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Stochastic Processes

MATH5835, P. Del Moral
UNSW, School of Mathematics & Statistics

Lectures Notes, No. 7

Consultations (RC 5112):

Wednesday 3.30 pm ~» 4.30 pm & Thursday 3.30 pm ~» 4.30 pm



Reminder + Information

References in the slides

» Material for research projects ~~ Moodle

(Stochastic Processes and Applications > variety of
applications)

» Important results

C Assessment/Final exam = LOGO = A
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Citations of the day

A mathematician is a device for turning coffee into
theorems.

(Paul Erdos)

izquotes.com

— Paul Erdds (1913-1996)
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Plan of the lecture

> Jump -diffusion processes

Time discretization / Simulation tool
Ito calculus

Infinitesimal generators

Martingale decompositions

Link to integro-differential equations

vV vy vy VvYy

» Some applications:

» Birth & death / Logistic processes
» Moran genetic models & diffusion limit
» Cellular dynamic models

» Nonlinear Markov models

» Mean field interacting particle
» Self-interacting - Reinforcement
» Applications : fluid mechanics, computational physics,. ..
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Three objectives
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» Recognize a stochastic process given its (infinitesimal) generator

@ perform Ito-Taylor type expansions A

@ Inversely, describe a process with its generator

@ DESIGN YOUR OWN STOCH PROCESSES!

» Simulate any process using the discrete time interpretation.A

» When possible (quite rare) work out explicit calculations. A




Jump processes (simplify notation d = 1)

» Between jump times T,

dXt = bt(Xt) dt + Ut(Xt) th Tn S t < Tn+]_

Siutoncfn Revrscn wth g sdl

S P for e and Rkt Process

6/32



Jump processes (simplify notation d = 1)

» Between jump times T,

dXt = bt(Xt) dt + Ut(Xt) th Tn S t < Tn+]_

> Jump times at rate/with intensity A\;(x) > 0 i.e.  wmmmmmmrn
t \‘\:Vf:\/f
Toi1 = inf{T,, <t: / As(X) ds > E,,+1} i F\“ Uy
T, ; "

E, are i.i.d. exponential r.v. with unit parameter. o
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Jump processes (simplify notation d = 1)

» Between jump times T,

dXt = bt(Xt) dt + Ut(Xt) th Tn S t < Tn+]_

» Jump times at rate/with intensity \;(x) > 0 i.e.
t \\‘Q'M”
Thi1 = inf{T,, <t: / As(Xs) ds > E,,+1} 2 IF\@ : W\w
T, ’ i
E, are i.i.d. exponential r.v. with unit parameter. N
» Jump selection (Markov) transition S;(x, dy):
XT1pi— ~ Xr,,, r.v. with distribution St,,, (X7,,,—, dx)
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Geo. clocks time mesh "dt”

Discrete integrals on the time mesh

Tn+l — mf{Tn <t : e_ZTn§5<t As(Xs) ds < e—En+1
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Geo. clocks time mesh "dt”

Discrete integrals on the time mesh

Tn+l — mf{Tn <t : e_ZTn§5<t As(Xs) ds < e—En+1
= inf Tn S t H eiAS(XS) ds S Un+1

Th<s<t

with uniform i.i.d. r.v. U, on [0,1].
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Geo. clocks time mesh "dt”

Discrete integrals on the time mesh

Tn+1 — mf{Tn <t : e_ZTn§5<t As(Xs) ds < e—En+1

= inf Tn S t H eiAS(XS) ds S Un+1

Th<s<t
with uniform i.i.d. r.v. U, on [0,1].

I

Geometric jump-times/clocks on the time mesh

P(Thyr €[t t+dt] | Xs, s <t)

= (HTngs« e—)\s(Xs)ds) (1- e~ N(X)de)
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Geo. clocks time mesh "dt”

Discrete integrals on the time mesh

Tn+1 — mf{Tn <t : e_ZTn§5<t As(Xs) ds < e—En+1

= inf Tn <t : H eiAS(XS) ds < Un+1

Th<s<t
with uniform i.i.d. r.v. U, on [0,1].

I

Geometric jump-times/clocks on the time mesh

P(Thyr €[t t+dt] | Xs, s <t)

_ (HTn§s<t e—)\s(Xs)ds) (1= e M) ~ A (X,) dt e J3 As(Xs)ds
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Geo. clocks time mesh "dt”

Discrete integrals on the time mesh

Tor1 = inf{T,, <t e Xmpssxe M(X) A o gmErn

= inf{To<t: J[ e™* <Upn

T,<s<t
with uniform i.i.d. r.v. U, on [0, 1].
I
Geometric jump-times/clocks on the time mesh

P(Thi1 € [t,t+dt] | X5, s<t)
= (T, cece e0%) (1= e 0N) = \(x,) dt e J7 00

I

Jump time T after "t”
]P)(T =t+ dt ;Xt+dt € dx | Xt) = )\t(Xt) dt St(Xh dX)
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Bernoulli model on the time mesh " dt”

Given X, description of the increment AX; = Xiygr — X

Yt = Xt —+ bt(Xt) dt —+ Ut(Xt) (Wt+dt — Wt)

P (Xepar € dx | Ye) = e Y09 50 () + (1 - e*Ar(Yde) Se(Ye, dx)
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Bernoulli model on the time mesh " dt”

Given X, description of the increment AX; = Xiygr — X

Yt = Xt —+ bt(Xt) dt —+ Ut(Xt) (Wt+dt — Wt)

P (Xepar € dx | Ye) = e Y09 50 () + (1 - e*Ar(Yde) Se(Ye, dx)

)

Bernoulli process
Xt+dt = (1 — Et) Yt + €t Zt with Zl’ ~ St(Yta dX)
and the {0, 1}-valued r.v. e; with jump probability

Plee=1]Ye)=1—e MY~ )\, (Y,)dt
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Related Stoch. models

> o =0 ~» Piecewise deterministic Markov processes (PDMP). 18
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Related Stoch. models

» by =0 & oy =0 ~» Markov chain continuous time embedding
P (X, € dx | Xy—1) = Sp(Xn—1, dx)
At jump times (exponential inter-times with unit parameter):

X():/Yo ~ XT1:X1 ~ XT2:X2~-- ~ XT :Xn

Also called Pure jump processes.
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Related Stoch. models
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bt =0 & o = 0 ~» Markov chain continuous time embedding
P (X, € dx | Xy—1) = Sp(Xn—1, dx)
At jump times (exponential inter-times with unit parameter):
Xo=X ~ X=X ~ Xp=XH... ~ X, =4,
Also called Pure jump processes.
At = 0 ~» Stochastic Diffusion equation (SDE).

thO@Ut:O

» At(x) =\ ~~ Poisson process X; = N; with intensity .
» At(x) = At ~» Non-homogeneous Poisson process ~ A¢.



Related Stoch. models
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bt =0 & o = 0 ~» Markov chain continuous time embedding
P (X, € dx | Xy—1) = Sp(Xn—1, dx)
At jump times (exponential inter-times with unit parameter):

X():/Yo ~ XT1:X1 ~ XT2:X2~-- ~ XT :Xn

Also called Pure jump processes.
At = 0 ~» Stochastic Diffusion equation (SDE).
bt =0 D oy = 0

» At(x) =\ ~~ Poisson process X; = N; with intensity .
» At(x) = At ~» Non-homogeneous Poisson process ~ A¢.

General case ~~ (Marked)-Jump-diffusion models.



Doeblin-lto-Taylor expansion VAN

dX, = dXE + AX,
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Doeblin-lto-Taylor expansion VAN

dX, = dX¢ + AX, = dX§ or AX,
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Doeblin-lto-Taylor expansion VAN

dX, = dX¢ + AX, = dX§ or AX,

I
df (t, X)

= f(t+ dt, Xy + dX;) — f(t, X;)

p 1
_ %(th)dt + F1(Xe) dXE + 5 F7(X0) dXEdXE +AF(t,X0)

=[Z+LE]()(t.X) dt + dMg(F)
with the infinitesimal generator
o 1 0?
LS=by —+ = 02 —
t tox 127t ox2
and the martingale increment

dME(f) = f'(Xe) oe(Xe) dW,
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The jump generator

P(T =t +dt , Xerar € dx | Xe) = Ae(Xe) dt Se(Xe, dx)
I
E(Af(t, X)) | Xe =x) = A(x) dt / (f(t,y) — f(t,x)) Si(x,dy)
= LY(F)(x) dt
U

Predictable and martingale parts

Af(t, Xt) =

E(Af(t, Xe) | Fe) + AF (£, X;) — E(AF(t, X)) | Fe)

= LY(F)(X:) dt + dMZ(f)
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The angle brackets

=...dt
dMZ(f) = AF(t, X:) — E(AF(t, X:) | Fr)
i}

E((dMZ(F))? | Fr) = E((Af(t,X))? | Fr)
= (X de / (F(£,y) — F(£: X)) Se(Xe, dy)
= L{[(f = F(x))’](xX)] x=x, dt
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The angle brackets

=...dt
dMZ(f) = AF(t, X:) — E(AF(t, X:) | Fr)
i}

E((dMZ(F))? | Fr) = E((Af(t,X))? | Fr)
= (X de / (F(£,y) — F(£: X)) Se(Xe, dy)
LYI(F = F(x))21(x)) x=x, dt =T a(F, F)(Xe) dt
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The angle brackets

=...dt
dMZ(f) = AF(t, X:) — E(AF(t, X:) | Fr)
i}

E((dMZ(F))? | Fr) = E((Af(t,X))? | Fr)
= (X de / (F(£,y) — F(£: X)) Se(Xe, dy)
= LI(F = FO))1(x)) xmx, dt =T pa(F, F)(Xe) dt

I
The angle bracket of the martingale M¢(f)

G| CTL(F(X) ds
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Finally. . .the general rule VAN

df (t, X)

= [2 + LE] (F)(t, X,) dt + dME(f) + LE(F)(t, X,) dt + dM(f)

= [& + L (D&, X) dt + dMi(f)

with
Le= L+ L] and M(f) = M{(F) + M{(f)
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Finally. . .the general rule VAN

df (t, X;)
= [2 + LE] (F)(t, X,) dt + dME(f) + LE(F)(t, X,) dt + dM(f)

= [& + L (D&, X) dt + dMi(f)

with
Le=L{+L{ and M(f)=M(f)+ M{(f)
and a martingale M,(f) with angle bracket

S M) = Tus(F ) + Tyg(F X = T (7, 1K)
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Finally. . .the general rule VAN

df (t, X;)

= [2 + LE] (F)(t, X,) dt + dME(f) + LE(F)(t, X,) dt + dM(f)

= [& + L (D&, X) dt + dMi(f)

with
Ly=LS+ L9 and M(f) = ME(F) + ME(F)

and a martingale M,(f) with angle bracket

S M) = Tus(F ) + Tyg(F X = T (7, 1K)
Notice
Fug(F.A)0) = (L5 + LI~ FGOPI)

= LE[(F — F())?](x) + LI(F — F(x))*1(x)
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An example (quite rare but important) VAN

L0 = () [ () = £y it o)
:=1(~Poisson proc.) =0xtcex(dy)
L) = box () + 5 (000 ()
[}

dXt = bt Xt dt+ Ot Xt th + ¢ th dNt

=dX¢ —AX,
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An example (quite rare but important) VAN

) = M) [ ()~ ) S )

~—— ——

:=1(~~Poisson proc.) =0xtcpx(dy)

L) = bex £ + 2 (000 ()
4
dXt = bt Xt dt+ Ot Xt th + ¢ th dNt
=dX¢ =AX;

4

1
dlog X, = b dt + ov dW, = 5 o? dt +log (1 + ¢;) dN;
4
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An example (quite rare but important) VAN

) = M) [ ()~ ) S )

N—— N—_——

:=1(~~Poisson proc.) =0xtcpx(dy)

1
L) = bex £/(x) + 5 (00x) £'(x)
s
dXt = bt Xt dt+ Ot Xt th + ¢ th dNt
=dX¢ =AX;
I
dlog X; = b, dt + o, dW,; — % o? dt +log (1 + ¢;) dN;

U

Geometric Brownian-Poisson process

t 1 t t
Xe = Xo exp (/ (bs -5 U?) ds +/ os dW, +/ log (1 + ) st)
0 0 0
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Integro-diff. eq. S¢(x,dy) = si(x,y) dy 7NN

df (X;) = (LS + LI (F)(X;) dt + Martingale increment

T [pe(x)dx = P(X; € dx)] whenever it exists

dE(F(X) = / LE(F)(x) pelx) o + / L) (x) pelx) dx
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Integro-diff. eq. Si(x, dy) = si(x,y) dy

e 7 20% 11 )
s NN

df (X;) = (LS + LI (F)(X;) dt + Martingale increment
T [pe(x)dx = P(X; € dx)] whenever it exists
B = [ L0 pil) et [ LG pile) o
Using the fact that

I 2e(x) [(F(y) = f(x)) se(x,y) pe(x) dx dy

= ff(X) U Ae(y) pe(y) se(y, x) dy — Ae(x) Pt(X)] dx
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Integro-diff. eq. Si(x, dy) = si(x,y) dy

e 7 20% 11 )
s NN

df (X;) = (LS + LI (F)(X;) dt + Martingale increment

T [pe(x)dx = P(X; € dx)] whenever it exists

B = [ L0 pil) et [ LG pile) o
Using the fact that
I Ae(x) [(F(y) = f(x)) st(x,y) pe(x) dx dy

= ff(X) U Ae(y) pe(y) se(y, x) dy — Ae(x) Pt(X)] dx
we prove

% _ _8(btpt) laz(afpt)

ot Ox 5 o T ‘Ar(y) pe(y) Se(y, dx) dy — Ae(x) pe(x)
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Logistic proc./birth and death process

Epidemic evolution - State {0,1,...,d}

L(F)(x) = Nintect (%) [F(x +1) = F(X)] + Arecover(x) [f(x —1) — f(x)]

with the infection and the recovery rates

. —ad2 (1% - X
)\mfect(x) =ad d <1 d) and /\recover(X) B d d

» % = proportion of infected individuals.

> Every infected individual (in a pool of x) remains infected for an
exponential rate 3.
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The Moran genetic model

State {0/d,1/d,...,d/d}=% alleles of type A in a genetic model

with two alleles A and B.

(NG = (1§ ) <=0 [+ 1/0) = 1)

+< ;’ ) (1= x) [f(x — 1/d) — £(x)]
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The Moran genetic model
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State {0/d,1/d,..., d/d}=% alleles of type A in a genetic model

with two alleles A and B.

(NG = (1§ ) <=0 [+ 1/0) = 1)

+ < g ) x(1—x) [f(x—1/d) — f(x)]
Diffusion limits
Fx+1/d) — F(x) = F()/d + 5 £/(x)/d + O(1/d%)

This implies that

L)) = D 1) ([ + /) — F(0] + F(x— 1/d) — F()])

= % x(1—x) f’(x) + O(1/d)



Cellular dynamic models

Genes (DNA)
~> Messenger molecule (MRNA) ~~ protein production musaemon

Gene %  Gene+ mRNA (production of mRNA)
mRNA 22, mRNA + Proteins (production of Proteins)

mRNA 2% @ &  Proteins =% § (degradation)

)

Jump process:

X = (Y4, Zt) = (number of mRNA-Molecules, Proteins).

Lif)y,z) = M [fy+1,2)—f(y,2)]+ Ny [f(y,z+ 1) — f(y,2)]
+)\3_)/ [f(y— 152) - f(y,Z)] +)‘4Z [f(y’z_ 1) - f(y’Z)]

18/32



BREAK

YOU ARE NOW ENTERI
O,

A STRESS FR
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Nonlinear stochastic processes

» Nonlinear Markov chains ~~ interacting particle systems.
» Self-interacting Markov chains ~~ reinforcement process.

» Discrete or Continuous time models
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Markov chains

(Elementary) Markov transitions:

]P(Xn € dx, | Xn—1 = Xn—l) = Mn(Xn—h an)
. 1 1
ex.1 E exp {—5 (xn — a,,(x,,_l)} dx,
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Markov chains

£

(Elementary) Markov transitions:

]P)(Xn € dx, | Xn—1 = Xn—l) = Mn(Xn—h an)
. 1 1
ex.1 E exp {—5 (xn — a,,(x,,_l)} dx,

» Linear evolution model

n = LaW(Xn) ~ Mn = cl>n(77n71) = nnfllwn

Nice but usually unsolvable!
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Markov chains

£

(Elementary) Markov transitions:

]P)(Xn € dx, | Xn—1 = Xn—l) = Mn(Xn—h an)
. 1 1
ex.1 E exp {—5 (xn — a,,(x,,_l)} dx,

» Linear evolution model

n = LaW(Xn) ~ Mn = q)n(nnfl) = 77n71Mn

Nice but usually unsolvable!

» Simulation: Nice and usually easy

Ex.l ~ X, =a,(Xo-1) + W, with W, ~ N(0,1)
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Nonlinear Markov chains

Transitions ~ the law of the random states

P(Xn € dxn | Xo—1) = My, (Xa—1,dxy)  with 7,1 = Law(X,_1)
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22/32



Nonlinear Markov chains
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P(Xn € dxn | Xo—1) = My, (Xa—1,dxy)  with 7,1 = Law(X,_1)

N = Pp(Mn-1) :=1r-1M,,, , Solving 27?7
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X, = /an(Xn—1,}/) nn-1(dy) + Wi

- / 3 (Xo-1.y) P(Xo_1 € dy) + W,
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Nonlinear Markov chains

Transitions ~ the law of the random states

P (X, € dxa | Xo1) = My, (Xn—1,dx,)  with  7,-1 = Law(X,—1)

N = Pp(Mn-1) :=1r-1M,,, , Solving 27?7
Example:
Xn = / an(Xn—hy) 77n—1(dy) + Wn
- / 3 (Xo-1.y) P(Xo_1 € dy) + W,
I an(x,y) = ba(x) + ca(y)
Xo = bp(Xo—1) + E(cp(Xn=1)) + W, Simulation???
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An example (n = 1)

sin(27| Xp])

VI<i<N X{:Xé+]E< T

) + W] Simulation???
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An example (n = 1)
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sin(27| Xp])

VI<i<N X{:X5+]E< T

) + W] Simulation???

Reminder - The law of large numbers:

[ o) mid) =E(FO6) = 4 - f0x) = [ o) ()

1<i<N



An example (n = 1)

sin(27| Xp])

VI<i<N X{:Xé+]E< T

) + W] Simulation???

Reminder - The law of large numbers:

[ o) mid) =E(FO6) = 4 - f0x) = [ o) ()

1<i<N

a3
Simulation of the first transition
: 1 in(27| X!
VISiSN o X=X+ o > M
1o 1+ (%)

i
1

23/32



An example (n = 1)

sin(27| Xp])

VI<i<N X{:X5+]E< T

) + W] Simulation???

Reminder - The law of large numbers:

[ o) mid) =E(FO6) = 4 - f0x) = [ o) ()

1<i<N

a3
Simulation of the first transition
: 1 in(27| X!
VISiSN o X=X+ o > M
1o 1+ (%)

i
1

I
(Xll, e 7Xl'v) almost i.i.d. copies of Xj
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An example (n = 2)

sin(27 | X1])

X=X +E
2 1+ ( 1+ X2

) + W} Simulation???
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An example (n = 2)

sin(27 | X1])

X=X +E
2 1+ ( 1+ X2

) + W} Simulation???

I

. . i J .
X~ X+ l Z SII’](27TL)‘<1J) + Wy
S 1+ (X)) 2
1<j<N 1
I
(X3,...,X)") almost i.i.d. copies of X, .../...
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[llustrations

> McKean-Vlasov fluid diffusions models
» Fouque-Sun Financial systemic risk model

» Dyson model - Gaussian Orthogonal Ensemble

» Feynman-Kac models - Interacting jumps.

I

~~ scilab prog. + more info (Tutorial X 3rd year) [solutions on demand|]

25/32


http://web.maths.unsw.edu.au/~peterdel-moral/lectures.html

An example (n = 1)

" Diffusion like model”

AX, =

ex.

Mean field particle model (N particles i =1

AX!

Un(Xn 1, Mn— 1) W,

bn(Xn—1,7n-1)
[/ an(Xn-1,X) Nn-1 dX] [/ Ba(Xn—1,X)nn-1(dx) | W,

(2
. N)

= bn(X,I1.71777,I1\171)+Un(Xr'; 17’7:1\[ A

1 . .
ex. , J i

N § an n— 1’ 1)+ N § , 6'7 n 17Xn—1) Wn
1<j<N 1<j</\/

Application domains:
Condense matter models, fluid mechanics, McKean-Vlasov diffusions
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Fouque-Sun Financial systemic risk mode

C J.P. Fouque & L. H. Sun Systemic Risk (math finance)

X/ = log-monetary reserve of banks
» Borrowing and lending to each other
> Mean reversion rate «
> Interaction degree [swarming behavior]

I
Stochastic (toy) model:

dX’—a—Z (XI = X]) dt + o dW/

1<j<N

Attraction
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http://www.pstat.ucsb.edu/faculty/fouque/PubliFM/CoupledOUs-3-21-12.pdf

Dyson model - Gaussian Orthogonal Ensemble

C Terry Tao Blog Notes
(Field Medal 06 - Adelaide - Australia (HK origin), 1Q 230)
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http://terrytao.wordpress.com/2010/02/23/254a-notes-6-gaussian-ensembles/
http://www.math.u-bordeaux1.fr/~pdelmora/PC9-2013-MAP-564.pdf

Dyson model - Gaussian Orthogonal Ensemble

C Terry Tao Blog Notes
(Field Medal 06 - Adelaide - Australia (HK origin), 1Q 230)

Dyson equations:

S 1 2
d\j=— >  ——— dt + = dW]
Ny ien (e =) N

Repulsion
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http://terrytao.wordpress.com/2010/02/23/254a-notes-6-gaussian-ensembles/
http://www.math.u-bordeaux1.fr/~pdelmora/PC9-2013-MAP-564.pdf

Dyson model - Gaussian Orthogonal Ensemble

C Terry Tao Blog Notes
(Field Medal 06 - Adelaide - Australia (HK origin), 1Q 230)

Dyson equations:

: 1 1 2 ;
dA\i = — ——_dt + = dW]
N 13%3/\/ (/\It - )‘Jt) N
Repulsion
)

Gaussian Orthogonal Ensemble

(A\f <...<AY) = Eigenvalues of a symmetric random matrix A(t)

Aii(t) = “ W/ and A j(t) 1/ W"J

with N(N —1)/2 i.i.d. Brownian motions.
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http://terrytao.wordpress.com/2010/02/23/254a-notes-6-gaussian-ensembles/
http://www.math.u-bordeaux1.fr/~pdelmora/PC9-2013-MAP-564.pdf

Dyson model - Gaussian Orthogonal Ensemble

C Terry Tao Blog Notes
(Field Medal 06 - Adelaide - Australia (HK origin), 1Q 230)

Dyson equations:

: 1 1 2 ;
dA\i = — ——_dt + = dW]
N 13%3/\/ (/\It - )‘Jt) N
Repulsion
)

Gaussian Orthogonal Ensemble

(A\f <...<AY) = Eigenvalues of a symmetric random matrix A(t)

Aii(t) = “ W/ and A j(t) 1/ W"J

with N(N —1)/2 i.i.d. Brownian motions.

i)
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http://terrytao.wordpress.com/2010/02/23/254a-notes-6-gaussian-ensembles/
http://www.math.u-bordeaux1.fr/~pdelmora/PC9-2013-MAP-564.pdf

Jump type models

Nh = q)n(nn—l) - nn—an,n,,_l
Acceptance/Rejection type transitions

Mnrnnfl (X7 dy)

=G(x) K(x.dy) + (1-G(x) 5=y J 1n-1(dz) G(2) K(z,dy)

associated with some G(x) € [0, 1] and some Markov transition K(x, dy)
» G(x)=1= M,,, , = K ~ Markov chain sampling
> K(X7 dy) = 6X(dy):

= Mna"]nfl(x7 dy)
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G(x) dx(dy) + (1= G(x)) ;—17qy Mn—1(dz) G(2) d-(dy)

[m]

=



Jump type models

Mean field particle model
(Xr} 17"-3X14V—1) ~ (XI}77XI:V)

with ) .
V1 S i S N le: ~ Mn,n,’lvil(xr;—h dy)

4

Jump type transitions
M"ﬂ?,’y,l(X'l;—l’ dy) = G( in—l) K( n—1» d}/)

(I_G( n— 1)) Z G(anl)' K( n— 1ady)

1<k<N 2139\/ G(X;-1)

C Feynman-Kac models (cf. section 8.4 & 8.5) ~~ Application:
Any conditional distribution, molecular chemistry, interacting MCMC, . ..
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Self-interacting chains/Reinforced processes

Elementary transitions

P(Xn € dx, | Xo, R 7Xn71) = Mn7nn—1(Xn71, dX,,)

depending on the empirical measure of the historical process

,’,’n—l :% Z 6Xp

0<p<n




Self-interacting chains/Reinforced processes

Elementary transitions
P(Xn € dx, | Xo, R 7Xn71) = Mn7nn—1(Xn71, dX,,)
depending on the empirical measure of the historical process
1
-1 _
n"T = n :E:: 0x,
0<p<n

Example 1:

Xn = / an(Xn—lay) nn_l(dY)+Wn
1
= - Z an(Xn—laXp) +Wn
nUSP<n

31/32



Self-interacting chains/Reinforced processes

Elementary transitions

P(Xn € dx, | Xo, R 7Xn71) = Mn7nn—1(Xn71, dX,,)

depending on the empirical measure of the historical process

Example 1:
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,’,’n—l :% Z 6Xp

0<p<n

= / an(Xa-1,y) n"_l(dy)+Wn
1

= - Z an(Xn—laXp) +Wn
nUSP<n

[} an(X,Y) = b,-,(X) + Cn(y)

1
= bo(Xp-1) + > (X)) + W,

0<p<n



Other illustrations

Example 1: Given some probability measure p

M, =1 (Xn-1,dxp) = € " (dx,) + (1 — €) p(dx,)

ni
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Other illustrations

Example 1: Given some probability measure p

M, =1 (Xn-1,dxp) = € " (dx,) + (1 — €) p(dx,)
Example 2: ~~ ~» Acceptance/Rejection type transitions

annnfl ()(7 dy)

=G(x) K(xdy) + (1-G(x) =g J "7 '(dz) G(2) K(z,dy)

associated with some G(x) € [0, 1] and some Markov transition K(x, dy).
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Other illustrations

Example 1: Given some probability measure p

M, =1 (Xn-1,dxp) = € " (dx,) + (1 — €) p(dx,)
Example 2: ~~ ~» Acceptance/Rejection type transitions

annnfl ()(7 dy)

=G(x) K(xdy) + (1-G(x) =g J "7 '(dz) G(2) K(z,dy)

associated with some G(x) € [0, 1] and some Markov transition K(x, dy).
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