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Basic notation p e P(E) proba. meas., f € B(E) bounded funct. on E.

> Q(x1, dx) integral operator x; € E; ~ x; € Ep

QUF)(xa) = /Q(Xladxz)f(xz) and u(f):/u(de) f(x2)
[(1Q](dx2) = /#(dX1)Q(X17dX2) (= [1QI(f) = p[Q(A] )

» Boltzmann-Gibbs transformation [G > 0 and p s.t. u(G) > 0]

p(dx) — We(p)(dx) = ﬁ G(x) p(dx)

(Bayes' rule/conditioning/restriction formula)



Importance sampling and optimal twisted measures

P(X € A) = Px(A) = 1071% ~s Find Py t.q. Py(A) =P(Y € A) ~ 1

~» Crude Monte Carlo sampling Y' i.i.d. Py

dP
Py (d]Pi 1A> = Px(A) ~ PN(A) :=



Importance sampling and optimal twisted measures

P(X € A) = Px(A) = 1071% ~s Find Py t.q. Py(A) =P(Y € A) ~ 1

~» Crude Monte Carlo sampling Y' i.i.d. Py

dPx  \ w1 dPx
Py (d]Py 1A> = Px(A) = Px(A) := N 2~ dPy
1<i<N

(V) 1a(Y")

Optimal twisted measure = Conditional distribution

Variance = 0 <= Py = Law (X | X € A) = V¥, (Px)

I

Perfect or MCMC samplers =acceptance-rejection techniques

BUT

(Very often) with very small acceptance rates




Conditional distributions and Feynman-Kac models
Example : Markov chain models X, restricted to subsets A,
X=(Xo,...,Xn) EA=(Ap X ... X A)
The conditional distributions
Law (X | X € A) =Law((Xo,..., Xn) | Xo € Ay, p<n)=Q,

and
Proba(X, € Ay, p<n)=2Z2,



Conditional distributions and Feynman-Kac models
Example : Markov chain models X, restricted to subsets A,
X=(Xo,...,Xn) EA=(Ap X ... X A)
The conditional distributions
Law (X | X € A) =Law((Xo,..., Xn) | Xo € Ay, p<n)=Q,

and
Proba(X, € Ay, p<n)=2Z2,

are given by the Feynman-Kac measures
dQy = - I G(X) ¢ dP,
0<p<n

with
IP)n:LaVV(XOa"'7)<I1) & GP:1AP7 p<n




Feynman-Kac models
Nonlinear evolution equation
Interacting particle samplers
Particle estimates



Feynman-Kac models (general G,(X,) & X, € E,)

Flow of n-marginals

nn(f) = 'Yn(f)/'yn(l) with ’Vn(f) =E (f(Xn) H GP(XP)>

0<p<n

U ('Yn(]') = Zn)

Nonlinear evolution equation :

M1 = V6, (Mn)Mnia
Zn+1 - nn(Gn) X Zn

with the Markov transitions

Mn+1(Xn, an+1) = IP)()(nJrl € dxpy1 I Xn = Xn)

Note : [X = (X5, X{) & Go(X) = G'(Xp)] = mn = @



Interacting particle samplers

Nonlinear evolution equation :

M+l = WGn(nn)Mn+l
Zpp1 = nn(Gn)XZn

~ (Sequential) Interacting Particle simulation technique
Gp-acceptance-rejection with recycling @& M,,-propositions

II (Genetic type branching/Interacting jump particle model )

i G,—selection -~ o~ M,,—mutation
&n = (Eoi<icn ——— & = (§icisn ———— &

n

Key observations :
> X, =(X§,...,X}), Gu(X,) = G'(X]) = Genealogical tree model

> Law(An ancestral line | acceptance/selection p=0,...,n)=Q,



Genealogical tree evolution (N, n) = (3, 3)

.

Some particle estimates
» Individuals &/ "almost” iid with law 7, ~ 7/ = %ZKKN(SEL
> Ancestral lines "almost” iid with law Qn 2 & 31 -y Srine(7)

> Unbiased Particle normalizing constants

Zpp1 = H Np(Gp) ntoo 2y = H UF',\I(G (or J] success proportions)
0<p<n 0<p<n
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Graphical illustration : 1, >~ N =L >,y 0
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How to use the full ancestral tree model ?

anl(xnfl)Mn(anl» an) ,gp Hn(anlaXn) I/,,(an)

= Backward Markov model :

Qn(d(x0s -+ Xn)) = nn(dxn) My, (Xn, dXn—1) ... My (X1, dxo)

o Np—1(dXn—1) Hn(Xn—1,Xn)




How to use the full ancestral tree model ?

anl(anl)Mn(anlv an) ,gp Hn(anlaXn) Vn(an)

= Backward Markov model :

Qn(d(x0s -+ Xn)) = nn(dxn) My, (Xn, dXn—1) ... My (X1, dxo)

o Np—1(dXn—1) Hn(Xn—1,Xn)

Particle approximation

ery(d(X07 s 7XI1)) = T}tl"lv(dxn) M"J]L\Ll (XIH dXﬂ—l) s lMIl,néV (X17 dXO)

Ex.: Additive functionals  fu(xo, ..., Xn) = 755 Y o<p<n fo(Xp)
1
QnN(fn) = n+1 Z 772’ Mn,77;\/71 . 'MP+1777Z,V(fP)
0<p<n

(random) matrix operations



7 rare event models/problems
Self avoiding walks
Level crossing probabilities
Particle absorption models
Quasi-invariant measures
Doob h-processes
Boltzmann-Gibbs measures
Restriction models



Self avoiding walks in Z¢

Feynman-Kac model with

Xo= (X0, Xn) & Go(Xa) = L.z, %01}

)

Conditional distributions
Qn =Law ((Xg, ..., Xa) | Xp # Xy, VO < p < g <n)

and
Z, = Proba (X, # Xy, VO < p < g <n)



Level crossing probabilities (1)

P(V,y(X,) >a) or P(X hits A, before B)

» Level crossing at a fixed given time

P(Vo(Xp) 22) = E(f(X,) ")

E I:n(xn) H GP(XP)

0<p<n
with
» The Markov chain on transition space

X, = (Xm Xn+1) and Gn(xn) = exp [Vn+1(Xn+l) - Vn(Xn)]

» The test functions

fn(xn) = ]-V,,(X,,)Za e—Vn(X,,)



Level crossing probabilities (2)

» Excursion level crossing A, |, with B non critical recurrent subset.

P(X hits A, before B) = E | [[ 1a,(X7,)
0<p<n

Tp:=inf{p>T,1 : X, € (A,UB)}

Feynman-Kac model
E( I 10 | =E| [ 6%
0<p<n 0<p<n

with
X, = (Xt)te[Tn,TnH] & Gn(Xn) = 1An+1(XTn+1)



AbSOI’ptIOﬂ mOdels (Ground state energies, extinction probabilities, trapping models)

» Sub-Markov semigroups
Qn(x,dy) = Go_1(x) My(x,dy) ~ ES = E,U{c}

» Absorbed Markov chain

absorption ~(1—G,)  ~ c exploration ~M,

X, € E; " Xoi1

¢
Qn = Law((X§, ..., XS) | TPt > )

and ‘
Zn — Proba (Tabsorptlon Z n)



Homogeneous models (G,, M,) = (G, M)

> Reversibility condition : u(dx)M(x, dy) = pu(dy)M(y, dx)
Proba (T"bs"’pt’b” > n) ~ \"
with \ = top eigenvalue of
Q(x, dy) = G(x) M(x, dy)
> Frobenius theorem ~» 3! hs.t. Q(h) = Ah
» Quasi-invariant/Yaglom measure/F-K sg fixed point :

1
1(h)

P(XE € dx | TP > p) — 1 h(x) p(dx)

» Doob h-process X" :

MP(x, dy) = Sh(x)Q(x, dy)h(y) = S Whly) _ Mx. dy)hly)

A Qh(x)  M(h)(x)



Homogeneous models (G,, M,) = (G, M)

Qn(d(x0,- -, X)) X P((XF,..., X" € d(x0, ..., %)) h(xn)

> Invariant measure i = uh/\/lh & normalized additive functionals

Fo(xo,-.,xn) =

) == Qn(Fn) = pua(f)
0<p<n

» If G = G’ depends on some § € R ~~ f := %IogGo

0 1 9

NB : Similar expression when M? depends on some 6 € R.



BOltZ mann- G | b bS measures (Stochastic optimization, free energies, bayesian inference)

1
Na(dx) == = e V0 X\(dx) with S, 1

n

» For any MCMC transition M, with target n,
Nn = NnMh
» Updating of the temperature parameter
M1 = V6, () with G, = e (=¥

Proof : efﬁnJer — ef(ﬁwrl*ﬁn)v X efﬁnv

Consequence :

Tn+1 = Mn+1 Mn+1 - \IIG,7 (nn)Mn+1
and (50 = 0)
Me™Y) =2, = [T m(Gp)

0<p<n



RestrICtlon mOdels (Uncertainty propagations, tail probabilities, black box input/output)

nn(dx) = Zi 1a,(x) A(dx) with A, ]

n

» For any MCMC transition M, with target 7,
TIh = nnMn
> Updating of the subset

1 = Ve, (1n) with G, =14

n+1

Proof :  1a,,, = 1a,,, X 14,

Consequence :

N1 = N1 Mpi1 = Ve, (1n) Mpi1

A(An) H (G

0<p<n

and (A(Ao) = 1)



Exponential concentration analysis
A brief review on genetic style algorithms
Current population models
Particle free energy
Genealogical tree models
Backward particle models



Equivalent Algorithms

Sequential Monte Carlo Sampling Resampling
(Particle) Filters Prediction Updating
Genetic Algorithms Mutation Selection
Dynamic Population Exploration Branching
Diffusion Monte Carlo Free evolutions Absorption

Quantum Monte Carlo

Walkers motions

Reconfiguration

Sampling Algorithms

Transition proposals

Accept-reject-recycle




Equivalent Algorithms

Sequential Monte Carlo Sampling Resampling
(Particle) Filters Prediction Updating
Genetic Algorithms Mutation Selection
Dynamic Population Exploration Branching
Diffusion Monte Carlo Free evolutions Absorption

Quantum Monte Carlo

Walkers motions

Reconfiguration

Sampling Algorithms

Transition proposals

Accept-reject-recycle

More " natural” botanical names:
bootstrapping, spawning, cloning, pruning, replenish, multi-level
splitting,subset branching, enrichment, go with the winner, ...




Equivalent Algorithms

Sequential Monte Carlo Sampling Resampling
(Particle) Filters Prediction Updating
Genetic Algorithms Mutation Selection
Dynamic Population Exploration Branching
Diffusion Monte Carlo Free evolutions Absorption
Quantum Monte Carlo Walkers motions Reconfiguration
Sampling Algorithms Transition proposals | Accept-reject-recycle

More " natural” botanical names:
bootstrapping, spawning, cloning, pruning, replenish, multi-level
splitting,subset branching, enrichment, go with the winner, ...

1950 < Heuristic style algo. < 1996 < Particle Feynman-Kac models

Convergence analysis O CLT, LDP, L,-estimates, Empirical pro-
cesses convergence, Moderate deviations, Berry-Essen, Propagations
of chaos, Exact weak expansions, ....

Concentration analysis = Exponential deviation proba. estimates




Current population models
Constants (c1, ¢2) related to (bias,variance), ¢ universal constant L time.
Test funct. ||| <1,V (x>0,n>0,N>1).

> The probability of the event

i =] (1)< T (L Vi) + 0 Vi

is greater than 1 — e™*.

> x = (x)1<i<d ~ (—00,x] = H?Il(—oo,x,-] cells in E, = RY.

Fn(X) =1 (1(—oo,x]) and F,?I(X) = 77,/7\/ (1(—oo,x])

The probability of the following event

VN |FY - Rl <c Va3 D)

is greater than 1 — e™*.



Particle free energy models

Constants (c1, ¢z) related to (bias,variance), ¢ universal constant L time
V(x>0,n>0,N2>1)

> Unbias prop. (~ Island models [cf. DM, Dubarry, Moulines CS2])
E n’n\'(fn) H 77,,7\1(6;7) =E [ £(X5) H Gp(Xp)
0<p<n 0<p<n

> For any € € {41, —1}, the probability of the event

€ ZN

% (1+x+\/;)+%\/;
is greater than 1 — e™*.
note(0<e<1l=(l—e°)V(e—1)<2)
SN N
eﬁfé —1’§2€
z z




N

Genealogical tree models := 7,’ (in path space)

Constants (cy, ¢z) related to (bias,variance), ¢ universal constant L time
fa test function ||fa|| <1,V (x>0,n>0,N >1).

» The probability of the event

(n+1)
N

. (I+x+Vx)+a Vx

is greater than 1 — e™*.



Backward particle models

Constants (cy, ¢p) related to (bias,variance), ¢ universal constant L time.
fo normalized additive functional with ||f,|| <1,V (x> 0,n>0,N > 1)

» The probability of the event

1

(@) — Qo] (f2) < @ 5 L+ V) + e m

is greater than 1 — e™*.

> f. ., normalized additive functional w.r.t. f, =1(_ j, a € RY = E,

The probability of the following event

d
sup |@nN(fa,n) - Qn(fa,n)‘ <c N(X +1)
acRd

is greater than 1 — e™*.
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