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Some basic notation



Lebesgue integral on a measurable state space E

(1, ) =(measure, function)e (M(E) x By(E))

() = [ (a) 7)

Delta-Dirac Measure at a € E
p=0, = 0,(F)= /f(x) 5.(dx) = £(a)

Normalization of a positive measure ;i € M_ (E) (when (1) # 0)

7i(dx) := p(dx)/u(1) = probability € P(E)



Lebesgue integral on a measurable state space E

(1, ) =(measure, function)e (M(E) x By(E))

() = [ (a) 7)

Delta-Dirac Measure at a € E
p=0, = 0,(F)= /f(x) 5.(dx) = £(a)

Normalization of a positive measure ;i € M_ (E) (when (1) # 0)

7i(dx) := p(dx)/u(1) = probability € P(E)

Example
=10 x Law(X)

4
p(1) =10 & 7 =Law(X) & p(f) = E(f(X))



Examples
e E={1,...,d}~ Matrix-Vector notation

f(1)



Examples
e E={1,...,d}~ Matrix-Vector notation

(1) .
pim @)@ and Fi= |5 () =3 ul) )

o X = ZlgigN dxi spatial Poisson point process with intensity p

0
N = Poisson random variable with E(N) = (1) and X' jid ~ 7
I
E(X(f)) = E(E(X(F) | N)) = E(N () = p(1) 7(f) = u(f)



Q(x, dy) integral operator from E into E’

Two operator actions :
feBp(E')— Q(f) € Bo(E) and pue€ M(E)— puQ € M(E')

with
QAR = / Qx, dx')(x')
[1Q](dx) = /M(dX)Q(X7 dx') (<= [pQ](f) == u[Q(F)])
and the composition

(G Q) (x,dx") = / Qu(x, dx)Qa(x', dx”)



Q(x, dy) integral operator from E into E’

Two operator actions :
feBp(E')— Q(f) € Bo(E) and pue€ M(E)— puQ € M(E')
with

Q(F)(x)

/Q(x7 dx")f(x")
WQle) = [u(dQixd) (= [kQl(r) = ulQ()])
and the composition
(0:@2)(x o) = [ Qulox, o) Qal' ")
Notation (used in variance descriptions)
a(1f - AP = [ Qbx.dy) [F(y) ~ QP

Q Markov operator < Vx Q(x,dy) € P(E)
~~ notation : M or K (Markov transitions-kernel/Stochastic matrices)



Finite state spaces £ = {1

Action on the right

f(1)
f= { : ] € B(E') — Q(f) =

F(d")

Matrix operation

dyand E' ={1,...,d'}:
{ Q(f)(1)

Q(F)(d)

{ Q(1,1) Q(1,d")
Q(d, 1) Q(d, d')



Finite state spaces £ = {1,...,d} and E' ={1,...,d"}:

Action on the left

p=[p(1), ..., u(d)] € M(E) = pQ = [(n@)(1), ..., (nQ)(d")] € M(E')

Q(L,1) ... Q(l,d’)]

Qd,1) ... Qd,d)



Boltzmann-Gibbs transformation : G > 0 s.t. u(G) >0

Ve()(d) =~ Gx) ()



Boltzmann-Gibbs transformation : G > 0 s.t. u(G) >0

Ve()(d) =~ Gx) ()

Bayes’ rule (with fixed observation y)
p(dx) = p(x)dx and G(x) = p(y|x)
I
1

Ve(p)(dx) = o) Plylx) p(x)dx = p(x|y) dx



Boltzmann-Gibbs transformation : G > 0 s.t. u(G) >0

Ve()(d) =~ Gx) ()

Bayes’ rule (with fixed observation y)
u(dx) = p(x)dx and  G(x) = p(y|x)
(2
Ve ()(dx) = —— py|x) p(x)dx = p(xly) dx

p(y)
Restriction

p(dx) =P(X € dx) = p(x)dx and G(x) = 14(x)
4
1

Ve (p)(dx) = P(X € A) 1a(x) p(x)dx =P(X € dx | X € A)



Boltzmann-Gibbs transformation : G > 0s.t. u(G) >0

W () (dx) = ﬁ G(x) p(dx)
()

3 Markov transport equation

Ve(u)(dy) = [ nd)S,(x.dy) <= Velu) = i,

Example 1 : (G < 1) ~» accept/reject/recycling/interacting jumps

Sulx, dy) = G(x)dx(dy) + (1 — G(x)) We(n)(dy)



Boltzmann-Gibbs transformation : G > 0s.t. u(G) >0

W () (dx) = ﬁ G(x) p(dx)
()

3 Markov transport equation

Ve(u)(dy) = [ nd)S,(x.dy) <= Velu) = i,

Example 1 : (G < 1) ~» accept/reject/recycling/interacting jumps

Su(x, dy) = G(x)dx(dy) + (1 — G(x)) Ve (p)(dy)
Note :

5% ZlgjgN‘sxf (le dy)

= G(XNoxi(dy) + (1= G(X7) Trgjen s &gy ()



Other examples of transport equations V¢ (1) = 1S,
Example 2 : Ve, st. ¢,G<1 p—ae.

Su(x; dy) = € G(x) dx(dy) + (1 — €4 G(x)) Ve (u)(dy)

Example 3 : Vas.t. G > a

Sﬂ(X’ dy) = N(G)

5.(dy) + <1 - mc)) Wea(1)(dy)
Example 4 : VG

Su(x; dy) = a(x) dx(dy) + (1 — a(x)) Vie—c(or, (1)(dy)

with the acceptance rate

a(x) = pl6 A G(X)]/u(G)



Markov chains
Linear evolution equations
Finite state space models
Monte Carlo methods
Links with linear integro-diff. eq.



Example: Markov chain X, ., = F,(X,, W,)

no = Law(Xo) and M,(x,—1,dx,) =P (X, € dx, | Xo—1 = xn—1)
noM; = Law(X;) and Mo (F)(x) =E(f(Xn) | Xne1 = x)



Example: Markov chain X, ., = F,(X,, W,)

no = Law(Xo) and M,(x,—1,dx,) =P (X, € dx, | Xo—1 = xn—1)
noM; = Law(X;) and Mo (F)(x) =E(f(Xn) | Xne1 = x)
as well as
(M1 . M,,)(X(), dX,,) = P(Xn € dx, ‘ Xo = Xo)
770M1 PN M,—, = Law(X,,)

E={1,...,d}~ Matrix-Vector notation



Markov chain models X, 1 = F,(X,, W,)
Linear evolution equations Law(X,) := n,

MNn+1 = nnMn+1

I
E={1,...,d}~ simple matrix computations

Map1(1,1) ... Mua(1,d)

Nn41 = [nn(l)v s ,nn(d)]

Moi1(d,1) ... Mopi(d,d)



Markov chain models X, 1 = F,(X,, W,)
Linear evolution equations Law(X,) := n,

MNn+1 = nnMn+1

I
E={1,...,d}~ simple matrix computations
Mp1(1,1) ... Mpya(1,d)
Nh+1 = [77n(1)7~-~,77n(d)]
Moi1(d,1) ... Mpia(d,d)

Note :
Same equations for X, € E, = {1,...,d,} with M, € Rf"Xd"“)



(Crude) Monte Carlo methods : Markov chain X1 = F,(X,, W,) € E,

Linear evolution equations Law(X,) := 7,

N1 = NnMny1
I

N iid copies/samples X _; = Fo(X[,Wi), 1 <i <N
J

1
771/1V = N Z 6X,’1 =Ntoo Tln

1<i<N
o
WO =5 3 XD =i 1a(F) = BUF(X,))

1<i<N



(Crude) Monte Carlo methods : Markov chain X, € E, with transitions M,
Path space models

1
P,’Y = N Z 6(X0",..,,X,';) =Ntoo HD,, = LaW(Xo, ‘e ,X,,)
1<i<N
Historical process
Xn=(Xo,..., Xp) € Eqy1 = H E, with Markov transition M,
0<p<n

i3
Same model as before
]Pn+1 = Th+1 = 'r]nMn—f-l

and

1
77:' =5 Z 5Xi“ = “Ntoo Pp = T
1<i<N

with N iid copies of the historical process

X = (Xg,..., X}



Diffusion type & discrete generation models (d=1)

Markov chain with Gaussian perturbations

Xn+1 - Fn(Xna Wn)
= Xp+ an(Xa)A + by(X,) VA W,

with the Gaussian random variable

2
P(W, € dw) = 1 exp <W)

Diffusion limits when (t,1—t,) = A L 0 & (ap, by, Xn) = (a} , b}, X{)
i

dX! = al(X])dt + bl(X!)dW,



Diffusion type & discrete generation models (d=1)

Diffusion model
dX! = a,(X!)dt + b.(X])dW,

Taylor expansion (Ito’s formula)

1
FXE+dX) = F(X) = Of(X) X + 5 OPF(X)) dX{dX{ + ...



Diffusion type & discrete generation models (d=1)
Diffusion model
dX{ = al(X})dt + by(X})dW,
Taylor expansion (Ito’s formula)
FX{+dX)—f(X) = of(X{)dX/ + % OPF(X[) dXldX{ + ...

MVI LX) de+ OF(X]) BUX)dW
Martingale (E(.) = 0)

with the infinitesimal generator
1
Li(f) = &, Of + 3 (b})? D*f

I
Weak parabolic PDE

me=Law(X)) & Sn(f)=n(L(F)



Two-steps jump-diffusion type model (d=1)

Xn — Xn+1/2 = Fn(Xn, Wn) — Xn+1 = €n+1 Xn+1/2 + (1 - 6n-ﬁ-l) Yn+1

€ny1  ~ e—Vn(Xn+1/2) A 5+ (1 _ e—Vn(Xn+1/2) A) 8o

Yor1 ~  Pp(Xag1/2,dy)



Two-steps jump-diffusion type model (d=1)

Xn — Xn+1/2 - Fn(Xn, Wn) - Xn+1 = €n+1 Xn+1/2 + (1 - 6n+1) Yn+1

€nt1  ~ e—Vn(Xn+1/2) A 5+ (1 _ e—Vn(Xn+1/2) A) 8o

Yor1 ~  Pu(Xai12,dy)

Jump-diffusion limits (a,, by, V,,, Pn, X,) = (a;n, b, , VI, P, Xt’n)
between jumps = diffusion as before, and jumps times

t
Tpe1 = inf {t >T, : / VI(X]) ds > e,,} e, iid expo(\ = 1)



Two-steps jump-diffusion type model (d=1)

M1 JInt1
Xn — Xor172 — Xot1

with the diffusion part
Masa(F)(6) = F(x) + LI (F)(x) A
and the jump part
b)) = e WA F(x) 4 (1 e Bl 2 Py (£)(x)
F) + Vo () [PL(AR) — F()] A

=L (F)(x)




Two-steps jump-diffusion type model (d=1)

M1 JInt1
Xn — Xor172 — Xot1

with the diffusion part
Masa(F)(6) = F(x) + LI (F)(x) A
and the jump part
b)) = e WA F(x) 4 (1 e Bl 2 Py (£)(x)
F) + Vo () [PL(AR) — F()] A

=L (F)(x)




Two-steps jump-diffusion type model (d=1)

Mpi1 Jns1
X, —— Xn+1/2 — Xnt1
with the diffusion part
My (F)(x) = f(x) + LIT(F)(x) A

and the jump part

ia()x) = €708 £ 4 (1— el 2) Py (F)(x)
= 09+ Vo) [PLAK) — F(x)] A
=L (F)(x)

[MJ: (/+ Ldiff A) (I+Ljump A) El-l-(Ldiff-i- Ljump) A]



Two-steps jump-diffusion type model (d=1)

Mpi1 Jns1
X, —— Xn+1/2 — Xnt1
with the diffusion part
My (F)(x) = f(x) + LIT(F)(x) A

and the jump part

ia()x) = €708 £ 4 (1— el 2) Py (F)(x)
= 09+ Vo) [PLAK) — F(x)] A
=L (F)(x)

[MJ: (/+ Ldiff A) (I+Ljump A) 2/+(Ld’ff+ Ljump) A]
—Weak integro-differential equation
d
ne = Law(X{) < Em(f) = ne(Le(F))

with the infinitesimal generator

L)) = 21() DF (43 (B0 P F00+ V() / (F(y)—F(x)) Pl(x. dy)



Nonlinear Markov models
Nonlinear evolution equations
Mean field particle models
Grapbhical illustration
Links with nonlinear integro-diff. eq.



Mean field models : Markov chain X, .1 = F,(X,,n,, W,)
Nonlinear evolution equations Law(X,) := 7,
Nn+1 = <l>n+1(77n) = nnKnJrl,nn

with Markov transitions K, , indexed by the symplex n € S\~ ¢ RY

)

Kn+1,’r]n (Xm an+1) - ]P)(Xn+1 S an+1 | Xn - Xn)



Mean field models : Markov chain X, .1 = F,(X,,n,, W,)
Nonlinear evolution equations Law(X,) := 7,
Nn+1 = <anrl(nn) = nnKnJrl,nn

with Markov transitions K, , indexed by the symplex n € S\~ ¢ RY

)

Kn+1,’r]n (Xm an+1) - P(Xn+1 S an+1 | Xn - Xn)

I
When E = {1,...,d} ~» simple matrix computations

Kot10,(1,1) ... Kag1,,(1,d)
MNn+1 = [T]n(l)7ann(d)]
Kn+177]n(d7 1) s Kn+1777n(d7 d)



Example 1 : Markov chain X, .1 = F,(X,,n,, W,) € E :={-1,1}

McKean’s two velocities of gases :

Fn(annv Wn) = Xn 1W,,§n,,(1) + (_Xn) 1Wn>77"(1) — Xn+1 = €n Xn
with the Bernoulli random variable
Ple,=1)=1—P(e, = —1) = 1,(1)

I

Nonlinear equation on the symplex S© =[0,1] :

Mor1(1) = 1a(1)° +ma(=1)* = ma(1)? + (L = ma(1))?



Example 1 : Markov chain X, .1 = F,(X,,n,, W,) € E :={-1,1}

McKean’s two velocities of gases :

Fn(annv Wn) = Xn 1W,,§n,,(1) + (_Xn) 1Wn>77"(1) — Xn+1 = €n Xn
with the Bernoulli random variable
Ple,=1)=1—P(e, = —1) = 1,(1)

I

Nonlinear equation on the symplex S© =[0,1] :

Mor1(1) = 1a(1)° +ma(=1)* = ma(1)? + (L = ma(1))?



Example 2 : G,(i)( & e~ V(1)) €]0,1] & (Mn11(i,j))ij=1.....a Markov transition

.....

. . (k) Gn k .
Kn+1771n(l’./) = Gn(’) Mn+1(’ J Z z:} n (/ ( Mn+1(k7./)
1 Mn



Example 2 : G,(i)( & e~ V(1)) €]0,1] & (Mn11(i,j))ij=1.....a Markov transition

.....

. . (k) Gn k .
Kn+1771n(l’.l) = Gn(’) Mn+1(’ J Z z:} n (/ ( Mn+1(k7./)
1 Tin

S (k) Kt (k)
= Sy n(K)Ga(K) Myea (Ko )+ [1 = 52 () Go()] x S 2GS M, (k. )

n k :
=2 Z,nil)) Mn1(k,J)



Example 2 : G,(i)( & e~ V(1)) €]0,1] & (Mn11(i,j))ij=1.....a Markov transition

.....

. . (k) Gn k .
Kn+1771n(l’.l) = Gn(’) Mn+1(’ J Z z:} n (/ ( Mn+1(k7./)
1 Tin

S (k) Kt (k)
= Sy n(K)Ga(K) Myea (Ko )+ [1 = 52 () Go()] x S 2GS M, (k. )

= 32 U0 Muia(k,j) o S04 ma(k) GalK)Mnia (k. )



Example 2 : G,(i)( & e~ V(1)) €]0,1] & (Mn11(i,j))ij=1.....a Markov transition

.....

.. . . nn(k)Gp k .
Kn+177ln(l’.l) = Gn(’) Mn+1(’ J Z Z]/ n (/ ( Mn+1(kv./)

5 0(k) K (k. )
= S (k) Go(k) Mo (k) + [L = 3, 001 Go( D] % 32, 2%l 0, (k)

= Zk T,"f)) Mn+1(k7j) o8 Zk 'r},,(k)Gn(k)l\/l,,+1(k,j)

\
Go(1) 0 ... 0 0 Moi1(1,1) ... Mya(1,d)

Nn+1 X 7ln : : : :
0 0 ... 0 Gy(d) M,1(d,1) ... Mp(d,d)

Multiplication Markov transport



4 Markov transition

.

Example 2 : G,(1)( = e ()) €]0,1] & (Ma11(i,)))ij=1

Mai1(1,1) ... Mpa(1,d)
M1 = [V, (nn)(1), ..., Ve, (nn)(d)] : :

Mpi1(d,1) ... Mysa(d,d)

with the Boltzmann-Gibbs transformation

Ve, i e M(E) Ve (n) e M(E)
defined by )
V6 (i) = e Goli) 1)
4

Nonlinear evolution eq. on the (d — 1)-symplex 7, € S(¢~1) ¢ R4

Mol = Por1(nn) == Ve, (0n)Mnia



4 Markov transition

.

Example 2 : G,(1)( = e ()) €]0,1] & (Ma11(i,)))ij=1

Mai1(1,1) ... Mpa(1,d)
M1 = [V, (nn)(1), ..., Ve, (nn)(d)] : :

Mpi1(d,1) ... Mysa(d,d)

with the Boltzmann-Gibbs transformation

Ve, i e M(E) Ve (n) e M(E)
defined by )
V6 (i) = e Goli) 1)
4

Nonlinear evolution eq. on the (d — 1)-symplex 7, € S(¢~1) ¢ R4

Dntr1 = Pnr1(nn) = Ve, (Nn) M1 < Feynman-Kac models



Mean field models : Markov X, 1 = F,(X,, 7., W,) € E = R
Nonlinear evolution equations Law(X,) := 7,

TN+l = ¢n+1(77n) = 77nKn+1,nn
I

Mean field particle-simulation models:

N almost iid copies/samples Xin+1 = F,(Xi ,n,']",WL), 1<i<N

n

with the occupation measure of the system at time n :

1
= N > Ox; =ntoo M
1<i<N



Mean field models : Markov X, 1 = F,(X,, 7., W,) € E = R
Nonlinear evolution equations Law(X,) := 7,

TN+l = ¢n+1(77n) = 77nKn+1,77n
I

Mean field particle-simulation models:
N almost iid copies/samples Xin+1 = F,(Xi ,n,',",WL), 1<i<N

n

with the occupation measure of the system at time n :

1
= N > Ox; =ntoo M
1<i<N

| [by induction on n]

1 . . .
N .
Mny1 = N E 6X,§+1 with X:;+1 = Fn(X,'n??n, W:;) = 77r,1V+1 =Ntoo Mn+1
1<i<N



An abstract mathematical model

Nonlinear evolution equation

NMnt1 = Pt (nn) = nnKn+1,n,,
I

Nonlinear Markov model interpretation (not unique)

Kot1,m,(Xn, dXni1) = P (Xpy1 € dXng1 | Xp = x,)  with Law(X,) := 7,
U

Mean field particle-simulation model

N
i i : i L
Xy ~ Xopr = r.v. with law Kopg v (X, dx)  where nh = N,ZI(SXL
=



Local sampling errors

Nonlinear evolution equation

Nn+1 = Pnt1 (nn)

Mean field particle model

1
VnN+1 =VN (77:,1V+1 —Pny1 (77:,:/)) <~ 77rI1V+1 =&, (77:/1\/) + ﬁ Vrﬁrl

Note Vf : osc(f) :=sup, (f(x) —f(y)) <1

E(ma(f) ) = ) Kpsroy(F) = @apa () (F
N E ([TILVH — P (77,,1\[)] (f)z | 77117\’) = 7)2[ |:Kn+1,n,’," [f - Kn+1,ngv(f)] 2} <1



McKean measures : Markov chain X, € E, with transitions K, ,

1
P,’y = N Z 6(X6,...,X,’;) =Ntoo Pn = LELVV()(O7 ce ,Xn)
1<i<N

with the McKean measures
IP,,(d(XO, s ,X,,)) = ’I]o(dXo) H KPmp—1(XP*1’ dXP)

1<p<n



McKean measures : Markov chain X, € E, with transitions K, ,

1
P,’y = N Z 6(X6,...,X,’;) =Ntoo Pn = LELW()(()7 ce ,Xn)
1<i<N

with the McKean measures
Pn(d(xo’ s ,X,,)) = no(dXO) H KPﬂ?p—1(XP*1’ dXP)
1<p<n
Historical process

Xn=(Xo,..., Xp) € Epy1 = H E, with Markov transition Ky, _,
0<p<n



McKean measures : Markov chain X, € E, with transitions K, ,

1
P,’y = N Z 6(X6,...,X[’;) =Ntoo Pn = LELW()(()7 ce ,Xn)
1<i<N

with the McKean measures
IP’,,(d(Xo, s ,X,,)) = no(dXO) H KPﬂ?p—1(XP*1’ dXP)
1<p<n
Historical process

Xn=(Xo,..., Xp) € Epy1 = H E, with Markov transition Ky, _,
0<p<n

I

Same mathematical model as before

]Pn+1 = Th+1 = T Kn+1,n,.

and

1
M= 2 0 =Fr =wtee Po=ma
1<i<N

with almost N iid copies of the historical process Xi = (X{, ..., X!).



Example 1 : Markov chain X1 = F,(X,, 7., W,) € E = R¥=1

McKean-Vlasov diffusion type & discrete generation models
Xn+1 - Fn(Xnanna Wn) - an(Xm??n) + bn(Xnvnn) Wn

with the Gaussian random variable

1 2
P(W, € dw) = exp <W)



Example 1 : Markov chain X1 = F,(X,, 7., W,) € E = R¥=1

McKean-Vlasov diffusion type & discrete generation models
Xn+1 - Fn(Xm??na Wn) - an(Xm??n) + bn(Xnvnn) Wn

with the Gaussian random variable

1 2
P(W, € dw) = exp <W)

Two-steps jump type model
Xn — Xn+1/2 = Fo(Xn; 10, Wi) = Xoi1 = €41 Xn+1/2+(1 —é€nt1) Y1
with

v, v,

-V X -V X
€nt1 ~ e ln+1/2( +1/2) 51+ (1 —_e 7,,+1/2( +1/2)) 50

Yorr ~ Py ,(Xog1y2,dy)



Example 1 : Markov chain X, 1 = F,(X,, 7., W,) € R9=!

McKean-Vlasov diffusion type & discrete generation models

an(Xnann) :/nn(d)/) a:':(Xm}/) & bn(Xnvnn) = /Tln(d}’) b;(Xnv}/)



Example 1 : Markov chain X1 = F,(X,, 7., W,) € R9=!

McKean-Vlasov diffusion type & discrete generation models

an(Xnann) :/nn(d)/) a;(Xna}/) & bn(Xnvnn) = /Tin(d}’) b;(Xnv}/)

N
X = FOL ) = 3 35D zwx' @ w,

2 \



Example 1 : Markov chain X1 = F,(X,, 7., W,) € R9=!

McKean-Vlasov diffusion type & discrete generation models

an(Xnann) :/nn(d)/) a;(Xna}/) & bn(Xnvnn) = /Tin(d}’) b;(Xnv}/)

i _ i N I o i / i i
Xn+1 - Fn(Xnann ’ Wn N Za X XJ Z b (X XJ n
In the same vein : Two—steps mean field jump type model
X’ - X, n+l/2 = Fn(X,';,n,',Vv W, ) — X N+l — 6n+1 X, +1/2+( 6i1+1) Y:;.+1
with

H Von (Xr’;+1/2) -V (X,';+1/2)
€;1+1 ~ e hti2 o+(1—e Tht1/2 do

Yr;.+1 ~ P (Xn+1/27 dy)

77n+1/2
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Example 2 : Back to the multiplication-transport model 7,1 = V¢ (7,)Mpi1
Nonlinear transport equation

Ve, (1) = p1Snyu with S, (X, +) = Ga(x)dx + (1 — Gu(x)) Vg,(1)

I

Nonlinear Markov chain model

N1 = Poy1(nn) = MnKnt1m, with Koy, 1= Sn,nn Mni1

I
Mean field particle model = Genetic type interacting jump model
. Sn,n,’,\/ ~. M1 .
X; Xi Xiis
Kn+1,n,’,V
with
i i i Gn( X3
Snt (X6 ) = G () +(1-GX) S B s (at)
152N > 1<k<n Gn(X5)
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Some questions

» Law(X/ | acceptance) = 7,?
» Convergence of the occupation measures of the genealogical trees?
> Use of the occupation measures of the complete ancestral tree?

» Convergence of the product of success proportions?

~> Feynman-Kac integration models on path spaces
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Some questions

» Law(X/ | acceptance) = 7,?
» Convergence of the occupation measures of the genealogical trees?
> Use of the occupation measures of the complete ancestral tree?

» Convergence of the product of success proportions?

~> Feynman-Kac integration models on path spaces

C Part Il & Part 11l (Application areas) & Part V (Theoretical results)

> Nonlinear evolution equations on M(E,)

Ynt1 = Yn@nt1,7, ~» Part IV (Multiple object filtering)

» Link with nonlinear integro-differential equations?



Nonlinear diffusion type models (d=1)

Xn+1 = Fn(ann, Wn) =X, + an(Xnvnn)A + bn(Xnann) \/Z W,

with the Gaussian random variable

1 w?
P( Wn S dW) = \/T exp <—2)
™



Nonlinear diffusion type models (d=1)
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Diffusion limits when
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Nonlinear diffusion type models (d=1)

Xn+1 = Fn(Xnvnna Wn) =X, + an(ann)A + bn(Xnann) \/E W,

with the Gaussian random variable

Diffusion limits when
(tn+1 - tn) = A \l/ 0 & (ana bn7Xn77ln) = (a/t,,7 bénath 77:5,,)

n?

dX{ = ay(X{,ny)dt + by(X{,n;)dW;

I

Weak parabolic nonlinear PDE

d
ny = Law(X]) & Eﬁg(f) = 0(Le.ny (F))

with the infinitesimal generator

Leag(F)() = a0xoi) Fx) + 5 (Bl 1) 9P ()



Two-steps jump-diffusion type model (d=1)

Xn — Xn+1/2 = Fn(anm Wn) = Xpt1 = €nt1 Xn+1/2+(1 - 6n+1) Yot1

€np1 ~ e*Vn,,H/z(XnH/z) A 51+ (1 _ e*Vn,,+1/2(Xn+1/2) A) 5o

Yn+1 ~ Pnn+1/2 (Xn+1/2, dy)



Two-steps jump-diffusion type model (d=1)
Xn — Xn+1/2 = F,,(X,,,n,,, W,,) — Xnt1 = €nt1 Xn+1/2 +(1 - 6n+1) Yot1

€ns1 ~ erw,,H/z(XnH/z) A 51+ (1 . e*Vn,,H/z(Xnﬂ/z) A) 5o

Yn+1 ~ Pnn+1/2 (Xn+1/2v dy)

Jump-diffusion limits
(ans b, Vo P Xoo 1) = (24,6, Vs, Pl X001 )
between jumps = nonlinear diffusion as before, and jumps times

t
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Two-steps jump-diffusion type model (d=1)

Xn — Xn+1/2 = F,,(X,,,n,,, W,,) — Xnt1 = €nt1 Xn+1/2 +(1 - 6n+1) Yot1

€ns1 ~ erw,,H/z(XnH/z) A 51+ (1 . e*Vn,,H/z(Xnﬂ/z) A) 5o

Yn+1 ~ P’r]n+1/2 (Xn+1/2v dy)

Jump-diffusion limits
(ans b, Vo P Xoo 1) = (24,6, Vs, Pl X001 )
between jumps = nonlinear diffusion as before, and jumps times

t
Toy1 = inf {t >T, : / V(X! n.) ds > e,,} e, iid expo(A = 1)

Weak integro-differential equation 51 (f) = n,(L¢.(f))

Le g (F)(x)
= a;(x, ;) O (x) +% (b(x,n1))? 9*F(x) + Vy (x) /(f()/) — £(x)) Py (x, dy)



An abstract mathematical model

Nonlinear evolution equation € P(E)

() = ne(Ln (1)

I
Mean field particle-simulation model= Markov € EV with generator
1 Ny — () 1 i N
Le(p)(xt,...,x") = Z Lt%ZlSSNéxj(np)(x ey X, x)

1<i<N



Local sampling errors

Nonlinear evolution equation

dne(f) = ne(Ley, (F)) dt



Local sampling errors

Nonlinear evolution equation

dne(f) = 1e(Le,p, () dt

Mean field particle model (useless in pratice)

A (F) = Y (Ly o (F)) dt + % dM()

with a sequence of martingales MV with predictable increasing process

t
M) = [ a5 as
where ', stands for the "carré du champ” operator

Fu(f, ) = L([F = FOI)(x) = L(F2)(x) = 2f (x)L(f)(x)



How & Why it works?
Some interpretations
A stochastic perturbation analysis
Uniform concentration inequalities



How & Why it works?

v

Biology) Individual based models (IBM).

v

Physics) Mean field approximation schemes.

(
(
> (Computer Sciences) Stochastic adaptive grid approximation.
(
(

> (Stats) Universal acceptance-rejection-recycling sampling schemes.
> (Probab) Stochastic linearization/perturbation technique.
nn = &, (77n—1)
1
N N N
M = o, (nn—l) + ﬁ Vn

Theorem: (VV), ~nt1o (Vi), independent centered Gaussian fields.

&, n(1p) = nn stable sg <= No propagation of local errors

= Uniform control w.r.t. the time horizon

~» New concentration inequalities for (general) interacting processes



Stochastic perturbation analysis = Taylor expansion
Gateaux derivative of ¢, : P(E,_1) — P(E,)

%q’n(n +en)(f)e=o = pldy®n(F)]

with the first order linear/integral operator

dy®, € Bo(Ey) > dy®n(f) € Bo(En_1)
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Stochastic perturbation analysis = Taylor expansion
Gateaux derivative of ¢, : P(E,_1) — P(E,)

%%(n +ep)(Fe=o = pldy ®n(F)]

with the first order linear/integral operator

dy®, € Bo(Ey) > dy®n(f) € Bo(En_1)

)

Pn(p) — ®a(n) = (1 —n) dy®,

4

Differential rule
dn (¢n+1 o (Dn) = dnd)n o d¢n(n)¢n+1
(2

Semigroup derivatives

®pn(p) = Ppon(n) = (1 —n) dy®p.n



Key idea = First order expansions

Key telescoping decomposition

n

77r,1V —Mn = Z [(bp,n(n;lav) —®pn (¢p(77,,avfl))}
p=0

@ First order expansion

VN [q)p,n(n;,wv) —®ph (¢p(77,l)v—1))]

_ VN [%n (¢p(ngl) + \% v,,N) — 0 (05l 1))

VN

with a predictable D, , — first order operator & 2nd-order measure R;Ia\{

~ YN N
~ V, Dpn+ Rp.n

n

fluctuation term bias-term



Stochastic perturbation model

Stochastic perturbation model
WiN = /N [l —n,] = VD, + — RY
n 77n 0<zp;n p,n \/N

Under some mixing condition on the limiting semigroups ¢, ,
0sc (Dp.n(f)) < Cte e~ (n=P)

and
E (|RY(£)|™) < Cte 27™(2m)!/m!

I

Uniform concentration estimates w.r.t. the time parameter




Uniform concentration inequalities

Constants (cj, c2) related to (bias,variance), c finite constant
Test functions/observables ||f,]| <1,V (x >0,n>0,N > 1).

When E, = RY:

Fa(y) :=nn (1(_007},]) and F,fv(y) = 77,',\’ (1(_Oo’y]) with y € RY

X

The probability of any of the following events is greater than 1 — e™*.

o =l () 5 (L x V) + TV

sup |[np —mp] (£,)| < ¢ /xlog(n+e)/N

0<p<n

|FN = Fa|| < c V/d (x+1)/N



Coalescent tree based expansions

Weak propagation of chaos Taylor’s type expansions:

P(V:9) = Law of the first g ancestral lines (g < N)

1 1
— ®
= Q¥+ ) Wd,]P’E,") +O<Nm+1>

1<I<m

with signed measures d/IPE,q) expressed in terms of coalescent trees.



Coalescent tree based expansions

Weak propagation of chaos Taylor’s type expansions:

P(V:9) = Law of the first g ancestral lines (g < N)

1 1
— ®
= Q¥+ ) Wd,IP’E,") +O<Nm+1>

1<I<m

with signed measures d/IP’ﬂq) expressed in terms of coalescent trees.

I

Romberg-Richardson interpolation: For any order / >1

1 I—m ml .
> CO g B = @i o)
1<m<I : :
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