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MOTIVATIONS

m Many complex dynamical multi-agent systems make use of
continuous-time strong Markov processes with an hybrid state space:

» one state component evolves in R?,
» the other state component evolves in a discrete set,
» and each component may influence the evolution of the other component.
m Our motivation is to estimate the probability that the continuous
component hits a critical set.
m We use a splitting technique adapted to the context of switching diffusions:
the sampling per mode algorithm introduced by Krystul in [Krystul, 2006]
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SWITCHING JUMP DIFFUSION

m Strong Markov process Z = {(X;, 6;); t > 0} with value in R? x M with a
finite set M = {1,--- , M},
the continuous component is described as a d-dimensional SDE

dX( = b(Xt7 9[) at +o (X[, Ht) dBt7

and the discrete mode as a pure jump process

P(QH»At :j\@t =i, Xy = X) = )\,/(X)At+ O(At‘)7 i #J,

with jump intensities depending on the continuous component.

Z; starts at t = 0 in Dy x M with known initial probability ng

m Let A c RY be a closed critical region in which X; could enter but with a
very small probability.

If T4 denotes the hitting time of A, we would like to estimate P(T4 < T)
with T a deterministic or a stopping time.
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SPLITTING TECHNIQUE

m |dentify intermediate sets that are (sequentially) visited much more often
than the rare target set:

ILetA:DnC"~CD1CRd, DoﬂD1:®

m With B= A x M and Bx = Dx x M, we definefork =1,--- ' n
Tk =inf{t >0: 2 € B¢} =inf{t > 0: X; € D¢},
whichsatisfy0=To < T1 <.-- < Tp, = Tg.
m Then .
P(Ta<T)=P(Te < T)=[[P(Tk < T|Th—y < T),
k=1
where conditional probabilities are not very small.
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SOME ISSUES

m Splitting technique applies since a switching process is a strong Markov
process, but
m this approach fails to produce a reasonable estimate, since each
resampling step tends
» to sample more particles from mode with higher probability,
» to discard the particles in the "light” modes.
m Increasing the number of particles should improve the estimate but only at
the cost of increased simulation time,

m |dea: keep constant the number of particles in each visited mode at each
resampling step,
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m We can interpret the rare event probability in terms of the Feynman-Kac
measures defined by

W(F) = E[f(Z)Gk—1(Zk—1)] = E [F((X:,00), Timr <t < Te AT 7 <1y]
() = EIF(200k(Z0)] = B [((X0 00, Ter <t < T)lr, < 1y

m and the corresponding normalized measures defined by

() = W(f) —E[f((X0,01), Tkes <t < T AT)|Taq < T

=E[f((Xe,01), Tkea <t < Ti)|Ti < TJ.
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m In particular, for f =1

W) =P(Tk1 < T), (1) =P(Tx < T),

m and for f = gx or f = g/, it holds

m(gk) = PITk < Tt < T) mk(gl) =P[Ti < T, 07, = j| Ty < T1.
m We have the key formulas

= nk(f) H np(gp) and  A(f an 9p)-

m Then, we recover

P(T, < T) angp
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m In order to keep trace of the discrete mode, we construct for any j € M
W) =E [(20G\ 1(Zx1)| =E [(Z Tior U< TA T r, <105 =]

TN =E[(20g(20] =B [(Z T <t < T T, < .07 3]

m and the normalized measures

. (f .
m(f) = %(( ) =E[f(Z, Thet St < T AT)| Ty < T, 07, =],
(1)
_ 30
(1)
m We have the decompositions

Nk = Zwﬂﬁ{(, Nk1 = Zw;.(ﬁfgw

jeM jeM

e (f) = —E[(Z, Tt <t<T)|Tk < T,07, =]].

where . .
wi = Tk(gy) = P(Or, = j| T < T).
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DYNAMICAL EVOLUTION

m Using the Markov property of Z (with Markov kernel M), we obtain

W(F) = Yk_1(Gk_1 My ) and 4L = _1(gh_ M f).

m and the nonlinear measure-valued transformations

ooy melfa) oy @) i
k(f) = e(on) Vi(m)(F), () = el W (k) (F).

m so, the following two separate selection/mutation transitions

selection  ~ mutation ~
— Tk = Vk(k) —— k41 = kM1
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PARTICLE METHODS

m Particle methods are a kind of stochastic linearisation technique for
solving nonlinear equation in measure space.

= Using two sequences of N particles ¢ = (¢',--- ,¢N)and € = (¢, -+, &N),
we approximate the two step transitions

selection  ~ mutation ~
= Tk = V() —— M1 = M1,

by

N N N
1 lecti 1 tati 1
N._ ~ selection ~y 1 __ mutation _ 1 ’
= D0 T R = g DO T ke = 5 D0 -
i=1 i=1

i=1
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SAMPLING PER MODE ALGORITHM

m The main idea of Sampling per mode algorithm consists in maintaining a
fixed number of particles in each mode, at each resampling step.

= So, instead of starting the algorithm with N particles randomly distributed,
we draw in each mode j, a fixed number N/ particles and at each
resampling step, the same number of particles is sampled for each visited
mode.

m Obviously, the total number of particles can change at each time some
mode is not visited, or empty mode is visited afresh.

m Let N, and N denote the total numbers of particles & and &, and w}"
the weights associated with the modes, we have the evolution scheme

(Nies (WM Diea 12 €k) = (Nies (Di)jed &) — (Nice1, (W )eue €xi1)

where Ji denotes the set of non empty modes at step k
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= In each mode j, we sample N/ particles ¢§ = Eg = (0,(X5,))) ~ n{).

m Letw) = P(6y = j), then 5}y and 77} are given by
0 :Z/‘eMW{)W/o' ) 770 = ZjeMw/% ;
with
i\N i\N
=N L 0% = W Led 05

m Here Jj is the set of the indices of the particles in the mode j.
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m If N = 0the particle system dies, otherwise independently of each other,
each particle & evolves randomly according to the Markov transition
M1

m Neither the total number of particles nor the weight of each particle
Change (Nk+1 = Nk)

m S0y =2y WM with Y = Y ey Oz, Where Ji is the set
of the labels of the particles in mode j € J.
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SELECTION/RESAMPLING (Ni.1,w), &ks1) = (Newt, wls 1, Ear)

m Select only the particles ;' ; having reached the desired set By, 1;

m Let /t'., denote the set of (indices of) good particles; if /Y, ;, = 0 the
algorithm is stopped. Otherwise,

= for each non empty mode j, resample N/ particles according to
W4 (nr.4), and set

AN PN N i N TS
m ket = Ljeg Wil WM TGS = 55 3,5 dg and

N

SN =5 (g )_M

k1 = M1\ Gk 11 _77/’<V1(Qk+1)'
+

= The total number of particles is Ni.1 = >, M.
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= Now, we are addressing the asymptotic behaviour of our estimator as
N — .
m To obtain a law of large numbers, we followed the [Del Moral 2004]'s
approach based on a martingale decomposition,
m and for the central limit theorem, we used a CLT for triangular arrays
developed in [Le Gland & Oudjane, 2006]
m Before the statement of the two theorems, we need some notations:
> Nir = infje N/ ‘
» let N — oo in such a way that each p; := N//N are "preserved”
» this implies that Nipy — oc.
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For any n > 0 and any bounded function f, we have

E(%’?’(m{/\/n > 0}) = (f);

Nigy 2
S E (111, > 0y 10 (H) = m(F)P) < i

v
LLN FOR NORMALIZED MEASURES

For any n > 0 and any bounded function f, we have

sup
fillflloo <1

E [’r],,Y(f)'l{Nn >0}~ nn(f)H <N + a(n)e* hnt /(1)

‘2]1/2 2b2(n)

sup {E ‘1{Nn > 03 (1) = (1) = Ton(1) ENer

f]lfll o<1
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CONCLUSION

m The "sampling per mode” algorithm has "good” properties.
m However, to gain more time of simulation, we can:
» use importance sampling technique to make rare switches more frequent,

» or aggregate the modes in order to decrease the complexity (for large scale
distributed hybrid systems).

m Thus, we need to extend the previous results.

= A better comprehension of the expression of W1 could help the choice
of the N/ regarding the cost of the algorithm.

m This algorithm is implemented in a software developed by National
Aerospace Laboratory (NLR) and used to evaluate the safety
characteristics of an arbitrary (new) operational Air Traffic Management
concept [Blom, 2009].
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