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Introduction

Stochastic particle methods

Universal adaptive sampling technique

2 types of stochastic interacting particle models:
» Diffusive particle models with mean field drifts
[McKean-Vlasov style]

> Interacting jump particle models
[Boltzmann & Feynman-Kac style]



Lectures C Interacting jumps models

> Interacting jumps = Recycling transitions =

&
> Discrete time models (< geometric rejection/jump times)




Genetic type interacting particle models

» Mutation-Proposals w.r.t. Markov transitions X,_; ~~ X, € E,.

> Selection-Rejection-Recycling w.r.t. potential/fitness function G,.

Mutation creates
variation

Unfavorable mutations
selected against

Reproduction and
rutation accur

Favorable mutations
more likely to survive

... and reproduce




Equivalent particle algorithms

Sequential Monte Carlo Sampling Resampling
Particle Filters Prediction Updating
Genetic Algorithms Mutation Selection
Evolutionary Population Exploration Branching-selection
Diffusion Monte Carlo Free evolutions Absorption

Quantum Monte Carlo

Walkers motions

Reconfiguration

Sampling Algorithms

Transition proposals

Accept-reject-recycle




Equivalent particle algorithms

Sequential Monte Carlo Sampling Resampling
Particle Filters Prediction Updating
Genetic Algorithms Mutation Selection
Evolutionary Population Exploration Branching-selection
Diffusion Monte Carlo Free evolutions Absorption
Quantum Monte Carlo Walkers motions Reconfiguration
Sampling Algorithms Transition proposals | Accept-reject-recycle

More botanical names:
bootstrapping, spawning, cloning, pruning, replenish, multi-level splitting,

enrichment, go with the winner, ...

1950 < Meta-Heuristic style stochastic algorithms < 1996



A single stochastic model

Particle interpretation of Feynman-Kac path integrals

The Path Integral Formulation of Your Life




Genealogical tree evolution




Genealogical tree evolution

—

Meta-heuristics ~~ " Meta-Theorem” :
Ancestral lines ~ i.i.d. samples w.r.t. Feynman-Kac measure

Q== ¢ [ Go(Xp)p Pn with P,:=Law(Xo,...,X,)
0<p<n



Genealogical tree evolution

Meta-heuristics ~» " Meta-Theorem” :
Ancestral lines ~ i.i.d. samples w.r.t. Feynman-Kac measure

Q== ¢ [ Go(Xp)p Pn with P,:=Law(Xo,...,X,)
0<p<n

Example

Gp =14, = Q, =Law((Xo,..., Xs) | Xp € Ay, p<n)



Particle estimates
More formally
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Particle estimates
More formally

(fci),mﬂ',n, e ,fé,n) := i-th ancetral line of the j-th current individual = 5;
i3
! )
N Z (& i) =00 Qn
1<i<N

@ Current population models

1
77,’1\’ = N Z 5& —N—oo Nn = n-th time marginal of Q,
1<i<N

@ Unbiased particle approximation
zV =TI ") —nome Zo=E| [ Go(X)| = JI 7o(Gp)
0<p<n 0<p<n 0<p<n

Ex.: G, = 1a, ~ ZI =[] proportion of success — P(X, € Ap, p < n)
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Complete ancestral tree when m,(x, dy) = Ha(x,y) A(dy)

Backward Markov chain model

QN(d(xo, ..., xn)) =1 (dx,) M, v (Xn, dxn—1) ... My v (x1, dxo)
with the random particle matrices:

Mn+1,n,’,\’ (Xn+1a an) o8 n,lyv(dxn) Gn(xn) Hn+1(xn7 Xn+1)



Complete ancestral tree when m,(x, dy) = Ha(x,y) A(dy)

Backward Markov chain model

QN(d(xo, ..., xn)) =1 (dx,) M, v (Xn, dxn—1) ... My v (x1, dxo)
with the random particle matrices:
Mgy (Xnt1, dxp) o n,’,\/(dx,,) Gn(xn) Hnp1(Xns Xnt1)

Example: Normalized additive functionals

fn(X07""X") = : Z ﬁJ(XP)

n+l 0<p<n
4
N,
Qn (fa) = n+1 Z M nply 'Mpﬂm,’,v(fp)
0<p<n

matrix operations



Island models (C Parallel Computing)

Reminder : the unbiased property

-

E | fa(Xn) H Gp(Xp) E nflv\l(fn) H 77,',V(Gp)

0<p<n 0<p<n

= E Fn(Xn) H gp(Xp)

0<p<n
with the Island evolution Markov chain model

X, =N and  Gp(X,) = n)(Gn) = X, (Gy)
(8

particle model with (X,,G,(X,)) = Interacting Island particle model‘




Bayesian statistical learning
Nonlinear filtering models
Fixed parameter estimation in HMM models
Particle stochastic gradient models
Approximate Bayesian Computation
Interacting Kalman-Filters
Uncertainty propagations in numerical codes



Bayesian statistical learning

(YET ANOTHER) HISTORY OF LIFE AS WE KNOW IT...

A

4R

S
Q

HOHO HOHO HOHO HOHO HOHO
APRIORIUS PRAGHATICUS FREQUEHTISTUS SAPIEHNS BAYESIANWIS




Signal processing & filtering models

Law (Markov process X | Noisy & Partial observations Y')

> Signal X : target evolution (missile, plane, robot, vehicle, image
contours), forecasting models, assets volatility, speech signals, ...

» Observation Y : Radar/Sonar/Gps sensors, financial assets prices,
image processing, audio receivers, statistical data measurements, ...


http://hal.inria.fr/docs/00/51/65/07/PDF/RR-7376.pdf
http://hal.inria.fr/docs/00/51/65/07/PDF/RR-7376.pdf
http://ieeexplore.ieee.org/xpl/freeabs_all.jsp?reload=true&arnumber=5711953&tag=1

Signal processing & filtering models

Law (Markov process X | Noisy & Partial observations Y')

> Signal X : target evolution (missile, plane, robot, vehicle, image
contours), forecasting models, assets volatility, speech signals, ...

» Observation Y : Radar/Sonar/Gps sensors, financial assets prices,
image processing, audio receivers, statistical data measurements, ...

C Multiple objects tracking models (highly more complex pb)

P 0n the Stability and the Approximation of Branching Distribution Flows, with Applications
to Nonlinear Multiple Target Filtering. Francois Caron, Pierre Del Moral, Michele Pace, and B.-N.
Vo (HAL-INRIA RR-7376) [50p]. Stoch. Analysis and Applications Volume 29, Issue 6, 2011.

> Comparison of implementations of Gaussian mixture PHD filters. M. Pace, P. Del Moral, Fr.
Caron 13th International Conference on Information. FUSION, EICC, Edinburgh, UK, 26-29 July (2010)

Law [ X = > JX{ y= > 5\,:,

1<i<nX 1<i<ny


http://hal.inria.fr/docs/00/51/65/07/PDF/RR-7376.pdf
http://hal.inria.fr/docs/00/51/65/07/PDF/RR-7376.pdf
http://ieeexplore.ieee.org/xpl/freeabs_all.jsp?reload=true&arnumber=5711953&tag=1

Filtering (prediction & smoothing)

p((xo, - - -

Bayes’ rule

p((Xo, .

»Xn) | (v, -

7Xn)|(y0,-.-7yn)) & p(.yoa-'-a.yn) ?

[To<k<n P(Vi|Xk)<—likelihood functions G

s¥n)) o< p((yo; -5 ¥n) | (X0,---5%a)) Xp(x0, - -

s Xn)



Filtering (prediction & smoothing)
p((XO7"'7Xn)|(y07"'7yn)) & p(yO)"'7.yn) ?
Bayes’ rule

p((x0s -y %) | Vo5 ¥n)) & P((Voy -+ ¥n) | (Xo5--+3%n)) XP(X05---sXn)

H0<k<n P(Yk | xk )< likelihood functions G

I
Feynman-Kac models : G,(xp) := p(ya|xn) & P, := Law (X, ..., Xp)

1
Law (X0, -, Xn) | Yp = yp, p<n)=— I G(x) ¢ P

n 0<p<n



Filtering (prediction & smoothing)
p((XO7"'7Xn)|(y07"'7yn)) & p(yO)"'7.yn) ?
Bayes’ rule

p((x0s -y %) | Vo5 ¥n)) & P((Voy -+ ¥n) | (Xo5--+3%n)) XP(X05---sXn)

H0<k<n P(Yk | xk )< likelihood functions G

I
Feynman-Kac models : G,(xp) := p(ya|xn) & P, := Law (X, ..., Xp)

1
Law (X0, -, Xn) | Yp = yp, p<n)=— I G(x) ¢ P

n 0<p<n

Not unique stochastic model!



Hidden Markov chains problems

© ~» Signal X®© ~» observations Y®©

Law (fixed parameter © ] Noisy & Partial observations Y®© )

» Parameter O : kinetic model unknown parameters, statistical
parameters (signal/sensors), hypothesis testing, ..

» Signal X© : Single or multiple targets evolution, forecasting
models, financial assets volatility, speech signals, video images, ...

» Observation Y® : Radar/Sonar/Gps sensors, financial assets
prices, image processing, statistical data measurements, ...



Posterior density

PO | (yo,---syn)) o< p((yo,- - yn) | 0) x p(0)
[To<k

<n P(yk|€,(y0,---,Yk—1))<likelihood functions
I
Law (© | (vo,---,yn)) { II hp(9)} A(d0)

with



First key observation

P((yo,-yml0) = T el n(0)

0<p<n

with the normalizing constant Z,(6) of the conditional distribution

p((x0y -y %) (Vo5 - - s Yn), 0)

1

= 2Gor D) P((Yos - - - ¥n) (X0 - -+ s Xn), 0) p((x05- - -, Xn)|0)

Second key observation

hn(0) and Z,(0) easy to compute for linear/gaussian models



Third key observation : Any target measure of the form
(db) = 1 IT s A(d)
Tn A
0<p<n
is the n-th time marginal of the Feynman-Kac measure
1
Q= Z H Gp(©)p) Py
0<p<n

with
Gp = hpy1 and P, :=Law (Oy,...,0,)

where

©p_1 ~ ©p as an MCMC move with target measure 7,



Particle auxiliary variables 6 ~ ¢ ~ P(, d¢)

oc{ 11 hpw)} Md8)
0<p<n =X(d0)x P(0,d€)

with 8 = (6,¢) and

IIMZ

P(Yn | €57) ~ntoo P(Yal0, Yoy - - Yno1)) =

hp(6)



Particle auxiliary variables 6 ~ ¢ ~ P(, d¢)
¢ [ he(0) (d0)
0<p<n S~
=P= =\(d0) x P(0,d¢)
with 8 = (6,¢) and

yn | 59 —NTOO P(yn|97 ()’Oa s ,y,,,l)) = hp(e)

||tvjz

But by the unbiased property the f-marginal of 7, coincides with

Law (© | (yo,.--,¥n)) {Hh } ()

0<p<n

Feynman-Kac formulation : B
Ref. Markov chain ©y = (0, &) MCMC with target 7, and G, = hn 1



Particle steepest descent gradient models

Zn(a):p(()/m))/n 1)|0 (H qu|9 X)

0<g<n

I (8 € RY)

Viog Z,(0) = QV(A,)
with the Feynman-Kac measure Qf,g) on path space associated with
(X3 G (xa)) = (X7 plyq | 0, %))

and with the additive functional

An(X0, - .-, Xn) = Z Vlog (p(xq+110, xq)P(yq | 0,%q))

0<p<n



Z,(0) = p((Y0,- -+ ¥n-1) | ) = E ( IT pql6, X0

0<g<n

I (6 € RY)
V log Z,,(G) = ang)(/\n)

with the Feynman-Kac measure Qf,g) on path space associated with

(Xr?7 GS(Xn)) = (Xr?’ p()’q | Q,X,,))

and with the additive functional

An(X0, - .-, Xn) = Z Vlog (p(xq+110, xq)P(yq | 0,%q))

0<p<n

~+ Particle gradient algorithm

en = @n—l + Tn QS,G)(An) = en—l + Tn QS;G)JV(An)



Approximate Bayesian Computation

When p(yn|xn) is untractable or impossible to compute in reasonable time

-Fn(Xn—laWn)
Y,+e Vs

Y, = Hu(Xy, Vi) Ye

n

{ Xy = Fn(Xn—17 Wn) Xn=(Xn,Y0) { X,

\
Law (X | Y =y) ~goLaw(X | Y =y)

I

Feynman-Kac model with the Markov chain and the potentials :

Xy = (Xn, Yn) and  Gu(&n) = p(Y;|Ya)



Interacting Kalman-Filters

Xy = (X}, X2) with X} Markov and (X2, Y,)| X! linear-gaussian model

X3 = An(X,}) X371 + Bn(Xr}) Wn
Yo = G(X3) X3+ Da(X3) Vi
I

Law (X,f | X1 Yo =Yp, P< n) = nx1,, = Kalman gaussian predictor



Interacting Kalman-Filters

Xy = (X}, X2) with X} Markov and (X2, Y,)| X! linear-gaussian model

X3 = An(Xp) X314+ Ba(X3) W,
{Y,, — o) XEL DX,
I

Law (X2 | X1, Yo =Yp, P< n) = nx1,, = Kalman gaussian predictor

Integration over X! = Law ((X',X?) | Y ) = Feynman-Kac model

with the reference Markov chain and the gaussian potential

Xy = (X2 i) & Go(y) = / p(Ya | (x233)) s n(d2)



» Uncertainty propagations in numerical codes

Law (Inputs Z | Outputs O = C(Z) < Reference or Critical event )

)

u = Law(Z) }_>P(IeA):u(A)&LaW(I|I€A):“A

A={T : C(Z)e B}



» Uncertainty propagations in numerical codes

Law (Inputs Z | Outputs O = C(Z) < Reference or Critical event )

)

u = Law(Z) }_>P(IeA):u(A)&LaW(I|I€A):“A

A={T : C(Z)e B}

Multi-level decomposition
hy = 1a, with Ay | == pa,(dx) < & [ ho(x) p pa(dx)
0<p<n
Feynman-Kac representation

(Xp—1 ~ X,) = an MCMC move with target ua, & G, =14

n+1
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Current population models

Constants (cy, ¢;) related to (bias,variance), ¢ universal constant
Test funct. ||f,]] <1

> V (x>0,n>0,N>1), the probability of the event

(L+x+VX) + 2 Vx

8]

[ =] (F) <

3

is greater than 1 — e™*.

> X = (X,')lg,'gd ~> (—OO,X] = H’c-jzl(—OO,X,'] cellsin E, = RY.
F,,(X) = Mn (1(—oo,><]) and F,?I(X) = T],I,V (1(_007)(])
V (y >0,n>0,N > 1), the probability of the following event

VN ||FY = Fo|| € c Vd (y +1)

is greater than 1 — e™%.



Particle free energy models

Constants (c1, ¢p) related to (bias,variance), ¢ universal constant.

> V(y>0,n>0,N>1e€ {+1,—-1}), the probability of the event

€ zZN c1 (&)
L 14+ x4+ vx)+ —= /x
( Vx) + s Vx

is greater than 1 — e™.

Note: (0<e<l=(1—-e)Vv(ec—1)<

ZN
z

e <



N

Genealogical tree models := 7,’ (in path space)

Constants (c1, ¢z) related to (bias,variance), ¢ universal constant
fa test function ||f,|| < 1.

> YV (y >0,n>0,N > 1), the probability of the event

n+1 (1+x+\/>?)+cQ (n+1)\/;<

[7I,I7V - Qn] (f)<a N

is greater than 1 — e™*.

» F, = indicator fct. f, of cells in E,, = (Rdo X ..., de")
YV (y >0,n>0,N > 1), the probability of the following event

0<p<n dp
sup ‘n,’,\’(fn) —Qu(fa)| <c(n+1) \/ZXI (x+1)

fa€Fn

is greater than 1 — e™*.



Backward particle models

Constants (cy, ¢z) related to (bias,variance), ¢ universal constant.
fo normalized additive functional with ||f,]| < 1.

> YV (x>0,n>0,N > 1), the probability of the event

X

. 1
[@F = Q@] (F) < @ Nn+1)

N 1+ (x+vVx)+e

is greater than 1 — e™*.

» f,, normalized additive functional w.r.t. f, =1(_ 4, a€ R =E,

V (x> 0,n>0,N > 1), the probability of the following event

d
sup [0 () ~ Qulfan)] < € ) (1)
acRd

is greater than 1 — e™*.
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