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Basic notation

I Dobrushin’s contraction coefficient M Markov E1  E2

β(M) := sup {osc(M(f )) ; f ∈ Osc(E2)}
= sup {‖M(x , .)−M(y , .)‖tv ; (x , y) ∈ E 2

1 }

I Boltzmann-Gibbs transformation (G ∈ (0, 1])

ΨG (µ) = µSµ,G

with

Sµ,G (x , dy) = G (x) δx(dy) + (1− G (x)) ΨG (µ)(dy)

Properties

ΨG (µ)−ΨG (ν) =
1

ν(G )
(µ− ν)Sµ and β(Sµ,G ) ≤ 1− ‖G‖

Proof:

ΨG (µ)−ΨG (ν) = (µ− ν)Sµ + ν(Sµ − Sν)

and
ν(Sµ − Sν) = (1− ν(G )) [ΨG (µ)−ΨG (ν)]



Nonlinear semigroups

Normalized & Unnormalized semigroups

Φp,n(ηp) = ηn and γpQp,n = γn

Linear integral operators

Qp,n(fn)(xp) := E

fn(Xn)
∏

p≤q<n

Gq(Xq) | Xp = xp


Simplified notation Qn−1,n(x , dy) = Qn(x , dy) (= Gn−1(x)Mn(x , dy))

Qp,n = Qp+1Qp+2 . . .Qn

Nonlinear updating-prediction transformations

Φp,n = Φn ◦ Φn−1 ◦ . . . ◦ Φp+1



Lipschitz’s regularity

Qp,n(1)(x) = Gp,n(x) and Pp,n(f ) =
Qp,n(f )

Qp,n(1)

⇓

ηn(f ) = Φp,n(ηp)(f ) = ΨGp,n(ηp)Pp,n

⇓

Lipschitz’s regularity∥∥Φp,n(ηp)− Φp,n(η′p)
∥∥
tv
≤ gp,n β(Pp,n)

∥∥ηp − η′p∥∥tv
with

gp,n := sup
x,y

Gp,n(x)

Gp,n(y)

Notation
gn = gn,n+1 = sup

x,y
(Gn(x)/Gn(y))



I Uniform ”contraction” parameter

Pp,n(x , dy) = Φp,n(δx)⇒ β(Pp,n) := sup
µ,ν
‖Φp,n(µ)− Φp,n(ν)‖tv

I Uniform potential oscillations

Qp,n(1)(x) = Gp,n(x) =
∏

p≤q<n

Φp,q(δx)(Gq)

⇓

log
Gp,n(x)

Gp,n(y)
=
∑

p≤q<n

[log Φp,q(δx)(Gq)− log Φp,q(δy )(Gq)]

⇓
(

log(y)− log(x) =

∫ 1

0

(y − x)

x + t(y − x)
dt

)

log gp,n := sup
x,y

log
Gp,n(x)

Gp,n(y)
≤
∑

p≤q<n

(gq − 1) β(Pp,q)



Contraction properties

Hypothesis

β(Pp,n) →(n−p)↑∞ 0 such that υ := sup
p≥0

∑
p≤n

(gn − 1) β(Pp,n) <∞

⇓

Contraction property : ∃m ≥ 1

‖Φp,p+m(η)− Φp,p+m(η′)‖tv ≤ e−1 ‖η − η′‖tv



Quantitative contraction properties

Key observation

Pp,n(f ) =
Mp+1(Qp+1,n(f ))

Mp+1(Qp+1,n(1))
=

Mp+1(Gp+1,n Pp+1,n(f ))

Mp+1(Gp+1,n)
= R

(n)
p+1Pp+1,n(f )

with the triangular array of Markov transitions

R
(n)
p+1(f ) :=

Mp+1(Gp+1,nf )

Mp+1(Gp+1,n)
⇒ Pp,n = R

(n)
p+1R

(n)
p+2 . . .R

(n)
n

Strong mixing condition Mn(x , dy) ≤ χMn(x ′, dy)

R
(n)
p+1(x , dy) :=

Mp+1(x , dy)Gp+1,n(y)

Mp+1(Gp+1,n)
≤ χ2 R

(n)
p+1(x ′, dy)

=⇒ β(R
(n)
p+1) ≤ 1− χ−2 =⇒ β(Pp,n) ≤

(
1− χ−2

)n−p



Contraction properties

Second key observation : Mixing condition ⊕ Gn(x) ≤ gGn(y)

⇒ Gp,n(x)

Gp,n(y)
=

Qp,n(1)(x)

Qp,n(1)(y)
=

Gp(x)

Gp(y)

Mp+1(Gp+1,n)(x)

Mp+1(Gp+1,n)(y)
≤ g χ

⇓

Theorem : Stong contraction property∥∥Φp,n(ηp)− Φp,n(η′p)
∥∥
tv
≤ g χ

(
1− χ−2

)n−p ∥∥ηp − η′p∥∥tv
Extensions :
Weak formulation, Mp,p+m(x , dy) ≤ χmMp,p+m(x ′, dy), gβ(M) < 1, etc.
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Orlicz’ norm and Gaussian moments

πψ[Y ] Orlicz norm of Y , ψ(u) = eu
2 − 1

πψ(Y ) = inf {a ∈ (0,∞) : E(ψ(|Y |/a)) ≤ 1}

U Gaussian and centered random variable U, s.t. E (U2) = 1:

πψ(U) =
√

8/3

and

E
(
U2m

)
= b(2m)2m := (2m)m 2−m

E
(
|U|2m+1

)
≤ b(2m + 1)2m+1 :=

(2m + 1)(m+1)√
m + 1/2

2−(m+1/2)



Orlicz’ norm properties

5 key properties ((Yi ,Y ) positive):

1. Y1 ≤ Y2 =⇒ πψ(Y1) ≤ πψ(Y2)

2.
(
∀m ≥ 0 E

(
Y 2m
1

)
≤ E

(
Y 2m
2

))
⇒ πψ(Y1) ≤ πψ(Y2)

3. (πψ(f (x ,Y )) ≤ c for P-a.e. x) =⇒ πψ(f (X ,Y )) ≤ c

4. E
(
Y 2m

)
≤ m! πψ(Y )2m

5. E
(
etY
)
≤ min

(
2 e

1
4 (tπψ(Y ))2 , (1 + tπψ(Y )) e(tπψ(Y ))2

)
⇒ P

(
Y ≤ πψ(Y )

√
x + log 2

)
≥ 1− e−x



Empirical processes

X i independent ∼ µi → m(X ) :=
1

N

N∑
i=1

δX i and µ :=
1

N

N∑
i=1

µi

Fluctuation centered random fields

V (X ) =
√
N (m(X )− µ)

σ(f )2 = E
(
V (X )(f )2

)
=

1

N

N∑
i=1

µi ([f − µi (f )]2)

F separable class of functions ‖f ‖ ≤ 1

‖µ− ν‖F = sup
f∈F
|µ(f )− ν(f )|,

N (ε,F) = sup
{
N (ε,F ,L2(η)); η ∈ P(E )

}
I (F) =

∫ 2

0

√
log (1 +N (ε,F)) dε



Some useful properties (G (x) ∈ [0, 1], M Markov)

 Two classes of functions

G ·M(F) = {G M(f ) : f ∈ F}
G · (M − µM)(F) = {G [M(f )− µM(f )] : f ∈ F}

⇓ [Exercice]

N [G ·M(F), ε] ≤ N (F , ε)
N [G · (M − µM)(F), 2εβ(M)] ≤ N (F , ε)



Kinchine’s inequalities (osc(f ) ≤ 1)

I Marginal models

E(|V (X )(f )|m)1/m ≤ b(m) osc(f )

⇓

πψ(V (X )(f )) ≤
√

8/3

I Empirical processes

πψ (‖V (X )‖F ) ≤ c I (F)



Laplace techniques

Legendre-Fenchel transform

∀λ ≥ 0 L?(λ) := sup
t∈Dom(L)

(λt − L(t))

LA(t) := logE(etA) Cramér-Chernov-Chebychev inequalities

logP (A ≥ λ) ≤ −L?A(λ) and P
(
A ≥ (L?A)−1 (x)

)
≤ e−x

I Comparison property

L1 ≤ L2 ⇒ L?2 ≤ L?1 ⇒ (L?1)−1 ≤ (L?2)−1

I J. Bretagnolle & E. Rio’s Lemma

(L?A+B)−1(x) ≤ (L?A)−1(x) + (L?B)−1(x)



3 examples-exercices

I L(t) = t2/(1− t), t ∈ [0, 1[

L?(λ) =
(√

λ+ 1− 1
)2

& (L?)−1 (x) =
(
1 +
√
x
)2−1 = x+2

√
x

I L0(t) := −t − 1
2 log (1− 2t), t ∈ [0, 1/2[

L?0(λ) =
1

2
(λ− log (1 + λ)) & (L?0)−1 (x) ≤ 2(x +

√
x)

I L1(t) := et − 1− t

L?1(λ) = (1 + λ) log (1 + λ)− λ & (L?1)−1 (x) ≤ x

3
+
√

2x



Applications (part 1)

I Centered A ≤ 1 & σA = E(A2)1/2 ⇒ LA(t) ≤ σ2
A L1(t)

⇒ The probability of the following events is greater than 1− e−x

A ≤ σ2
A (L?1)−1

(
x

σ2
A

)
≤ x

3
+ σA

√
2x

I B s.t. E (|B|m)1/m ≤ b(2m)2 c ⇒ LB(t) ≤ ct + L0(ct)

⇒ The probability of the following events

B ≤ c
[
1 + (L?0)−1 (x)

]
≤ c

[
1 + 2(x +

√
x)
]

is greater than 1− e−x .

I Concentration of A + B using J. Bretagnolle & E. Rio’s Lemma



Applications (part 2)

I 0 < osc(f) ≤ a⇒ L√NV (X )(f )(t) ≤ N σ2(f /a) L1(at)

⇒ the probability of the following events is greater than 1− e−x ,

V (X )(f ) ≤ a−1σ2(f )
√
N (L?1)−1

(
xa2

Nσ2(f )

)
≤ xa

3
√
N

+
√

2xσ(f )2

I Concentration of F (m(X )(f )) [marginal or empirical processes]
using J. Bretagnolle & E. Rio’s Lemma
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Interacting processes

Markov Xn = (X i
n)1≤i≤N ∈ EN

n , conditionally independent | Gn−1.

µi
n = Law(X i

n | X0, . . . ,Xn−1) V (Xn) :=
√
N (m(Xn)− µn)

Definition.: fn ∈ Gn−1, osc(fn) ≤ 1 E
(
V (Xn)(fn)2 |Gn−1

)
≤ σ2

n

σ2
n :=

∑
0≤p≤n

σ2
p and a?n := max

0≤p≤n
ap

I Vn(X )(f ) =
∑n

p=0 ap V (Xp)(fp)

L√NVn(X )(f )(t) ≤ N σ2
n L1(ta?n)

⇒ the probability of the following events is greater than 1− e−x

Vn(X )(f ) ≤
√
N a?n σ

2
n (L?1)−1

(
x

Nσ2
n

)
≤ a?n

(
x

3
√
N

+
√

2σ2
n x

)



Perturbation analysis (marginal models)

Wn(X )(f ) = Vn(X )(f ) +
1√
N

Rn(X )(f )

with

Vn(X )(f ) =
n∑

p=0

ap V (Xp)(fp) & E
(
|Rn(X )(f )|m

)1/m ≤ b(2m)2 rn

Using J. Bretagnolle & E. Rio’s Lemma
⇒ the probability of the following events is greater than 1− e−x ,

√
N Wn(X )(f ) ≤ rn

(
1 + (L?0)−1 (x)

)
+ N a?n σ

2
n (L?1)−1

(
x

Nσ2
n

)



Perturbation analysis (empirical processes)

Wn(X )(f ) = Vn(X )(f ) +
1√
N

Rn(X )(f )

with

Vn(X )(f ) =
n∑

p=0

ap V (Xp)(fp) & E
(
‖Rn(X )‖mF

)
≤ m! rmn

Using J. Bretagnolle & E. Rio’s Lemma
⇒ the probability of the following events is greater than 1− e−x ,

‖Wn(X )‖F ≤ c

[
n∑

p=0

ap

]
I (F)

(
1 + 2

√
x
)

+
rn√
N

(
1 + (L?0)−1

(x
2

))
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First order expansions

Key telescoping decomposition

ηNn − ηn =
n∑

p=0

[
Φp,n(ηNp )− Φp,n

(
Φp(ηNp−1)

)]
⊕ First order expansion

√
NΦp,n(ηNp )− Φp,n

(
Φp(ηNp−1)

)
=
√
NΦp,n

(
Φp(ηNp−1) +

1√
N

V N
p

)
− Φp,n

(
Φp(ηNp−1)

)
' V N

p Dp,n + 1√
N

RN
p,n

with Dp,n ∈ Gp−1-first order integral operator ⊕ 2nd-order remainder RN
p,n



First order expansions

Stochastic perturbation model

W η,N
n :=

√
N
[
ηNn − ηn

]
=
∑

0≤p≤n

V N
p Dp,n +

1√
N

RN
n

Under the mixing condition of FK semigroups

osc (Dp,n(f )) ≤ c gp,n β(Pp,n) ≤ c(1− ε)n−p

and
E
(
|RN

n (f )|m
)
≤ b(2m)2mc

⇓

Uniform concentrtation estimates w.r.t. the time parameter



Particle free energy
Multiplicative formulae

ZN
n =

∏
0≤p<n

ηNp (Gp) = γNn (1) −→N↑∞ γn(1) =
∏

0≤p<n

ηp(Gp)

Taylor first order expansion

∀x , y > 0 log y − log x =

∫ 1

0

(y − x)

x + t(y − x)
dt

⇓
log
(
γNn (1)/γn(1)

)
=
∑

0≤p<n

(
log ηNp (Gp)− log ηp(Gp)

)
=
∑

0≤p<n

(
log
(
ηp(Gp) + 1√

N
W η,N

p (Gp)
)
− log ηp(Gp)

)
= 1√

N

∑
0≤p<n

∫ 1

0

W η,N
p (Gp)

ηp(Gp) + t√
N

W η,N
p (Gp)

dt

 first order expansion [exo]
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