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http - references & Web links resources

@ Master lecture notes on Stochastic engineering with scilab
programs (in french)

@ A pedagogical book on simulation and stochastic algorithms
(in french)

@ A series of selected research articles on Feynman-Kac models
and particle algorithms : convergence, performance analysis,
fluctuations, large deviations, propagations of chaos
properties, exponential estimates,...

@ Some web-links to Feynman-Kac and Interacting particle
application model areas : particle filtering, robotics,
image processing, audio signal, tracking, GPS, fluid
mechanics, financial math, biology, chemistry, rare event,
optics, hybrid systems,...
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0 Introduction @ Interacting sampling techniques
9 Some heuristic like particle algorithms e Mean field particle methods
e A simple mathematical model e Some theoretical aspects

@ Some Feynman-Kac sampling recipes @) Interacting MCMC models

© A series of applications @ Fluctuations & comparisons
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o Introduction
@ Particle models in physics, biology
and engineering
@ Branching particle models &
Feynman-Kac models
@ Motivating application areas
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Particle Interpretation models

Mathematical physics and molecular chemistry (> 1950's) :
Particle/microscopic interpretation models, particle absorption,
macro-molecular chains, quantum and diffusion Monte Carlo.

Environmental studies and biology (> 1950’s): Population, gene
evolutions, species genealogies, branching/birth and death models.

Evolutionary mathematics and engineering sciences (> 1970’s):
Adaptive stochastic search method, evolutionary learning models, interacting
stochastic grids approximations, genetic algorithms.

Applied Probability and Bayesian Statistics (> 1990’s): Approximating
simulation technique (recursive acceptance-rejection model), Sequential
Monte Carlo, http-ref : interacting Monte Carlo Markov chains
(Andrieu, Bercu, DM, Doucet, Jasra).

Pure mathematics (> 1960's for fluid models, > 1990's for discrete
time and interacting jump models): Stochastic linearization tech., mean
field particle interpretations of nonlinear PDE and measure valued equations.
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@ Central idea of particle/SMC in stochastic engineering :

Physical and Biological intuitions
[learning, adaptation, optimization,...

] } € Engineering problems

Sequential Monte Carlo Sampling Resampling
Particle Filters Prediction Updating
Genetic Algorithms Mutation Selection
Evolutionary Population Exploration Branching
Diffusion Monte Carlo Free evolutions Absorption

Quantum Monte Carlo

Walkers motions

Reconfiguration

Sampling Algorithms

Transition proposals

Acceptance-rejection

More botanical names : spawning, cloning, pruning, enrichment, go with the
winner, replenish, and many others.

Pure mathematical point of view :
= Mean field particle interpretation of Feynman-Kac measures
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Some application areas of Feynman-Kac formulae

@ Physics :

e Feynman-Kac-Schroedinger semigroups € nonlinear integro-differential
equations (~ generalized Boltzmann models).

e Spectral analysis of Schrodinger operators and large matrices with
nonnegative entries.

e Particle evolutions in disordered/absorbing media.

o Multiplicative Dirichlet problems with boundary conditions.

e Microscopic and macroscopic interacting particle interpretations.

@ Chemistry and Biology:

o Self-avoiding walks, macromolecular simulation, directed polymers.
e Spatial branching and evolutionary population models.
o Coalescent and Genealogical tree based evolutions.
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Some application areas of Feynman-Kac formulae

@ Rare events analysis:

e Multisplitting and branching particle models (Restart type methods).
e Importance sampling and twisted probability measures.
o Genealogical tree based simulations (default tree sampling models).

@ Advanced Signal processing:

o Optimal filtering, prediction, smoothing.

e Open loop optimal control, optimal regulation.

o Interacting Kalman-Bucy filters.

e Stochastic and adaptative grid approximation-models

@ Statistics/Probability:

o Restricted Markov chains (w.r.t terminal values, visiting regions,
constraints simulation problems,...)

o Analysis of Boltzmann-Gibbs type distributions (simulation, partition
functions, localization models...).

o Random search evolutionary algorithms, interacting
Metropolis/simulated annealing algo, combinatorial counting.
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© Some heuristic like particle algorithms
@ Nonlinear filtering and particle
filters
@ Rare event particle algorithms
@ Particle sampling of
Boltzmann-Gibbs measures
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The filtering problem C Bayesian statistics

@ X;:=Signal=Stochastic process

‘ Engineering/physics/biology/economics : ‘

o Non cooperative targets (defense : missile, boat, plane,...).

o Physics (Fluids : twisters, cyclones, ocean models,
pressure/temperature/diffusion coefficients,...).

o Finance (assets, portfolios, volatilities, default indexes,...).

o Signal (speech, codes, informations transmissions, waves,...).

Dynamics and sources of randomness : ‘

o Physical evolution equations (example : >_. F,':Z )

e Perturbations and random sources: ’
@ Model uncertainties @& External perturbations.
o Unknown controls and related model parameters.
~+ A Priori Law/Knowledge (unknown quantities=random samples.)
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The filtering model

@ Y;=Partial and Noisy observations of the signal X; :

‘ Engineering/physics/biology /economics : ‘

Engineering : Radar, Sonar, GPS, ...
Physics (sensors : pressure/temperature/...).
Finance (assets, portfolios,...).

o
o
o
o Statistics (real data: medecine, pharmacology, politics, economics,...).

Dynamics and sources of randomness : ‘

o Partial observations : complex mixtures, partial coordinates.
o Perturbations et random sources :

o Noisy sensor measures (thermal noise).

o External/environmental perturbations.

@ Model uncertainties.
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Objectives

Compute/Sample/Estimate inductively the flow of measures

teRy or t=neN—n =Law(X; | Yo,..., Ys)

@ Filtering the trajectories : X; = (X§,...,X{) € E

{ [State space enlargement]

Nt :La,W((Xé,,Xt{) | (Y(),...,Yt)) :LaW(Xt | YOa"'vyt)

Equivalent terminologies :

@ Data Assimilation (forecasting, fluids/ocean models).
@ Hidden Markov Chains Models (HMM).
@ A Posteriori Law=Law(X|Y) (A Priori=Law(X)).
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Heuristic particle filters

Sample a population of N "individuals” /particles” s.t. at any time
@,....,eM eEN - Iinm—Z5A = Law(X; | (Yo, ..., Yr))
i=1

Heuristic learning/filtering scheme :
@ Prediction/Exploration ~~ sampling N local transitions of the signal.

@ Updating/Correction ~ birth and death process = branching particle algo
(fixed size N).

o Kill/stop individuals/proposal with poor likelihood value.
o Multiply/increase individuals with high likelihood value.

~> Path space models : X; = (X{, ..., X])
= Genealogical tree based Iearnmg algorithm :

N—oo

N

. 1

lim ‘N Z Oith ancestral line(t) — Law((Xg, ... X{) | (Yo,..., Y%))
i=1
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Some typical rare events

@ Physical/biological /economical stochastic process : atomic/molecular
configurations fluctuations, queueing evolutions, communication network,
portfolio and financial assets, ...

@ Potential function-Event restrictions : Energy/Hamiltonian potential
functions, overflows levels, critical thresholds, epidemic propagations,
radiation dispersion, ruin levels.

Objectives

Rare event probabilities & the law of the process € critical regime

Default tree model = Branching particle genealogical tree model
(Branching on "more likely” gateways to critical regimes)
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Event restrictions and confinements

@ Non intersecting simple random walks on Z<

PNVp<g<n, X, #X,) = ﬁ x #{not N walks length n}
~ exp(c n)
Law((Xo, ..., Xp) | VP <qg<n X, # Xg)
@ Confinement model/Lyap. exp. and top eigenval.

PWVO<p<n X,€A)~exp(—A(A) n)

Law((Xo, ..., Xp) | YO<p<n X, € A)

@ Tube confinement : as above with (X, € A) ~ (X, € Ap)

v

~> Accept-Reject interacting X-motions
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Terminal levels conditioning and excursion models

© Terminal level set conditioning :

P(Vo(X,) > a) & Law((Xo,-..,Xn) | Va(Xa) > a)

@ Fixed terminal value : Law, x((Xo,...,Xn) | Xo = Xxn).

© Ciritical excursion behavior :
P(X hits B before C) & Law(X | X hits B before C)

@ Interacting X-transitions increasing the potential V/,.

@ Interacting M-transitions increasing the Metropolis type potential ratio
TF(dXQ)K(Xz,dxl)
7(dx1)M(x1,dx2)

© Interacting X-excursions on gateways levels ~~ B.
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A pair of target Boltzmann-Gibbs measures

@ 77,(dx) o e V) X\(dx) with 3, 1
Q 7n(dx) o< 1a,(x) A(dx) with A, |
© Normalizing constants A\(e V) and A\(A,)

Q@ e (Bri1=Fn)V interacting MCMC moves with local targets 7,

@ A, 1-interacting MCMC moves with local targets 7,

© Time product of the empirical interaction potential functions.
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Previous heuristic type models

C A single (sequential) Feynman-Kac/Boltzmann-Gibbs
formulation:

1 X
din = 5 IT Go(Xo) p P>
0<p<n
G,—
=" Law((Xo,- -, Xo) | Xo € Aoy- .., Xn € An)
and Z, = P(Xo € Ao, ..., Xn € A))
Note : 7, = "nonlinear” transformation of the proba. meas. 7,_1
H Gp(Xp) ¢ = H Gp(Xp) ¢ % Gu(Xn)
0<p<n 0<p<(n—1)

~> (Accept-Reject) G-interacting X-motions [and inversely!]
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e A simple mathematical model

@ Standard notation

@ A genetic type spatial branching
process

@ Genealogical tree approximation
measures

@ Limiting Feynman-Kac measures

@ Equivalent Sequential Monte Carlo
formulation
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Standard notation

E measurable space, P(E) proba. on E, B(E) bounded meas. functions.
o (i,f) € P(E) x B(E) )= [ ntax
o M(x,dy) integral operator on E
M) = [ Mx ()
[ M dy) (= [ami(r) = ()] )

Il
53
X

[M](dy)

@ Bayes-Boltzmann-Gibbs transformation : G : E — [0, co[ with p(G) > 0

W (41)(dx) = ﬁ G(x) (k)
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If  p=TLaw(X) and M(x,dy):=P(Y €dy | X =x)

Then

@ Expectation operators

) = / P(X € dx) f(x) = E(F(X))

M(f)(x)

/ P(Y € dy | [X = x) f(y) = E(f(Y) | X = x)

[uM](dy) / B(Y € dy | X = x) B(X € dx) = P(Y € dy)

o Bayes rule (Y = y fixed observation) :
p(dx) == p(x) dx and  G(x) = p(y | x)
\

Ve (p)(dx) = G(x) p(dx) = p(x | y) dx

1
w(G) )
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Only 3 Ingredients

@ A state space :
E, with n = time/level index [transitions, paths, excursions,...].

Xn = (XI{I—]J )(,{’)7 )([/07”]7 X[ltnfl,tn]7 )([/7-"71,7-,’]7 oo0

@ A Markov Proposal/Exploration/Mutation transition :

Mp(Xn—1,dx,) =P (X, € dx, | Xo—1 = Xp—1)

@ A potential/likelihood/fitness/weight function on E, :

G @ xp € Ep — Gp(xn) €]0,00[

Running Examples :
@ [Confinement] X,=Simple random walk (SRW) on E, =Z and G, = 14.

@ [Filtering] M,=signal transitions, G,=Likelihood weight function.
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SMC/Genetic type branching particle model :

é_'. Updating/Branching
i

N,
n

Selection/Branching : (Ve, > 0 s.t. €,(x},..

@ Acceptance probability:

A.N
€n

Mn+1

1
gn—&- 1

Prediction/Exploration 5’.
n+1

N
n+1

€ = ¢ with probability €,(&2, ..., €M) G (¢])

@ Otherwise :

& = ¢ with probability

Gal)
St Gal€X)

L xNY x Gu(x") €]0,1])

Running examples: [Confinement & Filtering] = [(G, = 14) & (Gp=Likelihood)].
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Some remarks :

@ ¢, =0 = Simple Mutation-Selection Genetic model.
0 G, =exp{—ViAt} & ¢, =1 = V;-expo-clocks @ uniform selection
® G, €[0,1] & €, =1 = Interacting Acceptance-Rejection Sampling.

@ Better fitted individuals acceptance :

For en(xt, .. xM)Go (X)) = Gp(x')/ sup G,(xX)

1<j<N

@ Related branching rules:
[DM-Crisan-Lyons MPRF 99, DM 04] (Given &, = (£/);)

P! := Proportion of offsprings of the individual &/

o Unbiasedness property : E (P}) = ( )/Zk L ,,f )
o Local mean error : E ([ZN1 [Pi— (&) ) < L

1

v
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Interacting-Branching proc. < 3 Particle/SMC occupation measures:

(N = 3) o« —— o e —> e=o
* —>0 —> 0o =0
*« ——> o o 1' =e
1 N
@ Current population — N Zl B8ty Al s
i=

N
S . 1
Historical /genealogical tree — N E 6(&5,n,£§,n,<~-75L,n)~i-th e T
i=1

. 1 N
Complete genealogical tree — 5> ., 6(56#5{7---752)

N
1 )
@ @ Mean potential values [Success proportions (G, = 14)] — N E Gn(&}))
i=1

v
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Limiting measures (" Test” functions f : E, — R)

@ Occupation measures of the Current population

i=1

with the Feynman-Kac measures (X, Markov with transitions M,):

’y"(f) =E fn(Xn) H GP(XP)

0<p<n

First rigorous convergence result :

—Markov Processes and Related Fields, vol. 2, no; 4, pp.
555-580 (1996) .

More recent developments :

— Feynman-Kac formulae. Genealogical and interacting
particle systems, Springer (2004), + References

v
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Limiting measures (" Test” functions f : E, — R)

)= 2 it ()= (06) ]

Running examples :

@ Confinement G, = 14 :

(1) =PM0<p<n X,cA) & n,=Law(X,|V0O<p<n X,€cA)

@ Filtering: G,=Likelihood function :

Yo(1) = Pn(¥0s - s ¥n—1) & mn=Law (X, | Yo=yo,...

5 Yn—l = Yn—l)
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Limiting measures

(" Test” function on path space f, : E, = (Ef x ... X E}) —

)

@ Occupation measures of the historical/genealogical tree

N
Z fOnvgl n""vgfv,n) —NToo nn(fn) =

with the Feynman-Kac measures on path space :

o) =B | f(Xg, .. X)) ] Go(X---. Xp)

0<p<n

Genealogical tree based algorithms :

—DM, Miclo L. Annals of Applied Probability , vol.
4, pp. 1166-1198 (2001).

More recent developments :

— Feynman-Kac formulae. Genealogical and interacting
particle systems, Springer (2004), + References

'Yn(fn)
¥n(1)

11, No.

v
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Running examples

Confinement
Xo=(X},..., X)) SRW  Gp(X,) = 1a(X))
!
N = Law ((Xg,..., X)) [VO<p<n X eA)
Filtering :

X, = (X{,-..,X!) = Path signal and G,(X,) = Likelihood functions

|
Nn = Law((Xé,,X,’,) | YO :yo,...,yn_l :y,,_l)
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Limiting measures

(" Test” function on path space F,: (Ey X ... X E;,) = R)

@ Occupation measures of the complete genealogical tree (¢, = 0)

HMZ

507517 oo 751{:) —Ntoo (770 Q... ®77n) (Fn)
with the Feynman-Kac tensor product measures :

(m@...@nn)(Fn):/E /E 10(656) -+ 1) F(501 - - -, )

@ Acceptance parameter €, # 0 ~» Limiting McKean measures.

nn = Law(X,) with Markov transition X, = X i1

Interacting-Branching model = Mean-field interpretation of X,
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Limiting mean potential /success proportions (G, = 14)

g e LS ) cet. 1(Gn) _ mea(1)
"n (G") . N;G"(E”) NToo nn(Gn) = ’Yn(]-) = ’7,,(1)

=Unbiased estimate of the normalizing cts/partition functions :

W@ =TI (G) —wne W@ =TI 7(6)

0<p<n 0<p<n
with the key product formula :
(1) = m(1)=E H Go(Xp) | = H 1p(Gp)
0<p<n 0<p<n
Running ex. : [X, SRW & G, = 14]

H (Success proportion time p) ~P(V0< p<n X, € A)
0<p<n

(1)
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Equivalent Sequential Monte Carlo formulation

Preliminary observations

Updated Feynman-Kac models

() =E | (X5, .. X0) J] Go(X5,---, Xp)
0<p<n

{ [Path space models] x, = (x§, ..., x})

’'n

Faldxn) = {né(dX(S)HM,Q(XL_l,dX,Q)}X IT G(x--mix)

)

Vn(dxn) = Fn-1(dxn—1) X My (351, dx;) X Gn(xn)

v
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Preliminary observations

Prediction Feynman-Kac models

() =E | (X, .. X0) ] Go(X5,---. Xp)

0<p<n

{ [Path space models] x, = (x}, ..., x})

n(dxn) = An-1(dxn-1) X Mp(x;_1, dx;)
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SMC formulation

Goal = Sample from the target measures :
[unnormalized recursions] 7,(dx,) = Fp—1(dxn—1) X My (x)_1, dx;,)
on the path space sequence

Xn = (5Qs -+ X,) € Eni=(Ej x ... x E)

n

© Sampling N Local explorations :
Xn_1 ~ Xnp = (Xa_1,x,) with x/, ~ M/ (x]_1,dx})

@ Compute the weight of each sample :

'/V\n(dxn)
B2 s) X My, )

Gh(xn) =

and resample N random paths with weights G,(x,).
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Summary-Conclusions

SMC/Genetic type branching/particle model
[M,-free exploration & G,-weighted branchings/adaptation]

¢ & 1

Feynman-Kac measures
[M,-free motion @ G,-potential functions]
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e Some Feynman-Kac sampling recipes
@ Exploration/Branching rules
@ Tuning parameters
@ Some "wrong” approximation ideas
@ A nonlinear approach
@ Some key advantages
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Some evolutionary sampling recipes

Nonlinear Feynman-Kac measures ~ (G, M,)

Mn(f) = vn(£F)/1n(1)  with  ya(f) =E [ £2(Xn) H Gp(Xp)
0<p<n

@ ~~ Interacting stochastic algorithm :

accept/reject/select/branch/prune/clone/spawn/enrich  ~» G,

exploration/proposition/prediction /mutation /free evolution ~» M,

And Inversely !
@ Normalizing constants ~~ key multiplicative formula.

@ Path space models ~~ path-particles=ancestral lines

Occupation meas. of genealogical trees ~ 7, € path-space
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Tuning parameters

(Gny Mn) S (an’ Mé)

Change of ref. measures, path/excursion spaces, selection periods, weights
interpretations, ...

An elementary illustration of a change of probability measure

Updated FK-models — 7,(f,) :=E | f,(X,) H Gp(Xp)
0<p<n

no(dxo) Go(x0) % H;:l {Mp(xp—1, dxp) Gp(xp) }

dxo) Go (X n Mp(Xp—1,d%5) Gp(Xp
= mo( Go) (LG ) » [T7_, M (G,) (xp1) { Melperassrelot) |
with

Mp(Gp)(xp-1) := - Mp(xp-1, dxp) Gp(xp)
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(G, M) —— (G, M)

0<p<n

Vn(fn) =E (ﬁ,(X,,) H Gp(Xp)) ~ [X — free motion @& G — branching]

10(dxo) Go(xo) X ngl {Mp(xp—1, dx) Gp(xp) }

~

= 10(Go) To(0) X {TTp-y Mp(p-1, %) | % { TToscpen Col)}
with
(o, ) 1= e I and (1) 1= MGy

I

An(fy) x E (f,,()?,,) H /G\p(?p)) ~ [)A( — free motion & G — branching}

0<p<n

P. Del Moral (INRIA Bordeaux) INRIA Centre Bordeaux-Sud Ouest, France 39 /111



—> 2 alternative particle interpretations

@ Interacting acceptance-rejection algorithm

An(fa) = E | f(Xn) H Gp(Xp) | ~» X —motion & G — branching

0<p<n

@ Local Conditioning ~~ Conditional exploration algorithm

() < E | £,(X,) H ?;()?,,) ~+ X —motion @& G — branching

0<p<n
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Running examples

o~

X — motion & G — branching

@ Confinement G, = 14 ~ Local transition conditioning

Mn (anla an)]-A(Xn)

Mo 0o ) 204 Gala) = Maia(la)(xa)

Mn(xn—l) an) =

© G,(x,) = Filtering Likelihood weight function = p(y,|x,)

v P yn|Xn P Xn|Xn—1

)

Gn(xn) = P(¥n|xn) < P(Xn[Xn—1,Yn) — motion & p(ya|xn—1) — branching
—Annals of Applied Prob, vol. 8, no. 2, 1254-1278 (1998).

V.

and  Gp(xn) := p(ynt1|xs)
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Approximation models

At each stage & from any local individual position x,_1

!

N (or N) auxiliary/lookahead variables (X/(x))1<ij<n with law M,(xp—1, dx,)

J
1 N
Mo (Xn—1, dxy) = MN(x,_1, dx,) := N Z(SXA'(X)
i=1
4

. ~ M!,V Xp— ,an Gn Xn
Moo, ) = MY (01, dy) = A(JN(IG)(X)l)( |

and an(Xn) = 6,5\/()(,,) o= M:lvv+1(Gn+1)(Xn)

—Annals of Applied Prob, vol. 8, no. 2, 1254-1278 (1998).
—DM, Guionnet A. SPA, vol. 78, pp. 69-95 (1998).

v
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State space enlargements ~~

X, =(X/_1,X)) or X,=(X§,...,X]) or excursions, ...

Path space models :
Xn = (X35, X))

I

Mn(f) < E | fu(Xg,- ., X)) [T Go(X5,---. X0)
0<p<n

Alternative Boltzmann-Gibbs’ formulation :

1
dip = — H Gp(Xp) o dPY

Zn
0<p<n
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An example of state space enlargements

Vi, < tht1 X, =X, = (XL, XL 11 XL p1s e Xt’n+1 1)

[tnytn+1[

and

Go(Xa) = [ GiUX)

th<s<tpt1

4

m(f) o E|f(X) J] Go(Xp)

0<p<n

[tn > fn+1[ H G

0<s<tpt1
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An example of state space enlargements

Vtn < top1 Xo =Xy a1 = X, Xty Xeg1se 0 XE 1)

and

G(X) = [ 6ux)

th <s<tpt1

X — free motion & G — branching}—models :

Mn(anh an) Gn(xn)

e o M4 Gala) = Maa(Gria) ()

,\/;In(xnfh an) =

with for any path sequences x, = x[

toytoia[
{ Ma(Xp1,dxy) = P(X[t ol E D | X o= x,,_1>
G,,(Xn) = th§s<tn+1 Gs/(xs/)

P. Del Moral (INRIA Bordeaux) INRIA Centre Bordeaux-Sud Ouest, France 45 /111



Approximation path-models

At each stage & from any local individual path sequences x, 1 = x[’t o]

l
N (or N') auxiliary/lookahead path sequences
VISi<N  Xp(x) =X b ()
with law

Mo (X1, dx,) = P (x[’tn,tm[ € dxn | Xy, 0p = XH)

I

Approximated path-transitions :

N
1
M (Xn—1, dxp) = I\ﬂ,’f’(x,,,l7 dx,) i= N Z(s

=

()

-
Xt tnaal
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Approximation path-models

Approximated path-transitions :

Mn(Xn—ly an) o) MN(Xn 1, an : N Z [tn n+1[
| [Weighted empirical conditional transitions]

~ MY (x_1, dxp) Gn(xn)
MN(xp_1,dx,) = TSR PAS AL
5 6350 MIT(G7) 1)

- EN: G (x[/tn,-,w[(x)) s
= X! i
= ZJ 1 G ( it t,,+1[(X)) [tn,tn1l

(x)(dxn)

and

~

N
GrI:V(Xn) = Mrlrv+1( n+1) Z n( [tn+1:tn+2[( x))
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Importance sampling distributions ~~

@ Change of proba. : X, = (X/_1, X)) ~ Y, =(Y._1,Y})

n—1>"%n n—1> "n

E | f(Xn) H Gp(Xp) | < E | fn(Ya) H Ho(Y5)

0<p<n 0<p<n

@ Related weighted meas. G, = G x G}~ = G,(,l) X G,(,z) = 000
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Complexity and Sampling problems

@ Path integration formulae, infinite dimensional state spaces
@ Nonlinear-Nongaussian models

@ Complex probability mass variations
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Some "wrong" approximation ideas

@ "Pure” weighted Monte Carlo methods : X' iid copies of X

36003 TT 6 p = E (60 T 606)

0<p<n 0<p<n

~ bad grids X' @ degenerate weights (running ex G, = 1,)

69 DM, Jacod J. : Interacting particle filtering with discrete-time observations: asymptotic
behaviour in the Gaussian case. Stochastics in infinite dimensions, Trends in Mathematics,

Birkhauser (2001).
@ Uncorrelated MCMC for each target measure 7, (1 complex.).

@ "Pure" branching ~ critical random population sizes

Gn(x) = E(gn(x)) with gp(x) rv. €N

@ Harmonic/(Gaussian—+linearisation) approximations.

@ G.M(H)ox H ~ G o H/M(H) ~ H-process X" (unknown).

v
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A nonlinear approach ~ Feynman-Kac evolution equation

[7n € P(E,) probability measures 1 complexity].

Nn+1 = d>,,+1(77n) = WGn(nn)MnH

With only 2 transformations:

@ Bayes-Boltzmann-Gibbs updating transformation :

V6 (1n)(d) = s Glo) ()

@ X-Free Markov transport/prediction eq. : [X, Markov M,]

p(e) ~ (uMa)() i= [ () Mi(x. )
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By the Markov property :

0<p<n

7n(fn) = E ]E(fn(Xn)| O<p<n H G )

0<p<n

0<p<n

= E Mn(fn)(Xn—l) H GP(XP))

= IE [Gn_an(fn)](Xn—l) H GP(XP))
)

0<p<(n—1

4
’Yn(fn) = 'Ynfl(anan(fn)) and 'Vn(]-) = ’7n71(Gn71)

v
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Yn(fa) = Yn-1(Gn—1Mp(fn)) and  v4(1) = ¥r-1(Gs-1)

I
n(fo Yn—1(Gn—1 My (1,
) = ’y,,((l)) - %(11(Gn1() ’
U
n(f) = Vn=1(Gn-1Mn(£0))/¥n-1(1) _ 1n-1(Gn-1Mn(fo))
Yn-1(Gn-1)/7n-1(1) (G 1)
I

nn(fa) = Ve, , (Mn—1)(Mn(15))
()

h = \UG,,,l (nn—l)Mn
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(Updating/Prediction)~(Select./Mutation)=(Branching/Exploration)

)

Updating Prediction
MIn an(nn) Nn+1 = wG,,(nn)MnJrl

)

; Branching/Selection ~ Exploration/Mutation
& = (& )1<i<n —_— &n = (&)1<i<n —_— Ent1
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2 Local sources of randomness with mean :

N i
E (%o (f) | &) = 22“225) Moca (F)(ED) = Bpr (1) (F)

)

The particle measures 7, "almost” solve the updating/prediction system :

E( [77r,1v+1 — P (77:’1\1)] (f) [€0) =0 — o1 = Ppra(nn)

Up to the local fluctuation errors :
N N
Mnt1 = ¢,,+1 (nn) +

X [m (77:I1V+1 —®pi1 (772[))]

Monte Carlo precision —=Wi~Gaussian Field

{&l-
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Some key advantages

@ Stochastic linearization/perturbation technique :

1

N N N
n n\*/n— Wn
n ®n(np—1) + N

with WN ~ W, independent and centered Gauss fields.
@ 7, = ®,(n,—1) stable dynamical system

= local errors do not propagate

= uniform control of errors w.r.t. the time parameter

@ "No need” to study the cv of equilibrium of MCMC models.
@ Adaptive stochastic grid approximations

@ Take advantage of the nonlinearity of the system to define beneficial
interactions. Non intrusive methods.

@ Natural and easy to implement, etc.

P. Del Moral (INRIA Bordeaux) INRIA Centre Bordeaux-Sud Ouest, France 56 / 111



e A series of applications

Filtering models

Confinements and twisted measures
Excursions and level entrances
Process with fixed terminal values
Non intersecting random walks
Particle absorption models

Static Boltzmann-Gibbs measures

P. Del Moral (INRIA Bordeaux) INRIA Centre Bordeaux-Sud Ouest, France




Filtering models

@ Signal-Observation likelihood functions (X, G,) :

nn = Law((Xo,...,Xn) | (Yo,..., Ya))

1
L, = =logv,(1) = Log-likelihood function
n

o Example :
Yo = Ho(Xp) + Vi, with P(V, € dv,) = gn(vn) dv,
i3 [Y = )/n]
Gn(xn) = gn(¥n — Hn(xn))

@ ~ Particle filters, sampling/resampling alg., bootstrap filter, genetic filter,...

v
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Rare events analysis

@ Confinements potentials: G, = 14,

M = Law((Xo,...,Xn) | Xo € Ao, ..., Xn € An)
Z, = HD()<0€’407~-~,)<n6/4n)

© Twisted measures ~ P(V,(X,) > a)?

E(f,(X,) e*V"X)) = K | £,(X,) H e (Vo(Xp)=Vo—1(X,-1))
0<p<n

~ Interacting particle simulation of twisted measures
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Hitting B before C

@ Multi-level decomposition By D By D ... D B, Bon C = 0.

@ Inter-level excursions :

T,=inf{p>T,_1 : Y,€B,UC}

@ Level excursions and level detection potentials:

Xn = (Yp i Tho1 <p< Tn) and Gn(Xn) = ]-B,,(YT,,)

)

P(Y hits By, before C) = E [ ] Gp(Xp)
1<p<m

E(f(Yo,..-, Y7,) 18,(Y7,)) = E|f(Xo,.... Xm) [ Go(Xp)

1<p<m

~~ Branching-multilevel splitting algorithms
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Objectives - Markov processes with fixed terminal values
@ X, Markov with transitions L(x, dy) on E

@ Law(Xp) = 7 only known up to a normalizing constant.

@ For a given fixed terminal value x solve/sample inductively the following
flow of measures

n— Law,((Xo, ..., Xp) | Xo = x)
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FK-formulation - Markov processes with fixed terminal values

® 7 "target type” measure+(K, L) pair Markov transitions

m(dx2)L(x, dx1)

Metropolis potential G(x1,x) = (K (1, &)
1 1, 2

@ Theorem [Time reversal formula | :

]E7L.r(fn(Xn,Xn_1 P ?X0)|Xn = X)

EK(£(X0, X1, Xn) {TTocpen G(Xps Xot1)})
EX({ITo<pen G(Xp, Xo11)})

@ ~~ time reversal genealogical tree simulation

~> Interacting Metropolis-Hastings algorithms
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Non intersecting random walks (& connectivity constants)
Xo = (%, %) and Ga(Xa) = Lyg ey (X0)

J
1 =Law((Xg,...,.X;) [Vp<qg<n X, #X)

~> Dynamic Pruning-Enrichment Rosenbluth Monte Carlo model
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Molecular simulation ~ Particle absorption models

@ X, Markov € (E,, &,) with transitions M, and G, : E, — [0,1]
Qn(x,dy) = Gp_1(x) Mu(x,dy) sub-Markov operator

o ~ Ef=E,U{c}.

absorption ~G, e exploration ~ M,

X5 € E; r & 1

With:
@ Absorption: )A<,';‘ = XS, with proba G(X£); otherwise )A(,f =

@ Exploration: elementary free explorations X, ~ X1
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Feynman-Kac integral model

o T =inf{n: XS = c} absorption time : Vf, € B,(E,)

P(T>n) = yw1)=E[ [] 6(X)

0<p<n

E(f(X7) i (T =n)) = 7n(fa) :=E [ f2(Xn) H Gp(Xp)
0<p<n

@ Continuous time models : A = time step

M, G)=(ld+A LeV2) = Q~ LV =L-V

~~ L-motions & expo. clocks rate V & Uniform selection.
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Spectral radius-Lyapunov exponents
@ Q(x,dy) = G(x)M(x,dy) sub-Markov operator on By(E)
@ Normalized FK-model : ,(f) = vn(f)/vn(1).

BT>m=E( [[ 6(%)| = I[ m(6)~e™

0<p<n 0<p<n
with e=* "2 Q_top eigenvalue or
. 1 n
A = —LogLyap(Q) = I|m - Iog Q"
1
= ——Iog]P’(T>n == Z log 75(G) = — log 710 (G)
7 e
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Feynman-Kac-Shroedinger ground states energies

M p — reversible :

= E(F(XS) | T > n) ~ H;EH ) ith Q(H) = e H

Limiting FK-measures

y (G F) _ p(H f)

n:q> n—1) —7ntoo Moo wit =
U (Mn-1) —ntoo 1 7 (C) ()

leadsto Particle approximations :

1
A oy AY = Z Iogn,'JV(G) and Moo ~pnt 7

Law((Xg, - -

0<p=n

., X5) | (T > n)) ~ Genealogical tree measures

)

Diffusion and quantum Monte Carlo models
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Boltzmann-Gibbs measures
o X rv. € (E,&) with p = Law(X)

@ Target measures associated with g, : E — R

n(dx) 1= Vg, (1)(dx) = 8n(x) p(dx)

1
1(gn)
Running examples :

gn=1a, = na(dx) x1a,(x) p(dx)
gn=eY = p(dx) x e PV L(dx)

gn= [ ho = mldx)ocq [ ho(x) p p(dx)

0<p<n 0<p<n

Applications : global optimization pb., tails distributions, hidden Markov chain
models, etc.
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Boltzmann-Gibbs distribution flows

@ Target distribution flow : 7,(dx) o< g,(x) p(dx)

@ Product hypothesis :

8n = 8n—1 X Gn—l = M = an_l(nn—l)

Running Examples:

g = 1la, withA,| = G,_1=14,
g = ePVwithB,! = G,1=e BrFr1)V
& = Hogpgn hp = Gn—l = hn

@ Problem : n, = V¢, _,(7,—1) = unstable equation.
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FK-stabilization

‘Choose M,(x, dy) s.t. local fixed point eq. — 7, = 1,M,

Examples (Metropolis, Gibbs,...) :

@ Set restriction :

"7n(dX) =

Hyp. M reversible w.r.t u (< p(fM(g)) = w(M(f)g)):

~ Mn(x7dy):M(X’dy) lAn(y)+(1_M(XaAn)) 5x(dy)
Proof :

n(la, Ma(f)) = p(la, M(f1a,)) +p(La, (1 —M(1a,)) f)
= pu(M(1a,) fla,) +p1(1a, (1= M(14,)) f) = p(1a,f)
1 (1a, Ma(f)) — p(1a,f)

= nn(Mn(f)) = M(]-An) = N’(]-An) = nn(f)
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Example of reversible Markov

For any a € [0, 1), the Markov transition
M(x, dy) = —— ex (-1( —ax)2>d
, ay Von p 5 y y

is reversible with respect to the gaussian measure on E = R given by

_ 2 _ 2
p(dx) = 1-a exp{—1 2a xz} dx

21

(Exercise).
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FK-stabilization

@ Boltzmann-Gibbs measures :

Na(dx) =

Hyp. M reversible w.r.t p (< u(fM(g)) = p(M(f)g)):
= Ma(x, dy) = M(x,dy) e”) + (1 = M(e™)(x)) 0.(dy)
Proof :
w(e” My(f)) = p(e% M(fe")) +p(e% (1—M(e™)) f)
= (M) fe) + (e (1—M(e™)) f) = u(e™f)

el M, ol
= nn(Mn(f)) = s ( M(el\(jln)(f)) = F:L((eung) = 77n('()
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FK-stabilization

Choose M, (x, dy) s.t. local fixed point eq. — n, =n,M,

Stable equation :

8n = 8n—1 X anl — 1= anfl(nnfl)
— 1= UnMn = \UG,,,l(nnfl)Mn

@ Feynman-Kac ”dynamical” formulation (X, Markov M,)

[ 00 &0 nte B ( 7x) ] Golxo)

0<p<n

@ ~~ Interacting Metropolis/Gibbs/... stochastic algorithms.
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e Interacting sampling techniques
@ Stochastic sampling problems
@ Mean field and i-MCMC models
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Stochastic sampling problems

@ "Nonlinear" distribution flow with T level of complexity.

- 'Yn(dxn)

Nn(dxn) = (@) Time index n€ N State var. x, € E,

@ Two objectives :

© ~ "Sampling independent " random variables w.r.t. 7,
@ Computation of the normalizing constants ~,(1)
(= Z, Partition functions).

@ Examples : Prediction/Updating filtering equation, series of condition
events, decreasing temperature schedule,...
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Two simple ingredients

@ Find or Understand the probability mass transformation

Nn = Pn(Nn-1)

~ Cooling schemes, temp. variations, constraints sequences, subset
restrictions, observation data, conditional events,...

@ Natural interacting sampling idea :

Use 7,1 or its empirical approx. to sample w.r.t. 7,

© Monte-Carlo/ Mean Field models :

~ Mn—1 —

nn = Law(X,) with Markov: X, ; —— X,

@ Interacting MCMC models :

{ Use the occupation measures

of an MCMC with target 1,_1 } ~» MCMC target 7,

v
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e Mean field particle methods
@ Description of the model
@ Mean field Feynman-Kac models
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Mean field interpretation

@ Nonlinear Markov models : Always 3K, ,(x, dy) Markov s.t.

Nn = q)n(nnfl) = nnflKn,nnflzLa‘W (Y")

P(Y,, S dX,, | Y,,,l) = Kﬂ,nn71(yﬂ*17 dX,,)

@ McKean measures : L .
Law (X07X1, 200 7X,,)

1
]P((Yo,yh...,yn) S d(Xo,Xh...,X,,))

= nO(dXO)Kl,no(Xm Xm) 500 Kny”]n—l(xn—h an)
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Mean field particle interpretation

@ Markov chain &, = (&2 ENY e EN st

n»*-**o

1
Iy =N > e Nt M
1<i<N

@ Particle approximation transitions (V1 < i < NN)

5271 Rt 5,'; ~ Kn,n,’,"_l(g;;fh dxy)
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Discrete generation mean field particle model

Schematic picture : &, € EN ~ &,4q € EN

Kn R N 1
51 L £n+1

5" - ;1+1
: N
§N N fn+1

Rationale :

N
Nh =Ntoo Tn - Kn+1,7],'1" =NToo Kn+1,77,,
— 5[, almost iid copies of X,

80 / 111
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An elementary mean field interpretation model

@ Nonlinear Markov models : Always 3K, ,(x, dy) Markov s.t.
Nn = q>n(nnfl) = nnflKn,ﬂn—lzLaW (y")
| Example
Kn,n,,_l(xnfla an) — an(nnfl)(an)

@ McKean measures :
Law (Xo, X1, -, Xa) =70 ©m © ... ® 1,
(3
P ((Y07Y17 eoo 7Yn) €d (X07X17 000 7Xn)) = UO(dXO)Wl(dxl) ce nn(an)

P. Del Moral (INRIA Bordeaux) INRIA Centre Bordeaux-Sud Ouest, France 81 /111



Mean field particle interpretation

@ Markov chain &, = (¢},...,¢M) € EN st

@ Particle approximation transitions (V1 < i < N)

Ep 1 v ey o @y N 25 (dxn)

{ [Given the past occupation measure]

N
(&,.... €M) iid ~ o, %Za,_
j=1
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Ex.: Feynman-Kac distribution flows

@ FK-Nonlinear Markov models :
€n = €n(Nn) > 0 s.t. np-a.e. €,G, € [0,1] (e, = 0 not excluded)

Ko 1y (x, 02) =./&mwdmNMﬂ%w)

Sn.na (X, dy) := €nGn(x) Ox(dy) + (1 — €. Gn(x)) VW, (10)(dy)
@ Mean field genetic type particle model :

i accept/reject/selection ~ proposal /mutation ;
el T, T T € Ena

@ Examples :

o G, =14 ~~ killing with uniform replacement.
e M,-Metropolis/Gibbs moves ~> G,-interaction function
(subsets fitting or change of temperatures)
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Mean field genetic type particle model :

r M,
1 -~ n+1 1

&n & ——— &
Spl :

g6 | ——lg . &y
y .

gn é\N - §n+1
L Sn

Accept/Reject/Selection transition :

5n 7],’,\’(6:1’ dX)

= enGa(€h) e () + (1= enGa(€h)) Ty 52t ()

P Gr=1a, €n =1~ Gp(&) = 1a(¢")

— FK-Mean field particle models = sequential Monte Carlo, population Monte
Carlo, genetic algorithms, particle filters, pruning, spawning, reconfiguration,
quantum Monte carlo, go with the winner...
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Path space models

o X,=(X{,...,X])~ genealogical tree/ancestral lines

1
D g = D O eth) N1 TIn

1<i<N 1<i<N

@ Unbias particle approximations :

H 77p Gp) ~nioe V(1) = H 1p(Gp)

0<p<n 0<p<n

@ Ex. G,=1,:

=N1) = H (success % at p)
0<p<n

@ Complete genealogical tree ~ McKean measures

1
N2 @

1<i<N

(€,€1,...,61) =N1oo 10 X Ki,p

X K

n,Mn—1

v
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@ "Elementary” FK-Nonlinear Markov models :

Kn+1;7]n(x7 dZ) = /an("]n)(dy) Mn+1(y7 dZ) = cbn+1(77n)(d}/)

@ Simple genetic particle model :

accept/reject/selection 5 proposal /mutation

der e e, L e

with
e LY iid ~ g, (V)

)

N
.. 1
§%+17 200 7£[I)\I+1 iid. ~®pyy (N Z 55;)

i=1
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en = 0 = Simple genetic particle model :

r M,
1 n+1 1
& g —— &n
i Selection e ;
&n — | g — &n
N N
fn @V [ n+1
L Sn

Elementary selection transition :

N

Eln,...,fﬁ’ iid. ~Wwg (pV) = _ &) 5
o ) =2 S e e
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Path space models with ¢, = 0

@ X, =(X},...,X!) ~ genealogical tree/ancestral lines
1
Z Og; = N Z 5(§3yn,g;,n,...,g;m) ~Ntoo Mn
1<i<N 1<i<N

@ Unbias particle approximations :

I 77(Go) =niee w() = T 70(Gp)

0<p<n 0<p<n

@ Ex. G,=1,:

=N1) = H (success % at p)
0<p<n

@ Complete genealogical tree ~ McKean measures
1

T D Ot NI T @M@ . @y
1<i<N

v
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© Some theoretical aspects
@ Non asymptotic results
@ A stochastic perturbation model
@ Stability properties
@ Asymptotic results
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Non asymptotic results

@ Weak estimates — Bias estimates (<« Propagations of chaos)

Law(q particles among N at time n) ~y;-, Law(q iid r.v. w.r.t. 7,)

Total variation = q—,\jc(n), Boltzmann entropy = fc(n).
Stable models: uniform estimates w.r.t. time sup, c(n) < co.
Path space and genealogical tree models c(n) = ¢ x n.
Explicit weak decompositions at any order ﬁ

0000

‘—>http—ref : DM-Patras-Rubenthaler, Coalescent tree based functional representations for

some Feynman-Kac particle models, Hal-INRIA (2006).

@ L,-mean error bounds [(2),(3) as above]

N>1

SUP\FE<sgp |n5 () nn(fn)|p) < b(p) c(n)

@ Exponential estimates [(2) as above & empirical processes ~ F,]

P(|11p (fa) = 1a(fa)| > €) < c(n) exp {—€*N/c(n)}

v
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http://hal.inria.fr/inria-00090242/fr/
http://hal.inria.fr/inria-00090242/fr/

A stochastic perturbation model < Uniform estimates w.r.t. time

Feynman-Kac (nonlinear) dynamical semigroup : ‘77,, ~ ®p n(np) == 1n

A local transport formulation (works V approximation scheme 7/ ~ 7,!)

n — m=®i(n) — m=%Po2(n) — - — 1= Pou(n0)
I
g — b)) - o)) - - = Soa(nd)
mn - &) = = O, y)
I
ny R I
U :
77/1\’—1 - ¢n(77rlyv—1)
(3
~~Key decomposition formula nl
n n 1
Ny, = Ny N e S eex 0-a)
M —Tn = Z [¢q,n(77q) q)q,n(q)q(anl))] = S
q=0 ‘7=0\/N
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Semigroup structure

Elfs(Xn) [T Ge(Xe)]

0<k<n

Yn(fn)

= E|E (X)) J[ G(X) | Xo,. .. X
p<k<n

IT G(x0)

0<k<p

IT Gx(x)

0<k<p

= E|E (X)) J] G(X) | X
p<k<n

I

Yn(fa) = E [Qp,n(fn)(xp) H Gk(Xk) | = Yp (Qp,n(fn))

0<k<p

with

Qon(fa) (%) = E | f2(Xa) [T Gu(X) | Xo =

p<k<n

y
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Semigroup structure

an ’Yn(fn) =Y (Qp,n(fn)) <~ Yn = ’Ypr,n
Note :

Qp,n(fa)(xp) = E | £a(Xn) H Gk(Xi) | Xp = xp

p<k<n
4
Qn—l,n(fn)(Xn—l) = Gn—l(Xn—l) Mn(fn)(xn—l)
4
Yn = 'Yn—lon—l,n

'Yn—20n—27n—1 Qn—Ln
= Qp,p+1 ce Qn—2,n—1 Qn—l,n
Qp,n

P. Del Moral (INRIA Bordeaux) INRIA Centre Bordeaux-Sud Ouest, France 93 / 111



Semigroup structure

’Yn:prQp,n
(8
Q n(fn) Y Q n(fn)/'y (1)
o, £) = T b, _ JpXp, P
prle ) = @~ o@D 7(1)
2|8
Q n(fn) U (G nP n(f"))
o, £) = "lp Wp, _ NI\ Sp,nTp, —v P, .(f,
P (np)( ) anp,n(l) np(Gp,n) Gpn(np) P ( )

with the Potential function G, , and the Markov transition P, ,

Gon(p) = @p.a(1)(p) and Pmn(fn)(xp)‘m
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Semigroup structure & Stability properties

Ppn(np) = \UGp,n(nP)P (fn)
Important observation :

Qp,n(fn)(xp) _ Qp,p+1Qp+1,n(fn) _ Mp+1[Qp+1,n(fn)]

P, .(f, = =
prlf) = D0%) ~ Qo1 @een(1) — Myma[@prrn(L)]
_ Mp+1[Gp+1,n Pp+1,n(fn)]
Mp+1[Gp+17n]
= RO Posin(f) =  Pon=RORY, . R RN
) . Mp(Gp,nfp)
with the Markov transitions R(V(f,) = —P22P.07P)
1% ( P) MP(G ,n)
(8
®pon(p) = Ve, , (1) RYLRE, .. R R

(n — p) Markov transitions

v
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Semigroup structure & Stability properties

pn(mp) = WG,,,n(Wp) R,(;Zr)l R(i)2 coo R(n)lR:gn)

p n—

(n — p) Markov transitions

Under some mixing conditions on the Markov transitions R,(,")

S n(np) = Ve, (1) R, RY, .. R R
=(n—p)too
®pn(n)) = Ve, ()R, RY, .. R R

. Stability prop. of non homogeneous
Stabilit . of the s.g. ¢, , < .
apility prop. o €s.g8. Pp, Viarey dhefling a (R;(Jn))ogpgn

<~ On the stability of interacting proc. DM P. and Guionnet A.

Annales de 1’IHP, Vol. 37, No. 2, 155-194 (2001).
— Feynman-Kac formulae. Genealogical and interacting particle
systems, Springer (2004), Chap 4 & 5

v
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http://www.math.u-bordeaux.fr/~delmoral/ihp.ps
http://www.math.u-bordeaux.fr/~delmoral/ihp.ps
http://www.math.u-bordeaux.fr/~delmoral/gips.html
http://www.math.u-bordeaux.fr/~delmoral/gips.html

Some crude uniform estimates w.r.t. time

Hypothesis : (Time homogeneous models) 3(m, r) s.t. for any (x, y)

M7 (x,.) = € M"(y,.) and Gy(x) < r Ga(y)

@ Limiting system stability properties :
1®p,pnm(1) = Pppram(p)ller < (1= e€/rm7H)"
and w.r.t. Csiszar’s H-entropy criteria

H(®p ptnm(1): Ppprnm()) < an(r™/e) (1= /r™=1)" H(p,m)

@ Examples :

ap(t) = t (tv norm & Boltzmann entropy), ay(t) = t**P (Havrda-Charvat
& Kakutani-Hellinger p-integrals, ay(t) = t3 (Lp-norm),...
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Some crude uniform estimates w.r.t. time

Hypothesis : (Time homogeneous models) 3(m, r) s.t. for any (x,y)

M™(x,.) = e M"(y,.) and Gy(x) < r Ga(y)

@ LL,-mean error bounds

sup sup VN E (| [77,’7\/ — 77”] (f)|p>; <2 b(p) m rz’"_l/e3
n>0 N>1

2p+1
with b(2p)® = (2p), 27 and b(2p+1)2"“—(pp+)i'}+zl)2“’“/2)

@ Uniform concentration estimates :

sup P (| [} —ma] ()] > 6) <6 exp (=N 8 /(32mr*" )

o Extensions to Zolotarev's seminorms ||[nY —n,| 7 = supsc £ |[7N — na] ()]
v
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Fluctuations

@ Central Limit Theorems [Sharp L, estimates|

{http-ref : 1999~~2004 : DM, Guionnet, Jacod, Ledoux, Tindel}
VN(F) = VN [n,’)’(f) —np(f)] = V,(f) = Centered Gaussian r.v.
@ Functional Central Limit Theorems. [Vd, V(f)1<i<4]
(VM) ..., V(D) = (Va(f1), ..., Va(F9))

@ Unbounded L,-functions & algebra sets of functions with some
growth conditions.
< (Path space models) DM, Guionnet. Annals of Applied
Probability, Vol. 9, No. 2, 275-297 (1999).
< (Donsker+explicit variance) DM, Ledoux, Journal of
Theoret. Probability, Vol. 13, No. 1, 225-257 (2000).
— (marginal approx. models) DM, Jacod, The Fields
Institute Communications, Ed. T.J. Lyomns, T.S.
Salisbury, American Mathematical Society, (2002).

© Donsker type theorems, Berry Esseen type theorems, path
spaces,...
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http://www.math.u-bordeaux.fr/~delmoral/asympth.html
http://www.math.u-bordeaux.fr/~delmoral/tclpath.ps
http://www.math.u-bordeaux.fr/~delmoral/tclpath.ps
http://www.math.u-bordeaux.fr/~delmoral/tcldonsker.ps
http://www.math.u-bordeaux.fr/~delmoral/tcldonsker.ps
http://www.math.u-bordeaux.fr/~delmoral/tclfields.ps
http://www.math.u-bordeaux.fr/~delmoral/tclfields.ps
http://www.math.u-bordeaux.fr/~delmoral/tclfields.ps
http://www.math.u-bordeaux.fr/~delmoral/asympth.html
http://www.math.u-bordeaux.fr/~delmoral/asympth.html

Large deviations

@ Large deviations principles [Sharp asymptotic expo estimates]

.1 N
Nll—'>noo i log P (77,, ¢ V(Un))

Example : V(n,) = {u : [nN(f) — na(f)| < €} (weak and strong 7-topo).
{http-ref 1998~~2004 : DM, Dawson, Guionnet, Zajic}
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Feynman-Kac (nonlinear) semigroup 1, — &, n(np) == np

LOCAL FLUCTUATION THEOREM : W" .= VN [y — o, (n"_,)] ~ W, Centered and Independent Gaussian field
n n n—1

Local transport formulation :

m  — m=®i(n) — m=Pg2(n) — - —  ®g,n(n0)
4
ny - ®1(ng’) - @ 2(ng') - = 9 (nd)
i
g - @a(nt') - = e,mD)
y? "
2 i i ¢2,n('ﬂ2)
/\lU ‘N
Mh—1 i ¢n(Un71)
4
nn

~~Key decomposition formula entering the stability of the limiting system:

= = > [®gn(n)) — qn(®q(ni_))]

1

= Two lines proof of a Functional CLT : VN [n}) — n,] ~ Z WqDq,n

P. Del Moral (INRIA Bordeaux) INRIA Centre Bordeaux-Sud Ouest, France
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Outline

e Interacting MCMC models
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@ Find a series of MCMC models X(") := (X;E"))kzo s.t.

m _ 1
L Z 5x,(")
0<I<k

— kToo MNn

= Use 7)£") ~ 1, to define X("t1) with target 1,1

@ Using 7, the sampling 7,.1 is often easier.

@ Improve the proposition step in any Metropolis type model with target 7,41
(~ enters the stability prop. of the flow 7,)

@ Increases the precision at every time step.

But CLT variance often > CLT variance mean field models.

@ Easy to combine with mean field stochastic algorithms.

A\
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Interacting Markov chain Monte Carlo models

@ Find Mp and a collection of transitions M, , s.t.

no =noMo and ®,(u) = Sn(u)M,

° (X,EO));{ZO Markov chain ~ Mj.

@ Given X, we let X,E"H) with Markov transtions M

n+1717£")
Rationale :
®p1(\™) = Dpi(nn) =
n(n) ~n, = n+1\T)g = n+1(7n .17,,_,_1 -
k Mn+1,n(k") ~ Mpi1,, with fixed point 7n41
(n+1)

= = M+

Example : M, ,(x,dy) = ®,(u)(dy) ~ X,E"H) rv. ~ &, (77,(("))
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((n — 1)-th chain) (n-th chain)

(n)
Xén—l) x\n

Xl(n—l)
1

X}En—l)
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Outline

@ Fluctuations & comparisons

P. Del Moral (INRIA Bordeaux) INRIA Centre Bordeaux-Sud Ouest, France



[MEAN FIELD PARTICLE MODEL] Nonlinear semigroup — ®, n(7p) := nn

Local fluctuation theorem : WnN =N [n,’,\’ — %, (17,’:’_1)] ~ W, L Centered Gaussian field

Local transport formulation :

m  — m=%®i1() — m=%P2(n) — - —  ®g,5(n0)
4
- @1(nf’) - @ 2(nd) — = @ (nd)
4
nf - @p(nl) - e — 01 ,(n])
) N
ny — e = Oy ,(n))
/& ‘N
Mn—1 nd q’n(’7n—1)
m

~~Key decomposition formula :

n

N N N
Mh —Mn = Z [®q,n(ng) — ®q,n(®q(ng_1))]
=0
1 ®2
~ \/, Z W Dg,n < First order decomp. ®p 5(n) — ®p n(p) ~ (n — w)Dp,n + (n — 1)
= Example Functional CLT : \/NI: Ny — nn} Z WqDq,n
P. Del Moral (INRIA Bordeaux) INRIA Centre Bordeaux-Sud Ouest, France
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[i-MCMC] Nonlinear sg ¢, (np) = np with a first order decomp. :

@p.n(n) = p.n(p) = (1 — p)Dp,n + (n — w)® ...

4

Functional CLT for correlated/interacting MCMC models :

with (Vq)q>0 1 Centered Gaussian field

E (Va(F)?) = ng [(F = mg(N)?] + 25 21 mg [(r —ng(N) M, (F — nq(f))]
" Comparisons” : [Mean field case] (WQ)q>o 1 Centered Gaussian field

E (Wa(M)?) = g1 {Kaung_1 (F = Ka,ng_1 (N}

Case : Kq y(x,dy) = Mg n(x, dy) = ®q(n)(dy) = (Vg = Wq) == [Mean field] > [i-MCMC]
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Some references

Interacting stochastic simulation algorithms

@ Mean field and Feynman-Kac particle models :

o Feynman-Kac formulae. Genealogical and interacting
particle systems, Springer (2004) @ Refs.

e joint work with L. Miclo. A Moran particle system approximation of
Feynman-Kac formulae. Stochastic Processes and their Applications,
Vol. 86, 193-216 (2000).

e joint work with L. Miclo. Branching and Interacting Particle Systems
Approximations of Feynman-Kac Formulae. Séminaire de Probabilités
XXXIV, Lecture Notes in Mathematics, Springer-Verlag Berlin, Vol.
1729, 1-145 (2000).

@ Sequential Monte Carlo models :

e joint work with Doucet A., Jasra A. Sequential Monte Carlo
Samplers. JRSS B (2006).

e joint work with A. Doucet. On a class of genealogical and interacting
Metropolis models. Sém. de Proba. 37 (2003).

v
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http://www.math.u-bordeaux.fr/~delmoral/gips.html
http://www.math.u-bordeaux.fr/~delmoral/gips.html
http://www.math.u-bordeaux.fr/~delmoral/smc_samplers_try.pdf
http://www.math.u-bordeaux.fr/~delmoral/smc_samplers_try.pdf

Interacting stochastic simulation algorithms

@ i-MCMC algorithms :

e joint work with A. Doucet. Interacting Markov Chain Monte
Carlo Methods For Solving Nonlinear Measure-Valued Eq.,
HAL-INRIA RR-6435, (Feb. 2008).

e joint work with B. Bercu and A. Doucet. Fluctuations of
Interacting Markov Chain Monte Carlo Models. HAL-INRIA
RR-6438, (Feb. 2008).

e joint work with C. Andrieu, A. Jasra, A. Doucet. Non-Linear Markov
chain Monte Carlo via self-interacting approximations. Tech. report,
Dept of Math., Bristol Univ. (2007).

e joint work with A. Brockwell and A. Doucet. Sequentially interacting
Markov chain Monte Carlo. Tech. report, Dept. of Statistics, Univ. of
British Columbia (2007).
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