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Introduction

Mean field simulation

Universal adaptive & interacting sampling technique

Part | ~~ 2 types of stochastic interacting particle models:
» Diffusive particle models with mean field drifts
[McKean-Vlasov style]

> Interacting jump particle models
[Boltzmann & Feynman-Kac style]



Part Il C Interacting jumps models

> Interacting jumps = Recycling transitions =

> Discrete generation models (< geometric jump times)




Equivalent particle algorithms

Sequential Monte Carlo Sampling Resampling
Particle Filters Prediction Updating
Genetic Algorithms Mutation Selection
Evolutionary Population Exploration Branching-selection
Diffusion Monte Carlo Free evolutions Absorption

Quantum Monte Carlo

Walkers motions

Reconfiguration

Sampling Algorithms

Transition proposals

Accept-reject-recycle




Equivalent particle algorithms

Sequential Monte Carlo Sampling Resampling
Particle Filters Prediction Updating
Genetic Algorithms Mutation Selection
Evolutionary Population Exploration Branching-selection
Diffusion Monte Carlo Free evolutions Absorption

Quantum Monte Carlo

Walkers motions

Reconfiguration

Sampling Algorithms

Transition proposals

Accept-reject-recycle

More lively buzzwords:

Bootstrapping, spawning, cloning, pruning, replenish, cloning, splitting,
condensation, resampled Monte Carlo, enrichment, go with the winner,
subset simulation, rejection and weighting, look-a-head sampling, pilot

exploration, ..




A single stochastic model

Particle interpretation of Feynman-Kac path integrals

The Path Integral Formulation of Your Life
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Feynman-Kac models

FK models = Markov chain X, € E, @ functions G, : E, — [0, oo

dQ, ::Zi { 11 G,,(X,,)} dP, with P, =Law(Xp,...,X,)

0<p<n

Flow of n-marginals

nn(f) = 7n(f)/'7n(1) with ’yn(f) =E (f H G )

0<p<n



Feynman-Kac models

FK models = Markov chain X, € E, @ functions G, : E, — [0, oo

1
dQn 1= I Go(Xo)p dPy with P, =TLaw(Xo,...,Xn)

n 0<p<n

Flow of n-marginals

Ma(F) = 7a(F)/7m(1) with 7(F):=E | £(X2) [[ Gl

0<p<n

Evolution equations :
with M, Markov trans. of X, and Q,;1(x, dy) = G,(x)M,11(x, dy)

Yn+1 = '7nQn+1 and Nh+1 = \UGn(nn)Mn+1



;‘R The 3 keys formulae

» Time marginal measures = Path space measures:

0<p<n

Yn(fn) = E (fn(xn) H Gp(xp))

[ X = (Xo, . ,X,,) & Gn(xn) = Gn(Xn)] = 1, =Q

» Normalizing constants (= Free energy models):

Zn:E( H Gp(Xp)) = H 1p(Gp)

0<p<n 0<p<n



The last key

» Backward Markov models

Qn(d(x0; - - -, xn)) o< no(dxo) Qu(x0, dx1) . . . Qn(Xn—1, dXp)

with
Qn(anh an) = anl(anl)Mn(anla an)
,gp Hn(anlaXn) Vn(an)
1
= ne1(dx) = n (Hna1(., x)) vpo1(dx
(@) =~ 1 (Hriax)) ()
If we set

77!1(dxn) Hn+1(XnaXn+1)
Mpi1.0,(Xnt1, dXn) =
o ( i ) TIn (Hn+1(-7Xn+1))

then we find the backward equation

1
77n+1(dxn+1) Mn+1717,,(xn+1; an) = m Tln(an) Qn+1(xn-, an+1)



The last key (continued)

Qn(d(xo, - - xn)) x no(dxo) Q1(x0, dx1) ... Qn(xn_1, dxn)

77n+1(dxn+1) M y1,, (Xn+1a an) X nn(dxn) Qn+1(Xn7 an+1)
(2

Backward Markov chain model :

Qn(d(x0; - - -3 xn)) = Ma(dXn) My s, (Xn, dXn—1) ... My (X1, dxo)

with the dual/backward Markov transitions

Mn+1,n,, (Xn+17 an) X 77n(dxn) Hn+1(Xn; Xn+1)



Stability properties
» Transition/Excursions/Path spaces
Xo= (X Xe1) X=Xy = Xe=(G.... X0

» O Continuous time models D Langevin diffusions

tht1
X=X o & Ga(Xn) = exp / Vi(X))dt

OR Euler schemes (Langevin diff. ~~ Metropolis-Hasting moves)

OR Fully continuous time particle models ~» Schrodinger operators

d .
L) = (LY (N) with LY =L+ V,

Important observation:

W) =E (exp /0 t vs(xs')ds) — exp /O Cn(Va)ds with e = e/ (1)



Stability properties

» Change of probability measures-Importance sampling (IS) -
Sequential Monte Carlo methods (SMC) :

For any target probability measures of the form

Qni1(d(x0s -3 Xn11)) < Qu(d(x0s- -+, %n)) X Qni1(Xny dXni1)
o no(dxo) Qu(xo, dx1) - .. Qny1(Xn, dXny1)

and any Markov transition M, _; s.t. Qny1(Xn, ) < M, 1(Xp, )

Target at time (n+ 1)
Target at time (n) x Twisted transition
dQnJrl (Xm )
= —_—— Xn
dM;, 1 (%n, )( +1)

Gn (Xm Xn+1)



Stability properties

» Change of probability measures-Importance sampling (IS) -
Sequential Monte Carlo methods (SMC) :

For any target probability measures of the form
Qur1(d(0, - %001)) X Qu(d(505 - %0)) X Qnya (X0, Iny)
o no(dxo) Qu(xo, dx1) - .. Qny1(Xn, dXny1)

and any Markov transition M, _; s.t. Qny1(Xn, ) < M, 1(Xp, )

Target at time (n+ 1)
Target at time (n) x Twisted transition

o dQn+1 (Xm )
B dM;l+1(Xn7 -) Cne1)

¢
Feynman-Kac model with X, = (X}, X, )

Gn (Xm Xn+1)

Q, = = H Gp(Xp) p dP, with P, =Law(Xo,...,Xp)
0<p<n



Some illustrations (C Part Ill)
Markov restrictions
Multilevel splitting
Absorbing Markov chains
Quasi-invariant measures
Gradient of Markov semigroups



Markov restrictions

» Confinements: X, randomwalk € Z¢ DA & G,:=14

Qn=Law ((Xo,...,X) | X, €A, YO < p < n)

Z,=Proba(X, € A, Y0 < p < n)

> SAW @ X, = (Xp)o<p<n &  Gu(Xn) = Lxrgixs...x: )

,,:Law((Xé,...,X,;HXl',;éXé, V0§p<q<n)

Z,,:Proba(X;#Xé, V0§p<q<n)



Multilevel splitting

Decreasing level sets A, |, with B non critical recurrent subset.
T,=inf{t>T,1 : X/ €(A,UB)}
Excursion valued Feynman-Kac model:
Xo = (Xeerm Toa] & Ga(Xn) = 1a,.,(X7,,)

I

Q, = Law (X[/To,Tn] | X" hits A,_1 before B)

Z, = P(X' hits A,_; before B)



Absorbing Markov chains

absorption ~(1—G,)  ~ . exploration ~ M1

XS € ES X XS

n

Qn = Law((X§,...,X5) | T >n) & Z,=Proba (T > n)

Quasi-invariant measures : (G,, M,) = (G, M) & M p-reversible

1
- logP (T%** > n) ~pree A = top spect. of Q(x,dy) = G(x)M(x, dy)

[Frobenius theo] Q(h) = Ah = Ax eigenfunction (ground state)

P(XS € dx | T > n) ~preo h(x) p(dx)

1
1(h)



Doob h-processes X"

Qa(d(x0, - x0)) < B((XE, ., XE) € dxa, ., xn)) h™2(x0)
with 1
M (x, dy) = Xh—l(x)Q(x, dy)h(y) =

» Invariant measure 1, = u,M" & Additive functionals

— 1
Fo(xo,- ., xp) = P

Z f(xp) = Qn(Fn) = pun(f)

0<p<n

> If G = G’ depends on some 0 € R ~ f := 2 log G’

glog)\‘9 ~, 1 g

9 26 _o(F
o0 n 100 98 Zm = Qn(Fr)



Gradient of Markov semigroups

Xnt1(x) = Fo(Xn(x), W,) (Xo(x) =x€ Rd) ~  Pp(f)(x) :=E(f(Xa(x)))

First variational equation

0Xn+1 0Xn ) i OF(.,w
ax+ (x) = An(x, Wa) -2 (x)  with AU (x, w) = %(X)
Random process on the sphere Uy = 1y € S9!
0Xn (X) uo
Unt1 = An(Xas Wa) Un/ [ An(Xo, Wa) Upll = B2
155 (<) wol]

Feynman-Kac model X, = (X, U,, W,)) & G, (x, u, w) = || Ap(x, w) ul|

VPui(AX) o =E | F(Xn1) [ G (X)
N—_——

0<p<n
VF(Xns1) Unpr P

152 () wo|




Some bad tempting ideas



Bad tempting ideas

Li.d. weighted samples X’

N
Z, =K H Gp(Xp) = Zrl1v ::%Z H GP(X/;)

0<p<n i=10<p<n
or in terms of killing-absorption models

1
Z,=P(T>n) ~ 2N =N Z Lyisn
1<i<N



Bad tempting ideas

Li.d. weighted samples X’

N
Z, =K H Gp(Xp) = Zrl1v ::%Z H GP(X/;)

0<p<n i=10<p<n
or in terms of killing-absorption models
1
Z,=P(T>n) ~ 2N .= N Z Lyisn
1<i<N
Example : X, simple RW € Z9, G, = 1|_19,1¢] (killed at the boundary)
4

In=n(w) : 2N=0



Bad tempting ideas
Li.d. weighted samples X’

N
Z, =K H Gp(Xp) = Zrl1v ::%Z H GP(X/;)

0<p<n i=10<p<n
or in terms of killing-absorption models
1
Z,=P(T>n) ~ 2N .= N Z Lyisn
1<i<N
Example : X, simple RW € Z9, G, = 1|_19,1¢] (killed at the boundary)
4

In=n(w) : 2N=0

ZN 2 1-Z
NE|[ |2 1 — n
([Z-1) - 5

Proba(X, € A, Y0O<p<n) '=P(T>n)""

12



Our objective

Find an unbiased estimate Z" s.t.

zNv o 7?
N]E({Z’;l] )gcxn
using the multiplicative formula

E{ [T ()| = IT (G

0<p<n 0<p<n

And estimating/Learning each (larger) terms in the product

. 1
np(Gp) = nS’(Gp) with 77;11\[ = N Z 552
1<i<N



Interacting particle interpretations
Nonlinear evolution equation
Mean field particle models
Grapbhical illustration
Island particle models



Flow of n-marginals [X,, Markov with transitions M,]

Mn(F) = 7n(F)/7n(1) with 5,(F):=E [ £(X.) [] Gal

0<p<n
T ((1) = 20)

Nonlinear evolution equation :

M1 = VY6,(Nn)Mny1

Zn+1 - nn(Gn) X Zn

N
Nonlinear m.v.p. = Law of a Markov X, (perfect sampler)
Mh+1 = CD,,+1(1],,)
= 00 (Snn,Mni1) = 10Kas1,n, = Law(X41)




Examples related to product models

Mn(dx) 1= Zi {f[ hp(x)} Adx) with h, >0
n p=0

2 illustrations:

hp(x) = e o= BV g 4 — g (dx) = — e PV () A(dx)

hp(x) = 1a,.(x) Ap L = na(dx) = == 1a,(x) A(dx)

W[ W)

For any MCMC transitions M, with target 7),, we have

MNMn+1 = Mn+1 Mn+1 = \UhnAl (7]n)Mn+]_ C Feynman—KaC model



Mean field particle model

McKean Markov chain model

Th+1 = nnKn+1717n = LaW(Yn)

I
Markov chain &, = (¢/)1<j<y € EVN

5;1 ~ 5{1+1 ~ n+17] (gmdx) with 77rI1V:

and the (unbiased) particle normalizing constants

2= (G) x 2y = ] 76,

0<p<n

1
N2 O

1<i<N



Mean field particle model

Mean field FK simulation ¢, ~ & ., ~ Ky ,nv=5,,vM,

)

~~ Sequential particle simulation technique (SMC)

Gp-acceptance-rejection with recycling & M, 1-propositions



Mean field particle model

Mean field FK simulation ¢, ~ & ., ~ Ky ,nv=5,,vM,

)

~~ Sequential particle simulation technique (SMC)

Gp-acceptance-rejection with recycling & M, 1-propositions

~ Genetic type branching particle algorithm (GA)

G, —selection ~ M,—mutation
gn n §n+1




Mean field particle model

Mean field FK simulation ¢, ~ & ., ~ Ky ,nv=5,,vM,

)

~~ Sequential particle simulation technique (SMC)

Gp-acceptance-rejection with recycling & M, 1-propositions

~ Genetic type branching particle algorithm (GA)

G, —selection ~ M,—mutation
gn n §n+1

~ Reconfiguration Monte Carlo (particles ~ walkers) (QMC)

(Selection, Mutation) = (Reconfiguration, exploration)



Continuous time Feynman-Kac particle models

Master equation

ne(e) = 20D LX) = L) = meLen ()




Continuous time Feynman-Kac particle models

Master equation

ne() = 20— Law(X) = Snlf) = mlLea ()

(ex. : Vi=—-U;<0)

Len (F)(x) = L(f)(x) + yi(ﬁ /(f(y)*f(X)) 1:(dy)

free exploration acceptance rate interacting jump law

i}
Ley (f) = Ly(f)— U £+ Uz ne(f)

Schrédinger's op. normalizing-stabilizing term

4

Particle model: Survival-acceptance rates & Recycling jumps



Graphical illustration : 1, >~ N =L >,y 0
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Graphical illustration : 1, >~ N =L >,y 0




Graphical illustration : 1, >~ N =L >,y 0
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Graphical illustration : 1, >~ N =L >,y 0
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Graphical illustration : 1, >~ N =L >,y 0
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How to use the full ancestral tree model ?

Gn—l(Xn—l)Mn(Xn—h an) hép Hn(Xn—laxn) Vn(an)

= Qn(d(x0, ..., %n)) = nn(dxn) Mpp, , (Xn, dxn—1) oo My (X1, dXo)

o NMp—1(dxn—1) Hn(Xn—1,%n)




How to use the full ancestral tree model ?

Gn—l(Xn—l)Mn(Xn—h an) hép Hn(Xn—lyxn) Vn(an)

= Qn(d(x0, ..., %n)) = nn(dxn) Mpp, , (Xn, dxn—1) oo My (X1, dXo)

o NMp—1(dxn—1) Hn(Xn—1,%n)

Particle approximation = Random stochastic matrices

er)l(d(XOa cee 7XI1)) = W,y(dxn) Mn,n,’yil(xm an—l) s IMII,%V (X17 dXO)




How to use the full ancestral tree model ?

Gn—l(Xn—l)Mn(Xn—h an) hép Hn(Xn—laxn) Vn(an)

= Qn(d(x0, ..., %n)) = nn(dxn) Mpp, , (Xn, dxn—1) oo My (X1, dXo)

o NMp—1(dxn—1) Hn(Xn—1,%n)

Particle approximation = Random stochastic matrices

ery(d(X07 cee ’X")) = nly(dxn) Mn,n,’yil(xm an—l) s lMIl,néV (X17 dXO)

Ex.: Additive functionals  fu(xo, ..., Xn) = 755 Yo<p<n fo(%p)
QN = n+ 1 Z nn nnN_, MPJrl,nF’,V(fP)
0<p<n

matrix operations



4 particle estimates

» Individuals &/ "almost” iid with law

nnznﬁ:% > by

1<i<N

» Path space models ~~ Ancestral lines "almost” iid with law

1
Qn ~ 77[1\[ = N Z 6Ancestral linen(i)

1<i<N
» Backward particle model
QN(d(x0, -5 xn)) = 1N (dxy) M, v (Xn, dxn—1) ... My v (x1, dxo)
» Normalizing constants

Zny1 = H Mp(Gp) “Ntoo Z H 77p (Unbiased)
0<p<n 0<p<n



Island models

Fig 3.4 Schematic of a genetic algorithm using island migration

Reminder : the unbiased property

E | fa(Xn) H Gp(Xp) E n,’)’(fn) H nﬁ'(Gp)

0<p<n 0<p<n

E(Fu(®) [T Go(%)

0<p<n

with the Island evolution Markov chain model

Xy=n  and  Gy(X,) =1} (Ga) = Xn (Gn)

= | particle model with (X,,G,(X,)) = Interacting Island particle model




Some key advantages
» Mean field models=Stochastic linearization/perturbation technique
W =Ky VA
TN
with VN ~ V, independent centered Gaussian fields .

> Nn = Np—1Kn,y,_, stable = Non propagation of local sampling errors

= Uniform control w.r.t. the time horizon

» "No burning, no need to study the stability of MCMC models”.
> Stochastic adaptive grid approximation

» Nonlinear system ~- positive - beneficial interactions.

» Simple and natural sampling algorithm.

» Local conditional iid samples @ Stability of nonlinear sg

~> New concentration and empirical process theory



Concentration inequalities
Current population models
Particle free energy/Genealogical tree models
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Current population models

Constants (cj, c2) related to (bias,variance), c finite constant
Test functions/observables ||f,]| <1,V (x >0,n>0,N > 1).

When E, = RY:

Fa(y) :=nn (1(_007},]) and F,fv(y) = 77,',\’ (1(_Oo’y]) with y € RY

X

The probability of any of the following events is greater than 1 — e™*.

o =l () 5 (L x V) + TV

sup |[np —mp] (£,)| < ¢ /xlog(n+e)/N

0<p<n

|FN = Fa|| < c V/d (x+1)/N



Particle free energy/Genealogical tree models

Constants (c1, c2) related to (bias,variance), c finite constant
V(x>0,n>0N2>1).

X

The probability of any of the following events is greater than 1 — e~

1 1
ZlogZN — Zlog 2,/ < 2 (14 x+x Vx
n n

SN )+ﬁ

(n+1)
N

(I+x+VX)+ Vx

with 7\ = Genealogical tree models := 1" (in path space)



Backward particle models

Constants (cj, cp) related to (bias,variance), c finite constant.
For any normalized additive functional f, with ||f,|| <1, V
(x>0,n>0,N>1)

X

The probability of the following event is greater than 1 — e~

X

I[QN — Q. (F)] < @ % 1+ (x+ VX)) + e N+ 1)
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