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Stochastic Processes

MATH5835, P. Del Moral
UNSW, School of Mathematics & Statistics

Lectures Notes, No. 4

Consultations (RC 5112):

Wednesday 3.30 pm ~» 4.30 pm & Thursday 3.30 pm ~» 4.30 pm



Reminder + Information

References in the slides

» Material for research projects ~~ Moodle

(Stochastic Processes and Applications > variety of
applications)

» Important results

C Assessment/Final exam = LOGO = A
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Citations of the day

Jv.N. 1903-1957

3/22



Gauss/Legendre Regression formula (1800) A\

» Linear-Gaussian estimation problem

X ~ N(m,o?)
Y = bX+V (XL1)V ~ N(O,72)

» Solution ? ~ X | Y
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Gauss/Legendre Regression formula (1800) A\
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» Linear-Gaussian estimation problem

X ~ N(m,o?)
Y = bX+V (X1)V ~ NO0,72)

» Solution ? ~~ X | Y is a Gaussian r.v. with

Cov(X,Y)

E(XIY) = E(X) +

(Y —E(Y))

and

Cov(X, Y)?
~ Var (X) Var (Y)

Var(X | Y) = Var(X) |1




Gauss - Legendre formula (1800) A\
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Gauss - Legendre formula (1800) A\
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Gauss - Legendre formula (1800) A\

X ~N(m,0%) ~ Y=bX+ NO,72) =EY)=bm

Q
]
=
>
=
Il
o
ql\.)
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Linear transformations £\

Proof:

(a (X — @) + N(0,02))?

— 2 (X —m)’+2a (X — m)N(0,02) + (N(0,0?))°
——

E(...)=52 E(...)=0 E(...)=02
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The Kalman filter (1960)

Linear-Gaussian [Xp ~ N(mog,03) L W, ~ N(0,0%) L V, ~ N(0,72)]

X, = aX,_1+ W, Signal
b X,+ V, Observation
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The Kalman filter (1960)

Linear-Gaussian [Xp ~ N(mog,03) L W, ~ N(0,0%) L V, ~ N(0,72)]

X, = aX,_1+ W, Signal
b X,+ V, Observation

Filtering problem

Law (X, | Yo,...,Ya—1) and  Law (X, | Yo,..., a1, Ya)

one-step predictor optimal filter

{l Bayesian " density” notation

” ”

"p(Xn | Yo,y ¥n—1)" and "p(Xa | Yo, ¥n)
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The Kalman filter 1/4

The first observation Yj:

Xo ~N(mg,08) ~ Yo=bXo+ N(0,7%)

First updating step = the Bayes’ rule

p(x0) = N(mo,00) — p(x0 | o) o< p(yo | x0) p(x0) = N(mo, o)

with the regression formula

~2 ~2
~ g g _
my = gmo-‘r(l—g) b1Y0
%0 90
~2 2 2 —2y—1
o, = (b T7°+05°)
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The Kalman filter 2/4

The first prediction

p(xo | o) — / p(x \ x0) % p(x0 | yo0) dxo = p(x1 | yo)
X0 %/—/
.—LaW(aX0+W1) ::N(ﬁo,ﬁg
(8

a N(fﬁo,(/f\g) + W1 ~ N |a I/Tl\o, 32 85 + (7'2 = LEIVV(Xl | Yo)
~——
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The Kalman filter 3/4
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Second updating step = the Bayes’ rule
p(xa | yo) = N (m,0%)
b

A~

p(xi | yo.y1) o< p(ya | x1) p(x1 | o) = N(mi,07)

with the regression formula




The Kalman filter 4/4

The second prediction

p(x1|yo,y1) — / p(x | x1)  x p(xilyo, y1) dxi = p(x2|yo, 1)
. \‘/—/ —_—

=Law(ax+ W) :=N(m,52)

4

a N(fﬁlﬁf) + W2 ~ N |a m1 82 8% + 02 = La,VV(X2|Y0, Yl)
\,-/ \W_/

AND SO ON ... = KALMAN FILTER

@ drone board (altimeter/angle observations)
® Kalman filters in mathworks

@ Section 3.2 + Section 4.5.1 + Section 4.5.4 (& 4.5.3 //
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http://www.youtube.com/watch?v=aNzGCMRnvXQ
http://www.youtube.com/watch?v=2C_nZQytfUc
http://www.mathworks.com.au/discovery/kalman-filter.html

Particle Filter &= Population dynamics model
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http://www.youtube.com/watch?v=HuWNhlpF4Ps

Particle Filter &= Population dynamics model
Initially

1
(€3,...,€Y ) = N i.i.d. copies of X; = N > b ~nteo Law(Xo)
1<i<N
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http://www.youtube.com/watch?v=HuWNhlpF4Ps

Particle Filter &= Population dynamics model
Initially

1
(€3,...,€Y ) = N i.i.d. copies of X; = N > b ~nteo Law(Xo)
1<i<N

WHY??
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http://www.youtube.com/watch?v=HuWNhlpF4Ps

Particle Filter &= Population dynamics model
Initially

&,...,¢Y ) = Ni.i.d. copies of Xo = — Z d¢i Ntoo Law(Xo)
1<1<N

WHY??

The law of large numbers: V f : R— R (ex.: f =1}, ;)

¥ 2 16 =m B0 = [ 70) () do

1<i<N

Exercise:
2
1 )
IE(N > f(gé)) =..7? [ > FE) -E(f(X)| | =...7
1<i<N 1<i<N
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http://www.youtube.com/watch?v=HuWNhlpF4Ps

Integral representation VAN

Dirac measure §, at some point a:

[ #60 dutan)
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Integral representation VAN

Dirac measure §, at some point a:

[ #60 dutan)

4
) :
L Z () = + / F(x0) d (dxo)
1<:<N 1<i<N
- f(x0) [/b > 5&5] (dxo)
1<i<N

12
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A note on likelihood functions 4\
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p(yn | xn) = \/ﬁ

= Large values iff h,(x,) close to the observation y,




First updating w.r.t. Yy = Selection of individuals A\

1
p(x0)dxo =~ N Z d¢i (dxo)

1<i<N

4

p(yo | x0) p(x0)dxo
J plyo | x5) P(xg)dxg

P(Xo | }/o)dXo
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First updating w.r.t. Yy = Selection of individuals A\

XO dXo Z (550 dXo

1<I<N

4

p(yo | x0) P(x0)dxo
J plyo | x5) P(xg)dxg

N P00l &)
1<z,<:/v ZI<J<N P(¥o | ‘fo) % (o)

4

P(Xo | }/o)dXo

Sampling N r.v. (g&, e .EO > with this law:
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The first prediction A\

P | yo) = / P | x0) X plxoly) do
Xo S——
gﬁzlgigw‘;{é

Law of the first state of a Markov chain
starting at some a) with probability 1/N, with i =1, ...,

1

N

Sample N transitions Xp ~ X; starting at &},... &V

p(xa | yo) dxq ~ Z 55, (dx1) with f{ ~ p(x | a))
1<:<N
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Second updating w.r.t. Y; = Selection of individuals VAN

(Xl |y0 Xm ~ Z 651 dX1

1<1<N

I

p(yr | x1) p(x1 | yo) dxi
I pOn | X)) p(x] | yo) dx{

P(Xl ‘y()a }/1)dX1
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Second updating w.r.t. Y; = Selection of individuals A

(Xl |y0 Xm = Z 551 dX1

1<1<N

4

p(y1 | x1) p(x1 | yo) dxq
I e | X)) p(x{ | yo) dx{

~ Z p(yl | fi) i 5£{(dX1)

1<i<N Z1<J§N p(n | &)
\

p(xi|yo, y1)dxt

Sampling N r.v. (2% e .El > with this law:

1
p(x1|yo, y1)dx1 =~ N Z 5a(dx1)

1<i<N
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The second prediction A\

p(xlyo,y1) = / p(x2 | x1) x  p(xilyo,y1) dxi
X1 N———r
=% Ticicn 555
~  Law of the second state X, of a Markov chain

given X1 = & with probability 1/N.

4

Sample N transitions X; ~ X, starting at &, ... ¢V

p(salyo.v1) dxa ~ Z 0e;(dxo) with & ~ p(x | &)
1<:<N

AND SO ON ...= PARTICLE FILTER (section 3.2)
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Some illustrations

K<l D> [+

@ 2D localization ¢ robot localization
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http://www.youtube.com/watch?v=HuWNhlpF4Ps
http://www.youtube.com/watch?v=nWvLX6xmoAw

The lost equation - Introduction to Brownian motion A\
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Second citation of the day
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Second citation of the day

Since the mathematicians have invaded the theory of relativity, |
do not understand it myself anymore. — Albert Einstein (1879-1955)
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Second citation of the day
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Since the mathematicians have invaded the theory of relativity, |
do not understand it myself anymore. — Albert Einstein (1879-1955)

His seventh-grade teacher, exasperated by young Albert’s insubordination,
famously told Einstein he "would never get anywhere in life”.
[A. Calaprice, The New Quotable Einstein (Princeton U.P. 2005)].




Brownian motion B; or W; VAN

Discrete time version : " dt” time steps @ fair coin tossing

+vdt if Heads
W; = Ws_
‘ ‘ df+{ —\Vdt if Tails

or W= W_g + Vdt x N(0,1)

‘ ‘ @ 2d BM (video) BM-scale.avi/mp4
K<< I[> ] [=te] +]
4
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Brownian motion B; or W; VAN

Discrete time version : " dt” time steps @ fair coin tossing

+vdt if Heads
W; = Ws_
‘ ‘ df+{ —\Vdt if Tails

or W= W_g + Vdt x N(0,1)

‘ ‘ @ 2d BM (video) BM-scale.avi/mp4
K<< I[> ] [=te] +]
4

dt = 10—1000000027 ~ . o Continuous time & stochastic calculus
22/22
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