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Stochastic Processes

MATH5835, P. Del Moral
UNSW, School of Mathematics & Statistics

Lectures Notes, No. 8

Consultations (RC 5112):

Wednesday 3.30 pm ~» 4.30 pm & Thursday 3.30 pm ~» 4.30 pm



Reminder + Information

References in the slides

» Material for research projects ~~ Moodle

(Stochastic Processes and Applications > variety of
applications)

» Important results

C Assessment/Final exam = LOGO = A
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Make mistakes.

“A person who never made
a mistake never tried
anything new.”

= Albert Einstein

— Albert Einstein (1879-1955)
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|
Knowledge

“CMare the Knawledge
Lesser the £9o,

Lesser the Knowledge
More the Ego 49
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» Markov chain models A

» Elementary transitions

» Random dynamical systems
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Plan of the lecture

v

Markov chain models A

» Elementary transitions
» Random dynamical systems

v

Stability properties

» 2 states model
» Perron Frobenius theorem
» Spectral analysis

» Total variation norms

v

Quantitative rates
» Spectral Gaps
» Dobrushin contraction/ergodic coef. A

v

Poisson equation
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Three objectives

» Formalize/Recognize a Markov chain model
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» Formalize/Recognize a Markov chain model
» Analyze the stability properties

> Analysis on reduced and toy models
» I, techniques and spectral tools
» Total variation norms and Dobrushin contractions

> Open/Ask questions [~ continuous/discrete time models?]




Markov transitions 2\

IP(X,, € dx, | Xo, - ,Xn72,Xn71) = ]P(Xn € dx, | anl)

U
P (X, € dxy | Xpo1 = xp—1) = Mp(xn—1, dxp)
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Markov transitions 2\

P(Xn € dx, | Xo, - 7Xn,g,)ﬂ,,l) = ]P(Xn € dx, | anl)

I
P (X, € dxy | Xpo1 = xp—1) = Mp(xn—1, dxp)

» S=R

Mn(anla an) = % 50(an) + 6_% (xn—alxn-1))° dx,

N =
§-
3
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Markov transitions 2\

P(Xn € dx, | Xo, - 7Xn,27)<,,,1) = ]P(Xn € dx, | X,,,l)

I
P (X, € dxy | Xpo1 = xp—1) = Mp(xn—1, dxp)

» S=R
Ma(p-1,dxa) = 5 do(dn) + 5 —— &4 (ool i,
> S={e,...,eq}
M,,(el,el) M,,(el,ed)
M, = : : 5
M,,(ed, e1) . /\/I,,(ed, ed)

> {e1,...,e4} CS =R

Vo1 =6 Ml 1,dxa) = > My(e, e) G (cxn)
1<j<d
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Advantages VAN / \

(Chapman-Kolmogorov) Transport equation

Mn(xnfladxn) :nnfl(dxnfl)
P(X, € dx,) = / B (X, € dwo | Xo1— 0 1) P(Xo1€ ey 1)
— Xn—1
nn(dxn) = / nn—l(dxnfl) Mn(anlden)
Xn—1
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Advantages VAN / \ .

(Chapman-Kolmogorov) Transport equation

Mn(xnfladxn) :nnfl(dxnfl)
P(X, € dx,) = / B (X, € dwo | Xo1— 0 1) P(Xo1€ ey 1)
— Xn—1
nn(dxn) = / nn—l(dxnfl) Mn(anlden)
Xn—1

)

Dynamical system representation

Np = Np—1Mp = ... =noMy ... M,
with
(My... My)(x0, dx,) = / M (x0, dx1) - . . My(xp—1, dxy)
= IP’X(IS(.,.,,XQ;'X,, | Xo = x0)
Note:

721 S={e,...,eq} ~{1,...,d} ~ matrix/vector operations



Random dynamical systems VAN

State space models

Xy = Fo(Xp—1, W,) with i.i.d. W, and some initial r.v. Xp

8/21



Random dynamical systems VAN

State space models
Xy = Fo(Xp—1, W,) with i.i.d. W, and some initial r.v. Xp
Ex.: Linear Gaussian models

Xn = AnXp—1 + B, W,

8/21



Random dynamical systems VAN

State space models o,
Xy = Fo(Xp—1, W,) with i.i.d. W, and some initial r.v. Xp
Ex.: Linear Gaussian models

Xn = AnXp—1 + B, W,

I
Xo=(An... A)Xo+ > (An...Aps1) BW,

1<p<n

8/21



Random dynamical systems VAN
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State space models e /.
Xy = Fo(Xp—1, W,) with i.i.d. W, and some initial r.v. Xp
Ex.: Linear Gaussian models

Xn = AnXp—1 + B, W,

I
Xo=(An... A)Xo+ > (An...Aps1) BW,

1<p<n
Dimension 1 :
[An=a,=a €[0,1] and X} a copy of X, starting at Xj (same W,)]

I
X,, — X,; =a" (Xo — Xé) —ntoo 0



Stability properties A\

Limit random states
Xn = F(Xn—la Wn) —7ntoo Xoo 77

9/21



Stability properties A\

Limit random states
Xn = F(Xn—la Wn) —7ntoo Xoo 77

or

Law(X,) —ntoo Law(Xs) 1= oo 77

9/21



Stability properties A\

Limit random states
Xn = F(Xn—la Wn) —7ntoo Xoo 77

or
L L (77n=77n—1M) _
aw(Xn) — oo Law(Xao) :=1oo 7?7 =——=" Moo = NocM
Limiting occupation measures
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Stability properties A\

Limit random states
Xn = F(Xn—h Wn) —7ntoo Xoo 77

or
. (nnz"]n—lM) o
Law(X,) —ntoo Law(Xs) = 1Noo 7?7 =———=" Noo = NocM
Limiting occupation measures

1
= > 0x, —rmtee Law(Xy)??
0<p<n

)

vf : S+ R (a.k.a. observable [physics literature])

[ra (s Sofwn = 3 3 )

—mree E(F(Xs0)) = / F(x) P(Xo0 € dx)
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2 states model

1
e Vative + %Wdead
. V2

10/21



2 states model

1
e Vative + — Ydeaa
) 2

Invariant measure

q p 1-p p
= _— — M s = N
! {p+q p+q} " O([qp][ g 1- ] . ploc
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2 states model

V2

Invariant measure

q p 1—p p
T=|——7V——| = Mg, =[q,p] x 7
{p+q pHJ [qp][ q 1_q] (9. p]

Some question

Z 5)( 10 Z 1xp_0 _,,TOQ 7T(0) q 77

0<p<n 0<p<n p+ q

10/21



Perron-Frobenius theo
TN
g l—g
Exercise:

> Find eigenvalues A1, A and eigenvectors ©;, ©,.
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Perron-Frobenius theo
TN
g l—g
Exercise:

> Find eigenvalues A1, A and eigenvectors ©;, ©,.

» Using the change of variable matrix

P :=(%,,3,) ~ M= PDP™! with D= ( A0 >

v

Elementary matrix operations

M? = pDP1PDP~! = PD?°P 1 = ... = M" = pD"P!

v

Key decomposition
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Perron-Frobenius theo
TN
g l—g
Exercise:

> Find eigenvalues A1, A and eigenvectors ©;, ©,.

» Using the change of variable matrix

P :=(%,,3,) ~ M= PDP™! with D= ( A0 >

v

Elementary matrix operations

M? = pDP1PDP~! = PD?°P 1 = ... = M" = pD"P!

v

Key decomposition

Solution: siackboara
11/21



Perron Frobenius theorem
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M on a finite space S s.t. M™(x,y) > 0 for some m > 1.

4

7 on S s.t. w(x) >0 and

M =7m withVx,y €S Ii}m M"(x,y) = =(y)

In addition, 1 is a simple root of the characteristic polynomial of M.
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M on a finite space S s.t. M™(x,y) > 0 for some m > 1.

4

7 on S s.t. w(x) >0 and

M =7m withVx,y €S ILm M"(x,y) = =(y)

In addition, 1 is a simple root of the characteristic polynomial of M.
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Perron Frobenius theorem

M on a finite space S s.t. M™(x,y) > 0 for some m > 1.

4

7 on S s.t. w(x) >0 and

M =7m withVx,y €S ILm M"(x,y) = =(y)

In addition, 1 is a simple root of the characteristic polynomial of M.

> All sites accessible after finite steps [Irreducible+aperiodic chains]

» Minorisation condition sieckooara
‘=€ =v(x)>0

K(x,y) = M"(x,y) > § = (6Card(S5)) Card(S)*1

I
oy A T=TK = oM™ and |K"(x,y) —7w(y)| = IM™"(x,y) — 7(y)] < (I=¢€)"
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2 states model siackpoard

11111



opectral analysi ‘ »1u)«WWMI«| ||N I i

2 states model siackpoard

M reversible w.r.t. some proba. m on some finite S with cardinality
d, s.t. M™(x,y) > 0 for some m > 1.

4

Finite set of real valued eigenvalues Ay = 1> X > ... > Ay > —1
@ 3 orthonormal basis of h(w) made of real valued eigenfunctions
(’L/J,')lg,'gd of ()\,‘)1§,’§d, with ¥; = 1 the unit function.

@ Spectral decomposition

M (x,y) =7(y) + > AT ¢i(x) 7(y) ¢i(y)

1<i<d

The difference A — A1 = Ap — 1 is called the spectral gap.

13/21



Quantitative rates

Exponential decays to equilibrium

IM?(x,y) = m(y)l < AL Vm(y)/m(x) < e /7(y)/m(x)
with the absolute spectral gap
p=1—XA

with Ay = sup |\
1<i<d
Proof:
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Quantitative rates

Exponential decays to equilibrium

IM?(x,y) = m(y)l < AL Vm(y)/m(x) < e /7(y)/m(x)
with the absolute spectral gap

p=1—XA

with Ay = sup |\
1<i<d
Proof: (exercise) ~~ Solution

Blackboard

14/21



Exercise

Ingredients
> lpiid. rv. €eZ={1,...,d} with law p.
» Vi €I, M; Markov transition on S; with 7; = m;M;.

Product Markov chain with transition M on S =[[,_,_,S;

Xn_1= (X} XT )~ Xy = (XL XY st X~ My (XD dx)

n—1s+++1”\p

1. w(dx) = H mi(dx) = *M=m7
1<i<d

2. Y(\i, pi)=eigen(value,function) system of M;

e(x)= [[ o) and A= D" u(i)\

1<i<d 1<i<d

= M(p)=X¢p
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Exercise

Ingredients
> [,iid. rv. eZ={1,...,d} with law p.
» Vi €I, M; Markov transition on S; with 7; = m;M;.
Product Markov chain with transition M on S =[[,_,.,Si

Xoo1= (X1 g, s X9 )~ Xy = (X2, X)) st XD~ My (XD dx)

1. w(dx) = H mi(dx) = *M=m7

1<i<d
2. Y(\i, pi)=eigen(value,function) system of M;

e(x)= [[ o) and A= D" u(i)\

1<i<d 1<i<d
= M(p)=X¢p

Solution ~ Blackboard
15/21



Total variation norm

Finite spaces

i = palles = 3 3 i) = o) = 1= 3 i) A pa()]

xXES x€S
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Total variation norm

Finite spaces

i = palles = 3 3 i) = o) = 1= 3 i) A pa()]

xXES x€S

Absolutely continuous measures
(d) = pr(x) A(dx) and  pia(dx) = pa(x) A(d)
i3
Mlor—pa) = 1= [ [pi(x) A pa()] M)

N -

1 — p2lley =

PI’OOf Of = Blackboard
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An example/Exercise

plzN(ml,l)&pQZN(mg,l)

m

my

(m1 + my)/2
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An example/Exercise

plzN(ml,l)&pQZN(mz,l)

my

my

(m1 + my)/2

i — v :IP’<|N(0, 1)) < m2;m1> < (my — my)
17/21




An example/Exercise

plzN(ml,l)&pQZN(mz,l)

my

my

(m1 + my)/2

m
i1 — pallew = P (w(o, 1)<
Solution:

> — <(m2_m1)
5 =
17/21




An example/Exercise

plzN(ml,l)&pQZN(mz,l)

my

my

(m1 + my)/2

m
i1 — pallew = P (w(o, 1)<

Solution: ~

—m my — m
b — m S(  — my)
2
Blackboard
17/21




General formulations 4\

General state space S

s = pzll = sup {lpa(F) = )]+ F st oscl) < 1)
— 5 sl — (A fst ] <1
sup {1a(4) ~ pa(A)] : AC S} =1 [ 1 s (5)
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General formulations 4\

General state space S

s = pzll = sup {lpa(F) = )]+ F st oscl) < 1)
— 5 sl — (A fst ] <1
sup {1a(4) ~ pa(A)] : AC S} =1 [ 1 s (5)

Proof (for finite spaces) ~»  siackboara

u]
)
il
it

18/21



Dobrushin Contraction coef. 42\

M Markov transition on some state space S

B(M) = sup [[M(x,.) = M(y, ), =  sup osc(M(f))

x,y€S f : 0SC(f)<1
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Dobrushin Contraction coef. 42\

M Markov transition on some state space S

B(M) := sup [[M(x,.) = M(y,.)ll;, = sup  osc(M(f))
x,y€S f : 0SC(f)<1
Proof of =:
sup sup ... = sup sup
f . osc(f)<1x,yeS x,y€S f : 0sc(f)<1

19/21



Contraction - Stability Theorem A

M Markov transition s.t. 5(M) <1 = 3Ilr =M

osc(M"(f)) < B(M)" osc(f) —psoo O
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M Markov transition s.t. 5(M) <1 = 3Ilr =M

Proof :

osc(M"(f))
| M"™ — poM"|(| ¢,

<
<

B(M)" osc(f) —nso00 O
BIM)" |1 — p2llev —nso00 O



Contraction - Stability Theorem A

M Markov transition s.t. 5(M) <1 = 3Ilr =M

osc(M"(f)) < B(M)" osc(f) —psoo O
[ M™ = oMo < BIM)" [lp1 = pall. =00 O
Proof :

osc(M"(f)) = osc (M {MD x osc(M"H(f))
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M Markov transition s.t. 5(M) <1 = 3Ilr =M

osc(M™(f)) < B(M)" osc(f) —=nseo O
[taM" — oMoy < B(M)" [[p1 — profly —n—soe O

Proof :

osc(M"(f)) = osc (M {MD x osc(M"H(f))

and

(1 = p2) {cm/\(/l/\(ﬂf()f))} D

lpiM — paM||p, = sup <osc(l\/l(f)) X
f :08C(f)<1



Poisson equation A\

M Markov transition s.t. (M") < a e " (= Il = M)
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Poisson equation A\

M Markov transition s.t. (M") < a e " (= Il = M)

I
Vf @ ose(f) <1 and «(f)=0

g=P(f)= Z M"(f) solution of the Poisson eq. (ld — M)g ="f
n>0
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