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Continuous time Linear+Gaussian filtering problem

"

dXt “ A Xt dt ` R1{2 dWt P Rr

dYt “ C Xt dt ` Σ1{2 dVt  Yt :“ σpYs , s ď tq.

Optimal L2-estimate = Kalman-Bucy filter

pXt :“ EpXt | Ytq and Pt :“ E
ˆ

´

Xt ´ pXt

¯´

Xt ´ pXt

¯1
˙

State estimate

d pXt “ A pXt dt ` Pt C
1Σ´1

´

dYt ´ C pXt dt
¯

with the gain given by the matrix Riccati equation

BtPt “ RiccpPtq :“ APt ` PtA
1 ´ PtSPt ` R with S :“ C1Σ´1C
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Reformulation  Nonlinear Kalman-Bucy diffusion

Stoch. version of KB “ McKean-Vlasov-type diffusions X t :

ηt :“ LawpX t | Ytq “ N
”

pXt ,Pt

ı

 Interacting with their conditional mean and covariance matrices

Pηt “ ηt
“

pe ´ ηtpeqqpe ´ ηtpeqq
1
‰

with epxq :“ x .

and their mean
mt :“ ηtpeq
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2 classes of McKean-Vlasov type diffusions

1) ”Vanilla EnKF” ( (corrected) discrete time - Evensen 94)

dX t “ A X tdt ` R1{2 dW t`PηtC 1Σ´1
”

dYt ´

´

C X tdt ` Σ1{2 dV t

¯ı

2) ”Deterministic EnKF” ( discrete time - Sakov-Oke 08)

dX t “ A X tdt ` R1{2 dW t `PηtC 1Σ´1

„

dYt ´ C

ˆ

X t ` ηtpeq

2

˙

dt



Caution:

Euler-discrete versions not consistent with discrete-time Kalman
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More classes of McKean-Vlasov type diffusions

3) Pure transport equation ( discrete time - Reich-Cotter 13)

dX t “ A X tdt

`
1

2
pR ´ PηtSPηt qP´1

ηt pX t ´ ηtpeqq dt ` PηtC 1Σ´1 rdYt ´ Cηtpeqdts

‘ Many others, adding QηtP´1
ηt pX t ´ ηtpeqq dt for any Q1ηt “ ´Qηt .

 Nonlinear models:

Tempting to replace ”A x” and ”C x” by Apxq,Cpxq (often done)

BUT NOT CONSISTENT WITH THE OPTIMAL FILTER
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The Ensemble Kalman-Bucy filter

(Case 1) Mean field interpretation  N ` 1 interacting diffusions

dξit “ A ξitdt ` R1{2dW
i

t ` ptC
1Σ´1

”

dYt ´

´

Cξitdt ` Σ1{2 dV
i

t

¯ı

with the rescaled particle covariance matrices

pt :“
1

N

ÿ

1ďiďN`1

`

ξit ´mt

˘ `

ξit ´mt

˘1

and the sample mean

mt :“
1

N ` 1

ÿ

1ďiďN`1

ξit .

Where are the Kalman-Bucy filter and the Riccati equations ?
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Th1: The EnKF equations

dmt “ A mtdt ` pt C
1Σ´1 pdYt ´ Cmt dtq `

1
?
N ` 1

dM t

 r-dim. martingale M t “
`

M tpkq
˘

1ďkďr
with angle-brackets

BtxM | b |Myt “ U ` ptVpt .

With

1q pU,V q “ pR,Sq 2q pU,V q “ pR, 0q 3q pU,V q “ p0, 0q
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Th2: The particle/ensemble Riccati equation

dpt “ Riccpptq dt `
1
?
N

dMt

 Symmetric matrix-valued martingale Mt “ pMtpk, lqq1ďk,lďr

Angle brackets “ the Wick-type formula (p.b .q7:= entrywise)

Bt xM | b |My7t “ pt bsym pU ` ptVptq

 V ą 0 ùñ CUBIC ñ Explosive Euler-discrete scheme

Orthogonality property

@1 ď k, l , l 1 ď r
@

Mpk, lq,Mpl 1q
D

t
“ 0.
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In terms of random matrices with ε :“ 2?
N

Wt “ pWtpi , jqq1ďi,jďr independent Brownian motions

Ó

dpt “
“

Apt ` ptA
1 ` R ´ ptSpt

‰

dt ` ε
´

p
1{2
t dWt pU ` ptVptq

1{2
¯

sym

§ S “ 0 “ V  Wishart process

§ pA,R,Sq “ pα I , β I , γ I q and pU,V q “ pI , 0q

pt  non colliding eigenvalues λr ptq ă . . . ă λ2ptq ă λ1ptq

satisfying the Dyson equation

dλi ptq “

«

2αλi ptq ` β ´ λi ptq
2γ `

ε2

4

ÿ

j “i

λi ptq ` λjptq

λi ptq ´ λjptq

ff

dt ` ε
a

λi ptq dW
i
t
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Analysis/Performance/Convergence/. . . Crude Monte Carlo

Sample mean mt :“
1

N

ÿ

1ďiďN

Z i
t with iid copies Z i

t of some Zt

 stochastic perturbation formulation

mt :“ EpZtq `
1
?
N

MN
t

with bias-variance perturbation control

EpMN
t q “ 0 & EppMN

t q
2
q “ EppZt ´ EpZtqq

2
q

Key Observation:

Zt stable ùñ sup
tě0

Eppmt ´ EpZtqq
2
q ď c{N

lim
tÑ8

EppZt ´ EpZtqq
2
q “ 8 ùñ sup

tě0
Eppmt ´ EpZtqq

2
q “ 8

 Need to study the stability of Kalman-Bucy filters

(conditional means ‘ Riccati matrix eq.)
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1d  Closed form Riccati semigroups/tangent proc.

Deterministic Riccati flow φtpQq on R`: Riccp$˘q “ 0 for

S$´ :“ A´ λ{2 ă 0 ă S$` :“ A` λ{2

with
λ “ 2

a

A2 ` RS

ó

@t ě υ ą 0

sup
Qě0

„

|φtpQq ´$`| _ exp

ˆ

2

ż t

0

rA´ φspQqSsds

˙

ď cυ exp p´λtq
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Stochastic Riccati flow

dpt “ Riccpptqdt `
2
?

N

a

ptpU ` ptVptq dWt

with U ă RN{2 ùñ origin repellent

Reversible measures πNpdzq on R`:

§ U ^ V ą 0  Heavy tails

9
z

N
2

R
U´1

rU ` Vz2s1`
N
4 p

R
U`

S
V q

exp

«

N
A

?
UV

tan´1

˜

z

c

V

U

¸ff

dx .

§ U ą V “ 0  Gaussian-type tails

9 z
N
2

R
U´1 exp

«

´
NS

4U

ˆ

z ´ 2
A

S

˙2
ff

dx .

 Stability/Time-uniform estimates/. . . +Bishop, Kamatani,

Rémillard Arxiv17/AAP19
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Multivariate KB : Observability + Controllability

dp pXt ´ Xtq

“ pA´ PtSq p pXt ´ Xtqdt ´ R1{2 dWt ` PtC 1Σ´1{2 dVt

Steady state: D!P8 ą 0 s.t. RiccpP8q “ 0 and spectral abscissa

ςpA´ P8Sq :“ max tRepλq : λ P SpecpA´ P8Squ ă 0

ó

STABLE EVEN WHEN A is unstable.

 SIAM Control & Opt.-17 ‘ Arxiv-18 (+ Bishop )
Review on the stability of Kalman-Bucy filters and Riccati matrix
semigroups ‘ Floquet representation of exponential semigroups

16/39

https://arxiv.org/abs/1610.04686
https://arxiv.org/abs/1805.02127
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ςpA´ P8Sq :“ max tRepλq : λ P SpecpA´ P8Squ ă 0

ó

STABLE EVEN WHEN A is unstable.

 SIAM Control & Opt.-17 ‘ Arxiv-18 (+ Bishop )
Review on the stability of Kalman-Bucy filters and Riccati matrix
semigroups ‘ Floquet representation of exponential semigroups
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Floquet representations

Pt “ φtpP0q flow of the Riccati equation BtPt “ RiccpPtq

Ó

Exponential semigroups/Fundamental matrices:

Es,tpPq “ exp

t
¿

s

pA´ φupPqSq du

in the sense that (with Et,tpPq “ Id)

BtEs,tpPq “ pA´φtpPqSqEs,tpPq and BsEs,tpPq “ ´Es,tpPqpA´φspPqSq

Nb.:

P “ P8 ùñ Es,tpP8q “ ept´sqpA´P8Sq with A´ P8S stable
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Floquet representations 2/2
Theo.:(+ Bishop - Arxiv18/IJC19)

EtpPq “ etpA´P8Sq CtpPq
´1

with

sup
tě0
}CtpPq

´1} ď c p1` }P}q

ˆ

& sup
těδą0

}CtpPq
´1} ď cδ

˙

Cor. pt ě δ ą 0q:

}φtpP1q ´ φtpP2q} ď cδ }e
tpA´P8Sq } }P1 ´ P2}

‘ same type of estimates for the time varying linear process

dp pXt ´ Xtq

“ pA´ PtSq p pXt ´ Xtq dt ´ R1{2 dWt ` PtC 1Σ´1{2 dVt
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Multivariate : EnKF

pmt ,Xt ,ptq “ psample mean, true signal, sample covarianceq

ó

dpmt´Xtq “ pA´ptSq pmt´Xtq dt´R1{2dWt ` pt C 1Σ´1{2 dVt`
dMt
?

N

§ Time varying ‘ stochastic type linear diffusion

DRIVEN BY A STOCH. MATRIX-RICCATI DIFFUSION pt

§ The matrix pA´ pSq may be ill-conditioned in the sense that

Dp : λmaxppA´ pSqsymq ą 0 even if A stable in dimension ě 2

§ Always under-biased

@t ą 0 0 ă pt but 0 ă Epptq ă Pt
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When A stable and S ą 0 (i.e. full observability)

Theo [+ Tugaut (Arxiv16/AAP18)] @n ě 1 DNn ě 1 : @N ě Nn

sup
tě0

”

E p}pt ´ Pt}
nq

1{n
_ Ep}mt ´ pXt}

nq1{n
ı

ă cn{
?
N
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Under ”only” : Full obs. (S ą 0) + Controllability

Time-uniform Riccati estimates + stability/invariant meas. Riccati diffusions +
non asymptotic CLT rates+ Bias-Taylor type expansions + Perturbations
analysis (inflation, masking, shrinkage, projections),. . .

Ă Some refs:

´ Review article + Bishop Arxiv20/MCSS23

´ log-likelihood/normalizing cts+Crisan-Jasra-Ruzayqat AdAP22

§ Arxiv17/SPA18 (+ Bishop, Pathiraja):

Time-uniform robustness properties : inflation and localisation techniques.

§ Arxiv18/EJP19 (+ Bishop):

Stability of matrix Riccati diffusions (“ EnKF covariances).

§ Arxiv17/IHP20 (+ Bishop, Niclas):

Prop. chaos expansions Riccati diffusions, non asymp. bias + CLT.

§ Arxiv18/SIAM19 (+ Bishop):

Stability of stochastic+time-varying linear diffusions.
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https://arxiv.org/abs/2006.08843
https://people.bordeaux.inria.fr/pierre.delmoral/math-EnKF-2023.pdf
https://arxiv.org/pdf/2101.11460.pdf
https://arxiv.org/abs/1701.05978
https://arxiv.org/abs/1808.00235
https://arxiv.org/abs/1709.05071
https://arxiv.org/abs/1804.09349


Continuous time EnKF

Performance analysis

Nonlinear filtering
Extended Kalman-Bucy filter
Extended Ensemble Kalman-Bucy filters
Some illustrations
Performance analysis

Discrete time EnKF/Particle filters
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Extended Kalman-Bucy Ensemble filter
$

’

&

’

%

d pXt “ Ap pXtq dt ` PtC
1Σ´1

´

dYt ´ C pXt dt
¯

BtPt “ BAp pXtq Pt ` Pt BAp pXtq
1 ´ PtSPt ` R

Nonlinear/McKean-Vlasov-type diffusion

dX t “ A
`

X t , ηtpeq
˘

dt ` R1{2 dW t

`PηtC 1Σ´1
`

dYt ´
`

CX t dt ` Σ1{2 dV t

˘˘

Apx ,mq :“ Apmq ` BApmq px ´mq

Refs:

§ SIAM17/Arxiv16(Extended EnKBF)+ Kurtzmann, Tugaut.

§ EJP18/Arxiv16(Stab. Extended KBF)+ Kurtzmann, Tugaut.
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Extended-EnKF = Mean field particle model

dξit “ Apξit ,mtq dt ` R1{2dW
i

t

`ptC
1Σ´1

”

dYt ´

´

Cξit dt ` Σ1{2 dV
i

t

¯ı

the drift

Apξit ,mtq :“ A rmts ` BA rmts pξ
i
t ´mtq

loooooooooomoooooooooon

Repulsion/Attraction w.r.t. mt

and the rescaled particle covariance matrices

pt :“
1

N

ÿ

1ďiďN`1

`

ξit ´mt

˘ `

ξit ´mt

˘1

and the sample mean

mt :“
1

N ` 1

ÿ

1ďiďN`1

ξit .
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Some illustrations

Langevin type signal processes

R “ σ2 Id and pA, BAq “ p´BV,´B2Vq

Non quadratic potential pq P Rr ,Q1,Q2 ě 0q

Vpxq “ 1

2
xQ1x , xy ` xq, xy `

1

3
xQ2x , xy

3{2

Interacting diffusion gradient flows

Vpxq “
ÿ

1ďiďr

U1pxi q `
ÿ

1ďi “jďr

U2pxi , xjq

for some convex confining potential Ui : Ri ÞÑ r0,8r

25/39



Regularity conditions

Full observation S “ s Id and

´λBA :“ supxPRr λmaxpBApxq ` BApxq
1q ă 0

}BApxq ´ BApyq} ď κBA }x ´ y}

Examples: Langevin signal-diffusion

pλBA, κBAq “ β
´

2´1λminpQ1q, 2λ3{2maxpQ2q

¯

.

more generally B2V ě v Id ‘ Lipschitz condition

26/39



Stability theorem

pX t ,X
1

tq :“ McKean-Vlasov starting at pX 0,X
1

0q

ó

Theo [+Kurtzmann-Tugaut Arxiv16/EJP19]

When λBA is sufficiently large we have

W2pLawpX tq,LawpX
1

tqq ď c exp r´λts for some λ ą 0.

D more explicit description in terms of pR,S , κBAq.
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Some estimates

PN
t :“ Lawpmt , ptq Pt :“ Lawp pXt ,Ptq

and
QN

t :“ Lawpξ1t q Qt :“ LawpX tq

ó

Theo [+Kurtzmann-Tugaut Arxiv16/SIAM17]

When λBA is sufficiently large, Dβ Ps0, 1{2s s.t.

sup
tě0

W2

`

PN
t ,Pt

˘

_ sup
tě0

W2

`

QN
t ,Qt

˘

ď c N´β

as soon as trpP0q is not too large and N large enough...
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HAPPY-ENDING STORY?

In practice discrete time (harder!):

‚ Discrete time EnKF
(Uniform estimates? Effective dimensions/Stab. theory?)

‚ or Particle filters (a.k.a. SMC/DMC/Genetic/. . . )
Since 30 years only for stable/ergodic signals?
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HAPPY-ENDING STORY? In practice discrete time (harder!):

‚ Discrete time EnKF
(Uniform estimates? Effective dimensions/Stab. theory?)

‚ or Particle filters (a.k.a. SMC/DMC/Genetic/. . . )
Since 30 years only for stable/ergodic signals?

2nd part  ”some” answers these 2 ? for 1D linear/Gaussian

§ 1d-discrete time/EnKF (+ Horton, Arxiv21/AAP23)

§  EnKF Review article (+ Bishop, Arxiv20/MCSS23)
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Continuous time EnKF

Performance analysis

Nonlinear filtering

Discrete time EnKF/Particle filters
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Linear+Gaussian+discrete 1d-filtering problem

$

&

%

Xn`1 “ AXn ` B Wn`1 X0 „ N p pX´0 ,P0q

Yn “ C Xn ` D Vn n P N :“ t0, 1, 2 . . .u

ó Yn :“ pY0, . . . ,Ynq

One-step predictor & Optimal filter “ Gaussian

LawpXn | Yn´1q “ N p pX´n ,Pnq & LawpXn | Ynq “ N p pXn, pPnq

 Kalman filter (1960s’) “ Gauss-Legendre regression (1800s’)

p pX´n ,Pnq
updating
´́ ´́ Ý́Ñ p pXn, pPnq

prediction
´́ ´́ Ý́Ñ p pX´n`1,Pn`1q

 Pn and p pXn ´ Xnq are stable for any A (Kalman/Bucy-Stab Theory) !
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Particle filters = GA = SMC = DMC = . . .

´

ξi´n

¯

1ďiďN
P RN Selection

´́ ´́ Ý́Ñ

´

ξ j
n

¯

1ďjďN

Mutation
´́ ´́ Ý́Ñ

´

ξi´
n`1

¯

1ďiďN

Selection/ Mutation:

ξ j
n „

ÿ

1ďiďN

e´pYn´Cξi´n q
2{p2D2q

ř

1ďjďN e´pYn´Cξ
j´
n q2{p2D2q

δ
ξi´n

and set ξj´
n`1 :“A ξ j

n ` B W j
n`1

ó

Sample means » Conditional expectations:

@n P N pX PF
n :“

1

N

ÿ

1ďiďN

ξin »NÑ8
pXn

BUT for any A ą 1

ξi´0 “ x i
0 ą

B

A´ 1

a

2 logN ùñ lim
nÑ8

E
”ˇ

ˇ

ˇ

pX PF
n ´ pXn

ˇ

ˇ

ˇ

ı

“ `8
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´́ ´́ Ý́Ñ

´

ξ j
n

¯

1ďjďN

Mutation
´́ ´́ Ý́Ñ

´

ξi´
n`1

¯

1ďiďN

Selection/ Mutation:

ξ j
n „

ÿ

1ďiďN

e´pYn´Cξi´n q
2{p2D2q

ř

1ďjďN e´pYn´Cξ
j´
n q2{p2D2q

δ
ξi´n

and set ξj´
n`1 :“A ξ j

n ` B W j
n`1

ó

Sample means » Conditional expectations:

@n P N pX PF
n :“

1

N

ÿ

1ďiďN

ξin »NÑ8
pXn

BUT for any A ą 1

ξi´0 “ x i
0 ą

B

A´ 1

a

2 logN ùñ lim
nÑ8

E
”ˇ

ˇ
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Kalman filter

#

pXn “ pX´n ` Gainn

´

Yn ´ C pX´n

¯

with Gainn :“ CPn{pC
2Pn ` D2q

pX´n`1 “ A pXn

Offline Riccati equations

$

&

%

pPn “ p1´ GnC qPn “ Pn{p1` SPnq with S :“ pC{Dq2

Pn`1 “ A2
pPn ` R with R “ B2

 Pn`1 “ φ pPnq :“
aPn ` b

cPn ` d
with pa, b, c , dq :“

`

A2 ` RS ,R,S , 1
˘
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Conditional-Nonlinear Markov chain (Perfe˝ Sampler)

$

&

%

pXn “ Xn ` gainn pYn ´ pC Xn ` DVnqq with gainn :“ CPn{pC
2Pn ` D2q

Xn`1 “ ApXn ` BWn`1.

pVn,Wnq copies of pVn,Wnq and Pn variance of the state Xn.

Consistency property (given obs.):

Xn „ N
´

mn “ pX´n ,Pn “ Pn

¯

and pXn „ N
´

pXn, pPn

¯

.

Clearly simpler with ”deterministic” updating:

 square root/adjustments/transforms,. . .

pXn “ mn ` gainn pYn ´ C mnq ` p1´ Cgainnq
1{2 pXn ´ mnq

( cf. some nonlinear drifts in Lange-Stannat AIMS/Arxiv21)

35/39
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EnKF = Mean field interacting particle sampler

$

&

%

pξin “ ξin ` gn pYn ´ pCξ
i
n ` DV i

nqq with gn :“ Cpn{pC
2pn ` D2q

ξin`1 “ A pξin ` BW i
n`1 i P t1, . . . ,N ` 1u

pV i
n,W i

nq copies of pVn,Wnq and re-scaled sample variance

pn :“
1

N

ÿ

1ďiďN`1

pξin ´mnq
2

with the sample mean

mn :“
1

N ` 1

ÿ

1ďiďN`1

ξin
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Perturbation theo.

$

’

’

’

&

’

’

’

%

pmn “ mn ` gn pYn ´ Cmnq `
1

?
N ` 1

pυn

ppn “ p1´ gnC q pn `
1
?
N

pνn

$

’

’

’

&

’

’

’

%

mn`1 “ A pmn `
1

?
N ` 1

υn`1

pn`1 “ A2
ppn ` R `

1
?
N
νn`1.

local perturbations υn, νn and pνn, pυn in terms of non central χ2

Corollary: pn is a Markov chain  Stochastic Riccati equation

pn`1 “ φppnq `
1
?
N
δn`1 with δn`1 :“ A2

pνn ` νn`1.
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Time uniform estimates for any A

Theo 1 [(Under) Bias]: @k ě 1 Dιk ă 8 s.t. @N ě 1 @n ě 0

0 ď Pn ´ Eppnq ď ι1{N

& Time-uniform control of the bias

sup
ně0

E
´

|Ep pmn | Ynq ´ pXn|
k
¯1{k

ď ιk{N

38/39



Time uniform estimates for any A

Theo 1 [(Under) Bias]: @k ě 1 Dιk ă 8 s.t. @N ě 1 @n ě 0

0 ď Pn ´ Eppnq ď ι1{N

& Time-uniform control of the bias

sup
ně0

E
´

|Ep pmn | Ynq ´ pXn|
k
¯1{k

ď ιk{N

38/39



Time uniform estimates for any A

Theo 2 [Lk-mean errors]: @k ě 1 Dιk ă 8 s.t. @N ě 1

sup
ně0

ˆ

E
´

| pmn ´ pXn|
k
¯1{k

_ E
`

|pn ´ Pn|
k
˘1{k

˙

ď ιk{
?
N.

Many other results/fairly complete analysis: multivariate central limit
theorems, exponential decays random products,. . .

Multivariate case  working paper in preparation
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