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Stochastic Processes

MATH5835, P. Del Moral
UNSW, School of Mathematics & Statistics

Lectures Notes No. 11

Consultations (RC 5112):

Wednesday 3.30 pm ~» 4.30 pm & Thursday 3.30 pm ~» 4.30 pm



Reminder + Information

References in the slides

» Material for research projects ~~ Moodle

(Stochastic Processes and Applications > variety of
applications)
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learned very early 1
the difference |
“between knowing the
“name of something
“and knowing

- something.

;meemne_mm Richard P. Feynman

— Richard P. Feynman (1918-1988) & video



https://www.youtube.com/watch?v=05WS0WN7zMQ

Three objectives

Understanding & Solving
> Classical stochastic algorithms
> Some advanced Monte Carlo schemes

> Intro to computational physics/biology
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Plan of the lecture

> Stochastic algorithms

» Robbins Monro model
» Simulated annealing
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Plan of the lecture

> Stochastic algorithms

» Robbins Monro model
» Simulated annealing

» Some advanced Monte Carlo models

> Interacting simulated annealing

» Rare event sampling

» Black box and inverse problems
» Computational physics/biology

» Molecular dynamics
» Schodinger ground states
» Genetic type algorithms

5/33



Robbins Monro model

Objectives

Given U : R¥—RY>a  find U,={xecR?: Ux)=a}
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Robbins Monro model

Objectives

Given U : R¥—RY>a  find U,={xecR?: Ux)=a}

Examples
» Concentration of products (therapeutic,...): U(x) = E(U(x, Y))
U(x,Y) :=U("drug” dose x, "data” patients Y') = dosage effects

» Median and quantiles estimation
Ux)=P(Y <x) ~ findx, st. P(Y<x;)=a

> Optimization problems (V smooth & convex)
Ux) =VV(x) ~ find x s.t. VV(x)=0
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When U is known

Hypothesis

U= ) & {(x—x). U() — U(x))
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Ux)<Ux) = x<x,
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When U is known

Hypothesis

U= {x) & ((x—x) Ux)-U(u) >0

§ d=1
Same sign!
Ux) > U(xa) = x2>x,
Ux) < UMG) = x<x
Algorithm?

Xnt1 = Xp + Vn (U(Xa) - U(X,-,))
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When U is known

Hypothesis

U={xb &  ((x—x),U(x)— U(x) > 0

§ d=1
Same sign!
Ux)>2U(x) = x>x;
Ux) < UMG) = x<x
Algorithm?

Xnt1 = Xp + Vn (U(Xa) - U(X,-,))

with some technical conditions
Z% =oo0 and 27,2, < 00
n n
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When U(x) = E(U(x, Y)) is unknown

Examples

» Quantiles
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When U(x) = E(U(x, Y)) is unknown

Examples

» Quantiles

Ux)=P(Y <x) =EU(x,Y)) UxY):= 1]—oo,x](y)

» Dosage effects Y = absorption curves of drugs w.r.t. time

U(x) = EU(x, Y))
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When U(x) = E(U(x, Y)) is unknown

Examples

» Quantiles

Ux)=P(Y <x) =EU(x,Y)) UxY):= 1]—oo,x](y)

» Dosage effects Y = absorption curves of drugs w.r.t. time

U(x) = EU(x, Y))

» Noisy measurements

X — ‘sensor/black box‘ — U(x,Y)=UX)+Y

8/33



Information

Unknown ~~ Samp“ng o aen

3 pieces of data
containing 2 pieces of
(‘unique’) information*

* Data interprted as redundant representation of information

Ideal deterministic algorithm
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Unknown ~~ Sampling

* Data interprted as redundant representation of information

Ideal deterministic algorithm

Xnt1 = Xp + Y (U(Xa) = U(xy)) = Xn + 70 (@ — U(x,))

with some technical conditions
Z'yn =00 and Z'yf, < 00
n n

Robbins Monro algorithm

Xn+1 = Xn + Yn (a - U(Xna Yn))
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Stochastic gradient

Robbins Monro algorithm

Xn+1 =X, + Yn (a - U(Xm Yn))
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Stochastic gradient

Robbins Monro algorithm

Xoy1 = Xn+ 70 (2 —U(Xn, Y2))

I a=0 & U(x,Yn)=VV(x,Yn)

(v U(x) = V. EWVi(x, Y)))
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Stochastic gradient

Robbins Monro algorithm

Xoy1 = Xn+ 70 (2 —U(Xn, Y2))

I a=0 & U(x,Yn)=VV(x,Yn)

(v U(x) = VLE(V«(x, Y)))
Stochastic gradient

Xot1 = Xo— 0 VV(Xn, Ya)
~—~
10/33
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Example (linear regression) e oreion

line

N data set z/ € R? ~~ observation y' € RY

Best x € RY? such that

Y~ h(Z) 4+ N0, 1) with h(z)= ) xz
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Example (linear regression) ;

’\ regression
line

N data set z/ € R? ~~ observation y' € RY

Best x € RY? such that

Y~ h(Z) 4+ N0, 1) with h(z)= ) xz
Averaging criteria
I unife{l,..,N} 1 i 2
UX)=EV(x('2)) =7 o Y (@) - )

1<i<N
with

1

A (h(z)) = y') 7
3 (h(z)—y') = V¥ =

(h(2') — v') 2

V(x, (v’ 2') =



Example (linear regression) :
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’\ regression

line

N data set z/ € R? ~~ observation y' € RY

Best x € R? such that
Y~ h(Z) 4+ N0, 1) with h(z)= ) xz

Averaging criteria

I wnife{l,...,N} 1 ; ;
UX) =E (V(x, (v, 2) R L ST (@) - )
1<i<N
with

TN R (he(2) = y') 2
Vi (s 2)) =5 (h(2) —y)" = ViV =

Stochastic gradient process

Xn+1 = Xn — Vn VXV(X,,, (Yln7 Zln)



Simulated annealing

Objectives

given V : S— R

12/33

find V*={xeS§ :

V(x) = inf V()}



Simulated annealing 2N

Objectives

given V : S—R  find V*={xeS : V(x)=infV(y)}
y
)
Probabilist viewpoint: < Sampling the Boltzmann-Gibbs distribution
1
ug(dx) == Z. e AV X\(dx)

B

for some reference measure \.
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Simulated annealing BN )

Objectives

X0 x* ’

given V : S—R  find V*={xeS : V(x)=infV(y)}
y

)

Probabilist viewpoint: < Sampling the Boltzmann-Gibbs distribution
1 —sv(o
pug(dx) = — e A(dx)
Zp

for some reference measure \. A couple of examples

S = {aoxd AN} = ) )\(Xi):%
S = Rk A(dx) [Ti<i<k d%" = Lebesgue measure on R*
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Optimization vs. Sampling

Finite state spaces S = {xy,...,xc} D x;

e PV \(x;) e—BV(x)

ps(xi) = Y ese VO Yo epe PV
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Optimization vs. Sampling

Finite state spaces S = {xy,...,xc} D x;
( ) e—BV(x) )\(X,') e—BV(xi)
M X,' = = -
B Yyes e PVOINy) il e VK
Proposition
1
pa(Xi) —proc  Hool(Xi) = Card(V7) Ly« (%)

Proof: Blackboard
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Metropolis-Hastings transition

Reversible proposition w.r.t. A (local moves/neighbors)

AX)P(x,y) = Ay)P(y, x)
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Metropolis-Hastings transition

Reversible proposition w.r.t. A (local moves/neighbors)

AX)P(x,y) = Ay)P(y, x)

Acceptance/rejection transition

Ms(x,y) = P(x,y) min <1, %) + ... 0x(dy)

P(x,y) e =BV | .0y (dy)

I
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Metropolis-Hastings transition

Reversible proposition w.r.t. A (local moves/neighbors)

AX)P(x,y) = Ay)P(y, x)

Acceptance/rejection transition

(1 rs()Ply,x)
P(x,y) min <1, ,uB(X)P(X,y)) + ... 0x(dy)

P(x,y) e PV=VED+ 1 Sx(dy)

I

Mgs(x, y)

Balance/Reversibility equation

ps(Y)Ms(y, x) = pp(x)Ms(x, y)
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Simulated Annealing

M2 M M2
Bo B1 B
Xo —  Xoy, —— Xpim —— Xogiman oo/
~ Hgo ~ KB ~ HB;
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https://www.youtube.com/watch?v=SC5CX8drAtU
https://www.youtube.com/watch?v=-cr6wbZOqOU&index=18&list=PLNybtka4dbPfOKRL7V-GXnrLBljp8TlIF
https://www.youtube.com/watch?v=kjwKgpQ-l1s
https://www.youtube.com/watch?v=YRKWk8c7Qx8

Simulated Annealing

M0 ML M2
Bo B1 Bo
XO E— Xng E— Xno+n1 — Xn0+n1+n2 /

~ KBy ~ K, ~ K,

You Tube illustrations

v

SA and Travelling Salesman problem

» Automatic Label placement

v

Ising model with SA
> Artist view of the SA & the Ising model
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https://www.youtube.com/watch?v=-cr6wbZOqOU&index=18&list=PLNybtka4dbPfOKRL7V-GXnrLBljp8TlIF
https://www.youtube.com/watch?v=kjwKgpQ-l1s
https://www.youtube.com/watch?v=YRKWk8c7Qx8

Interacting Simulated Annealing

e BV — o= (Bi=Bo)V o g=BoV
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Interacting Simulated Annealing

e PV — o= (B1=Bo)V o o=HoV
< Bayes’ type multiplication rule

—(B1—Bo) V()

wa, (dx) o e X pg,(dx)
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Interacting Simulated Annealing

e PV — o= (B1=Bo)V o o=HoV

< Bayes’ type multiplication rule

p‘ﬂl(dx) oc e = AIVE9 N‘ﬂo(dx)
I
Vi=1,...,N ~ Interacting Simulated Annealing
MR
oy 0

i i
XO X no

. I
NIL-\{O = N Z 6X,’;0 ~ Hgo
1<i<N
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Interacting Simulated Annealing

e PV — o= (B1=Bo)V o o=HoV

< Bayes’ type multiplication rule

Mﬂl(dx) X e_(ﬁl_BO)V(X) X Mﬂo(dx)
I
Vi=1,...,N ~ Interacting Simulated Annealing

o ME .
Xy — Xno
~ M, 1 ‘U
N
Hgy = N Z 6X,’;0 ~ Hgo
1<i<N

4

o~ (B1=Bo)V(X;)
T (5 i NN’B
(B1—Bo)V(XEy) 0o !

OB

1<i<N 2u1<j<N €
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Interacting Simulated Annealing

e PV — o= (B1=Bo)V o o=HoV

< Bayes’ type multiplication rule

Mﬂl(dx) X e_(ﬁl_BO)V(X) X Mﬁo(dx)
I
Vi=1,...,N ~ Interacting Simulated Annealing
S Mz : N samples from () S
Xo — Xy X,
~ Hgo 1 4 ~ K
= D Oxi, ~
1<i<N
4
o~ (B1=Bo)V(X;)
(*) Z Oxi ™~ [ip,

—(B1—Bo) V(X n
1SN Yacj<n e (B1—Bo)V(Xz,)
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Interacting Simulated Annealing
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e PV — o= (B1=Bo)V o o=HoV

< Bayes’ type multiplication rule

Mﬂl(dx) X e_(ﬁl_BO)V(X) X Mﬁo(dx)
I
Vi=1,...,N ~ Interacting Simulated Annealing
S Mz : N samples from () S Mgk
Xo — Xy X,
~ Hgo 1 4 ~ K
:uglo = N Z 5X,’;0 ~ Hgo
1<i<N
4
o~ (B1=Bo)V(X;)
(*) Z Oxi ™~ [ip,

—(B1—Bo) V(X n
1SN Yacj<n e (B1—Bo)V(Xz,)



Rare event sampling
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Rare event sampling

pa(dx) == ZLA 1a(x) A(dx)

Black box model

A X
~ A

Y = F(X)
€ critical set B

— ’ Black-Box = Input/Output ‘ —
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Rare event sampling

pa(dx) == ZLA 1a(x) A(dx)

Black box model

A X
~ A

Y = F(X)
€ critical set B

— ’ Black-Box = Input/Output ‘ —

I
pia =Law(X | Y € B) = Law(X | X € A)

17/33



Subset shakers

Reversible proposition w.r.t. A (local moves/neighbors)

A(X)P(x, dy) = Ay)P(y, dx)
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Subset shakers

Reversible proposition w.r.t. A (local moves/neighbors)
A(X)P(x, dy) = Ay)P(y, dx)
Example:

A=N(0,1) and Y =+ ex+V1—eN(0,1)~ P(x,dy)

18/33



Subset shakers

Reversible proposition w.r.t. A (local moves/neighbors)
AG)P(x, dy) = A(y)P(y, dx)
Example:
A=N(0,1) and Y = /e x+V1—e€ N(0,1)~ P(x,dy)
Acceptance/rejection transition = A-Shaker
Ma(x,dy) = P(x,dy) 1a(y) + (1 = P(x,A)) dx(dy)

I
pa(dy)Mal(y, dx) = pa(dx)Ma(x; dy)
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Interacting Subset Sampling A, |

1a, = 1ana, = 1a, X 1g,
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Interacting Subset Sampling A, |

1A1 - lAlﬂAo - 1A1 X 1A0
< Bayes’ type multiplication rule

H’Al(dx) X 1A1(X) X MAo(dX)
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Interacting Subset Sampling A, |

1A1 - lAlﬂAo - 1A1 X 1A0
< Bayes’ type multiplication rule

MAl(dX) X 1A1(X) X MAo(dX)

I

Vi=1,...,N ~ Interacting Simulated Annealing
o Me
Xs — X,
~ HA, 1 4
[y, = N > Oxi ™~ HAg
1<i<N

4

1A1 Xf’)o
= Y Kn) 5~ i

1<i<N 221<j<N 1A1(X'J70)
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Interacting Subset Sampling A, |

1A1 - lAlﬂAo - 1A1 X 1A0
< Bayes’ type multiplication rule

MAl(dX) X 1A1(X) X MAo(dX)

I
Vi=1,...,N ~ Interacting Simulated Annealing
~. M N samples from (x) .
X Xrlrg X
~ HA, ~ HA,
MAO Z 5X’ ~ HA
1<:<N
4

1A1 no
BBy 2

1<i<N £41<<N 1A1(X'J70)
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Interacting Subset Sampling A, |

1A1 - lAlﬂAo - 1A1 X 1A0
< Bayes’ type multiplication rule

MAl(dX) X 1A1(X) X MAo(dX)

I
Vi=1, N ~~ Interacting Simulated Annealing
~. M N samples from (x) - M
X s Xi -
~ HA, ~ A
MAO Z 5X' NMA()

1<:<N
4

1A1 no
* Y 2

1<i<N £41<<N 1A1(X'J70)

19/33



Interacting Subset Sampling A, |

20/33

Local approximations

P(X € Apt1 | X € Ap)

Unbias estimate

P(XeA, | XeA) =

12

R

——

Layi (%) pa,(dx)

L4, (x) py, (dx) Z Lapn (Xt i)
1<J<N

I

P(X €A, | X €A, 1) x P(X € Ay | X € Ag)
I[ P(XeA 1| XeA)

0<p<n

1 .
H N Z 1Ap+1(X;,70+...+np)

0<p<n  1<j<SN



Molecular dynamics

g = (9i)1<i<k = k atomic particles € R3

(mi)1<i<k = k masses € R

p = (Pi)lg,‘gk = k velocities € R3
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Molecular dynamics

g = (9i)1<i<k = k atomic particles € R3
m = (mj)i<i<x =k masses € Ry
p = (Pi)lg,‘gk = k velocities € R3

Hamiltonian energy functional x = (g, p)=phase vector
k

2
Pi
H(g.p) = % + V(g )
i=1 \_vl_/ N——

. interparticle potential
kinetic energy P P
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Molecular dynamics

g = (9i)1<i<k = k atomic particles € R3
m = (mj)i<i<x =k masses € Ry
p = (Pi)lg,‘gk = k velocities € R3

Hamiltonian energy functional x = (g, p)=phase vector
k

2
Pi
H(g.p) = % + V(g )
i=1 \_vl_/ N——

. interparticle potential
kinetic energy P P

Example: Lennard Jones potential

V(g a) = . V(g — ail)

1<i<j<k

with weak van de Waals bonds energies

()" )]
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Molecular dynamics

K 5 P
pi /
H(qap)zz % + V(Qly;Qk Q‘*

=1 N’
' — |nterpart|cle potential
kinetic energy

Dynamical gradient flow equations

dgi _ pi _OH
OV M
i A C) R e il



Molecular dynamics

K
P N
(qap)_ om: 7qk)
— i
= interparticle potential
kinetic energy

Dynamical gradient flow equations

+ V(g

dgi _  pi _ %( )
d m; B 3p,- 9P
i~ Vg =g p)
i G I

Conservation properties

d k
EH(q,p) :;

1

oH dq,' OH dp,' o
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Molecular dynamics ({ J<%\
k
Man=> 2L e ‘Q* (5 /
=1

. inter artlcle otential
kinetic energy P P
Dynamical gradient flow equations

dgi  _ ﬂ_%( )
dt  m;  Op; ap
i~ Vg =g p)
dt " 0g " T o P

Conservation properties

d

k
B oH dg; OH dp;
EH(q,p)—; [aqi(q,p) e G

=0

Time discretizations: Beeman, Leapfrog and Verlet schemes



Molecular dynamics

Boltzmann-Gibbs measures

1

temperature

1
H(x) = H(q, p) ~ pp(dx) = z e PHO) gy with 8=
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https://www.youtube.com/watch?v=lLFEqKl3sm4
http://www.youtube.com/watch?v=x4MTWwPPo74
https://www.youtube.com/watch?v=xcMSHy3CqXA

Molecular dynamics

Boltzmann-Gibbs measures

1

temperature

1
H(x) = H(q, p) ~ pp(dx) = z e ) dx  with B =

=Invariant measures of the Langevin stochastic gradient process

pi/mi
oH

dg; = —I(q, dt

q B 8p’_(q P)

dpi = —p ( )+g2aH( )| dt + o2 dW}
Pi - 8(‘[, q,p 8P, q,p t

oy iid Brownian
:Tqi(QH“Uz pi/mi
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Molecular dynamics

Boltzmann-Gibbs measures

1

temperature

1
H(x) = H(q, p) ~ pp(dx) = z e ) dx  with B =

=Invariant measures of the Langevin stochastic gradient process

pi/mi
oH

dg; = —I(q, dt

q B 5Pi(q P)

dpi = —p ( )+g2aH( )| dt + o2 dW}
Pi - 8([, q,p 8P, q,p t

oy iid Brownian
:Tqi(QH“Uz pi/mi

(1 trillion simulation steps (~ O(year)) for 1millisecond...)
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https://www.youtube.com/watch?v=lLFEqKl3sm4
http://www.youtube.com/watch?v=x4MTWwPPo74
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Molecular dynamics

Boltzmann-Gibbs measures
1

temperature

1
H(x) = H(q, p) ~ pp(dx) = z e ) dx  with B =

=Invariant measures of the Langevin stochastic gradient process

pi/mi
oH

dg; = —I(q, dt

q B 8p’_(q P)

dpi = —p ( )+g2aH( )| dt + o2 dW}

Pi - 8q, q,p ap’ q,p t

oy iid Brownian
:Tqi(Q)+02 pi/mi

(1 trillion simulation steps (~ O(year)) for 1millisecond...)
Introduction to MD (a.k.a. the SPC water model).
Supercritical water by MDSimulator (YouTube).

Oil and water separation
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Schrodinger ground states

24/33

Schrédinger equation
~ Quantum type Newton law (De Broglie 1924)

[’ Physics reasoning”|

Wave function of a massive particle with:
> Velocity/momentum p = kh
» Energy E. = p?/(2m) = hw = frequency w = E./h
is given by
h? 0%y

== o

31/}

P(t,x) = tho €~ wt)g,h



Schrodinger ground states
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Schrédinger equation
~ Quantum type Newton law (De Broglie 1924)

[’ Physics reasoning”|

Wave function of a massive particle with:
> Velocity/momentum p = kh
» Energy E. = p?/(2m) = hw = frequency w = E./h

is given by

,,,,,, 81/} n? 0%
i(kx—wt) _ __nvov
Y(t,x) =10 e : Ih =E ¢ = T

In a potential energy

L 0P n? 0%y
EfEc—i—V(x):>/7i8 = Cw+v¢;f_% 874_\/(/
—LY(¥)



Schrodinger ground states

The wave function is the result of two traveling waves in the x and t
directions.

KI<IQ]D][> ] [= ]t +]
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Schrodinger ground states

Schrédinger eq. ~ Quantum version of Newton law

oY R
—LV(%)

I u(r,x) =(—ith,x)

Feynman-Kac model/Heat equation

00y I P

- = v — —
or () : 2m Ox vu
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Feynman-Kac/Heat equation

ou vy, . h* u
oy L W=g 5V
=1%(u)

Solution s.t. u(0,x) = f(x) ~ Feynman-Kac model

u(r,x) = Q(f)(x)
= E (f(XT) e Jo VIS | X = x)
with the diffusion:
dX, = (h/v/m) dW,
~~

Brownian

PI‘OOf: Blackboard
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Spectral decomposition of LY

Reversibility

Jeearvnm o = [ et 5 55 ae— [ a0 Vi) 1) o

2 2
= /f(x) s a—f dxf/f(x) V(x) g(x) dx
= [ 100 LY(e)0x) ok = (7L )
[}

Spectral decomposition on Ly(R9) 3E; 1€ [0, oo[ and 3¢); orthonormal

eigenfunctions s.t.

QN =Y e (o, 1) ¢

i>0
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Spectral decomposition of LY

Zet[ (@i, f)

i>0
Consequences:
dQ:(f) —tE;
= - Ei i f) i
pm ; e (pi,f) ¢
= Z e "5 (i, f) LY (pi) = LY (0i) = —Ei @i
i>0

and for the "top” eigenvalue and its eigenvector ¢g (ground state)

Qt(f) ~ <f7 <)00>
Q:(1) ™ (1, ¢0)

1
—;Ioth(l) —ttoo B0 and
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Quantum /Diffusion Monte Carlo methods

B (fx

e Jo V(X )ds)

E( (Xt,) Tlo<e, <, e~ V(X ) (t—ti 1))
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Quantum /Diffusion Monte Carlo methods

E (f(X,) e I vixes)

~E (f(th) ]'_‘[0<tk<t,, e_V(th)(fk—tk,l))
N interacting walkers/replica evolving in two steps (toy model)

; V-reconfiguration Si X-exploration ;
(X h<iscn ———  (Xghi<isn —— (X, )i<izn
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Quantum /Diffusion Monte Carlo methods

E (f(X,) e I vixes)

~E (f(th) H0<tk<tn e_V(ka)(tk—tk71)>
N interacting walkers/replica evolving in two steps (toy model)

; V-reconfiguration Si X-exploration ;
(X h<iscn ———  (Xghi<isn —— (X, )i<izn

> Reconfigurations (selected of low energies)

.. o VX (b—ti)
(Xihzien iid Y-

1<j<N Z1ggN e

: Sxi
VX ) (te—ti)
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Quantum /Diffusion Monte Carlo methods

E (f(X,) e I vixes)

~E (f(th) H0<tk<tn e_V(ka)(tk—tk71)>
N interacting walkers/replica evolving in two steps (toy model)

; V-reconfiguration Si X-exploration ;
(X h<iscn ———  (Xghi<isn —— (X, )i<izn

v

Reconfigurations (selected of low energies)

. o VIXE)(E—te-1)
Xih<ien iid Y

1<j<N Z1ggN e

_ O i
—V(X{, ) (te—tk—1) X

v

Explorations
X, =X+ (/Vm) (W, — W)
———

iid Brownian
30/33



Some Monte Carlo estimates

E(£(X) eI V00%)

~ E(£(X,) Togeer, &V O0))
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Some Monte Carlo estimates

E (F(X,) e 17 v0%)
~ E (f(th) HOStk<tn e_V(th)(tk_tkfl))

= {%ZlﬁfSN f(Xtin)} Hogtk<t,, Z e )(ti—ti—1)

1<1<N
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E (F(X,) e 17 v0%)
~ E (f(th) HOStk<tn e_V(th)(tk_tkfl))

= {%ZlﬁfSN f(Xtin)} Hogtk<t,, Z e )(ti—ti—1)

1<1<N

N Ccien VX ) (t—ti—1)

= [% i<ien F(XE )} o D<o 1 Srcicn VX ) (B~ )
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Some Monte Carlo estimates

E (F(X,) e 17 v0%)
~ E (f(th) HOStk<tn e_V(th)(tk_tkfl))

= {%ZlﬁfSN f(Xtin)} Hogtk<t,, Z e )(ti—ti—1)

1<1<N

N Ccien VX ) (t—ti—1)

= [ Srcran (X)) & Tovcu  Tacian V0010
~> Log-Lyapunov exponent/top eigenvalue
1 -
(f:l):—flogE(e_fo V(Xs)ds) NEON— Z Z V(X; )(tk—tk—1)
t th t<tn 1</<N
and the eigenvector/ground state energy
N Oxi “t.ro0 Yo(x)dx/(1,400)

1<i<N
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Genetic type algorithms

Population of N individuals

> Mutation (~ some given Markov transition M,)

> Selection w.r.t. some fitness functions G,(x)
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Synthetic picture

. selection ~ Gp  ~. mutation ~ M .
lecti G i M.
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> Selection w.r.t. some fitness functions G,(x)

Synthetic picture

. selection ~ Gp  ~. mutation ~ M .
lecti G i M.
(Xoh<isn  ——  (Xoh<isvn ——  (Xi<izn

selection ~ G;  ~. mutation ~ M, .
—  (Xh<isn ——  (Xh<iew /.-
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Genetic type algorithms

Gy, =e"Y & M, = Simulated annealing move ~~ interacting SA (optimization)
More generally:

N T 0o computational power = )?,’, almost iid with Feynman-Kac law
S A oo B(FOG) [T Go0%0))
1<i<N 0<p<n
Somme illustrations - Artificial Intelligence
» Painting Mona Lisa
> Darwin - Genetic programming
> GA robot controller
> Learning how to walk
> GA vs Tetris

> Evolutionary computation (Danubia 2011)
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https://www.youtube.com/watch?v=TManzvC9pi8
https://www.youtube.com/watch?v=dO05XcXLxGs
https://www.youtube.com/watch?v=KHV7fWvnn_0
https://www.youtube.com/watch?v=xcIBoPuNIiw
https://www.youtube.com/watch?v=_nklY5lFZAY
https://www.youtube.com/watch?v=WJX_wAKhg8A
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