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Part Il - Discrete time Feynman-Kac models
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Feynman-Kac measures - Updating/Markov (G, P,)

Tn = ¢,,(77,,_1) = an_1(77n—1)Pn
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Feynman-Kac measures - Updating/Markov (G, P,)

N = Pn(Mn—1) = Ve, _; (M2-1)Pn
ﬂ: with P,.(xn,l,dx,,) = P(Xn € dx, ‘ Xno1 = Xn,1)

FK solution/semigroup/formulation:

n(f) = vn(F)/7n(1)  with 5, (f) E<f(X I1 Gp(X)

0<p<n
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FK solution/semigroup/formulation:

n(f) = vn(F)/7n(1)  with 5, (f) E<f(X I1 Gp(X)

0<p<n

«~~ Genetic Monte Carlo samplers (mutation,selection) ~ (P, G,)

4/54



Feynman-Kac measures - Updating/Markov (G, P,)

N = Pn(Mn—1) = Ve, _; (M2-1)Pn
ﬂ: with P,.(xn,l,dx,,) = P(Xn € dx, ‘ Xno1 = Xn,1)

FK solution/semigroup/formulation:

n(f) = vn(F)/7n(1)  with 5, (f) E<f(X I1 Gp(X)

0<p<n

«~~ Genetic Monte Carlo samplers (mutation,selection) ~ (P, G,)

~~ Path-space measures:

Qn(dx) := { H G, (xp)} no(dxo) Pi(xo0, dx1) ... Pn(Xn—1, dxn)

0<p<n
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GA - Updating/Markov (G,, P,)

Bias (prop. chaos)/L,-bounds/CLT/LDP/. ..
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https://projecteuclid.org/journals/annals-of-applied-probability/volume-21/issue-3/Concentration-inequalities-for-mean-field-particle-models/10.1214/10-AAP716.full
https://people.bordeaux.inria.fr/pierre.delmoral/FTML-2012-DM-H-W.pdf
http://www.crcpress.com/product/isbn/9781466504059

GA - Updating/Markov (G,, P,)

Bias (prop. chaos)/L,-bounds/CLT/LDP/.. . Nice but in practice?
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GA - Updating/Markov (G,, P,)

Bias (prop. chaos)/L,-bounds/CLT/LDP/. .. Nice but in practice?
Time-uniform expo. concentration [||f|| < 1] (= L,-estimates)

~ Forany x>0and n>0

B (I () = m()] < ¢ VA +x)/N) 21— e
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GA - Updating/Markov (G,, P,)
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Bias (prop. chaos)/L,-bounds/CLT/LDP/. .. Nice but in practice?
Time-uniform expo. concentration [||f|| < 1] (= L,-estimates)

~ Forany x>0and n>0

P (I (1) = m()] < ¢ VITFR/N) 21— e

and

P (Oil;g"\nﬁ'(f) () < e VAT log(n))/N) S 1—e

Some refs/more refined:

(AAP2011), (FTML2011), (CRC2013) [compact/minorization conditions]


https://projecteuclid.org/journals/annals-of-applied-probability/volume-21/issue-3/Concentration-inequalities-for-mean-field-particle-models/10.1214/10-AAP716.full
https://people.bordeaux.inria.fr/pierre.delmoral/FTML-2012-DM-H-W.pdf
http://www.crcpress.com/product/isbn/9781466504059

"Updated” Feynman-Kac measures

Bi= Ve (m) < (f) o E(f(xn) 11 Gp(xp))

0<p<n
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https://projecteuclid.org/journals/annals-of-applied-probability/volume-8/issue-2/Measure-valued-processes-and-interacting-particle-systems-Application-to-nonlinear/10.1214/aoap/1028903535.full
http://www.numdam.org/article/SPS_2000__34__1_0.pdf

"Updated” Feynman-Kac measures

0<p<n

= Ve, () < n(f) E(f(xn) I1 Gp(xp))
Key observation:

~ ~ ?]\nflpn(an)
n = n-1Pn = () = —5—77
T = Tln-1 () = % =BG
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"Updated” Feynman-Kac measures

0<p<n

= Ve, () < n(f) E(f(xn) I1 Gp(xp))
Key observation:

_ Tn=1Pa(Gof) _ in-1(Go1Pa(F)

nn:ﬁnflpnzﬁ"f - = =~ ~
( ) ']’]n_lpn(Gn) nnfl(anl)

with Po(Gof)
anl = Pn(Gn) and Pn(f) = m
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= Ve, () < n(f) E(f(xn) I1 Gp(xp))
Key observation:

_ Tn=1Pa(Gof) _ in-1(Go1Pa(F)

nn:ﬁnflpnzﬁnf - = =~ ~
( ) ']’]n_lpn(Gn) nnfl(anl)

with Po(Gof)
anl = Pn(Gn) and Pn(f) = m

~» Math/Equivalent FK model:

~

ﬁn = cl)n('ﬁnfl) = \U@”il(ﬁnfl)Pn
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"Updated” Feynman-Kac measures

Bi= Ve (m) < (f) o E(f(xn) 11 Gp(xp))

0<p<n

Key observation:

~ - fin-1Pa(Gof) _ 70 1(Go 1 Pa(f
77n=77n71Pn:>77n(f):n - (G ):7} 1(G . ())

Tin-1Pn(Gn) fin—1(Gn-1)
with Po(GoF)
Gho1= Pn(G,) and Pu(f) := PG

~» Math/Equivalent FK model:

~

ﬁn = cl)n('ﬁnfl) = \Uénil(ﬁnfl)Pn

But # GA Monte Carlo/samplers (mutation,selection) ~ (P,, G,)

(cf. Example 3/Sect. 4-2 in (AAP-1998) & Sect 2-3-2 in (Sp2000)).. ..
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Feynman-Kac semigroups - any (G, P,)

Linear evolution semigroup (p < n):

Yn = VpQp,n With Qn»n(f)(xp) =E <f(Xn) H Gq(Xq) | Xp = Xp)

p<q<n
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Feynman-Kac semigroups - any (G, P,)

Linear evolution semigroup (p < n):

Yn = VpQp,n With Qn»n(f)(xp) =E <f(Xn) H Gq(Xq) | Xp = Xp)

p<q<n

T

Qp,n = Qp+1 Qp+2 e Qn with Qn(Xn—l, an) = Gn—l(Xn—l) Pn(Xn—17 an)

Conventions: Qnn = 1.
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Feynman-Kac semigroups - any (G, P,)

Linear evolution semigroup. (p < n):

Yo = YpQp,n

~+ Nonlinear evolution semigroup:

o(f) np(Gp,nap,n(f))

n f)= - =V n Q n f
TR0 T Gy V()G
with the Markov transition

Qunl(F)0) = 2o and G, = QualD)

Qp.n(1)

Conventions: Q,, =1 and Gp, =1
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Path-space meas. - Markov triangular arrays

Qu(dx) := ﬁ { I1 G,,(x,,)} 10(dx0) Pi(x0, dx1) . . Pa(xa—1, dx)

0<p<n

Key observation:
Gpm = prn(l) = Gp PP+1(GP+17") <~ GP = prn/PpH(GpH,n)
U

Triangular array of Markov transitions ~~ stability properties

Qn(dx) — nO(dXO) GO,n(XO) PI(XO7 dxl)Gl,n(Xl) Pn(Xn—lden)Gn,n(Xn)

nO(GO,n) Pl(Gl,n)(XO) o Pn(Gn,n)(anl)

Triangular arrays/Stability FK/Positive semigroups:
~ (CRAS1999)/(IHP2021),(SP2000),. . ., (AAP2023), (SAA2023).
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https://arxiv.org/pdf/2112.03751.pdf
https://people.bordeaux.inria.fr/pierre.delmoral/print-online-Lyapunov-SAA.pdf
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A variety of interpretations/targets/. . .

Sub-Markov models (hard/soft obstacles)
Self avoiding walks

Level crossing excursions

Filtering problems

Approximate Bayesian Computation
Kalman filter/Linear Gaussian
Nonlinear Kalman/McKean-Vlasov
The Ensemble Kalman filter

EnKF vs Particle Filter

Branching processes

Quasi-invariant measures
Path-space meas. - h-process



# G,/P, ~» # interpretations/targets

Some ex.: Go(xn) = (hn/hn—1)(xn) or e~ (Unia=Unxa)
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https://www.cs.ubc.ca/~arnaud/delmoral_doucet_interactionMH_seminarproba2003.pdf
https://arxiv.org/pdf/cond-mat/0212648.pdf

# G,/P, ~» # interpretations/targets

Some ex.: Go(Xn) = (hn/hn—1)(xn) or e~ (Uni1=Unlxa) - g=Ulxn)
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# G,/P, ~» # interpretations/targets
Some ex.: Gp(xn) = (hn/hn_1)(xn) or e~ WUnr1=Un)(xn) = o=Ulxn) = @=(Uln)=Uln—1))

p(¥nlxn),
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# G,/P, ~» # interpretations/targets
Some ex.: Gp(xn) = (hn/hn_1)(xn) or e~ WUnr1=Un)(xn) = o=Ulxn) = @=(Uln)=Uln—1))

p(yalXn), 1a,(xn),
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# G,/P, ~» # interpretations/targets
Some ex.: Gp(xn) = (hn/hn_1)(xn) or e~ WUnr1=Un)(xn) = o=Ulxn) = @=(Uln)=Uln—1))

p(yalxn), 1a,(xa), p(yn | 6, (y1,--.,¥n-1)),
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# G,/P, ~» # interpretations/targets
Some ex.: Gp(xn) = (hn/hn_1)(xn) or e~ WUnr1=Un)(xn) = o=Ulxn) = @=(Uln)=Uln—1))

p(yﬂ‘X")' 1An(X’7)v p(yﬂ | 0, (}/17 cen 7y"*1))1 1X,’,€{x6 ..... xt_ 3
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# G,/P, ~» # interpretations/targets
Some ex.: Gp(xn) = (hn/hn_1)(xn) or e~ WUnr1=Un)(xn) = o=Ulxn) = @=(Uln)=Uln—1))

Pn(xp—1,dxn
PUyalxa), 1,0} PO | 0, sy ynm1))s Lggriog, ot ) PR
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# G,/P, ~» # interpretations/targets
Some ex.: Gp(xn) = (hn/hn_1)(xn) or e~ WUnr1=Un)(xn) = o=Ulxn) = @=(Uln)=Uln—1))
P(yalxn). La,(xa), p(ya | 6, (1, ¥0-1))s Lyg g pRa=L.oa)

’
""" X 13" PIS(xp—1,dxn)

G(x,y) = 7ﬂ(ﬁ;’;M{y‘j{X (Sp2003),
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# G,/P, ~» # interpretations/targets
Some ex.: Gp(xn) = (hn/hn_1)(xn) or e~ WUnr1=Un)(xn) = o=Ulxn) = @=(Uln)=Uln—1))
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G(x,y) = 25 (Sp2003), oleabedd o (cf. JRSS-B-2006), ..,
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# G,/P, ~» # interpretations/targets
Some ex.: Gp(xn) = (hn/hn_1)(xn) or e~ WUnr1=Un)(xn) = o=Ulxn) = @=(Uln)=Uln—1))

P(¥nlxn), 1a,(xn), P(yn [ 0, (v, ¥n-1)) g Polin1, )

’
""" X 13" PIS(xp—1,dxn)

G(x,y) = 25 (Sp2003), oleabedd o (cf. JRSS-B-2006), ..,

O Continuous time models,. . .

th1l
Xo = X tya] & Gn(Xn):exp/ Us(X?)ds
t,

n
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# G,/P, ~» # interpretations/targets
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""" X 13" PIS(xp—1,dxn)

G(x,y) = 25 (Sp2003), oleabedd o (cf. JRSS-B-2006), ..,

O Continuous time models,. . .

th1l
Xo = X tya] & Gn(Xn):exp/ Us(X?)ds
t,

n

But also transition/excursion spaces: ~~ X, := (X;, X},1)
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# G,/P, ~» # interpretations/targets
Some ex.: Gp(xn) = (hn/hn_1)(xn) or e~ WUnr1=Un)(xn) = o=Ulxn) = @=(Uln)=Uln—1))

Pn(xp—1,dxn
P(yalxn), 1a,(xn), P(yn | 0, (v1,- -5 ¥0-1))s Lgging,oon, b W

G(x,y) = 25 (Sp2003), oleabedd o (cf. JRSS-B-2006), ..,

O Continuous time models,. . .

th1l
Xo = X tya] & Gn(Xn):exp/ Us(X?)ds
t,

n

But also transition/excursion spaces: ~ X, := (X;, X/;1), -

@ Change of measures/Tuning ~> non unique choice of P, or G,.
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Sub-Markov models @,(1)(x) := G,_1(x) € [0, 1]

Qn(x,dy) = Gp_1(x) Pn(x, dy) ~
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Sub-Markov models @,(1)(x) := G,_1(x) € [0, 1]

Qn(x,dy) = Gp_1(x) Pn(x, dy) ~ Markov on extended state E° = EU{c}
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Sub-Markov models @,(1)(x) := G,_1(x) € [0, 1]
Qn(x,dy) = Gp_1(x) Pn(x, dy) ~ Markov on extended state E° = EU{c}
Absorbed chain (extended Markov P,(c,c) =1 and f(c) = 0)

absorption ~(1—G,)  ~ exploration ~P,

X5 € E; X5 1
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Sub-Markov models @,(1)(x) := G,_1(x) € [0, 1]
Qn(x, dy) = Gp_1(x) Pa(x, dy) ~» Markov on extended state E¢ = EU{c}

Absorbed chain (extended Markov P,(c,c) =1 and f(c) = 0)

absorption ~(1—G,)  ~ exploration ~ P,

X5 € E; X5 1

Conditional probabilities

Qo = Law((X§, ..., XS) | TP > p)
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Sub-Markov models @,(1)(x) := G,_1(x) € [0, 1]
Qn(x, dy) = Gp_1(x) Pa(x, dy) ~» Markov on extended state E¢ = EU{c}

Absorbed chain (extended Markov P,(c,c) =1 and f(c) = 0)

absorption ~(1—G,)  ~ c exploration ~ P,

X5 € E; Xa 1

Conditional probabilities

Qn = Law((X§, ..., XS) | Tab=orption > p)
Note ~~ hard obstacles/taboo sets/. .. :

G, =14, = Q, = Law((Xp,..., Xn) | Xp € A, ,0< p < n)
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Sub-Markov models @,(1)(x) := G,_1(x) € [0, 1]
Qn(x, dy) = Gp_1(x) Pa(x, dy) ~» Markov on extended state E° = EU{c}

Absorbed chain (extended Markov P,(c,c) =1 and f(c) = 0)

absorption ~(1—G,)  ~ c exploration ~ P,

X5 € E; Xa 1

Conditional probabilities

Qn = Law((X§, ..., XS) | Tab=orption > p)
Note ~~ hard obstacles/taboo sets/. .. :

G, =14, = Q, = Law((Xp,..., Xn) | Xp € A, ,0< p < n)

Normalizing constants

(1) = Proba (Tb=mtion > ) S p(x e A, 0 < p < n)
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Self avoiding walks in E’ := Z9 ~ historical process

X, = (Xé, e ,X,g) € E, = (E’X. . .XE’) & G,,(Xn) = 1X:;¢{Xo/!-~~vx,f_1}
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Self avoiding walks in E’ := Z9 ~ historical process

X, = (Xé, e ,X,g) € E, = (E’X. . .XE’) & G,,(Xn) = 1X:;¢{X(;!-~~’X,f_1}

~~ Conditional distributions

nn:Law((Xé,...,X,g)\X;#Xé, V0§p<q<n)
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Self avoiding walks in E’ := Z9 ~ historical process

X, = (Xé, e ,X,g) € E, = (E’X. . .XE’) & Gn(Xn) = 1X:;€{X(;!-~~’X,f_1}

~~ Conditional distributions

nn:Law((Xé,...,X,g)\X;#Xé, V0§p<q<n)

Normalizing constants
Ynt+1(1) = Proba (X; # Xp V0<p<qg< n)
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X, = (Xé, e ,X,g) € E, = (E’X. . .XE’) & Gn(Xn) = 1X:;€{X(;!-~~’X,f_1}

~~ Conditional distributions

nn:Law((Xé,...,X,g)\X;#Xé, V0§p<q<n)

Normalizing constants
Ynt+1(1) = Proba (X; # Xp V0<p<qg< n)

= (%)” Card (SAW length n)
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Self avoiding walks in E’ := Z9 ~ historical process

X, = (Xé, e ,X,g) € E, = (E’X. . .XE’) & G,,(Xn) = 1X:;€{X(;!-~~’X,f_1}

~~ Conditional distributions

nn:Law((Xé,...,X,g)\X;#Xé, V0§p<q<n)

Normalizing constants
Ynt+1(1) = Proba (XI; # Xp V0<p<qg< n)

= (5)" Card (SAW length n) ~ (c(d)/(2d))", c(d)=connective ct.
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Self avoiding walks in E’ := Z9 ~ historical process

X, = (Xé, e ,X,g) € E, = (E’X. . .XE’) & G,,(Xn) = lx’;g{x&...’x’:_l}

~~ Conditional distributions

nn:Law((Xé,...,Xé) | X;#Xé, VWO<p<g< n)
Normalizing constants
Ynt+1(1) = Proba (X}; # Xp V0<p<qg< n)
= (5)" Card (SAW length n) ~ (c(d)/(2d))", c(d)=connective ct.
Edward’s model (a.k.a. Weakly SAW/Domb-Joyce/...)
1 /
Gn(X,) = exp = Z 1x,(X5)

0<p<n
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X’-Excursions - A, |, with B non critical recurrent

Hitting A, or B

T,=inf{t>T,1 : X/ €(A,UB)}
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X’-Excursions - A, |, with B non critical recurrent

Hitting A, or B
T,=inf{t>T,1 : X/ €(A,UB)}
Excursions

Xo = (XDteT 7o) & Ga(Xn) = 1a,,(X7,,)

14/54



X’-Excursions - A, |, with B non critical recurrent

Hitting A, or B
T,=inf{t>T,1 : X/ €(A,UB)}
Excursions

Xn = (th)te[T,,,TnH] & Gn(Xn) = 1An+1(X'/Fn+1)

Conditional probabilities

Q, = Law(n excursions | hits A, before B)
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X’-Excursions - A, |, with B non critical recurrent
Hitting A, or B
T,=inf{t>T,1 : X/ €(A,UB)}
Excursions

Xn = (Xl{)te[Tn,TnH] & Gn(Xn) = 1An+1(X'/Fn+1)

Conditional probabilities
Q, = Law(n excursions | hits A, before B)
Normalizing constants

vn(1) = P(X hits A, before B)
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Filtering: State/Osb = Z, = (X, Y,) Markov

Markov transitions:
]P)((Xn, Yn) S d(Xn,yn) | Zy1 = Zn—l) = Pn(Xn—17 an) K,:/(Xn, dyﬂ)
—_———

&n(xn,yn) vn(dyn)
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Filtering: State/Osb = Z, = (X, Y,) Markov

Markov transitions:
P((Xm Yn) S d(Xnyyn) | Zn—l = Zn—l) = P,,(Xn_l, dX") Kr:/(X"’ dy"’)
—_———
&n(xn>yn) vn(dyn)
Given Y =y
Gn(xn) := gn(Xn, ¥n) = nn = Law (X | (Yo, ..., Ya=1) = (Mo, -+, ¥n—1))

and
Qn = Law((Xo7 ey Xn) | (\/o7 ey Y,,,l) = (yo, e ,y,,,l))
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Filtering: State/Osb = Z, = (X, Y,) Markov

Markov transitions:
P((Xm Yn) S d(Xnyyn) | Zn—l = Zn—l) = P,,(Xn_l, dX") Kr:/(X"’ dy"’)
—_———
&n(xn>yn) vn(dyn)
Given Y =y
Gn(xn) := gn(Xn, ¥n) = nn = Law (X | (Yo, ..., Ya=1) = (Mo, -+, ¥n—1))

and
Qn = Law((Xo7 ey Xn) | (\/o7 ey Y,,,l) = (yo, e ,y,,,l))

BUT ALSO

o = Law(Xo | (Yo, Ya) = (0or -, y))s - -
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ABC (Y, € R?) ~ Intractable likelihoods

P(Yn € yo | Xo = xa) = K, (Xn, dyn)
N—_————

too complex/unkown
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https://link.springer.com/article/10.1007/PL00008786
https://www.stat.purdue.edu/docs/research/tech-reports/1998/tr98-17.pdf

ABC (Y, € R?) ~ Intractable likelihoods

P(Yn € Yn | Xn = Xn) = Kr?/(x'h dy")
—_——

too complex/unkown

One key idea: (PTRF-2001) /(Preprint Purdue-1998)]
Xo=(Xn,Yn) and Vo= Y,+eN(0,/)
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https://link.springer.com/article/10.1007/PL00008786
https://www.stat.purdue.edu/docs/research/tech-reports/1998/tr98-17.pdf

ABC (Y, € R?) ~ Intractable likelihoods

P(Yo€yn | Xo=xa)= Ky (xn,dyn)
—_———
too complex/unkown
One key idea: (PTRF-2001) /(Preprint Purdue-1998)]
Xo=(Xn,Yn) and Vo= Y,+eN(0,/)

4
P(Vn € dzn | Xn = (Xn, ¥n)) < exp (=% [|1z0 — yal|®) dzn
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ABC (Y, € R?) ~ Intractable likelihoods

P(Yn € Yn | Xn = Xn) = KI1Y(X'77 dy")
—_——

too complex/unkown

One key idea: (PTRF-2001) /(Preprint Purdue-1998)]
Xo=(Xn,Yn) and Vo= Y,+eN(0,/)

4
P(Vn € dzn | Xn = (Xn, ¥n)) < exp (=% [|1z0 — yal|®) dzn

~ e-Approximations
(or using sufficient statistics ¢(y,)/local neighbourhoods/uniform
sensor-type noise ~~ 1y, ¢, )(24),...):

LaW(Xn ‘ (yo, .. .,j)i,,) = (yo7 - 7_)/,1)) e 50 LaW(X,, | (Y()7 N Y,,) = (_yo, T
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https://link.springer.com/article/10.1007/PL00008786
https://www.stat.purdue.edu/docs/research/tech-reports/1998/tr98-17.pdf

ABC (Y, € R?) ~ Intractable likelihoods

P(Yn € Yn | Xn = Xn) = KI1Y(X'77 dy")
—_——

too complex/unkown

One key idea: (PTRF-2001) /(Preprint Purdue-1998)]
Xo=(Xn,Yn) and Vo= Y,+eN(0,/)

4
P(Vn € dzn | Xn = (Xn, ¥n)) < exp (=% [|1z0 — yal|®) dzn

~ e-Approximations
(or using sufficient statistics ¢(y,)/local neighbourhoods/uniform
sensor-type noise ~~ 1y, ¢, )(24),...):

LaW(Xn ‘ (yo, .. .,j)),,) = (yo7 - 7yn)) e 50 LaW(X,, | (Y()7 N Y,,) = (_yo, T

Given the observations y ~~ FK with

1
X, = (Xn,Yn) and Go(X,) = exp <_Z llyn — Y,,||2>

16/54
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https://link.springer.com/article/10.1007/PL00008786
https://www.stat.purdue.edu/docs/research/tech-reports/1998/tr98-17.pdf

Kalman filter/Linear-Gaussian models Xy ~ N (mg, o)

Xo=AXo—1+ o W, and Gy(xs) x exp <—% (yn — Cx,,)2>

Updating/Bayes’ rule/Regression:

TN = N(mn: rﬂ) == \UGn(Wn) = N(’/ﬁ"a;\")

with
- n
rn = 1 +"§rn and ¢:= C2/7'
My = mp+Gain(rn) (va — Cmy,)  and  Gain(r,) := 1 ir,;r,, -t
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Kalman filter/Linear-Gaussian models Xy ~ N (mg, o)

Xo=AXo—1+ o W, and Gy(xs) x exp <—% (yn — Cx,,)2>

Updating/Bayes’ rule/Regression:

TN = N(mn: r") == \UGn(Wn) = N(fﬁ”a;\")

with
T = o and ¢:= C°/7
1+,
My = mp+Gain(rn) (va — Cmy,)  and  Gain(r,) := 1 ir,;r,, -t

Prediction/Mutation/Markov transport:

N(fﬁn,ﬁv)PnJrl == N(mn+1, rn+1) with (m,,+1, I’n+1) = (Af/ﬁn, A27';7 + 0'2)

17/54



Linear-Gaussian models Xy ~ N (my, rp)

Xo=AXn—14+ o W, and G,(X,) x exp <f% (vn — CX,,)2>
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Linear-Gaussian models Xy ~ N (my, rp)

Xo=AXn—14+ o W, and G,(X,) x exp <f% (vn — CX,,)2>

Linear/Gauss flow (Kalman filter, y, = 0 ~» quantum harmonic osc.)

no = N(mo, r0) = ¥n >0 Nn = N(mp, ra)
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Stochastic/Nonlinear Kalman/McKean-Vlasov

X, ~ N(mn,r,) and V, ~ N(0,1)

— X, =X,+ Gain(rn) (Vo — (CXp + /T Vi) ~ N(fin, 1)
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Stochastic/Nonlinear Kalman/McKean-Vlasov

X, ~ N(mn,r,) and V, ~ N(0,1)

= X=X, +Gain(tn) (va — (CX0 + /7 Vi) ~ N(@n, %)

proof: mean ok and

~

Xp — in = (1 — Gain(ra) C) (Xn — my) — Gain(ra)/T Va

——> variance = (1 — Gain(l’n)C)2 rn—+ (Gain(f’n)c)2 (T/C2) = 1_*_,2”7 = 7’;,
——

( Srn )2 1/s

1y
() Tiar
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Stochastic/Nonlinear Kalman/McKean-Vlasov
X, ~ N(mn,r,) and V, ~ N(0,1)
— X, :=X,+ Gain(rn) (o — (CXn + /T Vi) ~ N(@n, 1)

proof: mean ok and

Xo — Mip = (1 — Gain(rn) C) (X — mp) — Gain(ra)/7T Vs

——> variance = (1 — Gain(l’n)C)2 rn—+ (Gain(f’n)c)2 (T/C2) = 1_*_,2”7 = 7’;,
——

1 2 Sfn_ 2
(7)) (mdm) s

Prediction/Mutation = Markov transition:

X, ~ N(Mn, %) and W, ~ N(0,1)

= Yn+1 = Axn +o Wn+1 ~ N(mn+17 rn+1)
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Ensemble Kalman filter - Nonlinear Markov chain

Xy = Xp+oean(rn) (Yo— (CX++/7TV0)

Xn+1 = AXH+UWH+1.

with r, := conditional variance of the random state X,,.
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Ensemble Kalman filter - Nonlinear Markov chain

Xy = Xp+oean(rn) (Yo— (CX++/7TV0)

Xn+1 = AXH+UWH+1.

with r, := conditional variance of the random state X,,.

4

EnKF with i =1,... N samples:

& = & +cim(r) (va— (CE+ /7 V)))

Eni AL+ UWlnH-

with r)\ := conditional N-sample variance of the random states &/ .
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EnKF vs Particle filters = GA = SMC = DMC = ...

; N Selection 25
(&) e ™ —
1<i<N

n

Mutation (f'
— (&)
nt 1<i<N

) )1§1§N
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EnKF vs Particle filters = GA = SMC = DMC = ...

i N Selection 25
(&) e ™ —
1<i<N

n

Mutation (f'
— (&)
nt 1<i<N

' )1§J'§N
Selection/ Mutation:
e~ (Yn—C&L?/(27)

n Z Sicien e—(Ya—Ceh)2/(27)

1<i<N

55; and set £i+1 ;:AE,{' +o W,{+1

21/54



EnKF vs Particle filters = GA = SMC = DMC = ...

; N Selection 25
() e < F
1<i<N

n

Mutation i
()

>1§j§N 1<i<N

Selection/ Mutation:

e~ (Ya—C&)?/(27)

@ 2 S 1ejen e~ =CE /()

1<i<N

¢ and set fi+1 =All 4o W,{H

Sample means ~ Conditional expectations:

~or 1 ~ ~
vneN X' .= N Z & ~nLeo Xn
1<i<N
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EnKF vs Particle filters = GA = SMC = DMC = ...

Sample means ~ Conditional expectations:

b 1 ~ ~
VneN X i= Y & e X

1<i<N

22/54


https://projecteuclid.org/journals/annals-of-applied-probability/volume-23/issue-6/Stability-properties-of-some-particle-filters/10.1214/12-AAP909.full
https://projecteuclid.org/journals/annals-of-applied-probability/volume-33/issue-2/A-theoretical-analysis-of-one-dimensional-discrete-generation-ensemble-Kalman/10.1214/22-AAP1843.short
https://arxiv.org/pdf/2107.01855.pdf
https://people.bordeaux.inria.fr/pierre.delmoral/math-EnKF-2023.pdf

EnKF vs Particle filters = GA = SMC = DMC = ...

Sample means ~ Conditional expectations:

~pi 1 ~ ~
VneN X i= Y & e X

1<i<N
CLT variance time-uniformly bounded for any A

(Whiteley (AAP-2013))
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EnKF vs Particle filters = GA = SMC = DMC = ...

Sample means ~ Conditional expectations:

~ 1 ~ ~
vneN X' .= N Z & ~nLoo Xn

1<i<N
CLT variance time-uniformly bounded for any A

(Whiteley (AAP-2013)) BUT for any A > 1

€ =xi > ﬁ V2log N = lim ]E[
— n— oo

)A(:F — )A(,,H = +o0
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https://people.bordeaux.inria.fr/pierre.delmoral/math-EnKF-2023.pdf

EnKF vs Particle filters = GA = SMC = DMC = ...

22/54

Sample means ~ Conditional expectations:

~prr 1 ~ ~
VneN X i= Y & e X

1<i<N
CLT variance time-uniformly bounded for any A

(Whiteley (AAP-2013)) BUT for any A > 1
€= x> ﬁ V2logN — lim E H)?:F - )?H - +oo
— n— oo

While time-uniform estimates even for any A > 1 for the EnKF sample
means X" ((AAP-2023) / (Arxiv-2021))

~ continuous time (review (MC25-2023))


https://projecteuclid.org/journals/annals-of-applied-probability/volume-23/issue-6/Stability-properties-of-some-particle-filters/10.1214/12-AAP909.full
https://projecteuclid.org/journals/annals-of-applied-probability/volume-33/issue-2/A-theoretical-analysis-of-one-dimensional-discrete-generation-ensemble-Kalman/10.1214/22-AAP1843.short
https://arxiv.org/pdf/2107.01855.pdf
https://people.bordeaux.inria.fr/pierre.delmoral/math-EnKF-2023.pdf

Branching processes - discrete time

> P,(xp—1,dx,) Markov X,_1 € E,_1 ~ X, € E, (ex. historical)
» gi(x,) € N =iid. branching r.v., indexed by x, € E, and i > 1 s.t

E(grli (xn)) o< Gn(xn)
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Branching processes - discrete time

> P,(xp—1,dx,) Markov X,_1 € E,_1 ~ X, € E, (ex. historical)
> g,’;(xn) € N = i.i.d. branching r.v., indexed by x, € E, and i > 1 s.t
E(gy(xn)) o Ga(xn)
Branching process

branch. ~ explore
Xn = E 6&7 —_— Xn = E 6@1 —_— Xn+l = E 6£;+1
1<i<Ny 1<i<N, 1<i<Nps1 =N,
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Branching processes - discrete time

> P,(xp—1,dx,) Markov X,_1 € E,_1 ~ X, € E, (ex. historical)
» g/(x,) € N =i.id. branching r.v., indexed by x, € E, and i > 1 st
E(grl;(xn)) ¢ Gn(xn)

Branching process

branch. ~ explore
Xyi= D by —— Xyo= bg —— Xppri= > 8
1<i<Ny 1<i<N, 1<i<Nps1 =N,
Note that
X, = 8n(&n) Oci
1<i<N,

~» First moment (a.k.a. many-to-one) = FK

E(Xn(F))/No = () =B | F(Xa) ] Go(Xp)

0<p<n
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(Quasi)-Invariant measures

Any positive semigroup ~~ Time homogeneous FK (G, P)

Q(x,dy) = G(x) P(x,dy) with G:=Q(1) and P(f):= Q(f)/Q(1)
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(Quasi)-Invariant measures

Any positive semigroup ~~ Time homogeneous FK (G, P)

Q(x,dy) = G(x) P(x,dy) with G:=Q(1) and P(f):= Q(f)/Q(1)

Hyp. stable semigroup:

M = O(1n-1) = V6 (Nn-1)P —>n 00 Moo = P(1oc)

24 /54



Case P is p-reversible (= Q is Wy,s(u)-reversible)

V1/6(r)(AQ(R)) o< u(fiP(f2)) = n(P(f)f)
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Case P is p-reversible (= Q is Wy,s(u)-reversible)

V1/6(r)(AQ(R)) o< u(fiP(f2)) = n(P(f)f)

I

Spectral theo. on Lo(Wy/¢(1)) : A > 0| & h; orthonormal s.t.

Q(hi) = Aih;
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Case P is p-reversible (= Q is Wy,s(u)-reversible)

V1/6(r)(AQ(R)) o< u(fiP(f2)) = n(P(f)f)

I

Spectral theo. on Lo(Wy/¢(1)) : A > 0| & h; orthonormal s.t.
Q(hi) = Aih;

and spectral decomposition

(x,dy) = > AT hi(x) hi(y) Wa6(1)(dy)

i>0

25 /54



Case P is p-reversible

(Ao, ho) = (A, h) ~ QSD 7o "more explicit” formulation

Moo (f) o< p(P(h) f)
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Case P is p-reversible

(Ao, ho) = (A, h) ~ QSD 7o "more explicit” formulation

Moo (f) 0 p(P(h) £) = 1100 (Q(F)) o< (Q(h) P(f))
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Case P is p-reversible

(Ao, ho) = (A, h) ~ QSD 7o "more explicit” formulation

Moo (F) :0c p(P(h) £) = 1oc(Q(F)) o (Q(h) P(F)) o< u(hP(f))
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Case P is p-reversible

(Ao, ho) = (A, h) ~ QSD 7o "more explicit” formulation
Moo (F) :oc p(P(h) ) = oo (Q(F)) o< p(Q(h) P(f)) oc p(hP(f)) o 100 (f)

Also note:

_ 1(Q(h))
G N
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Case P is p-reversible

(Ao, ho) = (A, h) ~ QSD 7o "more explicit” formulation
Moo (F) :oc p(P(h) ) = oo (Q(F)) o< p(Q(h) P(f)) oc p(hP(f)) o 100 (f)

Also note:

_ uQh) _
= =
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Case P is p-reversible

(Ao, ho) = (A, h) ~ QSD 7o "more explicit” formulation
Moo (F) :oc p(P(h) ) = oo (Q(F)) o< p(Q(h) P(f)) oc p(hP(f)) o 100 (f)

Also note:

_ Q) _ w(Q(h) f)
Noo(G) = W = A= Vg(neo)(f) by
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Case P is p-reversible

(Ao, ho) = (A, h) ~ QSD 7o "more explicit” formulation
Moo (F) :oc p(P(h) ) = oo (Q(F)) o< p(Q(h) P(f)) oc p(hP(f)) o 100 (f)

Also note:

_ 1(Q(h) _ r(Q(h) )
100(G) = OB =A== Ve (100 )(f) o¢ === o Wa(p)(f)
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Path-space - time homogeneous FK ~~ h-process

Qn(dx) :

{ H G(xp } o(dxo) P(xo0,dx1) ... P(xn—1, dxn)

0<p<n

Key observation (including design FK with prescribed h):

Q(h) = Ah < G=Ah/P(h)

27/54



Path-space - time homogeneous FK ~~ h-process

Qn(dx) :

H G(xp) ¢ mo(dxo) P(xo,dx1)...P(xn—1, dxn)
0<p<n

Key observation (including design FK with prescribed h):

Q(h) = Ah < G=Ah/P(h)

I

mo(dx0) h(x) P(%p, dxp11) h(Xp+1) 1
Q@) =2y I = p i) i)

:ng(dxg) Ph(xp,dxp+1)

0<p<n
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Path-space - time homogeneous FK ~~ h-process

Qn(dx) :

{ H G(xp } o(dxo) P(xo0,dx1) ... P(xn—1, dxn)

0<p<n

Key observation (including design FK with prescribed h):

Qh) = Xh < G=xh/P(h)
4
) o mo(dx0) h(x) P(%p, dxp11) h(Xp+1) 1
T DI S G AT
=n(dxo) Ph(xp,dxpi1)

Caution: even sampling P" the weight 1/h may be very large and

u(hP(h)P"(f)) = u(hP(hf)) = p(P(h)hf)
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Path-space - time homogeneous FK ~~ h-process

Qn(dx) :

{ H G(xp } o(dxo) P(xo0,dx1) ... P(xn—1, dxn)

0<p<n

Key observation (including design FK with prescribed h):

Qh) = Xh < G=xh/P(h)
4
) o mo(dx0) h(x) P(%p, dxp11) h(Xp+1) 1
T DI S G AT
=n(dxo) Ph(xp,dxpi1)

Caution: even sampling P" the weight 1/h may be very large and

u(hP(h)P"(f)) = u(hP(hf)) = p(P(h)hf) = n2(f) o u(hP(h)f)

27/54



Feynman-Kac particle recipes/methodologies
Genealogical /Ancestral trees
Backward particle models
Island models
Many-body FK models
Particle Gibbs
Quenched/Annealed models
(Particle) Metropolis-Hasting
Conditional Linear-Gaussian models
Interacting Kalman filters

28/54



Historical /Path-space FK/Genealogical /Ancestral trees

Xo = (Xg-o 0 X0) & Go(Xa) = G (X))
U

Yn(F) ::]E(f(Xé,...,X,;) 11 G;,(X,;))

0<p<n
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Historical /Path-space FK/Genealogical /Ancestral trees
Xpi= (X, X)) & Gu(Xy) =G, (X))
I

Yn(F) ::E(f(Xé,...,X,;) 11 G;,(X,;))

0<p<n

Back to n-th time marginals

F(Xor-- - X0) = F1(X) = ml(f) = 7i(F)
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Historical /Path-space FK/Genealogical /Ancestral trees

Xo = (Xg-o 0 X0) & Go(Xa) = G (X))
U

() =B F(Xg X)) ] G(Xp)
0<p<n

Back to n-th time marginals
F(Xor s Xp) = (X)) = n(f) = 7(F')
~> Path-valued GA (historical mutation, path-selection) ~ (P,, G,)

~+ Genealogical trees, ancestral lines &), = (&) . &1 v+, &) )
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Unnormalized particle measures

’Yn(]-) =E (Gnl(an) H GP(XP)) = m 'Ynfl(l)
)

0<p<(n—1 7n-1(1)

I
Vn(f) = na(f) H 1p(Gp)

0<p<n

30/54


https://people.bordeaux.inria.fr/pierre.delmoral/delmoral96nonlinear.pdf
http://www.numdam.org/article/AIHPB_2011__47_3_629_0.pdf
https://link.springer.com/book/10.1007/978-1-4684-9393-1
https://www.nowpublishers.com/article/Details/MAL-026
http://www.crcpress.com/product/isbn/9781466504059

Unnormalized particle measures

::thl(Gﬁfl)

Yn(1) =E | Gpo1(Xa-1) 0<p£[,, ) GP(XP) yn_1(1) Yn-1(1)
U
'Yn(f) = nn(f) H nP(Gp)
0<p<n

~> unbiased unnormalized particle measures

W) =) T u(Gp)

0<p<n

Design unnormalized particle measures + unbiasedness + variance
~ (MPRF-1996),. .., (IHP2011),...

~~ cf. books+refs: (FK2004), (FTML2012), (CRC2013)
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https://link.springer.com/book/10.1007/978-1-4684-9393-1
https://www.nowpublishers.com/article/Details/MAL-026
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Unbiasedness property/Random ancestral lines

E(7,'(f)) = 7a(f)
with historical X, := (X§,..., X)) ~ & = (567H,§{7n, . 755,’")

0
E{ f(Xn) H m(&p)(Gp) | = Yn(f)

0<p<n
with a randomly chosen ancestral line
X _ 1 1)
&) = 20 K c)

1<i<N
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Density condition Q,(x,_1, dx,) = gn(xn—1,Xn) Va(dx,)

Qn(d(xo0s - - -, Xn)) X Un(dXn)@n(Xn—1,Xn) ... v1(dx1) qi(xo0, x1) n0(dxo)
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Density condition Q,(x,_1, dx,) = gn(xn—1,Xn) Va(dx,)

Qn(d(xo0s - - -, Xn)) X Un(dXn)@n(Xn—1,Xn) ... v1(dx1) qi(xo0, x1) n0(dxo)

Key obs:
1n(dxn) o< M—1(Hn-1(+, xn)) vn(dxn)
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Density condition Q,(x,_1, dx,) = gn(xn—1,Xn) Va(dx,)

Qn(d(x0y .- %n)) X Vn(dXn)gn(Xn—1,%n) ... v1(dx1) q1(x0,x1) 10(dx0)

Key obs:
nn(dx") X ’r],.,,l(H,,,l(.,X,,)) l/n(an)

[}

77n71(an71)qn(Xn71,Xn)
n(dXn) qn(Xn—1,Xn) Nn—1(dxn—1) X na(dxs

(dhe) a1, 50) 11 2) o () =L S LIRS

::]Kn,n,,_l (xn,dxp—1)
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Density condition Q,(x,_1, dx,) = gn(xn—1,Xn) Va(dx,)

Qn(d(x0y .- %n)) X Vn(dXn)gn(Xn—1,%n) ... v1(dx1) q1(x0,x1) 10(dx0)

Key obs:
nn(dxn) X ’r],.,,l(H,,,l(.,X,,)) l/n(an)

3

Nn—1(dXo—1)qn(Xa—1, Xn)
n(dXn) qn(Xn—1,Xn) Nn—1(dxn—1) X na(dxs

(dhe) a1, 50) 11 2) o () =L S LIRS

::]Kn,n,,_l (xn,dxp—1)

Backward FK

Qn(d(x0s---5%0)) = Ma(dxn) Knn,_y (Xn, dXn—1) - . . K1, (x1, dxo)
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Backward FK and ancestral lines

Qn(dx) = nal(dxn) Knn,_; (X0, dXa—1) . . . K1, no (x1, dxo)
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http://arxiv.org/abs/1404.5733

Backward FK and ancestral lines

Qn(dx) = nal(dxn) Knn,_; (X0, dXa—1) . . . K1, no (x1, dxo)

Backward particle FK (M2AN10) = Conditional ancestral line
(Arxiv(14)/IHP(16))

QN (dx) =y (dxn) ]K,erv\nil(x,,7 dxp—1) ... LY (x1, dxo)
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Backward FK and ancestral lines

Qn(dx) = nal(dxn) Knn,_; (X0, dXa—1) . . . K1, no (x1, dxo)

Backward particle FK (M2AN10) = Conditional ancestral line
(Arxiv(14)/IHP(16))

QN (dx) =y (dxn) ]K,erv\nil(x,,7 dxp—1) ... LY (x1, dxo)

= IP’(X,,ed(xo,...7x,,)|77,',\'7 pgn)
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Backward FK and ancestral lines

Qn(dx) = nal(dxn) Knn,_; (X0, dXa—1) . . . K1, no (x1, dxo)

Backward particle FK (M2AN10) = Conditional ancestral line

(Arxiv(14)/IHP(16))
Qw(dx) = n,':'(dx,,) Knm,')',l(x"’ dxp—1) ... Kl,ngj (x1, dxo)
= IP’(X,,E d(x0, -y %) | 7ps P < n)
~+ Backward Markov chain on index set {1,..., N}
KN (€)oo Koo (660 f(el)
N (L 1 ~ : -
n"f[N”"N] K"nn,lf . : v .
Koon (€h&) o Koo (€).€)) Gy
*In—1 *In—1

33/54


https://www.esaim-m2an.org/articles/m2an/abs/2010/05/m2an0950/m2an0950.html
http://arxiv.org/abs/1404.5733

Unbiasedness property/Island models/(a.k.a. SMC?)
(FTML2011)

E (£(Xo) To<pen GolXy)

—E (m(€)(F) TTopen m(€)(Gy))
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Unbiasedness property/Island models/(a.k.a. SMC?)
(FTML2011)

E (£(Xo) To<pen GolXy)

~E (m(&)(F) Tlozpen m(E)(Gp)) =E (F(n) Tocpen 9o(5))

with

F(&n) = m(&n)(F) and  Gp(&p) := m(&,)(Gp)
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Unbiasedness property/Island models/(a.k.a. SMC?)
(FTML2011)

E (£(Xo) To<pen GolXy)

~E (m(&)(F) Tlozpen m(E)(Gp)) =E (F(n) Tocpen 9o(5))

with

F(&n) = m(&n)(F) and  Gp(&p) := m(&,)(Gp)

GA = Island model:

N’-Genetic model with mutation as &,_; ~ &,
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Unbiasedness property/Island models/(a.k.a. SMC?)
(FTML2011)

E (£(Xo) To<pen GolXy)

~E (m(&)(F) Tlozpen m(E)(Gp)) =E (F(n) Tocpen 9o(5))

with

F(&n) = m(&n)(F) and  Gp(&p) := m(&,)(Gp)

GA = Island model:
N’-Genetic model with mutation as &,_; ~ &,

and selection/fitness/potential G,(¢,).

34/54
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~» Many-body-FK = Re-weighted FK-particle

0<p<n

Qn(Fn) = E (Fn(§0 aaaaa gn) H gp(fp))
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~» Many-body-FK = Re-weighted FK-particle
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http://arxiv.org/abs/1404.5733

~» Many-body-FK = Re-weighted FK-particle

Yn(1) 0<p<n

Qn(Fn) = E (Fn(§0a ce agn) H gp(fp))

Important observation

Lawg, (X,) = Qn

Easy sampling given an ancestral line (Arxiv(14)/IHP(16))
LaWQn ((507 cee 7£n) | Xn)

= Law N particles with a given frozen path X,
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~» Many-body-FK = Re-weighted FK-particle

Qn(F) = E( Faléo,---:6n) [ o)

Yn(1) 0<p<n

Important observation

Lawg, (X,) = Qn

Easy sampling given an ancestral line (Arxiv(14)/IHP(16))

Lawo, ((%o,---.&n) | Xp)

= Law N particles with a given frozen path X,

Same/also work with backward ancestral lines
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(Particle) Gibbs sampler

Target/Joint dist.: Lawg,(X,, X,) with X, := (&, ...,

Xn pick X/ in X, X;,
X, Xn
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(Particle) Gibbs sampler

36/54

Target/Joint dist.: Lawg, (X,, X,) with X, := (&,...,&,)

( Xn pick X/ in X, X;, X with frozen X/, X;,
X

Note X, ~» X! Markov with invariant measure

LaWQ" (X,,) = Q,,



(Particle) Gibbs sampler

36/54

Target/Joint dist.: Lawg, (X,, X,) with X, := (&,...,&,)

( X, pick XJ, in X, X;, X, with frozen X/, X;,
_— —_—
Xn

Note X, ~» X! Markov with invariant measure

LaWQ" (X,,) = Q,,

Same/also work with backward ancestral lines



Quenched/Annealed FK ~ parameter Law(©) =

0— (Gk[gl, PLG]) ~ 7,[,0], 77,[79], fl
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Quenched/Annealed FK ~ parameter Law(©) =

9 (G, Py v AP 1 Q1 ana €= (). el
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Quenched/Annealed FK ~ parameter Law(©) =

6 (G, Py = A 0 Q1 and o= (7, )

Note that

W) = 2.0) = [T ¥el

0<p<n
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Quenched/Annealed FK ~ parameter Law(©) =

0 (G, Py~ A i QY and = (&, €l
Note that
(4 (4 (4 bi o],N 0
WL =z.0)= [ A" " =" T] """
0<p<n 0<p<n

Some examples:

Zn(0) = p(yo,...,yn | ), P(critical event | ),...

Objective: Given a time horizon n sample from the annealed

mn(dl) < Z,(0) p(do)
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Quenched/Annealed FK ~ parameter Law(©) =

0 (G, Py~ A i QY and = (&, €l
Note that
(4 (4 (4 bi o],N 0
WL =z.0)= [ A" " =" T] """
0<p<n 0<p<n

Some examples:

Zn(0) = p(yo,...,yn | ), P(critical event | ),...

Objective: Given a time horizon n sample from the annealed

mn(dl) < Z,(0) p(do)

Some examples:

mt1(d0) = p(6 | (Yo, ---,¥n)), P(O | critical event),...
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Extended target: Given a time horizon n

Design of quenched distributions:

v = Law(0, %) ~ 1(d(0,2)) = nu(d) v(6 ~ dz)
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Extended target: Given a time horizon n

Design of quenched distributions:

v =Law(0, %) ~ v(d(6,2)) = u(d6) v(0 ~ dz)

with z := (2o, ..., za); as well as

Z,(0,2):= [] he(6,2) and hy(0,2) :== m(z,)(G")

0<p<n

By the unbiasedness property: sample quenched/extended distributions

Ta(d(0, 2)) < Z4(0,z) v(d(6, 2))
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Extended target: Given a time horizon n

Design of quenched distributions:

v =Law(0, %) ~ v(d(6,2)) = u(d6) v(0 ~ dz)

with z := (2o, ..., za); as well as

Z,(0,2):= [] he(6,2) and hy(0,2) :== m(z,)(G")

0<p<n

By the unbiasedness property: sample quenched/extended distributions

Ta(d(0,2)) < Z4(0,2) v(d(0,2z)) ~ 6 — marginal = 7,
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(Particle) Metropolis-Hasting on extended space

39/54

< i ) ( : )

~ ’
z z
Metropolis-Hasting with reversible local § move: 0 ~ 0’ ~ 2/

1(d0) K(6,d0") = u(do’) K(6', do)

Acceptance ratio

[Za(0',2") u(dO') v(0' ~ dz')] K(0',dO) v(0 ~ dz) _ Z,(0',2)

[Z4(0,2) 1(dO) v(0 ~ dz)] K(0,d0") v(0" ~ dz')  Z,(0,2)



Parameter and path x = (xg, ..., X,)

Ma(d(x,0)) x Z.(0) u(d6) Q¥ (dx)

Examples:

Mot1(d(x,8)) = p((x,0) | (yo,---,¥n)), P((x,0) | critical event),...

Gibbs sampler

0 target Mp(dO | x) o’ target QLQI](dx) o
()= ()= )

ex.: particle MH or particle Gibbs with frozen ancestral lines
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Ex. inverse Gamma prior (shape,scale)= (a, )

1

/J(d@) x Plt+o

e 7% 150.00(0) db

Only X, = b(Xo—1) + VON(0,1) ~ inverse Gamma

—T(d6 | x) = plx | 6) u(do)

1 1 )
X ez O (o5 B+ D (= bla))’|) dO

1<k<n

=Bn(x)
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Conditional Linear-Gaussian models - ©, Markov

Linear/Gaussian given ©:

o] _ (0] (6] o1 _ 2
Xi' = A(On)X, 21+ 0(On) Wh & Gy'(x) exp( 27(60) (yn — C(©n)x) )
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Conditional Linear-Gaussian models - ©, Markov

Linear/Gaussian given ©:

0] _ (6] [6] o1 _ 2
X1 = A©X{+ (0 Wr & 6i0) xexp (< 5y b~ C(01)x))

~+ Gaussian quenched FK ~ o) = A’(m?), i)y AND

E(f(xn“’],en) IT &t e:e) = (F(.,00)) T n'(6i™

0<p<n 0<p<n

42/54



Conditional Linear-Gaussian models - ©, Markov

Linear/Gaussian given ©:

0] _ (6] [6] o1 _ 2
X1 = A©X{+ (0 Wr & 6i0) xexp (< 5y b~ C(01)x))

~+ Gaussian quenched FK ~ o) = A’(m?), i)y AND

]E(f(xlgf?]’@n) H G,[,G](X,Eg]) @:9) —77n](f ,0n)) H [e] G[G])

0<p<n 0<p<n

Key Obs.:
Y (F(+,6n)) Fal0ny mi?, 1)

[0]y2
o1 Gle) 0y, m¥), 1) . (o — C(©p)my")
PG ) exp( 2(r(6,) + C(O,2rl")

42/54



Conditional Linear-Gaussian models - ©, Markov

Markov chain:
Xy = (0, mi®, )

Annealed FK

E(f(xnlel,e IT & [@])> -E (Fn 11 9o ,,))

0<p<n 0<p<n
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Conditional Linear-Gaussian models - ©, Markov

Markov chain:
Xy = (0, mi®, )

Annealed FK

E(f(xnlehen) 11 cgel(xg@1)> =K (]—',,(X,,) 1T g,,(x,,))

0<p<n 0<p<n

«~ Genetic Monte Carlo samplers (mutation,selection) ~ (X, G»)

= Interacting Kalman filters
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Conditional Linear-Gaussian models - ©, Markov

Markov chain:
Xy = (0, mi®, )

Annealed FK

E(f(xnlehen) 11 cgel(xg@1)> =K (]—',,(X,,) 1T g,,(x,,))

0<p<n 0<p<n

«~ Genetic Monte Carlo samplers (mutation,selection) ~ (X, G»)

= Interacting Kalman filters

«~ Same ideas as islands ~~ Interacting particle filters

43/54



Some application domains

Signal processing/Bayesian inference/machine
learning /Physics/Risk-rare events/Maths-bio/. ..

D Filtering/smoothing, first moment spatial branching, tube
conditioning, self-avoiding RW, "quasi”-invariant, rare events, level
splitting, interacting MCMC, ground states, leading eigen-triple
Schrodinger semigroups, . . .

Real world examples (discrete time):

Grlr(Xr/1) = P(}/n‘x,/,) GI/1 = 1An GH(X(/)a s ,X,’,) = 1x,’,€{x6,.4.,><,’171}

Gn — e*(ﬁnJrl*,Bn)v & Pn = efﬁ,,V — Shaker
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Performance/Convergence analysis
Stochastic perturbation theory
Variational techniques
V-norm contraction
Stability positive semigroups



Analysis/Performance/Convergence/. . . Crude Monte Carlo

1 i - . i
Sample mean m; := N Z X; with iid copies X of X;

1<i<N
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Analysis/Performance/Convergence/. . . Crude Monte Carlo

1 i :
Sample mean m; (= — Z X; with iid copies X{ of X;
1<i<N

~~ stochastic perturbation formulation

m, := E(X.) + A%

-
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Analysis/Performance/Convergence/. . . Crude Monte Carlo

1 i - . i
Sample mean m; := N Z X; with iid copies X; of X;

1<i<N

~~ stochastic perturbation formulation

m, := E(X.) + A%

-

with bias-variance perturbation control

E(VY) =0 & E((Vi)’) =E((X: — E(X))*)
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Analysis/Performance/Convergence/. . . Crude Monte Carlo

1 i - . i
Sample mean m; := N Z X; with iid copies X; of X;

1<i<N

~~ stochastic perturbation formulation

me == E(X) + — VI

S

with bias-variance perturbation control
E(VY) =0 & E((VY')?) =E((X: — E(X,)?)
Key Observation:

X: stable = supE((m: — E(X:))?) < ¢/N
£>0
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Analysis/Performance/Convergence/. . . Crude Monte Carlo

1 i - . i
Sample mean m; := N Z X; with iid copies X; of X;

1<i<N

~~ stochastic perturbation formulation

me == E(X) + — VI

S

with bias-variance perturbation control
E(VY) =0 & E((VY')?) =E((X: — E(X,)?)
Key Observation:

X: stable = supE((m: — E(X:))?) < ¢/N
£>0

Jim E((Xe — E(X))’) = 00 = supE((me — E(X))?) = o0

46 /54



Stochastic perturbation analysis

"Intuitive picture” ~~ any nonlinear-type sg = evolution sg. s <t :

Xt - d>t(Xt—1)
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Stochastic perturbation analysis

"Intuitive picture” ~~ any nonlinear-type sg = evolution sg. s <t :

Xt - q)t(Xt—l) - ¢s,t(Xs)
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Stochastic perturbation analysis

"Intuitive picture” ~» any nonlinear-type sg = evolution sg. s <t :

Xt = q>t(Xt—l) = ¢S,t(XS) < ¢57t = ¢t 0...0 ¢5+1
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Stochastic perturbation analysis

"Intuitive picture” ~» any nonlinear-type sg = evolution sg. s <t :

Xt = q>t(Xt—l) = ¢S,t(XS) < ¢57t = ¢t 0...0 ¢5+1

Perturbation evolution sg :

th = ¢’§(Xt6—1)
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Stochastic perturbation analysis

"Intuitive picture” ~» any nonlinear-type sg = evolution sg. s <t :

Xt = q>t(Xt—l) = ¢S,t(XS) < ¢57t = ¢t 0...0 ¢5+1

Perturbation evolution sg :

X = 0i(X1) = d(X1) +€e Vi
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Stochastic perturbation analysis

"Intuitive picture” ~» any nonlinear-type sg = evolution sg. s <t :

X = q)t(Xt—l) = q>s,l‘(-)€s) — q)s,t =¢;0...0 ¢5+1

Perturbation evolution sg :

XE = OL(XE L) = (X 1) + e Ve

XO — Xl = d)l(Xo) — Xg = ¢0,2(XO) — N —
4
Ay — b1 (X5) - Do,2(A5) T
2
x5 S o) o e o
4
X5 S
4
X, —

47/54

®g,:(X)
Po,(A7)
&1 (AXY)

2,t(X5)

(A7)

X



Stoch. Alekseev-Grobner type telescoping formula

X=X = Y [Per(A) = Due(Pe( X0 1))]
s=0

48/54


http://people.bordeaux.inria.fr/pierre.delmoral/ihp.ps
http://people.bordeaux.inria.fr/pierre.delmoral/seminaire.ps
https://projecteuclid.org/journals/annals-of-applied-probability/volume-21/issue-3/Concentration-inequalities-for-mean-field-particle-models/10.1214/10-AAP716.full
https://www.nowpublishers.com/article/Details/MAL-026

Stoch. Alekseev-Grobner type telescoping formula

X=X = Y [Per(A) = Due(Pe( X0 1))]
s=0

t

D (O (D5(X 1) + € VE) — by (Po(X1))]
s=0
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Stoch. Alekseev-Grobner type telescoping formula

48/54

Xi-x = 2[% B (04(X )]

= Z [On (P(Xy) + € VE) = @ue (Go(X,))]
= FII’St or second order expansions = CLT or BIAS

1
Origins/Bias/CLT /Stability / Time-uniform propagation of chaos/. ..

+Guionnet (LSP No. 03-1998), (CRAS-99)/(IHP-00), +Miclo [Sem.Prob-00],
time-uniform exponential concentration (AAP-11)(FTML-11), strong large
deviations, books+refs . ..

~ stability analysis of linear/nonlinear semigroups.

Caution: CLT variance uniformly bounded w.r.t. time BUT GA blows up
for " unstable” mutations


http://people.bordeaux.inria.fr/pierre.delmoral/ihp.ps
http://people.bordeaux.inria.fr/pierre.delmoral/seminaire.ps
https://projecteuclid.org/journals/annals-of-applied-probability/volume-21/issue-3/Concentration-inequalities-for-mean-field-particle-models/10.1214/10-AAP716.full
https://www.nowpublishers.com/article/Details/MAL-026

Variational techniques X,(x) stoch. flow

Xo(x) = Fa(Xo—1(x)) E Fa(Xoo1(x), W)  with  Xo(x) = x € R?
\

First variational (matrix-valued) equation

VXa(x) = VXn—1(x) VFa(Xn-1(x))
Hyp: E( v]:n(y) an(y)/) < (1 - §n) |

= VX, (x)VXo(x)' < (1= 6n) VXoo1(x) VXooa(x) < [T (1—6p) 1

1<p<n
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Stab. Markov sg. with V-norms (V > 1/2)

Ifllv = If/VI ~ Bv(E) and |lu—=nlly =ln—nl(V) ~ Pv(E)
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Stab. Markov sg. with V-norms (V > 1/2)

Ifllv = If/VI ~ Bv(E) and |lu—=nlly =ln—nl(V) ~ Pv(E)

V-Dobrushin contraction coef.:

- Pnn m
Bv(Ponim) = sup w

<1-—90nm
(1,m)EPy(E) llee = nlll,
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Stab. Markov sg. with V-norms (V > 1/2)

Ifllv = If/VI ~ Bv(E) and |lu—=nlly =ln—nl(V) ~ Pv(E)

V-Dobrushin contraction coef.:

- Pnn m
Bv(Ponim) = sup w

<1-—96m
wnervE)  lle—n

1%
V-contraction:

(e = m)Prnspmllly < (1= 0m)” [l —nllly

Time homogeneous (Pik+n = P"): 3Moe = NP € Pv(E) and b > 0 s.t.

—b
ll+P" = noolly < e €™ llu = mesllly
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V-norm contractions tech.

(+Penev [CRC-Chapman & Hall(2016)],
+Horton-Jasra Arxiv(21)/AAP(22),+Arnaudon-Ouhabaz SAA(23))

1)
Pn,n+‘r(v) S ETV+CT
BV(Pn,n+m) S 1- 6m —

5)
sup  [[(0x — Oy)Prnirlley < 1—ex(r)
VeV V(y)<r
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V-norm contractions tech.

51/54

(+Penev [CRC-Chapman & Hall(2016)],
+Horton-Jasra Arxiv(21)/AAP(22),+Arnaudon-Ouhabaz SAA(23))

1)
Pn,n+7’(v) S ETV+ Cr
BV(Pn,n+m) S 1- 6m — @
sup  [(0x = 0y)Prnirlley < 1—er(r)

V)V V() <r
But also
Prnvr (X, dy) > Gnnir(X,y) vnr(dy)
()= ] = (2)
i n,n+T 9 > r
Vo, Frr(0y) 2 0e() > 0
Note:

V bounded = Dobrushin coef. := 3(P,,,) and (2)'=Doeblin min cond. ~~
~+Guionnet (LSP No. 03-1998), (CRAS-99)/(IHP-00), +Miclo [Sem.Prob-00]


https://hal.archives-ouvertes.fr/hal-03468416/
https://people.bordeaux.inria.fr/pierre.delmoral/print-online-Lyapunov-SAA.pdf
http://people.bordeaux.inria.fr/pierre.delmoral/ihp.ps
http://people.bordeaux.inria.fr/pierre.delmoral/seminaire.ps

Extension to absolutely continuous sg density gs (X, y)

(1) 3V € B (E) = unif.> 0, loc. bound, compact sub-level sets in E

~ 1/V € By(E) := null a infinity.
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Extension to absolutely continuous sg density gs (X, y)

(1) 3V € Bo(E) = unif.> 0, loc. bound, compact sub-level sets in E

~ 1/V € By(E) := null a infinity.

Qs,s+‘r(v)/v <0, ¢ Bo(E)
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Extension to absolutely continuous sg density gs (X, y)

52 /54

(1) 3V € Bo(E) = unif.> 0, loc. bound, compact sub-level sets in E

~ 1/V € By(E) := null a infinity.
Qs,s+‘r(v)/v <0, ¢ Bo(E)

(2) On compact sub-level sets:

0<i (1)< inf  Gosrr(X,¥) < sup  Geerr(X,y) < () < 00
V)vV(y)<r V(x)VV(y)<r



Extension to absolutely continuous sg density gs (X, y)

52 /54

(1) 3V € Bo(E) = unif.> 0, loc. bound, compact sub-level sets in E
~ 1/V € By(E) := null a infinity.
Qs,s+7(V)/V < ©; € By(E)
(2) On compact sub-level sets:
0< ()< i Guair(oy) S sp Guear(xy) < nlr) < o0

V(x)VvV(y)< V(x)VV(y)<r

Examples:

E=R = V((x)=1+x%eX, . .. eB.(E)



Extension to absolutely continuous sg density gs (X, y)
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E=]0,1] = V(x)=1/x¢€ Bs(E)
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(1) 3V € Bo(E) = unif.> 0, loc. bound, compact sub-level sets in E

~ 1/V € By(E) := null a infinity.
Qs,s+‘r(v)/v S @-,— S BO(E)
(2) On compact sub-level sets:

0<i (1)< inf  Gosrr(X,¥) < sup  Geerr(X,y) < () < 00
V)vV(y)<r V(x)VV(y)<r

Examples:

E=R = V()=1+x%eX .. . cBy(E)
E=]0,1] = V(x)=1/x€ B(E)
E=0,1] = 1/x¢ B(E)



Extension to absolutely continuous sg density gs:(x,y)

52 /54

(1) 3V € Bo(E) = unif.> 0, loc. bound, compact sub-level sets in E

~ 1/V € By(E) := null a infinity.
Qs,s+‘r(v)/v S @-,— S BO(E)
(2) On compact sub-level sets:

0<y (1)< inf  Gesir(x,¥) < sup  Grear(x,y) < u(7) < o0
V)vV(y)<r V)V V(y)<r

Examples:
E=R = V()=1+x%eX .. . cBy(E)
E=]0,1] = V(x)=1/x€ B(E)
E=]0,1] = 1/x¢€Bx(E) but V(x)=1/(1-x)+1/x € Bs(E)
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Theo [+Horton-Jasra Arxiv (21), AAP (23) |

—b

(1) & (2) = [ ®se(u) = Sse()lv < c(n, 1) el —n]ly

~~ Extended version of :
Whiteley AAP-13,itself based on Douc-Moulines-Ritov EJP-09, itself
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to Neumann/Dirichlet boundaries/continuous time models, no use of
coupling techniques, but not valid for random sg (filtering)
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Theo [+Horton-Jasra Arxiv (21), AAP (23) |

(1) & (2) = [ ®se(u) = Sse()lv < c(n, 1) el —n]ly

~~ Extended version of :

Whiteley AAP-13,itself based on Douc-Moulines-Ritov EJP-09, itself
based on Kleptsyna-Veretennikov PTRF-08,. ..

to Neumann/Dirichlet boundaries/continuous time models, no use of
coupling techniques, but not valid for random sg (filtering)

Particle estimates for this class of models?
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(0 < H/V € By(E) & 19 = € Py(E)) ~ Rank one operators

’ . s,t H
T_;ftH(f) = W?stt(l)) ne(f)

7:Qs.0(1)

stf N — —
:>5“P||f||v31’ S —Ts‘ft”(f)va cH(p) e b=
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Time varying Krein-Rutman theorem
(0 < H/V € By(E) & 19 = € Py(E)) ~ Rank one operators

s, t H
Tslng(f) = n?ds,(t(l)) ne(f)

Qse(f) TslféH(f)H\/ < cnlp) e—b(t—s)

= sUPjf|v<1 ’ 7:Q.e()

H =1 and E = R" (no Dirichlet but random sg) C N. Witheley [AAP-13]
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Time varying Krein-Rutman theorem
(0< H/V € By(E) & no = i € Py(E)) ~> Rank one operators

) . s, t H
T = s m(h)

s, (F) T;ft’fH(f)HV < CH(,LL) e—b(t—s)

= SUPjif|y<1 ’ 72Qei(D)

H =1 and E = R" (no Dirichlet but random sg) C N. Witheley [AAP-13]

Time homogenous: 3 leading-triple (p, h, 1)/ " QSD" /...
Noo = q)s,t(noo) and Qs,t(h) — ep(t—s)h
and for H = h and i = 1 the above yields

h

Oo(h < c efb(tfs)

v

sup |leP(t=9) Qs (f) —

lIfllv<i

) noo(f)
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