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A simple genetic particle model ↪→ Only 2 ingredients

Mutation= A Markov chain Xn on some state space En (n=time index).

P (Xn ∈ dxn | Xn−1 = xn−1) = Mn(xn−1, dxn)

Examples:

Simple random walk on Zd .
Markov chain on graphs with neighbourhood exploration strategies.
Xn = Fn(Xn−1,Wn) with i.i.d. perturbations/random controls Wn.
Transition space Xn = (X ′n−1,X

′
n).

Path or excursion state space models Xn := (X ′0,X
′
1, . . . ,X

′
n).

Selection=Fitness type potential functions Gn : xn ∈ En → Gn(xn) ∈ [0, 1]

Examples:

Indicator functions Gn(xn) = 1An (xn).
Boltzmann type exponentials Gn(xn) = e−βnVn(xn).

Likelihood functions Gn(xn) = p(yn|xn) = (2π)−1/2 e−
1
2 (yn−hn(xn))

2

.
On path space Gn(X ′0,X

′
1, . . . ,X

′
n) = 1En−{X ′0 ,X ′1 ,...,X ′n−1}(X ′n), ...
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Genetic Mutation-Selection type stochastic algorithm

ξ1
n
...
ξi
n
...
ξN
n


Selection w.r.t. Gn
−−−−−−−−−−−−−−−−−−→



ξ̂1
n

Mutation Mn+1
−−−−−−−−−−−−−−−−−−−→

...

ξ̂i
n −−−−−−−−−−−−−−−−−−−→
...

ξ̂N
n −−−−−−−−−−−−−−−−−−−→

ξ1
n+1
...

ξi
n+1
...

ξN
n+1


Acceptance/Rejection-Selection : [∀ εn that may depend on (ξi

n)1≤i≤N ]

bξi
n = ξi

n with probability εnGn(ξi
n)bξi

n = ζ i
n with probability 1− εnGn(ξi

n)

ζ i
n r.v. with law

NX
j=1

Gn(ξ
j
n)PN

k=1 Gn(ξk
n )

δ
ξ

j
n
(dx) ∝ Gn(x)×

1

N

NX
j=1

δξi
n
(dx)

⊂ Mean field interacting particle system (⊂ Nonlinear Markov chain)

Def. : Transitions ξi
n  ξi

n+1 depending on ηN
n :=

1

N

N∑
j=1

δξj
n
'N↑∞ Law(ξi

n)

P. Del Moral (INRIA) INRIA Bordeaux-Sud Ouest 5 / 17



Interaction/branch. process ↪→ 3 types of occupation measures

(N = 3) • // • • // • = •

• // •

��@
@@

@@
@@

??~~~~~~~ // • • = •

• // • •

<<xxxxxxxx // • = •

Current population ↪→ ηN
n :=

1

N

N∑
i=1

δξi
n←i-th individual at time n

Genealogical tree ↪→ QN
n :=

1

N

N∑
i=1

δ(ξi
0,n,ξ

i
1,n,...,ξ

i
n,n)←ancestral line of the i-th individual

Ancestral tree ↪→ KN
n := 1

N

∑N
i=1 δ(ξi

0,ξ
i
1,...,ξ

i
n)←i-th ancestral line

⊕ Particle partition functions ↪→ ZN
n := ZN

n−1 ×

(
1

N

N∑
i=1

Gn(ξi
n)

)
︸ ︷︷ ︸
proportion of success
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Equivalent Stochastic Algorithms :

Genetic and evolutionary type algorithms.

Sequential Monte Carlo methods.

Population Monte Carlo models.

Diffusion Monte Carlo (DMC), Quantum Monte Carlo (QMC), ...

Some botanical names ∼ 6= application domain areas :

particle filters, bootsrapping, selection, pruning-enrichment, reconfiguration,
cloning, go with the winner, spawning, condensation, grouping,
rejuvenations, harmony searches, biomimetics, splitting, ...

m

1950 ≤ [(Meta)Heuristics] ≤ 1996 ≤ Feynman-Kac mean field particle model
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Limiting Feynman-Kac or Boltzmann-Gibbs measures

No choice! We have QN
n 'N↑∞ Qn and ZN

n 'N↑∞ Zn and inversely!

with dQn :=
1

Zn

 ∏
0≤p<n

Gp(Xp)

 dPn with Pn := Law(X0, . . . ,Xn)

Examples:

Indicator functions Gn(xn) = 1An (xn)  Confinement models

Qn = Law((X0, . . . ,Xn) | ∀0 ≤ p < n Xp ∈ Ap) Zn = P(∀0 ≤ p < n Xp ∈ Ap)

Likelihood functions Gn(xn) = p(yn|xn)  Filtering models

Qn = Law((X0, . . . ,Xn) | ∀0 ≤ p < n Yp = yp)

Xn = (X ′p)0≤p≤n, Gn(Xn) = 1En−{X ′0 ,X ′1 ,...,X ′n−1}(X ′n)  Self-avoiding chains

Qn = Law((X ′0,X
′
1, . . . ,X

′
n) | ∀0 ≤ p < q < n X ′p = X ′q)
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”Asympt.” theo. TCL,PGD, PDM ⊕ (n,N) fixed  some examples :

Empirical processes (example En = Rd & fn ∈ Fn = {1[0,x] , x ∈ Rd})

ηN
n (fn) :=

1

N

N∑
i=1

fn(ξi
n) 'N↑∞

∫
fn(xn) ηn(dxn) := ηn(fn)

sup
n≥0

sup
N≥1

√
N E

(
sup

fn∈Fn

|ηN
n (fn)− ηn(fn)|p

)1/p

≤ a(p) b

Concentration inequalities uniform w.r.t. time :

sup
n≥0

P(|ηN
n (fn)− ηn(fn)| > ε) ≤ a exp−(Nε2/b)

+ Guionnet supn≥0 (IHP 01) & Ledoux supFn
(JTP 00) & Rio hal-09

Same results for QN
n and Qn BUT not uniform w.r.t. the time n and the

constant b is now replaced by b(n) = b × n.
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”Asympt.” theo. TCL,PGD, PDM ⊕ (n,N) fixed  some examples :

Propagations of chaos exansions (+Patras,Rubenthaler (AAP 09-10) ) :

PN
n,q := Law(ξ1

n , . . . , ξ
q
n )

' η⊗q
n +

1

N
∂1Pn,q + . . .+

1

Nk
∂kPn,q +

1

Nk+1
∂k+1PN

n,q

with supN≥1 ‖∂k+1PN
n,q‖tv <∞ & supn≥0‖∂1Pn,q‖tv ≤ c q2

Normalizing Cts (+Cerou & Guyader Hal-INRIA 08 & IPH 2010) :

E(ZN
n ) = Zn and E

([
1−ZN

n /Zn

]2) ≤ c n/N

Note : Traditional Monte Carlo methods

E
([

1−ZN
n /Zn

]2)
=

1

N

1−Zn

Zn
 Pb if Zn ' 10−n
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Confinement, optimization, combinatorial pb, rare events.

1 ηn = Loi((X0, . . . ,Xn) | ∀0 ≤ p ≤ n Xp ∈ Ap)

2 ηn(dx) ∝ e−βnV (x) λ(dx) with βn ↑
3 ηn(dx) ∝ 1An (x) λ(dx) with An ↓
4 ηn = Loiπ((X0, . . . ,Xn) | Xn = xn).

5 ηn = Loi( X hits Bn | X hits Bn before A)

Stochastic particle algorithms

1 Xn-local moves ⊕ individual selections ∈ An i.e. ∼ Gn = 1An

2 ηn-MCMC local moves (i.e. ηn-shakers) ⊕ selections Gn = e−(βn+1−βn)V

3 ηn-MCMC local moves (i.e. ηn-shakers) ⊕ selections w.r.t. Gn = 1An+1

4 Xn-local moves ⊕ Selection w.r.t. G (x1, x2) = π(dx2)M(x2,dx1)
π(dx1)M(x1,dx2)

5 Xn-local moves ⊕ Selection-branching on upper/lower levels Bn.
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Filtering (max likelihood path) � Regulation

Signal-Observation (X ,Y )  reference path Y = y

Xn = Fn(Xn−1,Wn) and Yn = Hn(Xn) + Vn

If Wn,Vn centered Gaussian r.v.

Qn := Law((W0, . . . ,Wn) | (Y0, . . . ,Yn) = (y0, . . . , yn))

∝ exp

(
−1

2

n∑
p=0

‖Wp‖2 −
1

2

n∑
p=0

‖yn − Hn(Xn)‖2
)

Genealogical tree associated with (W0, . . . ,Wn) = Control Tree Chart (open loop)

QN
n :=

1

N

N∑
i=1

δ(W i
0,n,W

i
1,n,...,W

i
n,n)
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Parameter estimation HMM

Boltzmann-Gibbs measures

ηn(dθ) ∝ Gn(θ) p(dθ) with Gn(θ) = Gn−1(θ)× gn(θ)

=⇒ ηn-MCMC mutations (shakers) ⊕ Selections w.r.t. gn

Example: Θ r.v. with law p(dθ) & Linear-Gaussian HMM model

Xn = An(Θ)Xn−1 + Bn(Θ)Wn and Yn = Cn(Θ)Xn + Dn(Θ)Vn

Given the data Y = y , if we set gn(θ) = p(yn|θ, y0, . . . , yn−1), then we have

Gn(θ) = p(y0, . . . , yn|θ) and ηn = Law(Θ|y0, . . . , yn)

Nonlinear HMM : Gn(θ) = p(y0, . . . , yn|θ) = Zn(θ) normalizing Cts of

Qθ
n := Law((X0, . . . ,Xn) | θ, (y0, . . . , yn))

 3 Solutions:

As above with ZN
n (θ) or Particle MCMC models (Andrieu, Doucet,

Holenstein, JRSS B (2010)) or Gradient algo. w.r.t. additive functionals.
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Additive functionals
(with Doucet & Singh Hal-INRIA 09, to appear in M2AN (2010))

Hypothesis :

P (Xn ∈ dxn|Xn−1 = xn−1) = Hn(xn−1, xn) λn(dxn)

ex.
=

1√
2π

e−
1
2 (xn−Fn(xn−1))

2

dxn

⇒ Qn(d(x0, . . . , xn)) = ηn(dxn) Mn,ηn−1(xn, dxn−1) . . .M1,η0(x1, dx0)

with the backward transitions :

Mp+1,η(x , dx ′) ∝ Gp(x ′) Hp+1(x ′, x) η(dx ′)

Particle estimates ∼ complete genealogical tree :

QN
n (d(x0, . . . , xn)) = ηN

n (dxn) Mn,ηN
n−1

(xn, dxn−1) . . .M1,ηN
0

(x1, dx0)
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Some non asymptotic estimates

Test functions: Additive functionals Fn(x0, . . . , xn) :=
1

n + 1

∑
0≤p≤n

fp(xp)

Bias estimate+uniform Lp-bounds + variance

N E
(
[(QN

n −Qn)(Fn)]2
)
≤ c × (1/n + 1/N)

Uniform exponential concentration

1

N
log sup

n≥0
P
(∣∣[QN

n −Qn](Fn)
∣∣ ≥ b√

N
+ ε

)
≤ −ε2/(2b2)

Illustration (Gn,Qn,Zn) (G θ
n ,Qθ

n,Zθn ) with some varying θ

1

n + 1

∂

∂θ
logZθn+1 = Qθ

n+1(F θn ) with f θp =
∂ log G θ

p

∂θ
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