F' in an exponential family {Fp,6 € O} with dFy(x) =
=0 JF(z). Under certain regularity conditions on g : A — R, Chan
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SEQUENTIAL MONTE CARLO FOR TAIL PROBABILITIES 9

and Lai [6] have developed asymptotic approximations, which involve both
g and ¢, to the exceedance probabilities

(3.2) pn = P{g(Sn/n) > b} with b > g(uo),
(3.3) pe = P{ max ng(S./n)=c},

where ng ~ poc and n; ~ pic such that g(pg) < pl_l. Making use of
these approximations, Chan and Lai [8] have shown that certain mixtures
of exponentially twisted measures are asymptotically optimal for Monte
Carlo evaluation of (3.2) or (3.3) by importance sampling. Specifically, for
A = {g(Sn/n) > b} in the case of (3.2) or A = {max,,<n<n, ng(Sn/n) > c}
in the case of (3.3), an importance sampling measure () (which may depend
on n or ¢) is said to be asymptotically optimal if

(3.4) mVaur(m_1 ZLi]‘Ai) = O(v/np?) as n — oo
i=1
in the case of (3.2), and if
(3.5) mVar(m_1 ZLilAJ = O(p?) as ¢ — o0
i=1

in the case of (3.3), where (L1,14,),...,(Lm,14,,) are m independent re-
alizations of (L := dP/dQ, 14). For the case of (3.3), since Eg(L1a) =
P(A) = p., Eg(L?14) > p? by the Cauchy-Schwarz inequality and therefore
Q is an asymptotically optimal importance sampling measure if Eg(L?*14) =
O(p?), which leads to the definition (3.5) of asymptotic optimality for the
Monte Carlo estimates. Chan and Lai [8] have also shown that /np? is
an asymptotically minimal order of magnitude for Eg(L?14) in the case
of (3.2). They have also extended this theory to Markov random walks S,
whose increments &; have distributions F'(-| X;, X;_1) depending on a Markov
chain {X;}.

The asymptotically optimal mixtures of exponentially twisted measures
J Po,w(pt)dp in [8] involve normalizing constants (3, (or 8.) that may be
difficult to compute. Moreover, it may even be difficult to sample from the
twisted measure Py, , especially in multidimensional and Markovian settings.
In this section we show that by choosing the resampling weights suitably,
the SISR estimates ap can still attain

(3.6) mVar(ag) = p2e’™ as m — oo and n — oo
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10 CHAN AND LAI

for Monte Carlo estimation of p,, and
(3.7) mVar(dg) = p2e® as m — oo and ¢ — 0o

for Monte Carlo estimation of (3.3). Moreover, (3.6) and (3.7) still hold with
ap replaced by ar. The properties (3.6) and (3.7) are called logarithmic effi-
ciency; the variance of the Monte Carlo estimate differs from the asymptoti-
cally optimal value by a factor of (™ (or eo(c)), noting that —n ! log p,, and
—c log p. converge to positive limits. To begin with, suppose the asymp-
totically optimal importance sampling measure () has conditional densities
qt(+|'Y;—1) with respect to v. To achieve log efficiency, the resampling func-
tions wy can be chosen to satisfy approximately

(3.8) wi(ye) < qe(Yelyi—1)/ @ (Ye|ye-1),

as illustrated by the following, after which a heuristic explanation for (3.8)
will be given.

EXAMPLE 1. Suppose &1,&2, ... are i.i.d. random variables (d = 1) and
g(x) = z in (3.2), so that « = p, = P{S,/n > b}, where b > E{ and
20, € ©. Consider the SISR procedure with Q = P (and therefore E* = E)
and resampling weights

(3.9) wi(Yy) = eO€t—1(6h)
Then L = 1 and hence by (2.5),

Therefore standard Markov’s inequality involving moment generating func-
tions yields

(3.11) fi(Yy) < e~ Ob(nb—=S)+(n—1)1(6h) _ ObSt—t(05)—n(b)

By (2.6) and the martingale decomposition (2.7),

(312) E@s—a)? <m 'S EB{AYM) = o (YO)PRE (Y )y
t=1
n—1
+m ST Bl#Y — muwt))? YR YY),
t=1

in which the superscript (!) can be replaced by () since the expectations
are the same for all i. The derivation of (3.12) uses the independence of
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SEQUENTIAL MONTE CARLO FOR TAIL PROBABILITIES 11

[ft( ) fi—1 (Y, 1)]ht(Y§ )1) forl1 <3< m when condltloned on For_o

and the pairwise negative correlations of (#t mwt ) fi(Y} )ht (Y(Z)) for
i =1,...,m when conditioned on F;_1. By (2.4), (3.9) and (3 11),

(313) E{[f;(Y™) = fia(Y)12R2 (Y H)}

= E{wl .. 'u_]t—l[ft(Yt )_ ft—l( )] / 291)5( ) _ 2(t— 1)111(911)}

OpE1—(6 2 -
< (1 n E (e :}1( b) — 1) )t le*QW( 0 (206200

To see the inequality in (3.13), condition on Fy;_1. Since E| ft(Yt )\}“gt 1] =
1Y, ) it follows from (3.11) that

v m_
E{[ft( ) [t (1)( (1) )] / 20,5, —2(t—1)1(0p) |~7:2t71]
< E[ft( )/ 20,5, —2(t—1)9 () |Forq] < e —2n¢(b )E(ewb&—zw(eb))‘

Moreover, w3, . ..,w? ; are i.i.d. random variables with mean
- () 2

(3.14)  E[m™t Y (P47 — 1) 4 1] =14 m BV )2,
i=1

and their product @? - - - w7_; in the second term of (3.13) is Fy;_1-measurable.
This yields the inequality in (3.13).

Since the conditional distribution of #; given Fo;_1 is Binomial(m wg)),
E[(#“) mwt V2| Fou 1] < muwl”. By (2.4), (3.9) and (3.11), fi(Y ) he (X))
< @y - - wee "®) . Since Yoy wt( D= 1, it then follows by conditioning on
For1 that

E{#Y — muw)? (Y n (Y M)
= m VS B — mw") )}
=1

< E{ ( Z wgi)) (wy - - -Uf)tefmﬁ(b))Q} — 6*2n¢(b)E(uj% e w?%
i=1
which can be combined with (3.14) to yield
~ ~ K t —om
(3.15)  EBl#" - mu R = 0((1+ ) e 2ew),

where K = E(e®€1~%(%) _1)2, By (3.12), (3.13) and (3.15),
1 K
lim 1nf—— log[mVar(ag)] > 2¢(b) — —

n—00 m

for any fixed m. Since p,,/ [n 2¢=79()] is bounded away from 0 and oo (see
[8, p.451]), (3.6) holds.
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12 CHAN AND LAI

3.1. A heuristic principle for efficient SISR procedures. The asymptot-
ically optimal importance sampling measure for p, = P{S,/n > b} is Q
under which &1, &, ... are i.i.d. with density function e?€=%(%) with respect
to P; see [8]. Since we have used Q@ = P in Example 1, (3.9) actually fol-
lows the prescription (3.8) to choose resampling weights that can achieve an
effect similar to asymptotically optimal importance sampling. We now give
a heuristic principle underlying this prescription. The SISR procedure uses
the importance weights pgi)/ (jf) (for the change of measures from P to Q)
and resampling weights wf), 1 < i < m, for the m simulated trajectories at
stage t. The resampling step at stage ¢ basically converts (?éi), pgi) / (jéi), w,@)
to (Ygi),pgi) / (éi)wgi)), 1), and therefore the prescription (3.8) for choosing
resampling weights (satisfying (}f/i)w,gi) = qéi)) is intended to yield the de-
sired importance weights pgi) / qt(i). To transform this heuristic principle into
a rigorous proof of logarithmic efficiency, one needs to be able to bound the
second moments of the importance weights and resampling weights. This
explains the requirement 260, € © in Example 1.

Example 1 indicates the key role played by the martingale decomposition
(2.7) and large deviation bounds for P(I',|Y}), 1 < k < n, in the derivation
of asymptotically efficient resampling weights. To generalize the basic ideas
to the more general tail probability (3.2) with nonlinear g, we provide large
deviation bounds in Lemma 1, whose proof is given in the Appendix, for

(3.16) P{g((z + Spk)/n) = b},

where S, ; = S, — Sk; note that (3.16) is equal to P{g(S,/n) > b|S, = x}.
The special case k = 0 and x = 0 has been analyzed by Chan and Lai (see
Theorem 2 of [6]) under certain regularity conditions that yield precise sad-
dlepoint approximations. The probability (3.16) is more complicated than
this special case because it involves additional parameters x and k, but we
only need large deviation bounds rather than saddlepoint approximations
for logarithmic efficiency. Let ug = V1(0) and define

(3.17) I = inf{e(n) : g(n) > b},
(3.18) M = {0:¢(u) < I}

LEMMA 1. Let b > g(po). Then as n — oo,

(3.19) P{g((z + Spz)/n) > b} < eI+ / F'T=k(6) g
M

where the o(n) term is uniform in x and k.
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SEQUENTIAL MONTE CARLO FOR TAIL PROBABILITIES 13

The proof of (3.19) in the Appendix uses a change-of-measure argument
that involves the measure () for which

(dQ/dP)(Y,) = /M ' Sn=mi®) g [vol(M).

The bound (3.19) is used in conjunction with the inequality [,, ¢/ *~¥¥(©)dp <
vol(M) exp{k maxgepr[0'x/k — 1 (0)]} to prove the following.
THEOREM 1. Letting b > g(uo), assume
(Cl) g is twice continuously differentiable, and Vg # 0 on
N :={pneA?:g(p) = b},
(©2) Bl < oo,
where k = supyeyy ||0]] and M is defined in (3.18). Let 0o = 0 and define for
1<t <n,
(3.20) 0, = arg max{6'S;/t = 1(6)},
wi(Ye) = exp{S; —t(0;) — [6,_1 i1 — (£ = D (Br-1)]}-
With Q = P and the resampling weights thus defined, the SISR estimates

ap and ag are logarithmically efficient, i.e., (3.6) holds for ap and also with
agr n place of ap if m — 0o and n — oo.

Besides (3.19), the proof of Theorem 1 also uses the bounds in the fol-
lowing lemma. These bounds enable us to bound E(w§_1|f2(t_1)_2) in the
proof of Theorem 1.

LEMMA 2. With the same notation and assumptions in Theorem 1, there
exist nonrandom constants ¢ and K > 0 such that
(3.21)
tlgglo e =0, FElw(Ye)|Si—1] < e and E[w?(Y)|S;—1] < K for all t > 1.

PROOF. Let 1 = supyc,s [¢(0)|. Then

(3.22) 0,S; — ty(6;) = @St,l —(t— 1)¢(5t)l+ 07 —Av,b(@)] R
< (01181 — (t = 1)p(0i-1)] + [0, — 1 (6y)],

and therefore it follows from (3.20) that w;(Y;) < el&I+7. Hence, by (C2),

(3.23) E[wt(Yt)l{HftH>C}‘St—l] S E[e””ng—'—nl{H&ﬂbc}} — 0 as C — OQ.
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14 CHAN AND LAI

It will be shown that for any fixed ¢ > 0,
(3.24) Vi, ‘= €sssup ||§t - é\t_lH]'{HﬁtHSC} —0ast— oo.
Let 77 = supgeas || V(0)||. Combining (3.24) with (3.20) and (3.22) yields

(3.25) Blwd(Y) g <cpSe] < Bl 06 <y Sia]
< e%’C(CJrﬁ)E[eei—l&_w(et*)]St_l] =1+0(1)

as t — oo. Moreover, by (C2) and (3.24), as ( — oo,

(3.26)E[w?(Yt)l{”&”>C}|St,1] < E[€2fi||§1H+2?71{“§1H>C}] — 0

Elwf(YOlgje)<q|Si1] < 1D pleias=2vlln)s, ]
< sup e¥@N=2000) 4 (1),
0eM
and (3.21) follows from (3.23), (3.25) and (3.26).

To prove (3.24), let f(0) = 0’z — t1)(0) and let 6, ; be the unique max-
imizer of f;:(6) over M. Let Amin(-) denote the smallest eigenvalue of a
symmetric matrix. Since V2 () is continuous and positive definite for all
0@ € M, and since M is compact and A, is a continuous function of the
entries of V2(0), infgens Amin(V?9(0)) > 20 for some 3 > 0. Therefore by
Taylor’s theorem, fy;1(0) < fr1-1(024—1) — Bt]|60z1—1 — 6] for all € M.
It then follows that for ||y — x| < ¢,

Jyi(Ozi-1) < fui(Oye) = foi—1(0y,) + 9;;,,:(3/ —z) —P(Oy)
< faop—1(0z2-1) — Bt[[0z,1—1 — Qy,tHZ + %,t(y — ) — (Oyt)
< fyi(Ori-1) = Btl0z-1 — Oyt |* + (C + )10z0-1 — Oyt

and therefore ||6,:—1 — 6, < (¢ +7)/(Bt). Hence (3.24) holds by setting
r=5;_1and y = S;. O

ProOOF OF THEOREM 1. To simplify the notation, we will suppress the
superscript (1 in gt(i)l below. By (2.4) and (3.20),

t—1
(327)  ha(Y{2) = ([T @) expl-0,_1 S0 + (¢ = 1)3(0,1)].
k=1

Making use of E[f(Y{")|Fo2] = fi1(Y{Y)), E(supgey €24 20) < o0
and the independence of w?---w? ; and &, we obtain from Lemma 1 and
(3.27) that

328)  E{A(YM) = fa(YO)2R2 (YD)
< B{a}---wp  fAY)) exp20, 1S — 2(t — 1)0(8,-1)]}
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SEQUENTIAL MONTE CARLO FOR TAIL PROBABILITIES 15

< e—2n]+o(n)E( wt2 1)

By (2.4) and Lemma 2,

m

E(w}_y|Fog—1)—2) = (m_IZE[wt (Y, 1)|St( 2])

i=1

+m- 22Varwt LY < (1 + K t)e2et,
=1

and proceeding inductively yields

t—1
(329) E(wi---wi,) < (1+Km ) lexp (Z%k) < K (t=1)/mto(n).
k=1

Similarly, under bootstrap or residual resampling,

(3.30) E[(#E” — maf! > R (Y]
= m! ZE —ma))? F YY)
< —2nI+o(n)E( . QD?)
By (C1), p, —nl+o(n) (see Theorem 2 of [6]) and hence it follows from

=e
(3.12) and ( .28)—(3.30) that both ar and ap are logarithmically efficient.
g

The heuristic principle described in the paragraph following Example 1
can also be used to construct logarithmically efficient SISR procedures for
Monte Carlo evaluation of (3.3), as illustrated in the following.

EXAMPLE 2. Let T, = inf{n : S, > c}. Consider the estimation of
pe = P{T, < ni} (i.e., with d =1 and ¢g(z) = x) when py < 0 and ny ~ ac
for some a > 1/v'(6,), where 6, is the unique positive root of 1(6,) = 0.
We shall assume 20, € © and use the importance measure @ = P and
resampling weights

) ef=&t if t < To,
’U) =
not 1 ifng >t>T.

Let (Y1 pm, ) = % 51erani =9 Since (Y an, ) > Limax, <, Sn>c}» 1t follows
that

(3:31)  fu(Ye) = P{max S, > c[Ys} < E[(Yr,m )| Y] = e 5ren =),
n<ni
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16 CHAN AND LAI

Making use of (3.31) in place of (3.11), we obtain that analogous to (3.13),
(3.32)

(1 1 1 KNt _og.c .
B{[fu(¥i") = fia (C2DPRE (Y2} < (14 25) e %),
where K, = E(e’€ —1)2, and that analogous to (3.15),

vV % K*__
(333 El# —muf P 2 EOmEO)] = 0((14+ 5) e,

Hence by (3.12) (with ny in place of n), (3.32) and (3.33),
mVar(ag) = O(n; exp[(n1K./m) — 20.c]).

Since n; = O(c) and p./e~% is bounded away from 0 and oo, as shown in
[22], (3.7) also holds.

In Theorem 2 below, we provide the resampling weights for logarithmically
efficient simulation of (3.3), for which the counterparts of (3.17) and (3.18)
are also provided. The basic idea is to use the resampling weights (3.20) up
to the stopping time

(3.34) T. = inf{n > ng : ng(Sp/n) > c} A ny.

THEOREM 2. Let g(uo) < a~!, ng = dc+ O(1) and ny = ac + O(1)
as ¢ — oo for some a > § > 0. Let I = inf{o(u) : g(p) > 671}, and
M ={0: ¢(ug) < I}. Let Q = P and assume that (C1)—(C2) hold for all
a ! <b< 51 and that

(C?’) T = SUPy.g(p)>a—1 min{g(u)’ 6_1}/¢(:U’) < 00.

Let Oy = 0 and define for 1 < t < ny — 1, 6, = argmaxgep[0/S;/t — 1(6)]
and

0,8~ (00)~[0)_y Se—1—(t=1)e (0 —1)]  iry <
(3.35)  wi(Yy) = {et o ift<Tc

ifng >t >1T,.
Then (3.7) holds for ap and with ap replaced by ag if m — oo and ¢ — .

PROOF. Let u = (t — 1) ATV, By (2.4) and (3.35),

t—1
(3.36) ht—l(?gi)l) = ( H U_Jk) exp[—(gul))’gqgl) + uw(@(}))].
k=1
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SEQUENTIAL MONTE CARLO FOR TAIL PROBABILITIES 17
Let I = inf{¢(u) : g(1) > b}. By Lemma 1,

(3371 A(YY) = PITY <mi[¥)
{Zru " e~ Me/nto(n) Tus ee/ét“)—tw?)de ift < Tc(l),

n=t

<
~ 11 itt>1Wm,

Note that
o) e Sy

inf b~ 'I, = mi inf = R tarA
a*lgligdfl b mm{u:aflélgl(u)ﬁéfl g(1) peg(uy>s—1 o1

by (C3). Hence by (3.36) and (3.37),

(1 1 1 —2c¢/r+o(c — —
(3:38) E{LA(Y(") ~ fia(YDPRE 4 (Y2} < e B(ad - afy).
Similarly, it can be shown that under either bootstrap or residual resampling,
(339)  Bl(#" —mu" 2R < OB @ w0 y).

By (C1) and Theorem 2 of [6], p. = e~¢/"t°(9) and hence it follows from
(3.29), (3.38) and (3.39) that both ar and ap are logarithmically efficient.
O

3.2. Markovian extensions. Let {(X;,Sy) : t = 0,1,...,} be a Markov
additive process on X x R% with transition kernel

P(z,Ax B) = P{(X1,51) € Ax(B+s)|(Xo,5%)=(z,9)}
= P{(Xl,Sl) EAXB‘(XQ,So)i(iL‘,O)}.

Let {X,} be aperiodic and irreducible with respect to some maximal ir-
reducibility measure ¢ and assume that the transition kernel satisfies the
minorization condition

(3.40) P(z,A x B) > h(xz, B)v(A)

for any measurable set A C X, Borel set B ¢ R? and s € R? for some
probability measure v and measure h(z, -) that is positive for all  belonging
to a p-positive set. Ney and Nummelin [19] developed a theory to analyze
large deviations properties of \S;, under (3.40) or when its variant P(z, A x
B) > h(z)v(A x B) holds. Let 7 be the first regeneration time and assume
that Q := {(6,¢) : E,e? 5™ < 0o} is an open neighborhood of 0. Then for
all 0 € © :={0:(0,() € Q for some (}, the kernel

~

(3.41) %@Ayz/ﬁwuﬁxm)
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18 CHAN AND LAI

has a unique maximum eigenvalue e¥(®), for which ¢ = ¥ (0) is the unique
solution of the equation E,e? 57~7¢ = 1, with corresponding right eigenfunc-
tions r(-;0) and left eigenmeasures ¢,,(6,-) defined by

(3.42) r(z;0) = B S0
T—1
l(0;A) = Ex( > el S"fnw(e)l{xneA}»
n=0

0,(6;4) = / 00(6; A)dv ().
Let 7 denote the stationary distribution of {X,} and let

(3.43) 0, = (Vi) ().

To begin with, consider the special case d = 1 and g(z) = z, for which
the importance sampling measure with transition kernel

(3.44) Py(z,dy x ds) = e”* O Lr(y:0) /r(z;0)} P(z, dy x ds)

has been shown to be logarithmically efficient by Dupuis and Wang [16] and
asymptotically optimal by Chan and Lai [8] for simulating the tail probabil-
ity Py,{Sn/n > b} when 6 is chosen to be 6} in (3.44). We shall show that
by using SISR with Q = P and resampling weights w,(Y;) = ef&—%(0)
we can avoid computation of the eigenfunctions. To bring out the essence
of the method, we first assume instead of the minorization condition (3.40)
the stronger uniform recurrence condition

(3.45) apv(A x B) < P(z, A x B) < ajv(A x B),

for some 0 < ap < a1 and probability measure v and for all x € X, mea-
surable sets A C X and Borel sets B C R. At the end of this section, we
show how this assumption can be removed . Note that Y, consists of (X, &;),
1 < t, in the Markov case.

ExXaAMPLE 3. Let b > E;£ and assume that 6, € © and Ey(e%bfl_w(eb))
< oo. We now extend Example 1 to Markov additive processes by showing
that the choice Q = P and

(3.46) wi(Yy) = el&v(0)

results in logarithmically efficient simulation of P,,{S,/n > b}. The depen-

dence of the weights wgi) and w,gj ) for i # j, created from a combination
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SEQUENTIAL MONTE CARLO FOR TAIL PROBABILITIES 19

of the Markovian structure of the underlying process and bootstrap resam-
pling, requires a more delicate peeling and induction argument than that
in Example 1. By considering & — 1(6y)/60 instead of &, we may assume
without loss of generality that ¢(6;) = 0.

Let k = sup,cy r(x;0p)/infyex r(z;0,) and let Ey be expectation with
respect to Py. Then by (2.5) and (3.44),

(YY) = Ppo{Sn/n>0|Y} = P{S, — S; > nb— S| Xy, Si}
= 1(X4;00) B, [e )1 g gsnps,3/7(Xns 00)| Xt St

We shall show that
(347)  E(w?---w?) = e°® as m — oo uniformly over 1 <t <n — 1.

Then logarithmic efficiency of bootstrap resampling follows from (3.12)-
(3.15). We first show that for any k < ¢t and i # j,

(3.48) E{w,%(EX;;) eebst*k)(EXlgj)eebSt*k)|]-'2k_2}
< MY (B g IR (B ) g,
uFv B -

where 3 = supy,>¢ sex Eo{e? (Ex, e?")?}, which is finite by (3.45). Note

that wy is measurable with respect to For_1 and that under bootstrap re-
sampling, X lgz) and X ,gj ) are independent conditioned on For_1. Moreover,

since X ,gl) =X lgz) with probability wl(f) = wy, (?,(f)) /207 wi (?,(c] )),

m
E{ﬂ_fk(EX]il)69*’5“'“)\7:%71} = Wy, 221 w’(CU)EX,iu) eOvSi—k
u=

)

which is equal to m=1 Y™, ol Ek(u)eebst*k in view of (3.46) and that
k

¥ (0p) = 0. Hence

(3.49) E{w,z,(Exéi)eebst—k)(EXg)eebSt—k)ny,H}

UL ) 2
- (m,l 3 el Ex(u)eebstfk)
vt F(w) ' £(v)
= m”%ﬁ%(eebgk E)zlgu)eebst—k)(eebfk EXév)eebSt—’“)
m ~
2 Z 6201,5,(:‘) (EX,@ PrSi—r)2,
u=1
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20 CHAN AND LAI

Since (gcu),)? ,gu)) and (E}:),X ]gu)> are independent conditioned on Fyi_o for
)
u # v and E[eabgl(c (EX(i)eebSt*kﬂfgk_g] = E. o eSi—k+1(3.48) follows
k k—1

from (3.49).
We shall show using (3.48) and induction, that

(3.50)  E(@?---w}) <A2(1+m '8)F wherey = sup E % (>1).
TEX,h>0

For k =1,
(1) () Ui (i)
Ew% =m™? Z EerGbil Eq, N Z Ex, et < v +m™'3
i#] i=1

and indeed (3.50) holds. If (3.50) holds for all & < t, then by repeated
application of (3.48), starting from k = ¢, we obtain

t—1
E(@} @) < (Bpe®)?+m™'8Y E(w}-- a})
k=0
t—1
< A{lem 7B 1+ mT ) =221

k=0

and (3.50) indeed holds for & = t. Hence (3.47) is true and logarithmic
efficiency is attained.

The peeling argument used to derive (3.48) and (3.50) can also be used
to extend Theorems 1 and 2, which hold for general g, to the following.

THEOREM 3. (a) Let M, 0, and we(Yy) be the same as in Theorem
1. Then Theorem 1 still holds when the i.i.d. assumption on & is replaced
by the uniform recurrence condition (3.45) on the Markov additive process
(X¢, St =&+ -+ + &) and assumption (C2) is generalized to

(3.51) / e2lEly (X de) < oo, where k = sup 6.
R4 0eM

(b) Let M, 8; and wy(Yy) be the same as in Theorem 2. Then Theorem
2 still holds when the i.i.d. assumption on & is replaced by the uniform
recurrence condition (3.45) and assumption (C2) is generalized to (3.51).

Note that @ = P in Theorem 3. We next show how the uniform recurrence
assumption (3.45) can be removed, extending the preceding results on the
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SEQUENTIAL MONTE CARLO FOR TAIL PROBABILITIES 21

logarithmic efficiency of suitably chosen SISR procedures to more general
Markov additive processes such that for some 8 € ©, 0 < 3 < 1, function
u: X — [1,00) and measurable set C,

(U1) supgecu(z) < oo, [yu(x)dv(z) < oo,

sup,ec lz(0;C) <00, [ £.(0;C)dv(z) < oo,
(U2) E{e? vy (X))} < (1 — Bu(z) for = ¢ C,
(U3) a = sup,cc E {8 v0y (X))} < o0,
(U4) Ky = sup,ey B {20020 0)2(X)) /u?(z)} < oo.

We illustrate in Section 4, Example 5 how (U1l)-(U4) can be checked in a
concrete example. Condition (Ul), in which ¢, is defined in (3.42), holds
when C' is bounded and v has support on a compact set. Conditions (U2)—
(U4) are often called “drift conditions”, see [8]. Although the arguments
are essentially modifications of the peeling idea in Example 3 by making
use of (U1)—(U4), they are considerably more complicated than those in the
uniformly recurrent case. We therefore only consider the univariate linear
case (d =1, g(y) = y) in the following theorem to indicate the basic ideas
without getting into the details of these modifications, such as replacing for
general g the 6, in (3.52) by sequential estimates 6y, as in (3.20) and (3.35).

THEOREM 4. Let b > Ez&1 and assume that (U1)—(U4) hold for 0 = 6.
Let Q = P and

(3.52) wi(Yy) = &Yy (X)) fu(X,_1).

Then (3.6) holds with py, = Py {Sn/n > b}, for ag or ar, as n — oo and
m — 00.

PROOF. By considering & — ¥(6p) /0, instead of &, we assume without
loss of generality that ¢(6,) = 0. By (2.4) and (3.52),

(3.53) hea (Y2 = ( H e Do) fu(XM).

It will be shown in the Appendix that

(3.54) Ky:= sup E {e®nu(X})/u(z)} < co.
TEX,h>0

Note that

(3.55)  fil(Yy) = Eu(ls, /monlYe) < e 0B, (e%5Y)
— egb(Stfnb)EXt (eobSn_t) S K2€9b(st7nb)u(Xt).
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22 CHAN AND LAI

Since Euo[fi(Y ) Fasa] = fiit(YH), it follows from (3.53), (3.55) and
(U3) that

(3.56)  Eno{[fe(Y") — fia (YIO)1PRE, (Y

K220t B, {(y -0y _1)2e206 w2 () w2 (X V) ju2(X (D)}

<
< e By (w] i),

where 3 = K1 K3u?(xo).
By (3.53) and (3.55), under either bootstrap or residual resampling,

(3.57) Euo[(#" — muwi)2 f2(Y )2 (Y ()]
= Y B[ — PR
=1
< K%EIO (u_)% e wf)e—%@bbﬁ(xo).

In view of (3.12), it now remains to show (3.47). It follows from the proof
of (3.48) that for any k < t and i # 7,

E (i)[eebsf*ku(Xt,k)] E (j)[eobsi*ku(Xt,k)]
k k

_ X X
et L Bl
) Z (EXISJ)I [efpSt—t+1 u(Xt—k:+1)]) (EXI(cw)l [eebs’f’”lu(Xt—k-i-l)])
< m — -
i u(X,) u(X;)
+m 1B,

An argument similar to that in (3.48) and (3.50) can be used to show that
Ego(@} - w) < K3(1+m™ )"
Hence (3.47) again holds and (3.6) follows from (3.56) and (3.57). O

3.3. Implementation, estimation of standard errors and discussion. As
explained in the first paragraph of Section 3.1, at every stage t, the SISR
procedure carries out importance sampling sequentially within each simu-
lated trajectory, but performs resampling across the m trajectories. Since
the computation time for resampling increases with m, it is more efficient
to divide the m trajectories into r subgroups of size k so that m = kr
and resampling is performed within each subgroup of k trajectories, inde-
pendently of the other subgroups. This method also has the advantage of
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providing a direct estimate of the standard error of the Monte Carlo es-
timate & := =1 3°I_, @;, where @; denotes the SISR estimate of a (using
either bootstrap or residual resampling) based on the ith subgroup of sim-
ulated trajectories. Specifically, we can estimate the standard error of & by
a/+/r, where

T
(3.58) 7 =(r-1)"") (@ -a)?
i=1

In Section 2 we have considered the case of fixed n as m — oo and provided
estimates of the standard errors of the asymptotically normal ag and ag.
The validity of these estimates is unclear for the case n — oo and m — oo,
as considered in this section that involves large deviations theory instead of
central limit theorems. By choosing m = kr with k — oo and r — oo in
(3.58), we still have a consistent estimate //r of the standard error in the
large deviations setting with n — oo.

The resampling weights in Theorems 1 and 2 have closed-form expres-
sions in terms of the cumulant generating function () in the i.i.d. case
or the logarithm (6) of the largest eigenvalue of the kernel (3.41) in the
Markov case. When (#) does not have explicit formulas, we can use numer-
ical approximations and thereby approximate the logarithmically efficient
resampling weights, as will be illustrated in Example 5 below. This is, there-
fore, much more flexible than logarithmically efficient importance sampling
which involves sampling from the efficient importance measure that involves
both the eigenvalue and corresponding eigenfunction in the Markov case; see
[5, 8, 10, 16, 21]. Note that approximating the eigenvalue and eigenfunction
usually does not result in an importance (probability) measure and therefore
requires an additional task of computing the normalizing constants.

The basic ideas in Examples 1 and 2 and Sections 3.1 and 3.2 can be
extended to more general rare events of the form {Xr € I'} and more general
stochastic sequences X; and stopping times T'. To evaluate P{Xp € T'} by
Monte Carlo, it would be ideal to sample from the importance measure ()
for which
dQ
dP
because the corresponding Monte Carlo estimate of P{Xr € I'} would have
variance 0; see [16, p.2]. This is clearly not feasible because the right-hand
side of (3.59) involves the conditional probabilities P{Xr € T'|X;} and
its expectation P{Xp € T'}, which is an unknown quantity to be deter-
mined. On the other hand, SISR enables one to ignore the normalizing fac-
tor P{Xr € T'} and to use tractable approximations to P{Xp € T'|X;},

(3.59) (X)) = P{Xy € T|X;}/P{Xyp €T} for t < T,
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24 CHAN AND LAI

as in Example 1, in coming up with a logarithmically efficient Monte Carlo
estimate of P{Xp € I'}.

4. Illustrative examples. We use the following two examples to illus-
trate Theorems 1 and 4.

EXAMPLE 4. Let Xi, Xo,... be i.i.d. random variables with EX; = 0.
Let & = (X;, X?) and S,, = &1+ - -+&,. Define g(y, v) = y/+/v for y € R and
v > 0, and note that g(Sy,/n) is the self-normalized sum of the X;’s. There is
an extensive literature on the large deviation probability p, = P{g(S,/n) >
b}; see [12]. Consider the case b = 1/v/2 and X; having the density function

1
NG

with respect to the Lebesgue measure. Thus, X; is a mixture of N(1,1) and
N(—1,1). In this case, © = {(61,02) : 6 < 1/2}, A = {(y,v) : v > y*} and

(ef(a:fl)Q/Z + e—(:c+1)2/2)7 z € R,

f()

) 1 1 92 +1 691/(1—292) +e—91/(1—292)
log(Ee X1+0:X7) _ Jog (5) +5-3 L 17, tlo ( T )

for 0 € ©. The infimum of the rate function over the one-dimensional man-
ifold N = {(y,v) : y = \/v/2} is [ = .324 and is attained at (y,v) = (1,2).
Then M = {0 = (01,02) : ¢(yp,ve) < I}, see (3.18) and Theorem 1. We im-
plement SISR with bootstrap resampling as described in Section 3.3, with
m = 10,000 particles, divided into 100 groups each having 100 particles.
The results, in the form of mean+tstandard error and for n = 15,20 and
25, are summarized in Table 1, which also compares them to corresponding
results obtained by direct Monte Carlo with m = 10,000 in (2.1) and (2.2).
Table 1 shows 18-fold variance reduction by using SISR when n = 15, 25-
fold variance reduction when n = 20 and that direct Monte Carlo fails when
n = 25.

INSERT TABLE 1 ABOUT HERE

ExampLE 5. Let (1,(2,...,7v1,72,... be i.i.d. standard normal random
variables and let

(4'1) Xnt1 = )‘(Xn) + Cnt+1, &n = Xn + Tn,
where \(x) is a monotone increasing, piecewise linear function given by

Az) = 2l <1y + (xT—H>1{x>1} + (?)1{3;«1}-
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Let 6 > 0. We now show that (U1)—(U4) hold for u(z) = 21" and C =
(—o0, p], where p > 1 is chosen large enough so that (U2) holds, as shown
below. Since (a 4+ b)T < a + b for a > 0 and since 20507 < =050y () it
follows that for x > p,

B ffa—0O (X)) =  E{lrHom—v@+210((5)+0) "y
< u(;v)e_'%e:‘E{eQVl_¢(9)+1-059+2-10Cf}’

and therefore (U2) holds if p is large enough. It is easy to check that (U3)
holds. Note that sup,¢(_oo,1) Ex [e206-20(9)42(X )] < oo and that for z > 1,

E, [ 200 (X)) fu (x)
_ E[629z+20m—2¢(9)+4.20((IT+1)+C1)+]/64.29w+

+
< (e—llﬁm A EQQI)E[629W1_2w(9)+2‘19+4'20<1 ] —0asz — oo,

and therefore (U4) holds. Since limg,_, o, Fy(e?17%)) = 0, it follows that
lim,_, oo £2(0; C') = 0; moreover u(z) = 1 for all z < 0 and hence (U1) also
holds.

We compute Py{S,,/n > 2.5} for SISR using resampling, with m = 10,000
particles divided into 100 groups, each having 100 particles, and with resam-
pling weights (3.52) for which the following procedure is used to provide a
numerical approximation for 6y 5. First note that by (4.1),

(4.2) Ege’s = 692/2EI€0X1.

The procedure involves a finite-state Markov chain approximation to (4.1)
with states z; and transition probabilities p;; (1 < 4,5 < 1000) given by

. 1000
1 2 2
= — 2. i = e (@imA@i)7/2 —(@e=A(zi))*/2
T 100 505, pij=e / ,;:1 e

For given 0, it approximates v(6) by 6%/2 + 1;(0), where ¢?(®) is the largest
eigenvalue of the matrix (eexjpij)lg’jglooo, in view of (3.41) and (4.2). Since
V' (025) = 2.5 by (3.43), it uses Brent’s method [20] that involves bracketing
followed by efficient search to find the positive root 055 of the equation
¥(0) + 62/2 = 2.50, noting that ¥ (0) = 0. The root a5 = .273 is then used
as an approximation to 35 in (3.52). Table 2 gives the results, in the form
of meantstandard error, for the SISR (with several choices of 6 in (3.52),
including 6 = 5 5) and direct Monte Carlo estimates of Py{S,/n > 2.5}. It
shows a variance reduction of 35 times for n = 15 and 80 times for n = 20
over direct Monte Carlo when 52,5 is used as an approximation to 5 5 in the
resampling weights (3.52) for SISR. When n = 25, direct Monte Carlo fails
while the SISR estimate still has a reasonably small standard error.
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PUT TABLE 2 ABOUT HERE

APPENDIX A: PROOF OF (3.19) AND (3.54)
PROOF OF (3.19). For 0 < e < I, let

M, = {0:0lug) = T— e, H(O) = {5 €A 0~ pug) > 0}.
If w € H(H), then ¢’ > 01y and therefore

(A1) B(p) = Sgp{g'u —p(0)} = O —p(0) = O'pg — p(0) = I — €.

Moreover, for 6 € M., H(f) is a closed half-space whose boundary is the
tangent space of {u: ¢(u) = I — €} at py. Hence

(A.2) d(p) # I —efor pe A%\ U H(9).
0c M.

Making use of this and (A.1), we next show that
(4.3) U HO) = {n:oln) > T e,

0eM.

and therefore by (3.17),

(Ad)  Te={pu:g(w) 20} C{u:o(w) 21—y = |J H().
0eM.
By (A.1), Upens, H(0) C {p : ¢(i) > I — €}. Therefore it suffices for the
proof of (A.3) to show that {u: ¢(p) <1 —e} D A%\ Ugpeps, H(). Suppose
this is not the case. Then there exists 1 € A%\ Ugeyy, H(0) such that
¢(p1) > I — e Since A°\ Ugenr, H() D {p = ¢(n) < I — €}, there exists
p2 € A%\ Ugenr, H(0) such that ¢(u2) < I — e. By continuity of ¢, there
exists p € (0,1) such that ¢(pus + (1 — p)uz) = I — e. Since A°\ H(6) is
a half-space, A°\ Ugecps, H(0) = Ngepr, (A°\ H(0)) is convex and therefore
pp1+(1=p)p2 € A°\Ugens, H(6), but this contradicts (A.2), thereby proving
(A.3).
Define the measure @Q by

Z—%(Yn) = / eSOy ol (M),
M

where vol(M) is the volume of M. Let p, = S, /n and hy,(0) = 6, — ().
From (A.4), it follows that if u, € I' then there exists 6. € M, such that
0 (pn, — pg,) > 0, and therefore

(A5)  hal6) = Oy —0(6.) > Opg, —6(0.) = d(po.) = I — €,
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since 0, € M.. Let B, = {0 : (0 —0,)'Vhn(0:) >0, ||0—6.] <n~/2}. Then
for all § € By, hy(0) = hy(0%) + (0 — 0*)'Vh,(0.) — (0 — 0.)'VZ3(0.)(0 —
0.)/2 + o(||6 — 64?), and therefore by (A.5) and the definition of B,,

hn(0) > I —e— (K +1)/(2n) for all large n,

where K = supge,, |[V2%(0)||. Hence for all large n,

(A6) 2y,

\Y]

Ly, ery /B eXp{nhn(G)}dH/vol(M)
> 1y,,ery(ca/2)e T EEN 20772 yol (M),

in which ¢4 denotes the volume of the d-dimensional unit ball. Letting ¢ — 0
in (A.6) yields (dQ/dP)(Y,) > e"“’o(")l{ﬂnep}, in which o(n) is uniform in
Y,,. Hence

P dQ
Plg(Su/n) 2 B4} = Eq| s (Yn)lis, mery g (Y)Y
_ dQ
< nl+o(n) %
> € dP(Yk)v
proving (3.19). 0

To prove (3.54), we use ideas similar to those in the proof of Lemma 1 of
[7] and the following result of [19, p.568].

LEMMA 3. Let 7(0) = 0. Under (3.40), there exist regeneration times
7(i), i > 1, such that
(i) 7(¢ +1) —7(i), i > 0, are i.i.d. random variables,

(1) {Xr@iys - - s Xr(ir1) =15 &r(i) 15 - - - &r(ig1) 1> @ = 0,1, ... are independent
blocks,

(iii) X, has distribution v for all i > 1.

PROOF OF (3.54). Let £, = E {>7_, e®nu(X,)}, £, = [ lpdv(x) and
A={r(i) : ¢ > 1}. Since u > 1,

(A7) Eu{e™ u(Xy)} = Bp{e % u(Xp)1 (o0}
k-1

+ 3 Ea(e511 e ay) By (e u( Xy )1 (r5pjy)
j=1
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Let 0 < 0 =0(1) < o(2) <--- be the hitting times of C. Then
(A.8)
o(k+1)

G < B Y S ru(X) B Y e 3T S Simly(X,) ).

n=1 k:o(k)<T n=c(k)+1
Let y € X. By (U2), for all n > 2,

B u(Xo) Lz} < (1= O)F (5 u(Xo 1) 10,

from which it follows by proceeding inductively and applying (U3) that
A9 E{Y M uX,) <5 max{a, (1 - Huly)} < auly)
n=1
where a = 37! max{a, (1 — 3)}. Substitution of (A.9) into (A.8) then yields
(A.10) 4, < a{u(m) JrEx(TZl eebS”u(Xn)l{XnGC}>} < au(z) +nly(0y; C),
n=0

where 7 = sup,cc u(y). Since [y u(z)dv(r) < oo and [y €2(0y; C)dv(z) <
00, it follows from (A.10) that £, < oo. Combining

02(0y; C) < Ey (™) [sup £, (0y; O)]
yeC

with (A.9) yields

(A.11) sup{lz(0p; C)/u(z)} < 0.
reX
Let Q* be a probability measure under which
dqQ* . .
O ((X0,5) £ < 7(0))) = M,
Then
(A.12) sup El,(eebskl{keA}) = sup Q*{7(i) = k for some i} < 1.
k>1 k>1
From (A.7), (A.10), (A.11) and
Eo(e®1jeny) = Eo(e™112p)
j—1
+ > Bu(e® 1)) By (€% 15 e ny)
h=1
< Eu(e®5){1 +sup By ("% 1ie )},
k>1
(3.54) follows from (A.12). 0
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TABLE 1
Monte Carlo estimates of P{g(Sn/n) > 1/v/2}.
n 15 20 25
SISR  (1.10 £.07) x10™® (1.9+.2)x10°* (4.0+.7)x 10 °
Direct (.9 4+ .3) x1073 (1+1)x107* 0
TABLE 2

Monte Carlo estimates of Po{Sn/n > 2.5}.

n
6 15 20 25
SISR .1 (9.68+1.37) x 10°% (281 £.57) x 107 (470£1.22) x 10°°
2 (9.65+.75) x 107* (2454 .24) x 107*  (6.70 +.64) x 107>
273 (8314 48) x 107* (2424 .19) x 107*  (6.33+ .44) x 107°
3 (9.114.51) x 107 (2.54+.20) x 107*  (5.27+.38) x 107°
4 (9.78 +£.80) x 107*  (2.60+.20) x 107*  (6.58 +.67) x 107>
Direct (8+3) x107* (3+2)x107* 0
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