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Brownian motion B; or W;

Discrete time version : " dt” time steps @ fair coin tossing

+Vdt if Heads
W; .= W;_
‘ ‘ ‘“Jr{ —Vdt if Tails

or

Wi i= W;_g + Vdt x N(0,1)

I

dt = 10~ 100000007
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~q4i~0 Continuous time model & stochastic calculus



Brownian motion B; or W,
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Brownian motion B; or W;

~~ Only ”3 simple ingredients”:

dW,e x dW, = +Vdt x £V/dt = dt
dtxdt = 0
dt x dW, = dt x+V/dt=0
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1d - diffusion processes - lto formula

dXt = bt(Xt) dt =+ O't(Xt)th < Xt+dt = Xt =+ bt(Xt) dt + O't(Xt)th
——— ———
drift term  diffusion term
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1d - diffusion processes - lto formula

dXt = bt(Xt) dt =+ O't(Xt)th < Xt+dt = Xt =+ bt(Xt) dt + O't(Xt)th
——— ———
drift term  diffusion term

df(t,X:) = Ff(t+dt,Xe+dXe) — f(t, X¢)

of of

1 6°f

5 @(t, Xt) de CIXt



6/32

1d - diffusion processes - lto formula

dXt = bt(Xt) dt =+ at(Xt)th < Xt+dt = Xt =+ bt(Xt) dt + O't(Xt)th
——— ———
drift term  diffusion term

df (t, X) f(t+dt, Xe + dX;) — f(t, Xt)

f f 1 0°f
g (t, X¢) dt + 8—(t, Xt) dX: + o

(t, X.) dX: dX;

2 ox
G0+ mx) Gt
3 0t 25 xt)] de + 2 (1.%) () aW,
= (gt +Lt> (F)(t,X:)  dt+ dM.(F)

martingale



Jump processes (d = 1)

> Between jump times T,

dXt = bt(Xt) dt + O't(Xt) th Tn S t < Tn+l
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Jump processes (d = 1)

> Between jump times T,

dXt = bt(Xt) dt + O't(Xt) th Tn S t < Tn+l

» Jump times at rate/with intensity A\:(x) > 0 i.e.

t
Tpir = inf{T,, <t: / As(Xs) ds > Enﬂ}

E, are i.i.d. exponential r.v. with unit parameter.
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Jump processes (d = 1)

> Between jump times T,

dXt = bt(Xt) dt + O't(Xt) th Tn S t < Tn+l

» Jump times at rate/with intensity A\:(x) > 0 i.e.

t
Tpir = inf{T,, <t: / As(Xs) ds > En+1}

E, are i.i.d. exponential r.v. with unit parameter.

» Jump selection (Markov) transition J;(x, dy)(5 e~ 1/20<¥) dy):

X7pi— ~ Xr,, 1.v. with distribution Jr,,, (X7, ,—, dx)

7/32



Bernoulli model on the time mesh " dt”

Given X;, description of the increment AX; = Xerar — Xt

Ye = Xe + be(Xe) dt + o¢(Xe) (Wegae — W)

P (Xerr € dx | Yo) = e M09 50 (dx) + (1 - e*Wt)df) Je(Ye, dx)
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Bernoulli model on the time mesh " dt”

Given X;, description of the increment AX; = Xerar — Xt

Ye = Xe + be(Xe) dt + o¢(Xe) (Wegae — W)

P (Xerr € dx | Yo) = e M09 50 (dx) + (1 - e*Wt)df) Je(Ye, dx)

)

Bernoulli process
Xevat = (1 —€) Ye + e Z with Z ~ Ji(Ye,dx)
and the {0, 1}-valued r.v. € with jump probability

Pler=1]Y:)=1—e M~ N\ (Y,)dt
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Related Stoch. models

» o: =0 ~» Piecewise deterministic Markov processes (PDMP).
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Related Stoch. models

» o: =0 ~» Piecewise deterministic Markov processes (PDMP).

» by =0 @ or =0 ~» Markov chain continuous time embedding
P(Xn € dx | Xn—l) = ’Cn(Xn_l, dX)
At jump times (exponential inter-times with unit parameter):

Xo=Xo ~ Xn=X ~ Xp==X... ~ X, =2X

Also called Pure jump processes.
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» o: =0 ~» Piecewise deterministic Markov processes (PDMP).

» by =0 @ or =0 ~» Markov chain continuous time embedding

P(X, € dx | Xno1) = KCn(Xn—1, dx)
At jump times (exponential inter-times with unit parameter):
Xo=X ~ X=X ~ Xp=X... ~ Xr,=2X,
Also called Pure jump processes.
At = 0 ~~ Stochastic Diffusion equation (SDE).
bi=0®o0:=0

» Ae(x) =X ~» Poisson process X; = N, with intensity .
» A¢(x) = At ~ Non-homogeneous Poisson process ~ A;.



Related Stoch. models
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» o: =0 ~» Piecewise deterministic Markov processes (PDMP).

» by =0 @ or =0 ~» Markov chain continuous time embedding

P(X, € dx | Xno1) = KCn(Xn—1, dx)
At jump times (exponential inter-times with unit parameter):
Xo=X ~ X=X ~ Xp=X... ~ Xr,=2X,
Also called Pure jump processes.
At = 0 ~~ Stochastic Diffusion equation (SDE).
bi=0®o0:=0

» Ae(x) =X ~» Poisson process X; = N, with intensity .
» A¢(x) = At ~ Non-homogeneous Poisson process ~ A;.

General case ~ (Marked)-Jump-diffusion models.



Generators/Ito calculus

dXt = dXtc + AXt
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Generators/Ito calculus

dXt = dXtc =+ AXt = dXtC or AXt
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Generators/Ito calculus
dXt = dXtc =+ AXt = dXtC or AXt

A
df (t, X¢)

= f(t+ dt, Xe + dXi) — (¢, X¢)

- %(t,Xt)dt 4 F(X) dXE +% F7(Xe) dXEdXE +AF(t, X,

=[Ze+LE] (e Xe) dt + dME(F)

with the infinitesimal generator

c _ 0 1 2
Lt—bta7+50t

82
ox?

and the martingale increment

dME(f) = f'(Xe) oe(Xe) dW,
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Generators/Ito calculus
dXt = dXtc =+ AXt = dXtC or AXt

A
df (t, X¢)

= f(t+ dt, Xe + dXi) — (¢, X¢)

- %(t,Xt)dt 4 F(X) dXE +% F7(Xe) dXEdXE +AF(t, X,

=[Ze+LE] (e Xe) dt + dME(F)

with the infinitesimal generator

c _ 0 1 2
Lt—bta7+50t

82
ox?

and the martingale increment

dME(F) = F/(Xe) oe(X:) dWe  AND  Af(t, X:) ???
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The jump generator

]P)(T =t+ dt ,Xt+dt c dx ‘ Xt) = At(Xt) dt St(Xt, dX)
I

E(AF(EX) | X =x) = Ae(x) dt/ (F(t,y) — F(£,%)) Je(x, dy)

= L{(f)(x) dt
I

Predictable and martingale parts

Af(t, Xe) = E(Af(t, Xe) | Fe) + Af(t, Xe) — E(AF(t, Xe) | Fe)

= L{(F)(X) dt + dM{ ()



The angle brackets

=...dt
——
dM{(F) = Af(t, X:) — E (AF(t, X:) | Fr)
|

E((@M7(F)* | F) = E((AF(eX) | )

Ae(Xe) dt/ (F(t,y) — F(t, Xe))* Je(Xe, dy)

LEI(F = FO)))(x)) xex, dt
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The angle brackets

=...dt
——
dM{(F) = Af(t, X:) — E (AF(t, X:) | Fr)
|

E((@M7(F)* | F) = E((AF(eX) | )

Ae(Xe) dt/ (F(t,y) — F(t, Xe))* Je(Xe, dy)

LYI(F = F())’1(3)) xmxe dt =T g (F, F)(Xe) dit

4
The angle bracket of the martingale I\/If(f)

W) = [Tt ) o
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Finally. . .the general rule

dF(t,X:) = {%4—5} (F)(£,X:) dt + dME(F) + LE(F)(E Xo) dt + dM?(F)

= |:% + Lt] (f)(t, Xt) dt + th(f)

with
Le=Li+ LY and M(f) = MI(F) + ME(F)
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with
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Finally. . .the general rule

df(t, X:) = {%jLLg} (F)(t, X:) dt + dMS(F) + LE(F)(t, Xe) dt + dM(f)

= |:% + Lt:| (f)(t, Xt) dt + th(f)

with
e=Li+ L] and M(f) = M{(f)+ M{(f)
and a martingale M;(f) with angle bracket

% (M(f))e = Tug(F, F)(Xe) + Tuo(f, F)(Xe) = T (f, F)(X)

Linear evolution equation

Ne = Law(Xt) ~ Btm = At('ﬂt) = ’I]tLt
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Nonlinear processes/generators

X: = E-valued process with generator depending on 1, = Law(X;)
Ly (F)(x) = Ley (F)(x) + At (x) / (F(t.y) — £(£,x)) Jen(x, dy)
Ex. E =RY and between jumps Lt . generator of a diffusion
dyt = bt (’r]t,yt) dt + Ot (’r]t,yt) th

I

Nonlinear evolution equation

Ne = Law(yt) ~ E)mt = At(ﬁt) = 7]tl-t,m
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N-interacting Markov processes

15/32

Nonlinear evolution equation

N = Law(yt) ~> Oene = Nele .

~+ Mean field simulation = N-interacting Markov processes &; = (£])1<i<n
evolving on EV with generator

Le(F)xa, ..oy xn) = Z L, (Fx_;)(xi)
1<i<N

1

N

1<i<N

dx;

i

Fe (1) =F(x1,...,%Xi—1, ", Xi41,-..,xn) and m(x):=



Stochastic perturbation analysis

I1td6 formula

dF (&) = Le(F)(&e) + dM(F)  with  0(M(F))e = T2, (F, F)(&)
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Stochastic perturbation analysis

I1td6 formula
dF (&) = Le(F)(&) + dM(F)  with  0:(M(F))e =T, (F, F)(&)

Note: for any x = (xi,...,xn) and F(x) = m(x)(f) we have

LoF)(x) = M) Leme(F) and Te(F,F)(x) = &m0, (F, )

Stochastic perturbation formulation:

1
dnl Ae(n') dt + —— dM,  with  9:(M(f))e = ni'To, w(fiF)

{ dne = Ae(ne) dt
VN

~+ Need to study the stability of nonlinear sg. 7;: := &5 (7))
Ex.: EnKF ~ 5, = Law(X;) = N'(m¢, Pt),. ..~ perturbation Kalman-filter
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(Linear) Langevin diffusions
Stochastic gradient
The MALA algorithm
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MCMC/Langevin (gradient) diffusions

Xi = (X{)ies diffusion € R’

dX; = =B VU(X:) dt + o dB;
with & = v/2 reversible w.r.t.

ms(dx) x e ? U p(dx)

——

Lebesgue measure on R/

Generator of X;:

_lpe B =
L) =50e sz;/axk (e Y 0(n)

Reversibility property

m5(f L(g)) = ms(L(F)g)
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MCMC/Langevin (gradient) diffusions

Xi = (X{)ies diffusion € R’

dX; = =B VU(X:) dt + o dB;
with & = v/2 reversible w.r.t.

ms(dx) x e ? U p(dx)

——

Lebesgue measure on R/

Generator of X;:

_lpe B =
L) =50e sz;/axk (e Y 0(n)

Reversibility property

m5(f L(g)) = ms(L(f)g) = msL=0

Nice and simple but in practice?
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MALA

MALA = Metropolis Adjusted Langevin Algorithm
dX: = = VU(X:) + V2 dW; reversible w.r.t. m(x) oc e Y™

Time discretisation At =1/m ~» Discrete time Markov chain

Xn+1:Xn_ﬂ vU(/Yn)/rr"|' V4 2/m Wn+1
——
iid ~ N(0, 1)
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MALA
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MALA = Metropolis Adjusted Langevin Algorithm
dX; = —B VU(X;) + V2 dW; reversible w.r.t. m(x) oc e PV

Time discretisation At =1/m ~» Discrete time Markov chain

Ko = Xy — BVUX)/m+/2/m W
——

iid ~ N(0, 1)

NOT REVERSIBLE ANYMORE!! ~~ Solution??
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MALA = Metropolis Adjusted Langevin Algorithm
dX; = —B VU(X;) + V2 dW; reversible w.r.t. m(x) oc e PV

Time discretisation At =1/m ~» Discrete time Markov chain

Ko = Xy — BVUX)/m+/2/m W
——

iid ~ N(0, 1)

NOT REVERSIBLE ANYMORE!! ~~ Solution??

Transition density

poY) = s & (7 Iy = x+ 8 VUG miP)

of the proposal

Xo=x~ Voy1: =X — B VU(X,)/m+/2/m Wy

@ MH-acceptance/rejection with target 7s(x)dx!




Nonlinear/interacting particle samplers/SMC
Interpolating Gibbs measures
Feynman-Kac formulation
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Interpolating Gibbs/potential s.t. U, := 9,U, >0

1

—Ut(x)
(e ) e v(dx)

wu, (dx) ==
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Interpolating Gibbs/potential s.t. U, :

1
(e Ur)

Choose a my,-shaker with generator L,

my, (dx) == e Y L (dx)

7TUtLt = 0
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Interpolating Gibbs/potential s.t. U, :
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1
(e Ur)

Choose a my,-shaker with generator L,

my, (dx) == e ) y(dx)

TI'UtLt = 0
and note that

—U;
oy (f) = Ul e ) )V(fe_ut)—

V(67U1)2 y(e*Ut)

V(faf Ute_Uf)



Interpolating Gibbs/potential s.t. U, := 9,U; >0
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1
(e Ur)

Choose a my,-shaker with generator L,

my, (dx) == e ) y(dx)

TI'UtLt = 0

and note that
l/(ath e_Uf) V(fante_Ut)
v(eVt)? v(e V)

= 7w (Ur (mu,(f) = 1)) = (mu, i, )(F)

By, () v(fe™%) —



Interpolating Gibbs/potential s.t. U, := 9,U; >0
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1
(e Ur)

Choose a my,-shaker with generator L;

my, (dx) == e ) y(dx)

TI'UtLt == 0
and note that

l/(ath e_Uf) V(fante_Ur)
V(efut)2 y(e*Ut)

= 7 (Vs (0, (f) = £)) = (v, L, )(F) = w0 (LEry, ()

with the jump generator

By, () v(fe™%) —

L, (N6) = 0 [ (F) = F0)) ()



Interpolating Gibbs/potential s.t. U, := 9,U; >0
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1
(e Ur)

Choose a my,-shaker with generator L,

my, (dx) == e ) y(dx)

TI'UtLt = 0
and note that

l/(ath e_Uf) V(fante_Ut)
V(67U1)2 y(e*Ut)

= 7 (Vs (0, (f) = £)) = (v, L, )(F) = w0 (LEry, ()

with the jump generator

By, () v(fe™%) —

L{ 2y, (F)(x) = Ue(x) /(f(y) — f(x)) mu.(dy)
Conclusion:

nei=my, and Ly, =L+ L‘im = 0 = Nelen,



Feynman-Kac formulation - any (U, L) = (Uy, Ly)

Nonlinear updating/Markov transport:
Oene = NeLey,

with

L (F)(x) = Le(F)(x) + Ue(x) /(f()/) — £(x)) me(dy)

§ with L= generator of X;
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Feynman-Kac formulation - any (U, L) = (Uy, Ly)

Nonlinear updating/Markov transport:
Oene = NeLey,

with
Lt (F)(x) = Le(F)(x) + Ue(x) /(f(}/) = f(x)) me(dy)

§ with L= generator of X;

FK solution/semigroup/formulation:

1) = 31) with (1) =B (rx) e (- [ 00)as) )

~> Genetic algo. (mutation,killing/selection rate) ~ (L;,U;)
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Performance/Convergence analysis
Variational approaches
V-norm contraction
Stochastic perturbation
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Stability /Variational approaches/Diffusion flows

Stochastic flow X :(x) with t € [s, o[ starting at X; ;(x) = x € R?
dXs,t(X) = bt (Xsyt(X)) dt + Ot (Xs,t(X)) th
e Vo = 0 ~ First Variational eq.:

OtV Xs,t(x) = VX t(x) Vbe(Xs,e(x)) with VXs(x)=1

24/32



Stability /Variational approaches/Diffusion flows

Stochastic flow X :(x) with t € [s, o[ starting at X; ;(x) = x € R?
dXs,t(X) = bt (Xsyt(X)) dt + o (Xs,t(X)) th
e Vo = 0 ~ First Variational eq.:

8tVX5’t(X) = VXsyt(X) Vbt(Xs,t(x)) Wlth VXS,S(X) = I
Xoe(x) = Xoely) = / VXee(ex + (1 )y) (x — ) de

1
= [ Xee(x) = Xet W)” < V IV Xs.e(ex + (1 = e)y)l de| [Ix =yl
0
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Log-norm p(A) = A max(Asym) and [|A]|2 := Amax(A'A)Y2

Log-norm stability condition:

% (Vbe(x) + Vbi(x)) < —a | = p(Vby(x)) < —a

L»-norm for time varying/possibly random linear systems (Vo = 0):

t
0g VXl < [ 5 (Vhu(Xeul)) d
Proof: log-norm....

. Vi, AtV
vi= Arve = O |og||vt|| = W =...
t
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Log-norm p(A) = A max(Asym) and [|A]|2 := Amax(A'A)Y2

Log-norm stability condition:

% (Vbe(x) + Vbi(x)) < —a | = p(Vby(x)) < —a

L»-norm for time varying/possibly random linear systems (Vo = 0):

t
108 |V Xs,e(x)]|2 < / P (Vbo(Xeu(x))) du
Proof: log-norm....

. Vi, AtV
vi= Asve :>at |Og||Vt|| = W =...
t

I
Theo. [Lyapunov first/indirect method (A.M. Lyapunov, PhD 1892)]

p(Vhu(x)) € =X = [ Xsu(x) = Xs ()] < e X [x =y
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Ex.. MCMC/Langevin (gradient) diffusions (Xo: = X;)

dX, = —B VU(X,) dt + o dB,

)

Direct proof with Frobenius norms:

VU> A = VX =—8 VX, V2U(X,)
= & VX:VX, = —28 VX: V2U(X)VX{ < —2aVX: VX!
= [|[VX(2)||Frop < Vd e

= IX(x) = XeW)l S ce ™ x|
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More general diffusion flows

First variational equation

dV X, =VXs,r dCsp with VXss(x) =1
with the stochastic matrix diffusion

dCo = Vb (Xsr) dt+ > Vo (Xe) dWf

1<k<r
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More general diffusion flows

First variational equation

dV X, =VXs,r dCsp with VXss(x) =1
with the stochastic matrix diffusion

dCo = Vb (Xsr) dt+ > Vo (Xe) dWf

1<k<r
Theorem [Lyapunov method for the tangent process]
Vbe+ Vb + Y VoyVoi, < —2X 1

1<k<r

1/2
E (19X (IP) " < e
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V-norms contractions (discrete time approach)

V-Dobrushin contraction coef.: 37 > 0 s.t.

/BV(PS,S+T) <1-46; and sup |||P57tmv <
[t—s|<T
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V-norms contractions (discrete time approach)

V-Dobrushin contraction coef.: 37 > 0 s.t.

/BV(PS,S+T) <1-46; and sup |||P57tmv <
[t—s|<T

V-contraction: 3\ > 0 s.t.

I = m)Pselly, < c e fllu—nll,

Time homogeneous (Ps;: = Pi—s): 3o = NP € Pv(E)

—A
P = noollly < ¢ €l = noolly,

28/32



Diffusion flow interpolation (1 dim to simplify)

A couple of diffusion flows (s < t) starting at x at time s:

dXse(x) = b (Xse(x)) dt 4+ 0¢ (Xs,e(x)) dW,

dXse(x) = bt (Xse(x)) dt +7¢ (Xse(x)) dWs

29/32


https://people.bordeaux.inria.fr/pierre.delmoral/spa-ito-ventzell.pdf
https://people.bordeaux.inria.fr/pierre.delmoral/spa-ito-ventzell.pdf
https://people.bordeaux.inria.fr/pierre.delmoral/CR-BIV_v1.pdf

Diffusion flow interpolation (1 dim to simplify)

A couple of diffusion flows (s < t) starting at x at time s:

dXse(x) = b (Xse(x)) dt 4+ 0¢ (Xs,e(x)) dW,

dXsi(x) = bt (Xse(x)) dt +7¢ (Xse(x)) dWe

Semigroup formula

Vs S u S t X57t = Xu,t O Xs,u and XS,S = Id
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Diffusion flow interpolation (1 dim to simplify)

A couple of diffusion flows (s < t) starting at x at time s:

dXse(x) = b (Xse(x)) dt 4+ 0¢ (Xs,e(x)) dW,

dXsi(x) = bt (Xse(x)) dt +7¢ (Xse(x)) dWe

Semigroup formula

Vs S u S t X57t = Xu,t 9] Xs,u and XS,S =Id

Estimate (X, — Xs:)?
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Diffusion flow interpolation (1 dim to simplify)

A couple of diffusion flows (s < t) starting at x at time s:

dXee(x) = b (Xer(x)) dt + 0t (Xsp(x)) dW,

dXsi(x) = bt (Xse(x)) dt +7¢ (Xse(x)) dWe

Semigroup formula

Vs S u S t X57t = Xu,t 9] XS,U and XS,S =Id

Estimate (X, : — X, )7~ key idea = Backward-Forward Interpolation

t
Xot— Xor = / du(Xo: 0 Xs.0)
S

Refs.: Backward Ito-Ventzell and stochastic interpolation
formulae (Arxiv-19/SPA-22) & (CRAS-20)
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Forward-Backward interpolation (3, a) := (52, 0?)
du(Xu,t oys,u)(x) = (duXu,t)(Ys,u(X))

FOX) Koax)) duXaal) + (07%K0e) (Raa()) 3u(Koa(x) ds

by (X0 (x))du+7 (X, u(x)) AWV,
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Forward-Backward interpolation (3, a) := (52, 0?)

du(Xu,t oys,u)(x) = (duXu,t)(Ys,u(X))

FOX) Koax)) duXaal) + (07%K0e) (Raa()) 3u(Koa(x) ds

by (X0 (x))du+7 (X, u(x)) AWV,

with the backward term
(duXUﬂf)(ys,U(X))

= —0Xu,e(Xsu(x))" (bu(Xs.u(x))du + 04(Xs.u(x)) dW,)

1

—3 Xyt (Xs.u(x)) au(Xs.u(x)) du
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Forward-Backward interpolation formula

du(Xu,t oygu) = a)<u,1.‘(ys,u) ((Eu - bu)(ys,u) du+ (Eu - Uu)(ys,u) qu)

1 _
+5 0*Xu.t(Xs.u) (3w — au)(Xs.u) du
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Forward-Backward interpolation formula

du(Xu,t oygu) = a)<u,1.‘(ys,u) ((Eu - bu)(ys,u) du+ (Eu - Uu)(ys,u) qu)

1 _
+5 0*Xu.t(Xs.u) (3w — au)(Xs.u) du

Stability terms C Gradient and Hessian of the stochastic flow X ;(x)

Tangent process, first variational equations, spectral techniques,. . .
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Case: 0 =0& b= b & & = € & (small perturbation)

32/32

Xs,t - Xs,t

1st order=fluctuations

t
= € / GX,,,,t(Ys,u) 8u(ysvu) dW“
° 1
2

t
L / Xy (X o) 3u(Xoa) du
S

2nd order= bias


https://arxiv.org/abs/1709.05071
https://arxiv.org/abs/1812.04269
https://arxiv.org/pdf/1906.05140.pdf
https://arxiv.org/abs/1805.05044

Case: 0 =0& b= b & & = € & (small perturbation)

32/32

Xs,t - Xs,t

1st order=fluctuations

t
= € / GX,,,,t(Ys,u) EJ:u(ys,ll) dW“
° 1
2

t
L / Xy (X o) 3u(Xoa) du
S

2nd order= bias

Stochastic perturbation analysis for mean field particle models:
> Stochastic Riccati diffusions in matrix spaces (~ EnKF)
(+Bishop (Arxiv-17)/(IHP-20),...).

> McKean-Vlasov diff. = diff. € Hilbert/Fréchet derivatives
(+Arnaudon (Arxiv-2018)/(SAA-19), (Arxiv-19)/(AAP-20));
Interacting-jumps, + Arnaudon ~» (Arxiv-18)/(EJP-00).


https://arxiv.org/abs/1709.05071
https://arxiv.org/abs/1812.04269
https://arxiv.org/pdf/1906.05140.pdf
https://arxiv.org/abs/1805.05044
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