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Nonlinear transport models



Basic notation

> Lebesgue integral Measures u, functions f on E
u(h) = [ (a0 1)
> Integral operators Q(x1,dx2), x1 € E; ~ x2 € E
Q) = [ Qb de)fle)

//«L(dX1)Q(X17dX2) (= [nQI(F) = nlQ(F)])

(1Q](dx2)
» Composition
(@1 @2)(x1, dx3) :/ Q1(x1, dx2) Qa(x2, dx3)

» Semigroups

Qp,n = Qp+1 Qp+1 o Qn



Boltzmann-Gibbs transformation
Boltzmann-Gibbs transformation :
» G positive and bounded potential function on E

> 1 positive bounded measure on E

Ve : p(dx) — WG(M)(dx):% G(x) p(dx)
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Boltzmann-Gibbs transformation
Boltzmann-Gibbs transformation :
» G positive and bounded potential function on E

> 1 positive bounded measure on E

Ve @ opldx) — We(p)(dx) = G(x) p(dx)

L

1(G)

Important observation : 3 a (nonlinear) Markov transport eq.
Vo) =S, (& [ ulo) Sulx ) = au(a))

for some (non unique) collection Markov transition S,, from E into itself.

4

Later 1~y := & 37, ;. 0xi ~ Mean field selection transition

X' s X1 with law  S,u(X’, dx)



Example 1 : Ves.t. eG <1
Su(x, dy) = €G(x) dx(dy) + (1 — €G(x)) Wea(u)(dy)
Some choices :

€ = p—esssupG €' =G|
e = 0, or e=1 when G<1
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a
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Example 1 : Ves.t. eG <1

Su(x, dy) = €G(x) dx(dy) + (1 — €G(x)) Wea(u)(dy)
Some choices :
el = p—esssupG e t=|G|
e = 0, or e=1 when G<1

Example 2 : Ya>0st. G > a

a

Sﬂ(Xad)/) = i 6><(dy)+ (1 - m

s ) Wersu)(a)

Example 3 : VG

Su(x; dy) = alx) dx(dy) + (1 — a(x)) V(c-c(x). (1)(dy)

with the acceptance rate

a(x) = (G A G(x))/u(G)



Absorption models
Hard obstacles
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A brief review on genetic type models
MCMC absorption models



Absorption models

Example 1 : Markov chain models X,, € E,, restricted to subsets A,
X=(Xo,-.., Xn) EA=(Ap X ... X A)

I
Non absorption conditional distributions
Law (X | X € A) =Law((Xo,..., Xn) | Xo € Ay, p<n)=Q,

and
Proba(X, € Ay, p<n)=2Z2,



Absorption models

Example 1 : Markov chain models X,, € E,, restricted to subsets A,
X=(Xo,-.., Xn) EA=(Ap X ... X A)

I
Non absorption conditional distributions
Law (X | X € A) =Law((Xo,..., Xn) | Xo € Ay, p<n)=Q,

and
Proba(X, € Ay, p<n)=2Z2,

given by the Feynman-Kac measures
dQn = 5 I Go(Xo) ¢ dPa
0<p<n

with
P, = Law(Xp, ..., X,) and G, =14, p<n
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Particle absorption models
N-Particle system (¢/)1<;<y with selection-mutation transitions

> Niid (£§)1<i<n copies of Xo, and set P} = & ZlgigNle(g(i))'

» Selection (accept-reject+recycling) : (£§)i<i<n ~ (53)19@

&) ~ g) ~ 1A0(§(i)) 65{) + (1 - 1A0(§0 wle Z 650

1<I<N

> Mutation (prop.-exploration): g% ~ €~ Ml(ég, .), and set

1<i<N

> Then iterate : selection 14,, mutation M, selection 14,,...

. N unlii\ised ~
Theo.: H Pp ~ n and § 5ancestra| lines, (i) — @"
0<p<n



Absorption models G, <1
Example 2 : Absorbed Markov chain with rate (1 — G,) on E,

absorption ~(1—G,)  ~ exploration ~M,

X< € Ef X5 Xot1

n

4

Non absorption conditional distributions
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Absorption models G, <1
Example 2 : Absorbed Markov chain with rate (1 — G,) on E,

absorption ~(1—G,)  ~ exploration ~M,

Xy € E; Xy Xis1
4

Non absorption conditional distributions

Law((Xg,...,X5) | T#P°" > n) = Q,

and '
Proba( Tabsorpt/on > n) _ Zn

given by the Feynman-Kac measures
dQy = = I G(X) ¢ dP,
0<p<n

with
P, = Law(Xo, ..., Xy)




Absorption models G, <1

Feynman-Kac measures

dQ, ::Zi { 11 G,,(x,,)} dP,

0<p<n




Absorption models G, <1

Feynman-Kac measures

dQ, :—Z— {

I

0<p<n

G}P

n-th time marginals:

Ma(f) = vn(F)/7a(1)  with 7,(f) =E (f(Xn) H Gp(Xp)

0<p<n

and

e

0<p<n

) (Tabsorptlon > n)

77n(f) =F (f(XnC) I Tabsorption > n)
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Particle absorption models
N-Particle system (¢/)1<;<y with selection-mutation transitions

> Niid (¢))1<i<n copies of Xo, and set Py = & 371 ;< Go(&)).
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Particle absorption models
N-Particle system (¢/)1<;<y with selection-mutation transitions

> Niid (¢))1<i<n copies of Xo, and set Py = & 371 ;< Go(&)).

» Selection (accept-reject+recycling) : (£5)1<i<n ~ (g“g))lg,-g,v

gh~ &) ~ Gol€h) dg + (1 - Go(£0)) Ve, Z O}

1<1<N

» Mutation (prop.-exploration): g% ~ €~ Ml(ég, .), and set

= > G

1<i<N

» Then iterate : selection G, mutation Mg, selection Gp,. ..

. N unl::'issed ~
Theo- . H Pp — n and E 5amcestral Imes,, — @n
0<p<n
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Continuous time models X/, t € R

tht1
> X, = X[/t",tnﬂ] and G,(X,) = exp {/t Vt(Xt/)df}

¢

ty
dQ, = = exp ( / vt(Xt’)dt> P,
ZI‘I 0
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tht1
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dQ, = ( > Ve (X)) (tps1 — t,,)) P,

0<p<n



Continuous time models X/, t € R

tht1
> X, = X[/t",tnﬂ] and G,(X,) = exp {/t Vt(Xt/)df}
I3

ty
dQ, = = exp ( / vt(Xé)dt) P,
ZI‘I 0

> X, =X{ and G,(X,) = exp{Vt )t — th )}

4

dQ, = ( > Ve (X)) (tps1 — t,,)) P,

0<p<n

> Euler/Milstein/... discrete time approximations



Equivalent heuristic like particle algorithms

€ [1950 — 1996]

Sequential Monte Carlo Sampling Resampling
Particle Filters Prediction Updating
Genetic Algorithms Mutation Selection
Evolutionary Population Exploration Branching-selection
Diffusion Monte Carlo Free evolutions Absorption

Quantum Monte Carlo

Walkers motions

Reconfiguration

Sampling Algorithms

Transition proposals

Accept-reject-recycle




Equivalent heuristic like particle algorithms
€ [1950 — 1996]

Sequential Monte Carlo Sampling Resampling
Particle Filters Prediction Updating
Genetic Algorithms Mutation Selection
Evolutionary Population Exploration Branching-selection
Diffusion Monte Carlo Free evolutions Absorption
Quantum Monte Carlo Walkers motions Reconfiguration

Sampling Algorithms Transition proposals | Accept-reject-recycle

Many other lively buzzwords :
bootstrapping, spawning, cloning, pruning, replenish, splitting,
enrichment, go with the winner, look-ahead, weighted dynamics, ...
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Remarks
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» Geo. accept. rates e ~~ Continuous time interact. jumps

() = ne(Le () = me( LX) = (V) — (V)]

with Ly, = L + /L\t,m the jump generator:

Len () = V(x) / (F(y) — F(x)) ne(dly)

» Link with branching processes :
Law(Branching process with Poisson branching numbers | Size = N)

Law(N-interacting particle model)



Remarks

» Geo. accept. rates e~V 2t ~» Continuous time interact. jumps

) = me(Le () = nelL5) = e (V) — me( (V)]

with L;,, = LY + /L\t,m the jump generator:

Len () = V(x) / (F(y) — F(x)) ne(dly)

» Link with branching processes :
Law(Branching process with Poisson branching numbers | Size = N)

Law(N-interacting particle model)
> Fleming-Viot and Dawson-Watanable :
» Different scaling : higher jump rate N ~ N2
Ex.: finite state space
genetic selection — diffusions (at the level of the proportions)

» Neutral and/or symmetric adaptation V(x,y) = V(y, x)



Some open questions
Finite population model:
» Invariant measure, limiting occupation measures.
> Long time behavior : relaxation times, spectral analysis, ...

» k-Times de common ancestors, population size at each level.

v

Occupation measures of the complete ancestral tree.

v

Effects of multiple energy well envrionement.



Some open questions
Finite population model:
» Invariant measure, limiting occupation measures.

> Long time behavior : relaxation times, spectral analysis, ...

v

k-Times de common ancestors, population size at each level.

v

Occupation measures of the complete ancestral tree.

v

Effects of multiple energy well envrionement.

Some answers [1996 — .. .|:
> Occupation meas. complete ancestral tree —p1oc McKean process.
» Occupation meas. genealogical tree —pnp00 Feynman-Kac model

> Long time behavior (under mixing and regularity conditions)
= iMoo My oo = limMy o0 lime o
> Propagations of chaos expansions, CLT, LDP, L,-estimates,

Empirical processes, Moderate deviations, stability and contraction
inequalities, exponential concentration analysis
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Some questions
n-th time marginals:
nn(f) —F (f(ch) | Tabsorption > n) and 'Yn(]-) o) (Tabsorption > I'I)

» Non homogeneous models: Find conditions s.t.
no # 776 Nn ntoo n,, exponentially fast

A solution : <= M, sufficiently mixing @& G,, upper-lower bounded

» Time homogenous models: Existence of limiting measures

1 . 1
; |0gP (Tabsorptlon > n) =\+ o) <n>

& Mn ntoo Moo €xponentially fast

» Monte Carlo approximation of these objects :

A solution : Mean field genetic type particle models and inversely



An MCMC absorption model

Target measures:

{th(x} (dx) with 0<h, <1

A couple of examples:

> h, =14, with A, | = dn, =

o 1a, dA

> hy = e~ =PV with B, 1 = iy = =gy € Y dA
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An MCMC absorption model

Target measures:

{th(x} (dx) with 0<h, <1

A couple of examples:

> h, =14, with A, | = dn, =

1
o 1a, dA

> h, = e BBV with 8,4 = dn, = e (Bn=Bo)V g\

1
Ne— BP0V
Absorption model ~~ exact sampling & Mean field simulation:

> Ref. Markov X, with transitions M, s.t. n, = n,M, (& MCMC)

» Non absorption rate G, = h,11

I

N = LaW(X,f I Tabsorption > n) and Z, = P(Tabsorption > n)
= Law(MCMC at time n | h-rejection time > n)



Absorption models : A couple of bad tempting ideas

1. Acceptance-Rejection simulation : X/ iid copies of X¢

1

Z,’,V ::N Z 1Ti2n =Ntoo Z,.,
1<i<N

1 i

zZN Z f(X[O,n]) 1T’2n =Ntoo Qn

no<i<n

~~ Exact sampling but with extremely poor estimates:

N Var (P)/P,) = (1 - P,) P,* (for Mean field IPS < c¢ x n)



Absorption models : A couple of bad tempting ideas

1. Acceptance-Rejection simulation : X! iid copies of X¢

1
Z,,,V ::N Z 1Ti2n =Ntoo Zn
1<i<N

1 i
zZN Z f(X[O,n]) 1T’2n =Ntoo Qn
n1<i<N

~~ Exact sampling but with extremely poor estimates:

N Var (P)/P,) = (1 - P,) P,* (for Mean field IPS < c¢ x n)

Go=1a, - . .
2. Weighted models =" Acceptance-Rejection simulation :

1 )
N =% > I 6(X) ~ntee Za

1<i<N 0<p<n

ZN > o) I G(X) =me @

1<i<N 0<p<n



Extended path integration models
Branching processes
Non commutative models
Lyapunov weighted dynamics model
Path integration and sensitivity measures
Interacting Island models



Branching processes when G, > 1

branchingw .r.t.
E(gn(x)) = Ga(x)  ~

exploration
Mni1

Xo= ) 0y —— K= ) G X

1<i<N, ]-S’SN

First moments:

Ko = D, > Oxit, = B (Xnia(F) | &) =

1<i<N, 1< <gi(X])

Xn(GnMn+l(f))



Branching processes when G, > 1

branchingw .r.t. exploration
E(gn(x)) = Ga(x)  ~ Mnt1
Xo= Y b —— Xy= S

1<i<N, ]_S,'SNH

First moments:

n+1 Z Z 5X,';’+jl = E(Xn+1(f) ‘ Xn) = Xn(GnMn+l(f))

1<i<N, 1< <gi(X])

4

Path space first moments given by the Feynman-Kac measures

d@nzzzi I G(X) ¢ dP,

0<p<n

3

with
P, = Law(Xp,..., X,) and Z,=E(N,)
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Some questions

n-th time marginals:
1n(f) = B (X5(F)) /E(Xn(1)) and  7,(1) = E(Xa(1))
» Non homogeneous models: Find conditions s.t.

o # 776 Mn ~ntoo 17;, exponentially fast

» Time homogenous models: Existence of limiting measures
1 1
—logE(X,(1))=A+0O|( =
n n

and
Mn ntoo Moo €xponentially fast

» Monte Carlo approximation of these objects



Adding mass (notation : Qn+1(f) = G, M,y11(f))

First moment evolution equation

E(Xor1(F)) = Yop1(F) = v(GoMusa1 (F))+1n(f)  with  p, positive
Na(f) ¥n(F)/72(1) Normalized measures



Adding mass (notation : Qn+1(f) = G, M,y11(f))

First moment evolution equation
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Na(f) ¥n(F)/72(1) Normalized measures

Three typical scenarios when

(Gn, M, Qny pin;v0) = (G, M, Q, i, 1) and g :=inf G <supG := gy



Adding mass (notation : Qn+1(f) = G, M,y11(f))

First moment evolution equation

E(Xp11(F)) = Ynt1(F) = Yo GaMpi1(F))+pn(f)  with 1, positive
Na(f) ¥n(F)/72(1) Normalized measures

Three typical scenarios when

(Gn, M, Qny pin;v0) = (G, M, Q, i, 1) and g :=inf G <supG := gy

1. G=1& 1 := 1M (independent of 1)

Ya(1) =0(1) + (1) n and |9y — 1 lev = O (1/n)



2. g1 <1& oo = Yoo/Voo(1) with voo given by

Yoo i= Z,uQ" <= Poisson equation 7o, (Id — Q) = p
n>0

and
[¥n(F) = Yoo () V [1n(F) — ns ()] < c &1 [If]|



2. g1 <1& oo = Yoo/Voo(1) with voo given by

Yoo i= ZMQ" <= Poisson equation 7o, (Id — Q) = p
n>0

and
[¥n(F) = Yoo () V [1n(F) — ns ()] < c &1 [If]|

Continuous time models G = e V2t & M = Id + L At

Ve = /Ot E. (f(Xs) exp (— /OS V(X,)dr>> ds

t — 0o ~» Poisson equation s LY = p with LY = L+ V



3. 8- > 1 & neo(f) := 100 Q(f) /N Q(1) (independent of 1)

oo = Fixed point of FK-sgD[quasi-inv. meas., ground states, etc.]

1
lim —logy,(1) =logne(G) and ||n, — Neolltv < € e "
n

n— o0


http://hal.archives-ouvertes.fr/docs/00/46/41/30/PDF/RR-7233.pdf
http://hal.archives-ouvertes.fr/docs/00/46/41/30/PDF/RR-7233.pdf
http://www.crcpress.com/product/isbn/9781466504059

3. 8- > 1 & neo(f) := 100 Q(f) /N Q(1) (independent of 1)

oo = Fixed point of FK-sgD[quasi-inv. meas., ground states, etc.]

1
lim —logy,(1) =logne(G) and ||n, — Neolltv < € e "
n—oo N

Hyper-references (including Mean field simulation schemes) :

P> particle approximations of a class of branching distribution flows arising in
multi-target tracking (with Caron, Doucet, Pace) SIAM (2011).

P Mean field simulation for Monte Carlo integration. Chapman & Hall CRC Press (2013)


http://hal.archives-ouvertes.fr/docs/00/46/41/30/PDF/RR-7233.pdf
http://hal.archives-ouvertes.fr/docs/00/46/41/30/PDF/RR-7233.pdf
http://www.crcpress.com/product/isbn/9781466504059
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0<p<n



Non commutative models
> Gu(xn) € R4 st Vu e S971 = {Ju|| = 1} we have ||G,(x) u|| >0

> f(x0,...,X,) € R? and HOSpSn Ap = AgA1 ... A,

0<p<n

E(fn(Xo,...,Xn) 11 Gp(Xp)>

0<p<n

Co(fn).uo = E(f Xo, ..., X H Gy )

with
Xn = (X, Up) € (En x ST and  Gn(Xa) = ||Ga(Xn). Uy

and the walk on the sphere model

Gn(Xy). Up

Upi1 = T
T 1Ga(Xn) - Un|



v of Pu(©)(x) = Ex((Yn)) with Y1 = Fo(Y,, W,)

First variational equation

Jac(Yoy1) = Gu(Yn, W,) Jac(Y,) with G =0,F;

with X, = (Yo, W,)



v of Pu(©)(x) = Ex((Yn)) with Y1 = Fo(Y,, W,)

First variational equation

Jac(Yoy1) = Gu(Yn, W,) Jac(Y,) with G =0,F;
= ]I G(X) with X, = (Y,, W,)
0<p<n

= VPy(p)(x).ug = IEX( o (Xn) H Gp(Xp) .uo>

—v(p)(va) OSPET



of Po(¢)(x) = Ex(p(Yy)) with Yo = Fo(Ya, W)

First variational equation

Jac(Yos1) = Gu(Ya, W) Jac(Y,) with Gj¥ = 0uF;
= ]I G(X) with X, = (Y,, W,)
0<p<n
= VP"(SD)(X)'UO = Ex fn(Xn) H GP(XP) . Up
—(p)(Yn) 05PN



of Po(¢)(x) = Ex(p(Yy)) with Yo = Fo(Ya, W)

First variational equation

Jac(Yos1) = Gu(Ya, W) Jac(Y,) with Gj¥ = 0uF;
= ]I G(X) with X, = (Y,, W,)
0<p<n
= VP"(SD)(X)'UO = Ex fn(Xn) H GP(XP) . Up
—(p)(Yn) 05PN

= E| fuX) x ]] Gp(Xp)
——
=V(©)(Ya) - Un = =11Gp(Xp) - Uyl
< FK model w.r.t. Y, weighted with the directional Lyap. exp.

) o= T Haetr) -l
H Gp(Xp) = [Jac(Yn) .woll = H | Jac (Yp—1) . uo|

0<p<n 0<p<n



Related Feynman-Kac model

Xp = (Xn, Xo1) and  Gu(Xa) = [[Jac (Xni1)||”/]1dac (Xa)[I”


http://arxiv.org/pdf/1302.6254.pdf
http://arxiv.org/pdf/cond-mat/0311273.pdf
http://arxiv.org/pdf/cond-mat/0311273.pdf
http://arxiv.org/pdf/cond-mat/0503545.pdf
http://arxiv.org/pdf/cond-mat/0503545.pdf
http://arxiv.org/pdf/cond-mat/0611672.pdf
http://arxiv.org/pdf/cond-mat/0611672.pdf
http://arxiv.org/pdf/math/0602525.pdf

Related Feynman-Kac model

Xp = (Xn, Xo1) and  Gu(Xa) = [[Jac (Xni1)||”/]1dac (Xa)[I”

4

Feynman-Kac model = The Lyapunov weighted dynamics model

1
dQ, = Z [[Jac (X,)||" dP,
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Related Feynman-Kac model

Xp = (Xn, Xo1) and  Gu(Xa) = [[Jac (Xni1)||”/]1dac (Xa)[I”

4

Feynman-Kac model = The Lyapunov weighted dynamics model

1
dQ, = Z [[Jac (X,)||" dP,

> a <0<« dQ, favors low Lyapunov trajectories

» o >0 <« dQ, favors high Lyapunov trajectories


http://arxiv.org/pdf/1302.6254.pdf
http://arxiv.org/pdf/cond-mat/0311273.pdf
http://arxiv.org/pdf/cond-mat/0311273.pdf
http://arxiv.org/pdf/cond-mat/0503545.pdf
http://arxiv.org/pdf/cond-mat/0503545.pdf
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Related Feynman-Kac model

Xp = (Xn, Xo1) and  Gu(Xa) = [[Jac (Xni1)||”/]1dac (Xa)[I”

4

Feynman-Kac model = The Lyapunov weighted dynamics model

>

>

1
dQ, = - [Jac(X,)|" dP,

n

a < 0 < dQ, favors low Lyapunov trajectories

a > 0 < dQ, favors high Lyapunov trajectories

Hyper-references :

| 4
| 4

T Laffargue, K.D. Nguyen Thu Lam, J. Kurchan, J. Tailleur LDP of Lyapunov exp. (2013)

S. Tanese Nicola, J. Kurchan. Metastable states, transitions, basins and borders at
finite temperature J. Stat. Phys. (2004).

J. Tailleur, S. Tanese Nicola, J. Kurchan. Kramers equations an supersymmetry J. Stat.
Phys. (2006).

J. Tailleur, J. Kurchan. Probing rare physical trajectories with Lyapunov weighted
dynamics, Nature Physics (2007)

C Genealogical particle analysis of aare events (joint work with J. Garnier)AAP (2005).


http://arxiv.org/pdf/1302.6254.pdf
http://arxiv.org/pdf/cond-mat/0311273.pdf
http://arxiv.org/pdf/cond-mat/0311273.pdf
http://arxiv.org/pdf/cond-mat/0503545.pdf
http://arxiv.org/pdf/cond-mat/0503545.pdf
http://arxiv.org/pdf/cond-mat/0611672.pdf
http://arxiv.org/pdf/cond-mat/0611672.pdf
http://arxiv.org/pdf/math/0602525.pdf

Sensitivity measures

hypothesis : § € RY — Gy ,_1(x)My.n(x, dy) = Hg.n(x,y) An(dy)

rg’n(fn) = E (fn(Xé97C)7 o 7Xr59,c)) ‘ T(@,absorption) > n)



Sensitivity measures
hypothesis : § € RY — Gy ,_1(x)My.n(x, dy) = Hg.n(x,y) An(dy)
rg’n(fn) = E (fn(Xé97C)7 o 7Xr59,c)) ‘ T(@,absorption) > n)
= >\n (fn exp (LG,n) ) with )\n = ®OSP§’7)‘p

and the additive functional

Lo.n(X0: - -, %n) := Y _ log (Ho p(Xp—1, %p))
p=1



Sensitivity measures
hypothesis : § € RY — Gy ,_1(x)My.n(x, dy) = Hg.n(x,y) An(dy)
rg’n(fn) = E (fn(Xé97C)7 o 7Xr59,c)) ‘ T(@,absorption) > n)
= >\n (fn exp (LG,n) ) with )\n = ®OSP§’7)‘p

and the additive functional

Lo.n(X0: - -, %n) := Y _ log (Ho p(Xp—1, %p))
p=1

4

‘ Derivation = Integration of additive functionals‘

Vr@,n(fn) - r9,n(anH49,n)
V2T o.n(fa) Co.n [fa(VLo,n) VLg,n + faVZLon] s ...



Some examples

Potential perturbation:
log G, = [V, + 6V)]
I
89 Z log (Hp,p(Xp—1,Xp)) Z V’ (%p)

1<p<n 0<p<n



Some examples

Potential perturbation:
log G, = [V, + 6V)]

4

Z log (Ho,p(Xp—1:Xp)) Z V’ (%p)

1<p<n 0<p<n

I

Derivative of the non absorption probability:

10 10

—— - (6 ,absorption) _
59 8 Ton(l) =~ =, Iog]P( T > n) = —Qp.n(fy)

with the normalized additive functional

1
fl1(X07"'aXn) = ; Z VF/J(XP)

0<p<n



Some examples

Diffusion perturbation:



Some examples

Diffusion perturbation:

X\ — x\9,
=b(x\%) a+ o (X2%) +00 (X2)] (W, - W, ) R
I

D) n
% Z Iog (HG,p(Xp—la XP))
p=1

_ o' (%51 (= 351) = b0y )A |
Z o(Xp—1) + 00’ (Xp—1) [((U(Xpl)—kﬁa’(xpl))\/ﬁ) 1]



Some examples

Drift perturbation:

2 0
X X9,

= [b(x%) + o0 (X2)] a+o (X)) (W, - W, ) €R



Some examples

Drift perturbation:

X3 — X\,
[b (X(" ) 1oy (X(B )} A+to (Xﬁ)l) (W, — W,,_,) €R

I

) n
% Z Iog (HH,p(prlv XP))

p=1

—Z[ o~ Xp1) — [6(xp-1) + 05 (xp1)] A] X B (xp1) /0% (xp1)



FK (absorption) model : § — (Mg ,, Gp.,) and © ~ v(df)

Qo,n = Law ((X§,...,X5) | T?>°P%" > n © =0) ~ n-th marginal ng ,

4

Multiplicative formula

ZH =P (Tabsorptlon >n, ©= 9 H né,p(GO,p)
0<p<n —hy(0)



FK (absorption) model : § — (Mg ,, Gp.,) and © ~ v(df)

Qo,n = Law ((X§,...,X5) | T?>°P%" > n © =0) ~ n-th marginal ng ,

4

Multiplicative formula

ZH =P (Tabsorpt/on > p, o= 9 H n@,p(Ge,p)
0<p<n Y
:hp(e)

I

Conditional distribution of the environment w.r.t. non absorption:
absorption 1
P (© € df | To>Pe" > ) = z 0<1;[<nh,,(9) x v(d0)

when h, are known :
~~ use the MCMC absorption model & Mean field particle approximation



Interacting Island models

&p.n = particle Feynman-Kac model ~ (Mp , Gy ,) and © ~ v(df)

X
|

= (&(6 ,n)HG ,T)
ha(x) = Ué\/,n(ge,n) o }%u" () Zn { LT »t } "

0<p<n



Interacting Island models

&p.n = particle Feynman-Kac model ~ (Mp , Gy ,) and © ~ v(df)

X
|

hn (X) 0<p<n

(0, (£0,n)nefo, 1)

) ) " d h
77(I9V,n(G0,n) ” ,U X n H )
By the unbiased property

Mn097123in { H Ue,n(Ge,n)} v(do)

0<p<n



Interacting Island models

&p.n = particle Feynman-Kac model ~ (Mp , Gy ,) and © ~ v(df)

X = (97(€ ,n)nG s ) 7i
(%) ﬂé\{n(ge,n) [0,T] }%Hn(dX)— z H hp(x) ¢ A(dx)

0<p<n

By the unbiased property

1
[ © 971 = ? H ne,n(GG,n) l/(da)

n 0<p<n

» MCMC shaking moves in (parameter-island)-spaces
P (X, € dx | Xp—1) = Mp(Xp—1,dx)  s.t. pnMp = g

» Updating w.r.t. the average fitness of the islands T]Q{H(Ggyn)



Feynman-Kac models
Nonlinear evolution equations
Historical processes
Mean field particle models
Some particle estimates



FK model: VG, > 0 and M,, = Markov transition of X,

dQ, ::Zi I G(X) ¢ dP,

" | o<p<n

na=n-marginal measures of Q,, and the unnormalized v, = Z, x 7,
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" | o<p<n

na=n-marginal measures of Q,, and the unnormalized v, = Z, x 7,
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FK model: VG, > 0 and M,, = Markov transition of X,

dQ, ::Zi I G(X) ¢ dP,

" | o<p<n

np=n-marginal measures of Q, and the unnormalized v, = Z, x 7,

¢

Key formula ~» Z, = H 1p(Gp)

0<p<n

¢

Yor1 = YnQni1 with Qn+1(Xa dy) = G,,(X)M,,+1(X, d)/)



FK model: VG, > 0 and M,, = Markov transition of X,

dQ, ::Zi I G(X) ¢ dP,

" | o<p<n

np=n-marginal measures of Q, and the unnormalized v, = Z, x 7,

U
Key formula ~» Z, = H 1p(Gp)
0<p<n
U
Yor1 = YnQni1 with Qn+1(Xa dy) = G,,(X)M,,+1(X, d)/)

M1 = Ve, (77n) Mp1



FK model: VG, > 0 and M,, = Markov transition of X,

dQ, ::Zi I G(X) ¢ dP,

" | o<p<n

np=n-marginal measures of Q, and the unnormalized v, = Z, x 7,

U
Key formula ~» Z, = H 1p(Gp)
0<p<n
U
Yor1 = YnQni1 with Qn+1(Xa dy) = G,,(X)M,,+1(X, d)/)

Nn+1 = WGn(nn)Mn+1 = 77nKn+1,nn with Kn+1,77n = Sn,nn Mp 1



Two more key observations

Time marginal  7,(f) x E (f IT G(X% )

0<p<n
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Two more key observations
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» Historical process:
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Two more key observations

Time marginal  7,(f) < E [ £(X,) [ Gl
0<p<n
» Historical process:

Xn = (Xé’ R aXrlr) G"(Xn) = Grlr (X/f/) = N = Q:;

» D Any change of measures, for instance

E (f(xn) 11 Gp(xp)) xE (fo?n) E‘po?p))
0<p<n 0<p<n

M, (x, dy)Gy(y)
M, (Gn)(x)

with

M, (x, dy) = and  Gp_1(x) = My(Gn)(x)



Two more key observations

Time marginal  7,(f) x E (f IT 6 )

0<p<n

» Historical process:
Xn = (Xé""aXrlr) G"(Xn) = Grlr (X/f/) = T :Q:;

» D Any change of measures, for instance

E (f(xn) 11 Gp(xp)) xE (fo?n) @po?p))
0<p<n 0<p<n

Mn(x, dy) = —M",\(/, (

with
and  Gp_1(x) = My(Gn)(x)

Example

G, = 14, = Hard ~~ Soft obstacles = a,,_l(x) =P(X, € Ay | Xoo1 = x)



Mean field and Interacting particle models

» Nonlinear McKean Markov models 71,1 = 1,Kn11,9,

P (7,,+1 € dx | 7,,) = Kny1,n, (7,7, dx) with 7, = Law (7,,)
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Mean field and Interacting particle models

» Nonlinear McKean Markov models 71,1 = 1,Kn11,9,

P (Y,,H € dx | Y,,) = Kny1,n, (yn, dx) with n, = Law (Y,,)

» Exact-Perfect Sampling
X:’; ~ Xrl;+1 ~ Rnt1m, (Xr’;3dX)

» Mean field = Interacting particles &, = (¢} € ENst.

n)1gigN

1
= N Z d¢i ~Ntoo Tn
1<i<N

I
f;) ~ ££1+1 ~ Kn+1,77,’)‘ (g;ndx) = Ntoo Kn+1717,, (f;,,dx)



Mean field particle model when K11, = 5,,Ms11

Mean field simulation:

Kot1igv = Sav Mpi1 4 Genetic type interacting particle system
n "

selection Mmutation
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Mean field simulation:

Kot1igv = Sav Mpi1 4 Genetic type interacting particle system
" "

selection Mmutation

Path space model X, = (X,...,Xs) & Gn(Xs) = Go(X5)

)

M,-Historical proc. ~~ ancestral line particles

6:1 = (gé,n’gl,na"'afr’;,n) € E" = (EO X El X... X E")



Mean field particle model when K11, = 5,,Ms11

Mean field simulation:

Kot1igv = Sav Mpi1 4 Genetic type interacting particle system
" "

selection Mmutation

Path space model X, = (X,...,Xs) & Gn(Xs) = Go(X5)

)

M,-Historical proc. ~~ ancestral line particles

6:1 = (gé,n’gl,na"'afr’;,n) € E" = (EO X El X... X E")

)

Genealogical tree occupation measures

1
N _ § . N
h = N : 5{;, NToo Qn
1<i<N
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» Individuals &/ "almost” iid with law 7, ~ytee 7l = % > i<i<n Oci
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» Individuals &/ "almost” iid with law 7, ~ytee 7l = % > i<i<n Oci
> Ancestral lines "almost” iid with law Q, ~pn1ec % > _1<i<n Otines (i)

» Complete ancestral tree ~ McKean measure :

1
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Some particle estimates

» Individuals &/ "almost” iid with law 7, ~ytee 7l = % > i<i<n Oci
> Ancestral lines "almost” iid with law Q, ~pn1ec % > _1<i<n Otines (i)
» Complete ancestral tree ~ McKean measure :
1
N Z 5(561-~va) ~Ntoo 10 X Kl,no X ... X Knmnq
1<i<N
> Normalizing constants

Zpp1 = H Np(Gp) ntoe Zp1 = H n,/,V(Gp) (Unbiased)
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Some particle estimates

» Individuals &/ "almost” iid with law 7, ~ytee 7l = % > i<i<n Oci
> Ancestral lines "almost” iid with law Q, ~pn1ec % > _1<i<n Otines (i)
» Complete ancestral tree ~ McKean measure :
1
N Z 5(561-~va) ~Ntoo 10 X Kl,no X ... X Knmnq
1<i<N
> Normalizing constants
N N :
Zpp1 = H Np(Gp) =Ntoo Zpy1 = H np (Gp)  (Unbiased)
0<p<n 0<p<n
» Unnormalized measures

Yn = Zn X Nn XNtoo AN = 2N xqnV  (Unbiased)



Important observation

Exponential rate of the normalizing constants

1

1 1 1
" log Z, = n Z log 7p(Gp) ~ n log 2, = " Z log UZ;\I(GP)
0<p<n 0<p<n



Important observation

Exponential rate of the normalizing constants

1

1 1 1
" log Z, = n Z log 7p(Gp) ~ n log 2, = " Z log UZ;\I(GP)
0<p<n 0<p<n

Time homogeneous models (G,, M,) = (G, M):

Link to the long time behavior of 7, and/or 7Y

1 1
- log Z, = ntoo 108100 (G) ~ntoo log 77cl>vo(G) ntoo " log 2’17\/



Stochastic analysis
Stability and contraction properties
Uniform concentration inequalities
Coalescent tree based expansions
Ground states and h-processes
Som derivation properties
Backward particle models



Long time behavior of the FK-sg ®, ,(1,) = 1,

Theorem:
» M,-mixing conditions and G, unif. lower-upper bounded

> or I\A/I,,—mixing conditions and a,, unif. lower-upper bounded

Mn+1(X7 d)/) Gn+1(}/)

an(X) Mn+1(x7 dy) = Mn+1(Gn+1)(X) X Mn+1(GI7+1)(X)

4

3(a,b) €Ry  sup [[Ppn(pi1) = Ppn(p2)ly, < a e 7P
M1, 2
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B(Pp,n) = sup [|®p,n(11) = Pp.n(p2)ll;y

1,12
with the Dobrushin ergodic coefficient of the Markov transition

Poan(x dy) = By (X5 € dy) = (RELRYY, . RIY) (x.dy)

and the non absorption transitions (for absorption type models)

R Mp41(x; dy) Gp.n(1)(y)

o1 (X dy) = Ppx (X;H edy | X;=x, T> n) = Myea(Gom) ()
with the potential functions
Gpn(x) =P (T >n| XS =x)
Example :
v(dy) < M(x,dy) < e tw(dy) = R{Di(x,dy) > € vpa(dy)
= B(RM) <-e)
= B(Pon) < (1— )P

~> nice extensions/characterizations of exponential stability
by N. Champagnat & D. Villemonais



Time homogeneous models ¢, , = ®("~7)

Corollary:

<ae—bn

3 = O(e) and [0 (1) — 611.)

tv
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Corollary:
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tv
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Time homogeneous models ¢, , = ®("~7)

Corollary:

W = O(0) and [0 (uz) — (1)

tv

I
N = S(1n) = Law (Xg,q | TP > n) — o0 10g = O (1)00)

and
1 absorption 1
—logP (T >n) =logns(G)+ O | =
n n
Some hyper-references [ Continuous time models; ex.: non degenerate diffusion C compact]
P Branching and interacting particle systems. (with L. Miclo) Sém. Proba. de Strasbourg (2000).

P On the stability of interacting processes (with A. Guionnet) IHP (2001).

On the Stability of Feynman-Kac sg. (with L. Miclo) Annales de la Fac. Sci. Toulouse (2002)

P Particle Lyapunov exponents connected to Schrédinger op. (with L. Miclo) ESAIM PS (2003).
P Particle Motions in Absorbing Medium with Hard and Soft Obst. (with A. Doucet) SAA (2004).
>

Feynman-Kac formulae, Genealogical & Interacting Particle Systems, Springer (2004).


http://archive.numdam.org/ARCHIVE/SPS/SPS_2000__34_/SPS_2000__34__1_0/SPS_2000__34__1_0.pdf
http://www.math.u-bordeaux1.fr/~pdelmora/ihp.ps
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Some consequences

Cts (c, c1, @) ~ (bias,variance,a,b),

» The probability of the next events is greater than 1 — e™*

N C1 C
- )l < — (1 —
[y —ma] (f) < N(+x+\/>?)+m\/§
|1|o ZNflIo Z,) < S(1+x+\/})+i\/;
n g n n g n — N \/N
> For the genealogical tree
1 +1
[ = Qa] (f) < a ne (I+x+VX) +c M\/Q

N

» For time homogeneous models

(&}

[ — o) (F) < ae by (14x+V3) + %

N

Ifall <1,V (x>0,n>0,N>1).

VX



Some consequences
Cts (c, c1, @) ~ (bias,variance,a,b),

» The probability of the next events is greater than 1 — e™*

[y —na) (F) < % (1+x+\/>?)+%\/?<
|%IogZ,’,V—%Ioan\ < % (1+x+\/§)+%\/;<
> For the genealogical tree
-] () <a T Grxrvm) e (D
» For time homogeneous models
[y —n] () < ae™+ 3 (1+x+ﬁ)+%
|%IogZ,’7V—|ognoo(G)| < %—F% (1+X+\/;)+% Vx

Ifall <1,V (x>0,n>0,N>1).



Coalescent tree based expansions

Weak propagation of chaos Taylor’s type expansions

PV9 = Law of the ﬁrst g < N ancestral lines
1
— ®
= Q¥+ ) d,Pq+o(Nm+1)
1<I<m

with signed measures d,IP’E,q) expressed in terms of /-coalescent trees.


http://arxiv.org/pdf/math/0607453.pdf
http://hal.inria.fr/docs/00/39/73/66/PDF/RR-6966.pdf

Coalescent tree based expansions

Weak propagation of chaos Taylor’s type expansions

PV = Law of the ﬁrst g < N ancestral lines
1
— ®
R Ly
1<I<m
(9)

with signed measures d|P;,”” expressed in terms of /-coalescent trees.

4

Romberg-Richardson interpolation: For any order / > 1

-1 I—m ! 1
Z (=1) m P(mN-9) — Q®9 + O <I\I’>

S m' (I —m)!

Some hyper-references

P Coalescent tree based functional representations for some Feynman-Kac particle models
(with F. Patras, S. Rubenthaler) AAP (2009)

P U-statistics for interacting particle systems (with F. Patras, S. Rubenthaler) JTP (2011).


http://arxiv.org/pdf/math/0607453.pdf
http://hal.inria.fr/docs/00/39/73/66/PDF/RR-6966.pdf
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Time homogeneous models (G,, M,) = (G, M)

Q(x,dy) = G(y) M(x,dy) with G(x) <1 (~ Sub-Markov)

> Reversibility condition : u(dx)M(x, dy) = u(dy)M(y, dx)

1 . 1
2 log P ( Tabsorption - i [ G)~log )\ =1 (G
~log ( > n) p E 0g 7p(G) = log 08 7100 (G)

0<p<n

with A\ = top eigenvalue of

Q(x,dy) = G(x) M(x,dy)

» Q(h) = Ah ~» Doob h-process X"

Q(x,dy)h(y) — M(x,dy)h(y)

M”(x,dy)z%h_l(x)Q(X:dy)h(Y): QM) M(h)(x)
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Homogeneous models (G,, M,) = (G, M)

Qn(d(x0, ..., xn)) < P((XZ,..., X" € d(x0, ..., %)) h~(xn)

> Invariant measure jip = 1 M" & normalized additive functionals

— 1
Folxo,- ., xn) = Tl

S F(xp) = QulFn) =0 pun(f)

0<p<n

» If G = GY depends on some § € R ~~ f := %IogGe

) 1 0 _
—log\l ~, —— —log 2%, = Qn(F,
20 nr109 8% = QlFn)

L path-integration
derivation

NB : Similar expression when M? depends on some 6 € R.



The last key

» Backward Markov models
Qn(d(x0; - - -, xn)) o< no(dxo) Qu(x0, dx1) . . . Qn(Xn—1, dXp)
with
Qn(anh an) = anl(anl)Mn(anla an)

,gp Hn(anlaXn) Vn(an)
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The last key

» Backward Markov models

Qn(d(x0; - - -, xn)) o< no(dxo) Qu(x0, dx1) . . . Qn(Xn—1, dXp)

with
Qn(anh an) = anl(anl)Mn(anla an)
,gp Hn(anlaXn) Vn(an)
1
= ne1(dx) = n (Hna1(., %)) vpo1(dx
(@) =~ 1 (Hria2)) v ()
If we set

77!1(dxn) Hn+1(XnaXn+1)
M1, (Xnt1, dXn) =
o ( i ) Tln (Hn+1(-7Xn+1))

then we find the backward equation

1
77n+1(dxn+1) Mn+1717,,(xn+1; an) = m Tln(an) Qn+1(xn-, an+1)



The last key (continued)

Qn(d(x0s - -+ Xn)) o< 1mo(dxo) Qu(x0, dx1) . .. Qn(Xn—1, dXn)

77n+1(dxn+l) 1MIn+1,'r7,7 (Xn+1a an) X ’I’},,(dX,—,) Qn+1(Xn7 an+1)



The last key (continued)

Qn(d(x0s - -+ Xn)) o< 1mo(dxo) Qu(x0, dx1) . .. Qn(Xn—1, dXn)
77n+1(dxn+l) 1MIn+1,77,7 (Xn+1a an) X nn(dxn) Qn+1(Xn7 an+1)

I

Backward Markov chain model :

Qn(d(x0; - - -3 xn)) = Ma(dXn) My s, (Xn, dXa—1) ... Mly 5 (X1, dxo)

with the dual/backward Markov transitions

IM[nJrl,n,, (Xn+17 an) X nn(dxn) Hn+1(xn; Xn+1)



How to use the full ancestral tree model ?

Qn(d(x0s---5Xn)) = nn(dxn) My, (Xn, dXn—1) ... My (X1, dxo)

o< Na—1(dxn—1) Ha(Xn—1,Xn)
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How to use the full ancestral tree model ?

Qn(d(x0s---5Xn)) = nn(dxn) My, (Xn, dXn—1) ... My (X1, dxo)

o< Np—1(dxn—1) Hn(Xn—1,Xn)

I

Particle approximation

Q,’Y(d(xo7 ceyXn)) = n,ﬁv(dx,,) M”W,’,V,l(X”’ dxp—1) - 'Ml,n{f (x1, dxo)

Ex.. Additive functionals — fa(X0, .-, Xn) = 737 Y0<p<n fo(Xp)
1
N _ Z N
Qn (fn) T +1 0<p<nnn Mn,n,ﬁ\'fl e MP+1777;I:V(fP)

path-integration recursive matrix operations



Backward particle models

Cts (¢1, o) related to (bias,variance,a,b) f, normalized additive
functional with ||f,|| <1,¥ (x> 0,n>0,N > 1)

I

The probability of the event

X

1+ (x+vVx)+e m

==

[Q,’Y - Qn] (fn) S C1

is greater than 1 — e™*.



How & Why it works
A local fluctuation theorem
Second order decompositions
Uniform concentration w.r.t. time
Particle free energy expansions



How & Why it works (general mean field models)

> (Computer Sci.) Stochastic adaptive grid approximation.



How & Why it works (general mean field models)

> (Computer Sci.) Stochastic adaptive grid approximation.

> (Stats) Universal acceptance-rejection-recycling sampling schemes.



How & Why it works (general mean field models)

> (Computer Sci.) Stochastic adaptive grid approximation.
> (Stats) Universal acceptance-rejection-recycling sampling schemes.

> (Probab) Stochastic linearization/perturbation technique.

M = Pn(nn-1)
1
moo= ®n(n)y)+—= VY

VN



How & Why it works (general mean field models)

> (Computer Sci.) Stochastic adaptive grid approximation.
> (Stats) Universal acceptance-rejection-recycling sampling schemes.

> (Probab) Stochastic linearization/perturbation technique.

M = Pn(nn-1)
1
moo= ®n(n)y)+—= VY

VN

Theorem: (VN

)n ~Ntoo (Va)n independent centered Gaussian fields.




How & Why it works (general mean field models)

> (Computer Sci.) Stochastic adaptive grid approximation.
> (Stats) Universal acceptance-rejection-recycling sampling schemes.

> (Probab) Stochastic linearization/perturbation technique.

M = Pn(nn-1)
1
moo= ®n(n)y)+—= VY

VN

‘ Theorem: (VN

)n ~Ntoo (Va)n independent centered Gaussian fields.

&, n(1p) = nn stable sg <= No propagation of local errors

— Uniform control w.r.t. the time horizon



How & Why it works (general mean field models)

> (Computer Sci.) Stochastic adaptive grid approximation.
> (Stats) Universal acceptance-rejection-recycling sampling schemes.

> (Probab) Stochastic linearization/perturbation technique.

M = Pn(nn-1)
1
moo= ®n(n)y)+—= VY

VN

‘ Theorem: (VN

)n ~Ntoo (Va)n independent centered Gaussian fields.

&, n(1p) = nn stable sg <= No propagation of local errors

— Uniform control w.r.t. the time horizon

~» New concentration inequalities for (general) interacting processes



A stochastic perturbation analysis

Key telescoping decomposition
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Key telescoping decomposition

n

77r,1V —Mn = Z [(bp,n(n;,av) —®pn (¢p(77,,avfl))]
p=0

@ First order expansion

VN [q)p,n(n,,av) —®ph (¢p(77,lav—1))]
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A stochastic perturbation analysis

Key telescoping decomposition

n

77r,1V —Mn = Z [(bp,n(n;lav) —®pn (¢p(77,,avfl))}

p=0

@ First order expansion
VN ["’p,n(n,’l’) —®pn (¢p(77,l)v—1))]
1
=VN [CDPv” <¢P(77;,7Vl) + N Vév) = Py (Pp(115-1))
~VNDpn+— RY,
P, \/N

with a predictable D, , — first order operator & 2nd-order measure Rﬁ{n

fluctuation term bias-term



Uniform concentration w.r.t. time

Stochastic perturbation model

W:;%N::\/N _77n = Z VN P7n+\/NR

0<p<n

Under some mixing condition on the limiting FK semigroups ¢, ,
0sc (Dp.n(f)) < Cte e~ (n=P)

and
E (|RY(f)|™) < Cte 2=™(2m)!/m!



Uniform concentration w.r.t. time

Stochastic perturbation model

W/ILN::\/N _77n = Z VN p7n+\/NR

0<p<n
Under some mixing condition on the limiting FK semigroups ¢, ,
0sc (Dp.n(f)) < Cte e~ (n=P)

and
E (|RY(f)|™) < Cte 2=™(2m)!/m!

I

Uniform concentration estimates w.r.t. the time parameter




Particle free energy expansions
Multiplicative formulae

H n,';\'(Gp) = %I,V(l) —Ntoo Vn 1) H 77p p)
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Particle free energy expansions
Multiplicative formulae

IT 75(Go) = (1) —wroe (1) = [T n0(Gp)
0<p<n 0<p<n
Taylor first order expansion
Vx,y >0 Iogy—logx:Al)Mdt
I
log (74'(1)/7s(1))

= 20§p<n (|Og np ( P) Iog nP( ))



Particle free energy expansions
Multiplicative formulae

H ngl(Gp) = ’}/,,,V(l) —Ntoo Vn 1) H 77p p)

0<p<n 0<p<n

Taylor first order expansion

1
(y —x)
Vx,y >0  logy —logx= [ —L ") g
X,y ogy — log x /Ox+t(y_x)

i3
log (7Y (1)/7a(1))

= 20§p<n (|Og np ( P) Iog 77P( ))

= Zogp<n (|og (np(Gp) +

S
<
=
=
nG\
N—
N——
<}
0a
3
i}
—~
(o)
N
N—



Particle free energy expansions
Multiplicative formulae

H ngl(Gp) = ’}/,,,V(l) —Ntoo Vn 1) H 77p p)

0<p<n 0<p<n

Taylor first order expansion

1
(y —x)
Vx,y >0  logy —logx= [ —L ") g
X,y ogy — log x /Ox+t(y_x)

i3
log (7Y (1)/7a(1))

= 0<pen (l0g 0} (G,) — lognp(Gp))
= Socpen (108 (16(Go) + Jy Wi(Gp)) — logns(Gp))

1 Z /1 W};%N(GP)
= /N 2<0<p<n
YN EOEP So p(Gp) + g W (Gy)

~ first order expansion [exercice]

dt



Continuous time models
Discrete time formulations
Fully continuous time models
Some examples of McKean models



D Continuous time models

» O Continuous time models with X, := X[’t o[

tht1
G e [ VulX)ds
ty

or
thy1
Ga(Xn) = exp / [VA(X!)dW, + VA(X!)ds]
ty

» D Euler style approximations



Fully continuous time Feynman-Kac models

1 ¢ .
dQ; = z exp{/0 Vs(Xs)ds} dP, with P, = Law(Xj )

Z, =E (exp /0 t Vs(Xs)ds)

n:=t-marginal measures of Q; and the unnormalized v; = Z; x n;

and

I

1 1 [t
Key formula: ;Ioth = t/ ns(Vs)ds
0
I (L: = generator of X;)
() = (LY (f)) with LY =L .+ V;

dtnt(f) = Ne(Ley(f)) with Ley, = L+ Vi — (V)



Example : V;=—-U<O0and L; =1L

Absorption model E€ = E U {c}:

absorption rate

Interacting jump generator

Ly (F)(x) = L()(x) +  U(x) /(f(y)*f(X)) 1:(dy)

free exploration acceptance/jump rate interacting jump law

I

Particle model when 7, ~n{ = § 37, .\ 0¢

Survival-acceptance rates @ Interacting-recycling jumps



Other examples (non uniqueness of McKean models)
Vi =U >0 and L; = L Interacting jump generator

Li(F)0) = LOC) + V) /(f(y)—f(X)) Yy, (n:)(dy)

free exploration acceptance/jump rate interacting jump law

VV; and L; = L Interacting jump generator

L (A() = LA +ne((V / (FO)— () Wev—vien. (1) ()

free exploration acceptance/;ump rate interacting jump law



http://arxiv.org/abs/1211.7191

Other examples (non uniqueness of McKean models)
Vi =U >0 and L; = L Interacting jump generator

Li(F)0) = LOC) + V) /(f(y)—f(X)) Yy, (7:)(dy)

free exploration acceptance/jump rate interacting jump law

VV; and L; = L Interacting jump generator

Ly (F)(x) = L(F)(x) +n:((V = V(x))) /(f(Y)*f(X)) Y(v-v(). (1:)(dy)

free exploration acceptance/jump rate interacting jump law

In all cases, in practice we work with the discrete time models

P Geometric clocks (discrete time) ~ Poisson interacting jump rates (continuous time)

Feynman-Kac particle integration with geometric interacting jumps (with P. Jacob, A. Lee, L.
Murray, G.W. Peters). ArXiv preprint arXiv:1211.7191 (2012).


http://arxiv.org/abs/1211.7191
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