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Continuous time stochastic interpolation

Exo: (Xs:— Xs.)? for 2 diffusions (s < t) starting at x at time s:

dXse(x) = b (Xst(x)) dt 4+ 0¢ (Xs,e(x)) dWs

dXse(x) = b (Xoe(x)) dt +7¢ (Xse(x)) dW;
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Continuous time stochastic interpolation

Exo: (Xs:— Xs.)? for 2 diffusions (s < t) starting at x at time s:

dXse(x) = b (Xst(x)) dt 4+ 0¢ (Xs,e(x)) dWs

dXs:(x) = by (ys,t(x)) dt + o (Ys’t(x)) dW,

)

Semigroup formula
Vs<u<t Xse=XytoXsy and Xss=Id

key idea = Interpolating flow

t
Xs,t - Xs,t = / du(Xu,t o Xs,u)
s
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Forward-Backward interpolation (3, a) := (g @, 00")

dy (Xu,t Oys,u) (X) = (duXu,t)(Ys,u(X))

+(VXu,t) (YS,U(X))I qu&u(x) + % (VZXUJ) (Y&U(X))l 5U(YS,U(X)) du
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Forward-Backward interpolation (3, a) := (g @, 00")

dy (Xu,t Oys,u) (X) = (duXu,t)(Ys,u(X))

+(VXu,t) (YS,U(X))I qu&u(x) + % (VZXUJ) (Y&U(X))l 5LI(YS,U(X)) du

with the backward term

_(duXu.,t)(XS,U(X))
= VXu’t(Ys,u(X))’ (bu(ys,u(x))du + Uu(ys,u(x)) qu)

+% V2Xu,t(ys,u(x)), aU(XSv“(X)) du
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—> Forward-Backward interpolation formula

du (Xu,t OY&U) (X)

= VXue(Xs,u(x)) ((bu — bu)(Xs,u(x)) du + (Fu — 0u)(Xs,u(x)) dW,)

VX (R0 (G~ 2 (Ke()
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—> Forward-Backward interpolation formula
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du (Xu,t OYS,U) (X)

= VXue(Xs,u(x)) ((bu — bu)(Xs,u(x)) du + (Fu — 0u)(Xs,u(x)) dW,)

VX (R0 (G~ 2 (Ke()

Extended version when:

dXst(x) = by (Xs,e(x)) dt +7¢ (Xse(x)) dW,

=Bs,:(x) =%, +(x)



Forward-Backward interpolation formula

Ex. 1) o0 =G ~- drift change formula

Xot(x) = Xer(x) = / VXt (Koa(x)) (Ba = b)(Kou(x)) du
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Ex. 1) o0 =G ~- drift change formula

)

Xot(x) = Xer(x) = / VXt (Koa(x)) (Ba = b)(Kou(x)) du

Ex. 2) b=b & o =0 ~ X deterministic & & = € & small perturbation

Ys’t(x) — Xs,t(x)

t
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Forward-Backward interpolation formula

Ex. 1) o0 =G ~- drift change formula

Xot(x) = Xer(x) = / VXt (Koa(x)) (Ba = b)(Kou(x)) du

Ex. 2) b=b & o =0 ~~ X deterministic & & = € & small perturbation

Ys’t(x) — Xs,t(x)

/vxuf cu(¥)) Fu(Ksu(x) AWV,
2
/ V2, o(Kaa(x)) 3u(Xs(x)) d

bias
Stability terms C Gradient and Hessian of the stochastic flow X :(x)
Tangent process, first variational equations, spectral techniques,. . .
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Stab. Markov sg. without tears - V-norms (V > 1/2)

Ifllv =1f/VI  ~ Bv(E) and |lp=mnlly =|x—=nl(V) ~ Pv(E)
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Stab. Markov sg. without tears - V-norms (V > 1/2)

[fllv =1If/VI  ~ Bv(E) and |lp=mnlly =lp—=nl(V) ~ Pv(E)

V-Dobrushin contraction coef.:

_ P, -
BV(PS,5+T) — sup |||(/‘1’ 77) s,5+ |||V S 1 o 57_

wmervE) e —mnlly

V-contraction :

(e = m)Ps,snrllly, < (1 =67)" [l =l
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Lyapunov cond. (+Penev [CRC-16], +Horton,Jasra Arxiv (21), AAP (22) )

(1) Ps,s+-r(v) <eVH4ece

(2) sup ||(5 ) s s+'r||tv < 1-— eq—(r)
V(x)vV(y)<r
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https://hal.archives-ouvertes.fr/hal-03468416/
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(1) Ps,s+-r(v) <eVH4ece

(2) sup ||(5 ) s s+'r||tv < 1-— eq—(r)
V(x)vV(y)<r

4

ﬁV(Ps,erT) <1-6,
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Lyapunov cond. (+Penev [CRC-16], +Horton,Jasra Arxiv (21), AAP (22) )

(1) Ps,s+‘r(v) S 67—\/ + CT
(2) sup ”(6 ) s s+'r||tv <1- 67'(")
V(x)vV(y)<r
3
ﬁV(PS,S+T) S 1- 57
But also
Ps,s+T(Xa dy) Z qS,S+T(X’y) V‘F(dy)
(2) = . () > 1-(r) > 0 = (2)
in sstr(X, ) > ¢, () >
VeV TV
Note:

V bounded = Dobrushin coef. := 5(Ps,) and (2)’=Doeblin min cond.
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Branching processes - discrete time

> M,(x,—1, dx,) Markov X,_1 € E,_1 ~ X, € E, (ex. historical)
» g/(x,) € N =i.id. branching r.v., indexed by x, € E, and i > 1
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> M,(x,—1, dx,) Markov X,_1 € E,_1 ~ X, € E, (ex. historical)
» g/(x,) € N =i.id. branching r.v., indexed by x, € E, and i > 1
Branching process

i branching ~ =~ exploration
& = (Eahrigisn— & = (Eicicfmn,— &1
Occupation measure
Xoi= Y by & Golxn) = E(gi(xn))

1<i<N,
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Branching processes - discrete time

> M,(x,—1, dx,) Markov X,_1 € E,_1 ~ X, € E, (ex. historical)
» g/(x,) € N =i.id. branching r.v., indexed by x, € E, and i > 1
Branching process

branching ~ =~ exploration
bn = (E)1<icn—— &n = (fn)lgigﬁ":/\/nﬂ—) Ent1

Occupation measure

X, = Z 0ei & Gn(xn) ZZE(g,l;(Xn))

1<i<N,
I
First moment = Feynman-Kac measure
IE(')(n(f))/l\lo = ’Yn(f) =E f H G
0<p<n
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Historical /Path-space models

4

Yn(F) ::E(f(x(;,...,xn’) 11 G,;(x;,))

0<p<n
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Historical /Path-space models

\

Yn(F) ::E(f(x(;,...,xn’) 11 G;,(x;,))

0<p<n

Back to n-th time marginals

f(X(;?"'7Xr/7) =f (Xrlw) - 'Yn(f) :’Y;w(f,)
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Branching processes - continuous time (easier)

> L, generator X; € E; (ex. historical X; = (X!)o<s<t)
» (V9 VP) = (death,duplication-birth)-rates

Occupation measure

> by & U= V-V

1<i<N;
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Branching processes - continuous time (easier)

> L, generator X; € E; (ex. historical X; = (X!)o<s<t)
» (V9 VP) = (death,duplication-birth)-rates

Occupation measure

> by & U= V-V

1<i<N;

I

First moment = Feynman-Kac measure

E(X(F))/No = :(F) = E (f(xt) o [ Ux) ds))
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Some application domains

Signal processing/Bayesian inference/machine

learning /Physics/Risk-rare events/Maths-bio/. ..

D Filtering/smoothing, tube conditioning, self-avoiding RW,
"quasi”-invariant, rare events, level splitting, interacting MCMC, ground
states, leading eigen-triple Schrodinger semigroups, . ..

Real world examples (discrete time):

GI/1(XII7) = p(y"|Xr/1) Gr/1 = 1An Gn(X07 s aX") = lxng{xm...,xn,l}

G, =e P=FV & M, = MCMC target e PV

Calculations/Approximations of the measure ~; ?
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Positive semigroups
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Positive semigroups (X; :(x)=flow starting at X s(x) = x)
Good news: linear evolution

Y= Qe = (1Q)(dy) = / (dx)Q(x, dy)

with the positive (positivity preserving) semigroup

Qse(f)(x) = E (f(xs,t(x)) exp ( / Un(Xe(x) du))
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Positive semigroups (X; :(x)=flow starting at X s(x) = x)
Good news: linear evolution

Y= Qe = (1Q)(dy) = / (dx)Q(x, dy)

with the positive (positivity preserving) semigroup

Qse(f)(x) = E (f(xs,t(x)) exp ( / Un(Xe(x) du))

Bad news (practical viewpoint): degenerate total mass

')/t(l) —t—o00 {07 17 OO}

i.i.d. copies of branching process ~~ very bad news for the computer
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A series of good news & mean field particle systems
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Key idea = Normalization to deal with proba. = P(E;)

1-st Good news — 3 perfect sampler !

ne(f) == 7 (F)/7(1) — ne=Law(X:) € P(E)
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Key idea = Normalization to deal with proba. = P(E;)

1-st Good news — 3 perfect sampler !

ne(f) == 7 (F)/7(1) — ne=Law(X:) € P(E)

with (non unique) the generator L, = £, ,, of X, given (example) by

Ly (F)(x) = Le(£)(x)

HVEC) [ () = £00) o) + [ (F0) = £00) VEO) o)
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More good news

2-nd Good news — we can come back to ;

%(f)=E (f(Xt)exp (/Ot U(Xs)ds>) =n:(f) exp (/Ot ns(Us) ds)
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More good news

2-nd Good news — we can come back to ;
t t
w(f)=E (f(Xt)exp (/ U(Xs)ds>) =n(f) exp (/ Ns(Us) ds)
0 0

Time average formula

1 1 [t
Dlog (1) = 2 / ne(Us) ds
t t Jo
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More good news

For any choice L, satisfying the compatibility condition

Ome(f) = Ne(ne)(F) := ne(Lef) + ne(F(Ue — 0e(Ur))) = me(Len, (F))
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More good news

For any choice L, satisfying the compatibility condition

One(f) = Ne(ne)(F) := ne(Lef) + ne(F(Ur — 1e(Ur)))= me(Le ., (F))

3-rd Good news
— mean field " continuous-time sampler” &; = (¢1)1<i<y € EN |

Ge(F)(xa, - oxw) == > Lemp (Fes,) ()

1<i<N

with x_; = (Xj)je{l,...,N}—{i} and

1
m(x) := N 1<’Z<N O, & Ful (i) = F(X1y vy Xim1, Xiy Xit1s - - - s XN)
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More good news

4-th Good news — path-space/historical = Genealogical trees!

¢ = (§;7t)o<s<t with &, = ancestor of &, at level s

I

Occupation measure of the ancestral tree:

1 1
mE) =g X da=5 X e

- - sitJo<s<t
1<i<N 1<i<N -
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More good news

Mimicking the formula

V() = ne(f) exp (/Ot ns(Us) ds)
U

5-th Good news — unbiased estimates available !

0 =) e /O (Uss) it gl = (e
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More good news

Mimicking the formula

V() = ne(f) exp (/Ot ns(Us) ds>
U

5-th Good news — unbiased estimates available !

0 =) e /O (Uss) it gl = (e

I
E(7¢'(f)) = 7e(f) EVENIF E(5(f)) = ne(f) + O(1/N)

21/40



Stochastic perturbation analysis

22/40



Stochastic perturbation analysis

1t6 formula
dF (&) = Ge(F)(&) + dM(F)  with  0,(M(F))r = Tg,(F, F)(&)
I

For ANY mean field particle system/nonlinear evolution:

dnt = At(nt) dt

1 .
dnt = Ae(n') dt + N dM,  with  9,(M(f))e = U?’rﬁt,ny(ﬂ f)
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Stochastic perturbation analysis

1t6 formula
dF (&) = Ge(F)(&) + dM(F)  with  0,(M(F))r = Tg,(F, F)(&)
I

For ANY mean field particle system/nonlinear evolution:

dnt = At(nt) dt

1 .
dnt = Ae(n') dt + N dM,  with  9,(M(f))e = ni\lrﬁt,ngv(ﬂ f)

4

Back to perturbation analysis ~~ Need to study the stability of
e == (Ds,t(ns)
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Stability positive semigroups
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Stability of the normalized sg ¥, ;

Key observation

Q) _ 1(Qu(DRE(F))
nQee(t) ~  0(Qui(D))

&s.¢(n)(f)

with the triangular array of Markov transitions

_ Qu,v(f Qv,t(l))

RE(F) = — R®, =R, ...R®

Qu V(Qv t(]-)) 50,Sn 50,51 """ ' YSpl1,5n
The Markov case:

Qu.(1)=1= R =Q,,= P,, Markov semigroup

5 )
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Stability of the Markov triangular array

Q ,v(f Qv,t(l))
0 = @) = e = R R

| (strong) Dobrushin contraction B(Rs(ts) ) <(1-€) U

Time-varying models
sup [ Pee(u) = G el = sup [[5REY — 6, RY e
(1,m)€P(E)? (x,y)€EE?
< (1 _ 67-)(1.75)/7—
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2-nd key observation (ex. U;(x) unif. bounded)

C:]scsst _exp</ [s,0(0x) = Ps.u(m)] (U )dU><q(77) L (s t.%)
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2-nd key observation (ex. U;(x) unif. bounded)

C:]scsst — exp (/ [Ps,0(8) = Ps.u(m)] (Uu) dU> <q(n) L(st,x)

I

Time homogeneous models

[©¢(1) = Pe(M) o < (a()AG(0)) (1= €)™ e = nllev-
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2-nd key observation (ex. U;(x) unif. bounded)

C:]s(\;st — exp (/ [Ps,0(8) = Ps.u(m)] (Uu) dU> <q(n) L(st,x)

I

Time homogeneous models

[©¢(1) = Pe(M) o < (a()AG(0)) (1= €)™ e = nllev-

= Existence leading pairs (p, h)/” QSD” 7 /expo decays/...

Q:(h)=¢e"" h and 7o = Di(noo)

27/40



Ex.: absolutely continuous sg density gs:(x,y) on E C R"

(Ho) Uniform positive sg:

0 <7 (1) :=inf Grexr(x,¥) <07(T) :=sUp Gt e+ (X, y) < 0

Examples: finite space, diffusions on compact manifolds
(Aronson/Nash/Varopolous/. .. ), reflected diffusions on
boundaries/compact connected subsets, discrete time bi-Laplace, . ..
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0 <7 (1) :=inf Grexr(x,¥) <07(T) :=sUp Gt e+ (X, y) < 0

Examples: finite space, diffusions on compact manifolds
(Aronson/Nash/Varopolous/. .. ), reflected diffusions on
boundaries/compact connected subsets, discrete time bi-Laplace, . ..

(H)) = (H1): osc (Rﬁ?(f)) < (1 - &)t Tosc(f)
= (M) Qu()()/ QD)) < q
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Ex.: absolutely continuous sg density gs:(x,y) on E C R"

28/40

(Ho) Uniform positive sg:

0 <7 (1) :=inf Grexr(x,¥) <07(T) :=sUp Gt e+ (X, y) < 0

Examples: finite space, diffusions on compact manifolds
(Aronson/Nash/Varopolous/. .. ), reflected diffusions on
boundaries/compact connected subsets, discrete time bi-Laplace, . ..
. . (t) — e ) t=8)/7 g
(Ho) = (H1): osc(Rs/(f)) <(1—-¢) osc(f)
= (H2): Qs:(1)(x)/Qse(1)(y) < q

Key observation:
(H>) is met for path space when (H;) is met the marginal model.



Back to particles osc(f),o0sc(g) <1

Uniform estimates w.r.t. time:

(H1) = [E(m(&)(F)) —ne(F)] < c/N
(Ha) = [E(m(&)(F)) = ne(F)] < c t/N
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Back to particles osc(f),o0sc(g) <1

Uniform estimates w.r.t. time:

As well as for any / # |

() = [E(f(&) g(&) = m(F) mile) < ¢/N
(H2) = [E(F(€) g(&h)) = me(F) mlg)l < c t/N

29/40



Particle Lyapunov estimate (U; = U)

what we know

% log 7¢(1) = % /0 ns(U)ds = 1.0 (U) + O(1/t)

recalling that

O =) o ([ al(V)as) with = me)

we have

~+ | =

oG = ¢ [ @) =m(v)) e
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Particle Lyapunov estimate (U; = U)

what we know

% log 7¢(1) = % /0 ns(U)ds = 1.0 (U) + O(1/t)

recalling that

O =) o ([ al(V)as) with = me)

we have

1 1/t
oG = ¢ [ @) =m(v)) e
Finally, using the uniform estimates

(H) = [E () = me(F)" “7) | < e/N= ...
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Stochastic interpolation formulae
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1st. step proof - Taylor exp. o >~ p1

cI>s,t(,U1) = ¢S,t(ﬂ0) + (Nl - Ho)auoq)s,t 4271 (Hl - ,UO)®2850¢’5,1:

in terms of Q.()
1(F) = —= L = QU,(1) x RA(F
s,t( ) an,t(]-) S.t( ) s,t( )
bounded stable
| (ratio form = 2 lines proof)
anq)st(f) = ;],t[f - q)s,t(n)f]
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1st. step proof - Taylor exp. g =~ 1

Oge(111) = D e(j10) + (1 — 120)0pg®s,e + 274 (pi1 — 110)*202 s ¢

in terms of Qu(F)
7(F) = —= L = QL(1) x RY)(F
(F) = S = Q1) x RE)
bounded stable
| (ratio form = 2 lines proof)
anq)st(f) = Q;],t[f - ¢s,t(77)f]
55¢57t(f) = Zt(l) ® ancbs,t('c) + 8nq)s,if(’r) ® ta(l)
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1st. step proof - Taylor exp. g =~ 1

Oge(111) = D e(j10) + (1 — 120)0pg®s,e + 274 (pi1 — 110)*202 s ¢

in terms of Qu(F)
() = =28 = QU (1) x RUN(F
s,t( ) T]Qs,t(]-) S.t( ) S,t( )
bounded stable
| (ratio form = 2 lines proof)
IPse(f) = Zt[f—%,t(n)f]
00se(F) = QUL(1) @ 0y®se(F) + 0y ®s. () © (1)
351#0‘19“ = poQLi(1) x@iod)s,t ~ remainder/equality in Taylor
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Taylor exp. po =~ 1 (also works for McKean-Vlasov diff.)

‘Ds,t(ﬂl) = <I>s,t(MO) + (Nl - No)auoq)s,t + 271 (Ml - M0)®2a;21,0¢s,t

Operator norm/exponential decays

(H1) = Vi=12 ~A(E=s)

1075 ®s.¢

IV 1187, o ®@s.elll = e

1;H0

AND almost ready for stochastic interpolation (cf. exo)
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Reminder/Intermediate proof step

Mutation gen. L, = L + LS - perturbation martingales

M.(f) = ME(F) + ME(F) and M (F) = MS(F) + MI(F)
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Reminder/Intermediate proof step

Mutation gen. L, = L + LS - perturbation martingales

M.(f) = ME(F) + ME(F) and M (F) = MS(F) + MI(F)

Jumps of order c/N ~~ Example

N OE [(Am(&) P (f @ f) | Foo] = m(& )y (F1)

Variational /jump measures

T2 61 Psc(F) i= N OE [(Am(EN)™ Doy mie, ®s.e(F) | Fo

34/40



Final step: interpolation formula

ot

(&) — Go.4(m(&0)) = / A, o (m(5.))

0
with

ds®s ¢ (m(&))(F) = M (Om(ey® . (F)) + dME (@ o(m(.))(F))

1
N

35/40



Final step: interpolation formula

ot

m(&e) — Po,t(m(&o)) = / ds®s.¢(m(&s))

Jo
with
1

ds®s ¢ (m(&))(F) = 7N M (Om(ey® . (F)) + dME (@ o(m(.))(F))

1 ()
T (Tfn(gsf)%,t(f)—m(&s)ﬁs (Qs,t (1)’3'"(&)4’5”-‘(':)) >ds

bias

35/40



Extension to V-norms - V positive sg

(1) 3V € B (E) = unif.> 0, loc. bound, compact sub-level sets in E

~ 1/V € By(E) := null a infinity.
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(1) 3V € Bo(E) = unif.> 0, loc. bound, compact sub-level sets in E

~ 1/V € By(E) := null a infinity.
Qre+r(V)/V <O, € By(E) or Q-(V)/V e By(E)

(2) On compact sub-level sets:

0<i (1)< inf  Gosrr(X,¥) < sup  Geerr(X,y) < () < 00
V)vV(y)<r V(x)VV(y)<r



Extension to V-norms - V positive sg
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~ 1/V € By(E) := null a infinity.
Qtt+-(V)/V <O, € By(E) or Q-(V)/V € By(E)
(2) On compact sub-level sets:

0<y (1)< inf  Gesir(x,¥) < sup  Grear(x,y) < u(7) < o0
V)vV(y)<r V)V V(y)<r

Examples:

E=R = V()=1+x%eX .. . cBy(E)
E=]0,1] = V(x)=1/x€ B(E)
E=0,1] = 1/x¢ B(E)



Extension to V-norms - V positive sg

36/40

(1) 3V € Bo(E) = unif.> 0, loc. bound, compact sub-level sets in E

~ 1/V € By(E) := null a infinity.
Qtt+-(V)/V <O, € By(E) or Q-(V)/V € By(E)
(2) On compact sub-level sets:

0<¢ (1)< inf Gs,s+r(X,y) < sup Qt,e+r (X, y) < 1e(T) < 00
V(x)vV(y)<r V(x)VV(y)<r

Examples:
E=R = V()=1+x%eX .. . cBy(E)
E=]0,1] = V(x)=1/x€ B(E)
E=]0,1] = 1/x¢€Bx(E) but V(x)=1/(1-x)+1/x € Bs(E)
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Time varying V-positive sg

Theo [+Horton-Jasra Arxiv (21), AAP (22/23) |

(1) & (2) = [[®se() = Sse()llv < w0, 1) €Nl —nlly

~~ Extended version of :

Whiteley AAP-13,itself based on Douc-Moulines-Ritov EJP-09, itself
based on Kleptsyna-Veretennikov PTRF-08,. ..

to Neumann/Dirichlet boundaries/continuous time models, no use of
coupling techniques, but not valid for random sg (filtering)

Particle estimates for this class of models?
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Time varying Krein-Rutman theorem
(0< H/V € Bo(E) & po = o € Py(E)) ~> Rank one operators

B . s, t H
T = wtgay ()

s — TR, < ) et

= SUP|if|y<1 ‘ 76 r(D)

H =1 and E = R" (no Dirichlet but random sg) C N. Witheley [AAP-13]

Time homogenous: 3 leading-triple (p, h, 1)/ " QSD" /...
Noo = q)t(noo) and Qt(h) = epth
and for H = h and p = 7, the above yields

h
eipt Qt(f) — m noo(f) < c ei)\t

v

sup
Ifllv<1
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Some refs/links
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Stability positive semigroups/finite block propagation chaos/expo.
concentration/empirical processes/large deviations, sharp bias
1/N*-expansions (~ Romberg-Richardson interpolation), discrete time
stochastic interpolation, McKean-Vlasov/interacting diffusions,
stochastic/Kushner-Strato nonlinnear PDE, . . .

Discrete time (+continuous)

> First old studies: (1996), + A. Guionnet (1998), + Crisan/Lyons
(1998), + Ledoux (2000), + L. Miclo (2000), + Jacod/Protter
(2001), + Dawson (2005)...

> Books +refs: Feynman-Kac (2004), Mean field simulation (2013),
Stoch. Proc. from applications to theory (+Penev 2016).



Some refs/links

Continuous time (+discrete)

v

+Miclo (Sem. prob. 2000, Fac. Toulouse-02 + ESAIM-03)

v

+Arnaudon, Particle Gibbs (18) + EJP (20)
» +Arnaudon, Perturb. ~ Arxiv (19), AAP (20)

v

+Arnaudon, Variational tech. ~» Arxiv (18) & SAA (19)

> +Horton-Jasra: stab. sg, Arxiv (21), AAP (22), +refs

More on stochastic interpolations

> Backward Ito-Ventzell and stochastic interpolation
formulae - Arxiv-19; SPA-22. (CRAS-20).
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https://arxiv.org/abs/1805.05044
https://arxiv.org/pdf/1906.05140.pdf
https://projecteuclid.org/journals/annals-of-applied-probability/volume-30/issue-6/A-second-order-analysis-of-McKeanVlasov-semigroups/10.1214/20-AAP1568.short
https://arxiv.org/abs/1812.04269
https://hal.archives-ouvertes.fr/hal-03468416/
https://arxiv.org/abs/1906.09145
https://arxiv.org/abs/1906.09145
https://people.bordeaux.inria.fr/pierre.delmoral/CR-BIV_v1.pdf
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