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Stochastic sampling strategies

Stochastic modeling

@ Rare event = cascade of intermediate (less) rare events
(increasing energies, critical levels, multilevel gateways).

@ 7n,=Law(process | a series of n intermediate | events)
=nonlinear distribution flow with T level of complexity.

1
Mo — M1 — ... = Na—1 — Np(dx) = —— Yn(dx) — ...
(@)= %@ )

@ Rare event probabilities = normalizing constants v,(1) = Z,,.

Interacting stochastic sampling strategy

@ Interacting stoch. algo. = sampling w.r.t. a flow of meas.

e Mean field particle models =(sequential Monte Carlo,
population Monte Carlo, particle filters, pruning, spawning,
reconfiguration, quantum Monte carlo, go with the winner).

o Interacting MCMC models (new i-MCMC tech.) ~- Ref..
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Some notation

E measurable space, P(E) proba. on E, B(E) bounded meas. functions.
° (1f) S P(E)X BE) — u(f)= [ F(u(dw)
@ M(x,dy) integral operator on E
M) = [ Mx ()
[wM](dy) = /M(dX)M(& dy) <= [pM](f) = p[M(f)]
@ Boltzmann-Gibbs transformation : G : E — [0, 1] with u(G) >0

VG(n)(d) = s G() ()
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Feynman-Kac semigroups

Updating-prediction transformations

Time parameter n € N, M,(x, dy) Markov transitions and G, : E — [0, 1]

N1 = Pri1(nn) == Ve, (M) Mny1 (1)

Markov chain X, with transitions M, and initial condition Xy =~ 7 :

(1) <= na(F) o< yn(F) =E | F(Xa) T] GolXo)
0<p<n

Observations
o G,=1= n,=Law(X,).
@ Path space models X, = (X§,...,X]

n

yEE,=(Ejx...x E]})

@ Normalizing constants :

Yn(1) =E (Hogp<n GP(XP)> = Hogp<n 1p(Gp)
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Mean field particle interpretations

Nonlinear distribution flows

@ Nonlinear Markov models : 7, = 1,_1K,,,_,=Law (X,)

K”+1,77n (X’ dZ) = / Snﬂ]n (X7 d.y) Mn+1(y7 dZ)

Snn, (X, dy) = €nGn(x) 0x(dy) + (1 = €Gn(x)) Ve, (11n)(dy)

Mean field particle interpretation

@ Markov chain &, = (¢&},...,éM) € EN st

1
M= > g =nice

1<i<N
@ Particle approximation transitions (V1 <7 < N)

:171 s f,l-l ~ Kn,n,"\l_l(g;fl? dX")




Feynman-Kac models
0®00

Mean field particle interpretations

Mean field genetic type particle model :

B M,
1 -~ n+1 1
&n & — &G
: s : :

i g ~ i
g | ——|la —, én
N N
gn L é\r’,\l - n+1

Accept/Reject/Selection transition :

Sn,n,’,\’ (g;n dX)

= enGnlh) 3 () + (1= nGil€)) Do s Gien Oy ()
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Mean field particle interpretations

Path space models

° X,=(X,,...,X!

n

1 1
N . _ R S ~
= D 96 = D Ottt NI T

1<i<N 1<i<N

) ~~ genealogical tree/ancestral lines

@ Unbias particle approximations :

H nflJV(GP ~Njoo Vn(l) = H 1p(Gp)

0<p<n 0<p<n




Feynman-Kac models
oooe

Mean field particle interpretations

Summary : Feynman-Kac particle sampling recipes

Nonlinear Feynman-Kac type flow ~ (G,, M,)
hh = CI>n(77n—1) = an,l(nn—l)Mn

)

@ Interacting stochastic sampling algorithm

acceptance/rejection/selection/branching ~» G,

exploration/proposition/mutation/prediction ~» M,

@ Normalizing constants ~» key multiplicative formula.

@ Path space models ~~ path-particles=ancestral lines

Occupation meas. of genealogical trees ~ 7, € path-space
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Some theoretical results

Some Theoretical results : TCL,PGD, PDM,...(n,N) :

@ McKean particle measure

NZé(gl ~y Law(Xo,...,X,) & nn NZég, ~N Tn

@ Empirical Processes : sup,-supy>1 VN E(||lnN — Mll%,) < oo

@ Uniform concentration inequalities :

sup P(|n (f2) = ma(fa)l > €) < ¢ exp {~(Ne?)/(2 0?)}

@ Propagations of chaos : ]P’ﬂ = Law(&L, ..., £9)
1
N o ® 1 k k-+1 N
Phg = "qu 8an+ NkaP"’q+Nk+1a P,

with supys; [[0TIPN [lev < 00 & sup,=ol|0™Ppqllev < € ¢°.
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Boltzmann-Gibbs distribution flows

Boltzmann-Gibbs distribution flows

Boltzmann-Gibbs measures

@ X rv. € (E, &) with pp = Law(X)

@ Target measures associated with g, : E — R

1n(dx) 1= Vg, (1)(dx) = 8n(x) p(dx)

1
11(&n)
Running examples :

gn=1a, = nn(dx) x1a,(x) p(dx)
go=e PV = Nn(dx) o e P V() w(dx)

Applications : global optimization pb., tails distributions, hidden Markov
chain models, etc.
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Boltzmann-Gibbs distribution flows

Boltzmann-Gibbs distribution flows

Boltzmann-Gibbs distribution flows

@ Target distribution flow : 7,(dx) o< gn(x) p(dx)

@ Product hypothesis :

8n = 8n—1 X Gn—l - h = an,l(nn—l)

Running Ex.:
g = 1lap  withA,| = G,_1 =14,
g = e PVwithB, 1T = Gpq=e BhF)V

@ Problem : 1, = Vg _,(n,—1) = unstable equation.
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Boltzmann-Gibbs distribution flows

Feynman-Kac distribution flows

FK-stabilization

@ Choose M, (x, dy) s.t. local fixed point eq. — 1, = n,M,
(Metropolis, Gibbs,...)

@ Stable equation :

8n = 8n—1 X Gro1 = Th = anfl(T/nfl)
— 1= UnMn = WGn,l(”]nfl)Mn

@ Feynman-Kac " dynamical” formulation (X, Markov M,)

[ 00 &0 nter) B ( 1) ] Golxo)

0<p<n

@ ~ Interacting Metropolis/Gibbs/... stochastic algorithms.
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Markov processes with fixed terminal values

Objectives - Markov processes with fixed terminal values

@ X, Markov with transitions L(x, dy) on E

@ Law(Xp) = 7 only known up to a normalizing constant.

@ For a given fixed terminal value x solve/sample inductively the
following flow of measures

n— Law,((Xo,...,Xn) | Xo = x)
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Markov processes with fixed terminal values

FK-formulation - Markov processes with fixed terminal values

o 7 "target type” measure+(K, L) pair Markov transitions

7T(dX2)L(X2, Xm)

Metropolis potential G(x1,x) = (@)K (1, &)
1 1, dxp

@ Theorem [Time reversal formula | :

EE (£o(Xn, Xp—1 - - -, X0)| Xn = X)

EX(F(X0. X1 - Xn) {TTopen 6(Xp Xpi1)})
Eb({HOSp<n G(va Xp+1)})

@ ~~ time reversal genealogical tree simulation
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Multi-splitting rare events excursions

Rare event excursions

@ (E=AUA°), Y, Markov, C C A€ absorbing set

Y()EAQ(CA) ~ AC:(BUC)

@ Objectives :

P(Y hits B before C) and Law(Y | Y hits B before C)
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Multi-splitting rare events excursions

Multi-splitting rare events

@ Multi-level decomposition By D By D ... D> B, = B
(AOZBl—B(), BoﬁC:@)

@ |Inter-level excursions : T, =inf{p>T,_1 : Y, € B,UC}

Xn = (Yp i Th1 < p < Tn) and Gn(Xn) = 1B,,(YT,,)

Feynman-Kac formulations :
P(Y hits B before C) = E( [[ Gp(Xp))
1<p<m

E(f(Xo, . Xn) T[] Go(Xp)

1<p<m

E(f(Yo,...,YT,) 18,(YT,))

~> genealogical tree in excursion space.
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Fixed time level set entrances

Fixed time level set entrances

Fixed time level set entrances
@ X, Markov e E,, V,, . E, - R, aeR

@ Objectives :

P(Vo(X,) > a) and Law((Xo, ..., Xn) | Va(X,) > a)
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Fixed time level set entrances

Large deviation analysis

Large deviation analysis

P(Vo(X))>2) Z E <1vn(xn)za e Vn(Xn) e—*Vn(Xn))
< e—(a=M(N) with An(N) = |ogE(e/\V"(X"))

Ex.: V,(X,) =X, and AX,=N(0,1) = \*=a/n
Twisted measure

Nn(dxy) oc V00 P(X, € dx,) := 7a(dx,)

P(Vo(Xn) 2 3) = 1n(ly,2a €)X 7a(1)
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Fixed time level set entrances

Feynman-Kac representation formula

Feynman-Kac twisted measures (V_; = 0)

E(fo(Xn) O)) =E [ (X)) [ eV =%e10%-)

0<p<n
and
E(f(Xor - -, Xa) | Va(X0) = a)
(0.8
E(Tn(fn)(Xo’”.’Xn) [Toc pen €X(0R)Vomr%o 1)))
with

To(£)(Xos -, Xn) = fo(Xoy -, Xn)e M KDLy s,




Some references

Some references

Interacting stochastic simulation algorithms

@ Mean field and Feynman-Kac particle models :

o Feynman-Kac formulae. Genealogical and
interacting particle systems, Springer (2004) @ Refs.

e joint work with L. Miclo. Branching and Interacting Particle
Systems Approximations of Feynman-Kac Formulae. Séminaire
de Probabilités XXXIV, Lecture Notes in Mathematics,
Springer-Verlag Berlin, Vol. 1729, 1-145 (2000).

@ Sequential Monte Carlo models :

e joint work with Doucet A., Jasra A. Sequential Monte
Carlo Samplers. JRSS B (2006).

e joint work with A. Doucet. On a class of genealogical and
interacting Metropolis models. Sém. de Proba. 37 (2003).
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Particle rare event simulation algorithms

@ Twisted Feynman-Kac measures

e joint work with J. Garnier. Genealogical Particle Analysis of
Rare events. Annals of Applied Probab., 15-4 (2005).
e joint work with J. Garnier. Simulations of rare events in fiber

optics by interacting particle systems. Optics Communications,
Vol. 267 (2006).

@ Multi splitting excursion models

e joint work with P. Lezaud. Branching and interacting
particle interpretation of rare event proba..
Stochastic Hybrid Systems : Theory and Safety Critical
Applications, eds. H. Blom and J. Lygeros. Springer (2006).

e joint work with F. Cerou, Le Gland F., Lezaud P.
Genealogical Models in Entrance Times Rare Event
Analysis, Alea, Vol. |, (2006).
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Interacting stochastic simulation algorithms

@ i-MCMC algorithms :

e joint work with A. Doucet. Interacting Markov Chain
Monte Carlo Methods For Solving Nonlinear
Measure-Valued Eq., HAL-INRIA RR-6435, (Feb. 2008).

e joint work with B. Bercu and A. Doucet. Fluctuations of
Interacting Markov Chain Monte Carlo Models.
HAL-INRIA RR-6438, (Feb. 2008).

e joint work with C. Andrieu, A. Jasra, A. Doucet. Non-Linear
Markov chain Monte Carlo via self-interacting approximations.
Tech. report, Dept of Math., Bristol Univ. (2007).

e joint work with A. Brockwell and A. Doucet. Sequentially
interacting Markov chain Monte Carlo. Tech. report, Dept. of
Statistics, Univ. of British Columbia (2007).
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