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Stochastic Processes

MATH5835, P. Del Moral
UNSW, School of Mathematics & Statistics

Lectures Notes, No. 5

Consultations (RC 5112):

Wednesday 3.30 pm ~» 4.30 pm & Thursday 3.30 pm ~» 4.30 pm



Reminder + Information

References in the slides

» Material for research projects ~~ Moodle

(Stochastic Processes and Applications > variety of
applications)

» Important results

C Assessment/Final exam = LOGO = A
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Citations of the day “Two things are

infinite. The universe
and human stupidy. F

...and i'm not so sure ’;wf

4

about the universe.” 7
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Citations of the day “Two things are

infinite. The universe
and human stupidy. F

...and i'm not so sure ’;wf

4

about the universe.” 7

Since the mathematicians have invaded the theory of relativity, | do not
understand it myself anymore.

It should be possible to explain the laws of physics to a barmaid.

— Albert Einstein (1879-1955)
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Mixture of 3 subjects

1. A complement on martingales
2. A brief reminder on dynamical systems
3. Intro to continuous time stochastic calculus

» Brownian motion
> Ito(-Doeblin) formula £

» The heat equation
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1. A complement on martingales
2. A brief reminder on dynamical systems
3. Intro to continuous time stochastic calculus

» Brownian motion
> Ito(-Doeblin) formula £

» The heat equation

Central/fundamental subjects in stochastic process theory!!!!

1 attention ® 1 consultation times ® 1 questions = | speed
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Designing martingales A
Xo = @nleo,...,€) € S (colors, tails/heads,RY,...) — f(X,) € RY~?

The natural filtration of information:

Fn=o0(ep, 0<p<n)= 1 information ~ random process
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Xo = @nleo,...,€) € S (colors, tails/heads,RY,...) — f(X,) € RY~?
The natural filtration of information:

Fn=o0(ep, 0<p<n)= 1 information ~ random process

Predictable and martingale parts of Af(X,) = f(X,) — f(Xn-1)
AA(f) = E(Af(X,) | Fa1) = predictable increment
AM,(f) = Af(X,) —E(Af(X,) | Fae1) = martingale increment

Martingale decomposition

f(Xn) = f(Xo)
+ ) E(AF(X) [ Fpor)+ Y [AF(Xp) —E(AF(Xp) | Fpo1)]
1<p<n 1<p<n
Predictable part Martingale part




An example = The simple Random walk

AX, =X, — X,-1 =€, iid. e, =41/—1probal/2

f(x) =x & F, =0(ep, p < n) info on the game at time n

AA,(f) = E(AX, | Fae1) = 0 = predictable increment
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AX, =X, — X,-1 =€, iid. e, =41/—1probal/2

f(x) =x & F, =0(ep, p < n) info on the game at time n

AAn(f) = E(AX,, | .7:n_1) = 0 = predictable increment
AM,(f) = AX,—E(AX, | Fn-1) = €, = martingale increment

f(x) = x> (exo)

XP=X21 = (Xoate) =X =3X1+(BX2 1 +1)e
I
AA(f) = E (X,? - X3 4| .7:,,_1) = 3 X,—1 = predictable increment
AM,(f) = (?)X,?_1 + 1) €, = martingale increment



I I
Welcome to
Times Square.

The martingale? [with My = 0] A\

M2 = > (AM?), with (AM?),=

1<p<n
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The martingale? [with My = 0] A\

M2 = > (AM?), with (AM?),=
1<p<n
= Z E ((AMz)p | }-p—l) + Z [(AM2)p -E ((AMz)p | fp—l)}
1<p<n 1<p<n

= martingale (exo 1)
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The martingale? [with My = 0] A\

M2o= 3 (AM?), with (AM?), =M} -
1<p<n
= D E(@M), | For)+ D [(AM?), —E ((AM?), | Fp1)]
1<p<n 1<p<n

= martingale (exo 1)

E((AM?), | Four) = E(M;— My | Fp)

= E ((MP - Mpfl)2 | .7-',,,1) (exo 2)

7/34



The martingale? [with My = 0] A\ s RN

i
Welcome to

M2 = > (AM?), with (AM?),=
1<p<n
= Z E ((AMZ)p | }-p—l) + Z [(AM2)p -E ((AMz)p | fp—l)}
1<p<n 1<p<n
= martingale (exo 1)
E ((AMz)p | ]'_p—l) = E (Mﬁ - Mﬁ_l | ]:p—l)

= E ((Mp - MPA)2 | ]:;771) (exo 2)

Predictable quadratic variation = angle bracket

M2 = (M), + Martingale with (M),:= >  E((AM,)* | Fp1)

1<p<n
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An example = The simple Random walk

M,=M,_1+e, iid. e, =+1/—1probal/2

(8
M2 M2, = (Ma1+en) — M2,
= 2M,4 en+e%:2 M,_1e,+1
(8
E(M2— M2, | Foy) =E ((Mn — My1)? | ]—',,_1) -1
i3
M2 = (M), + Martingale with (M), = Z 1=n
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A brief reminder on dynamical systems

Xe= b(X;)
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A brief reminder on dynamical systems

Xe= b(X;) <= dX. = b(X,) dt

Key properties:
1. Smooth differentiable trajectories.
2. Fully predictable when we know the initial condition.

3. Well adapted to standard differential calculus.
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Leibnitz "long s" = [
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Leibnitz "long s" = [

Xe=b(X) < dX, = b(X,) dt
< Xt+dt:Xt + b(Xt) dt

Integral interpretation of the increments dX; = Xy g — X;

=Xo+ Y dX.=Xo+ ) b(X)ds _X0+/ b(X:) ds
s<t s<t
For smooth functions f ~» f(X;) =fo X; ??
t
F(Xe) = F(Xo) + D df(X) = f(Xo)+/ Y
s<t

with the increment of the function

df (X:) :== f(Xerar) — £(Xt)

10/34



Brook Taylor's expansions VAN

Taylor expansion for smooth functions

f(Xerar) = F(Xe + dXe)
of 1 0°f
= F(X) + 5 (X) dX; + 2 oz (Xe) dXedX. +
of 1 0%f
= F(Xe) + 5 (Xe) B(X) e+ 5 55 (Xe) B2(Xe) (dt)” + .

I

f(X:) = f(xo)+Z df (Xs)

s<t

) ds + o(dt)

I
3<
_l’_
M
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Vector fields (dimension 2 ~~)

<

SRR SR
O
R

(f(x0.¥0) glX0Yo)) — —= === == == =2 S
(oyp) 77T T e NN

N

Differential calculus (dimension 1)
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Vector fields (dimension 2 ~~)

12/34

Differential calculus (dimension 1)
dX; = b(X:) dt < df(X;) = L(f)(X) dt

with the first order operator/vector field : f — L(f)

Exercise: dX; = b x X; dt ~ f(X;) =log X; = ..77




Non homogeneous case (t, x) — f(t, x)

Taylor expansion for smooth functions

Pt dt, Xewar) = A8 X+ 0 (8,0) dit 00 (£ X) B(X)dt-+ O((d)?)
[}
F(t.Xe) = f(0,X0)+ > df(s, Xs)

s<t

- f(Xo)+/0 [(;Z(S,X)ds—i— gf(s X,) b(Xs) ds
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Non homogeneous functions/models

Differential calculus

dXt - bt(Xt) dt
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Non homogeneous functions/models

Differential calculus

dX; = b(X;) dt < df(t,X:) = [gt + L} (F)(t, Xe) dt

Exercise: dX; = a (b— X;) dt ~ f(t,X;) = €' Xy = .77
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Evolution semigroups

Flow maps & semigroups: (s < t)

dXX, = b(XZ,) dt ;
{ X G v Poe(F)(x) = F(XZ,)

X
X = x

X
For any r < s <t we have X, = X, ;*:
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Evolution semigroups

Flow maps & semigroups: (s < t)

dXX, = b(XZ,) dt ;
{ X G v Poe(F)(x) = F(XZ,)

X
X = x

X
For any r <s <t we have X}, = X, ;*:

ExerCIseS
L s,t 1 I s,t L L aIld ! s,t L L I s,t 1

and for homogeneous models

be=b = X =XSis

9 py(f) = PUL(F)) = L(P(F)

= Ps:=Pyi—s:=Pi_s=
s,t 0,t—s t—s ot
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The lost equation - Introduction to Brownian motion 4\

I'.l-.

- Ll .y -
- g ll.i - -
S

.'i u |=-"'-|”"'.-l'-

KI<IB >[5 (=] +]

More concrete : Nano particles in water (laser+camera)
A sugar molecule in a cell (simulation)

@ pretty nice pedagogical animation
16/34


http://www.youtube.com/watch?v=cDcprgWiQEY
 http://www.youtube.com/watch?v=PtYP8uoN0lk
http://www.youtube.com/watch?v=pdz7wFHSLD0

Brownian motion £\ : ‘ °

Key properties:
1.
2.

17/34

2pum
Continuous but nowhere differentiable trajectories.

Fully unpredictable/random even if we know the initial condition
and the statistics of perturbations.

Badly & non adapted to standard differential calculus.

4
® e
~ 0o
°
3
)
a .
1
s
E K 4




Brownian motion B; or W;

18/34

Discrete time version : " dt” time steps @ fair coin tossing

++/dt if Heads
W, = W,_
t t ”’f+{ —Vdt if Tails (1)

or

W, := W;_g + Vdt x N(0,1)

4

dt = 10— 10000000??


http://en.wikipedia.org/wiki/Brownian_motion
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++/dt if Heads
W, = W,_
t t ”’f+{ —Vdt if Tails (1)

or

W, := W;_g + Vdt x N(0,1)

4

dt = 10—1000000077

» ~, .0 Continuous time model & stochastic calculus


http://en.wikipedia.org/wiki/Brownian_motion

Brownian motion B; or W;

Discrete time version : " dt” time steps @ fair coin tossing

++/dt if Heads
W, = W,_
t t ”’f+{ —Vdt if Tails (1)

or

W, := W;_g + Vdt x N(0,1)

4

dt = 10—1000000077

» ~ .0 Continuous time model & stochastic calculus
> Wikipedia - Brownian motion
> Section 3.3 (further readings in Section 14.1 in the textbook)
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http://en.wikipedia.org/wiki/Brownian_motion

Brownian motion B; or W, VAN

Simple random walk model

dt
Wi = Wi_g: + { j::;;;;

19/34

if Heads
if Tails



Brownian motion B; or W; VAN

Simple random walk model

++vdt if Heads
W; = W;s_ 2
‘ ‘ ‘“+{ —Vdt if Tails )

~> Only ”3 simple ingredients”:

dW, x dW, = +dt x +£/dt = dt
(2) = dtxdt = 0
dt x dW, = dt x +V/dt =0

@ Randomness encapsulated in 7, = o(W; : s<t) *.
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Taylor ~~ Ito-(Doeblin) formula 4\

THINK:
df(Wi) = f(Wirar) — f(Wh) = F(W, + dW;) — £(Wh)
—dt
1 —_———
= (W) dWe + 5 F/(We) dW,dW, + "O(dtVdt)"
WRITE:

df(W;) = f'(W;) dW; + L(f)(W;) dt

with the "Laplacian” operator = infinitesimal generator

fo L) =5

20/34



Example f(x) = x> & W; st. Wp =0
Ito-(Doeblin) formula

f'(x)=2x f"(x)=2 = dW? = 2W,dW, + dt

4

t
W3:2/ W, dW, + t
0

Compare with Taylor expansions for dynamical systems

dX, = b(X,) dt st Xo =0
4

t
dX? =2X,dX; = X? = / 2XdX;
0

21/34



Using martingale decompositions

W = Z(Ws+ds — W,) Martingale w.r.t. F; = o(Ws, s <t)
s<t
E((W5+ds - WS) | -7:5) =0
E (( Ws+ds - Ws)2 | ]:s) ds
2 2 2 2
Ws+ds - Ws = (Ws + (Ws+ds - Ws)) - Ws
- 2W5(Ws+ds - Ws) + (Ws+ds - Ws)2
= 2We(Weigs — W) + ds
<= Martingale’ & its angle bracket
martingale marti.ngale
t
w2 = Z2Ws(Ws+ds — W)+ st :/ 2W.dW, +t
s<t s<t 0
——
=(W),=t
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THINK A

F(Wepar) — F(We) = L(F)(We) dt + (W) (Wegar — W)

=[Mesae(f)—Me(F)]

with martingale increments

E(f/(Wt) (Wt+dt - Wt) | ft) = f/(Wt) ]E((Wt+dt - Wt) | Wt) =0
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THINK A

F(Wepar) — F(We) = L(F)(We) dt + (W) (Wegar — W)

=[Mesae(f)—Me(F)]

with martingale increments

E(f'(We) (Wesae = We) | Fe) = '(We) E(Wesae — We) | We) =0
The predictable increment
E(f(Wt+dt) - f(Wt) | Ft) - L(f)(Wt) dt

|
F(We) = F(Wo)+ ) [F(Werge) — F(WL)]

s<t
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THINK A

F(Wepar) — F(We) = L(F)(We) dt + (W) (Wegar — W)

=[Mesae(f)—Me(F)]

with martingale increments

E(f/(Wt) (Wt+dt - Wt) | ft) = f/(Wt) ]E((Wt+dt - Wt) | Wt) =0

The predictable increment
E(f(Wt+dt) - f(Wt) | Ft) - L(f)(Wt) dt

I
f(We) = f(Wo)+ Z [F(Weias) — F(Ws)]
= (W) + Z L(F)(Ws) ds + Z[Ms+ds(f) — Ms(f)]

23/34 martingale=M,(f)



WRITE A

df(W,) = L(F)(W,) dt + dM(f)
i)

t

W) = F(Wo)+ / dF (W)

24/34



WRITE A

df (W) = L(F)(W,) dt + dM,(f)
g
W) = F(Wo)+ /Otdf(vvs)

= f(W )+/OL ) ds + /dM

martlngale M, (f)

24/34



THINK A
The martingale remainder term

Mt(f) = Z f/(Ws) (Ws+ds - Ws)

s<t

:(MSerS(f)* MS(f)):dMS(f)
with

E(dM:(f) | Fe) = £(We) E(Werae — We) | We) =0

25/34



THINK A

The martingale remainder term

Z f 5+d5 - Ws)

S _ (M as(F)— Ma(F))=dM, (£)
with
E(dM:(f) | Fe) = (W) E(Wirqe — Wt) | Wt) —0
E ((th(f))2 | Ft) = (f’(Wt))2 E ((Wt+dt W) f/ Wt dt
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THINK A

The martingale remainder term

Z f s+ds - Ws)

S _ (M as(F)— Ma(F))=dM, (£)
with
E(dM:(f) | Fe) = (W) E(Wirqe — Wt) | Wt) —0
E ((th(f))2 | Ft) = (f’(Wt))2 E ((Wt+dt W) f/ Wt dt

4

Predictable quadratic variation = angle bracket

(M(F))e ==Y _E ((dM:(F))* | Fo) =D _(F'(W.

s<t s<t
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WRITE A

26/34

The martingale remainder term

M(f) = /Ot F1(W.) dW,

with the predictable quadratic variation = angle bracket

mey.= | (W)Y ds




lto-(Doeblin) formula A\

= lto-(Doeblin) formula:

df (W) = L(f) (W) dt + dM,(f)
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lto-(Doeblin) formula A\

= Ito-(Doeblin) formula:
df(We) = L(F)(W,) dt + dM(f)

with a martingale M,(f) with angle bracket

mey= | (W)Y ds

Important observation
FL(f, F)(x) = L((F — F(x))*)(x) = L(F3)(x) = 2f (x)L(F)(x) = (f')*(x)
4

(M(F))e = / FL(F, F)(Ws) ds

27/34



Examples

df(W,) = %f”(Wt) dt + dM(f) with (M(f));:= /Ot(f’(Ws))2 ds

» Powers o > 0

a(a—l

We = W + / Wo=2 ds + M,

with a martingale M; with angle bracket

28/34



A simple extension to f(t, x) A\

= Ito-(Doeblin) formula:

df(t, W,) = [a‘iﬂ] (F)(t. W) dt + dMi(f)
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A simple extension to f(t, x) A\

29/34

= Ito-(Doeblin) formula:

df(t, W) = {gi*L} (F)(t, We) dt + dM,(f)

with a martingale M,(f) with angle bracket

Important observation

D) = |4 L] (7 = e

= Tu(f(t,.), f(t,))x) = (F(t,.))*(x)

(‘12 . .
Important exercise: show that Z, = e®*":—2t is a martingale!



A general /abstract formula

V (even non-homogeneous) process X; s.t.

E([f(t + dt, Xerar) — F(t, Xe)] | Ft) = [;t + Lt} (F)(t, X¢) dt

we have

df(t, X;) = L;?t + Lt} (F)(t, X¢) dt + dM(f)

30/34



A general /abstract formula

30/34

v (even non-homogeneous) process X; s.t.

E([f(t + dt, Xeqar) — F(t, Xe)] | Ft) = L;)t + Lt} (F)(t, X;) dt
we have
0
df(t, X;) = {dt + Lt} (F)(t, Xe) dt + dM,(f)

with a martingale M,(f) with angle bracket

d{M(f))e =T, (f(t, =), F(t,))(Xe) dt




Law(W;) & The heat equation £\

+o00
E(f(Wt)):/ f(x) P(Wtedx):/_ f(x) pe(x) dx

Exo: Vf twice diff @ all fK)(+/— o00) =0 for k =0,1,2 (%)

> First step:
dE(f(Wy))=...= % (f"(W,)) dt
» Second step:
dE(F(W,)) = [/ 8”"‘ } dt
> Third step:
E (F"(W,)) / a Pt )

» Conclusion: ...

31/34



Law(W;) & The heat equation & The Gaussian A\

0 1 6
P(W; € dx) = pe(x) dx & Ept(x) =3 @pt(x)

Exercise slide 28:
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Law(W;) & The heat equation & The Gaussian A\

0 1 02
]P(Wt S dX) = Pt(X) dx & apt(X) = 5 ﬁpt(x)

Exercise slide 28:

E (e"™) = et W, ~ N(0,02=1t)
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Monte Carlo simulation 2\

Law of large numbers with i.i.d. copies W/ of W;:

E(f(W,)) = / f(x) P(Wtedx):/ - f(x) pe(x) dx
1 i
LS )

1<i<N

—00

R

Two simulation techniques

Wigge := Wi + ¢, Vdt  with e :==+1 Proba 1/2
_or € ~~ N(O,].) (3)
Note:
(3) = Wt:/ dw, ~ > e Vds ~ N(0, 1)
0 s<t

—_——
t/dt centered Gaussians
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Brownian fluid flow models

Fluid particle (X, = 0):

dX; = v dt + V2D dW,

> Fluid velocity flow v.

» Diffusion coefficient = D

J
t t t
X, = /dXS:/ vds+/ V2D dW, = v t+ V2D W,
0 0 0

= Xe=vt+ V2Dt N(0,1) Heat equation (exercise)?

~+ Wolfram -[Brownian-Fluid-model-(v,D).cdf] - Mathworld )5
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