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Introduction to measure valued equations
®00

Finite state space models

Nonlinear finite state space models

Individuals with type € E = {1,...,d} at time t € N or R

e = [e(1), - .., n:(d)] € Proportion space =Probab. on E

Types : predators-preys, species, colonies, etc.

o Discrete time 7;:.1(j) = Z, 1 ne(i) Kem, (1,))
with a nonlinear Markov chain X :

P (Yt+1 =j| Xe= i) = Kep,(i,j) with n, = Law(X+)

@ Continuous time (Logistic, Lotka Volterra type, simplex syst.)

d
= (i) (Koo (i.4) = 65(1)

i=1

with a nonlinear Markov process 1; = Law(X )




(1) K(1,1) -+ K(1,d)
S : and K = : : : .
f(d) K(d,1) --- K(d,d)

d
Zn(/ F(j) = n(i) =Y KU, k)f(k) = K(, i)




Introduction to measure valued equations
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Finite state space models

Weak equations ~~

@ Weak sol. of nonlinear and discrete generation dyn. syst. :
d
Vi mera(G) =D me(i) Kemo(i,)) <=V mega(F) = 1K, (F)
i=1

@ Weak solutions of nonlinear PDE :

d

Ui L) =3 1) Kemlivf) = 65(0))

dt :
i=1

d
<~ Vf Ent(f) = ne(Kepp, — 1d)(f) = neLey, (F)




Introduction to measure valued equations
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General and abstract models

@ Stochastic processes : Branching, birth and death, cloning, jumps,
free evolution, historical processes , genealogical tree evolutions, etc.

@ State space examples :

E = RY N4 UR®, UdZOSd7 path spaces, excursion spaces

@ Duality models:
n(K(f)) = /n(dx) [/ K(x, dy) f(y)}
/ {/n(dx) K(x, dy)] F(y) = (nK)(F)
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General and abstract models

Weak equations ~~

@ Weak sol. of nonlinear and discrete generation dyn. syst. :

Ne+1(F) = 1Ky (F)

@ Weak solutions of nonlinear PDE :

d
Eﬂt(f) = ntLt,m(f)

Example : Feynman-Kac path models ~~

ne(F) < B | £(Xe) J] Gs(Xc) | or E(f(Xt)exp/O

0<s<t

Not excluded path space models X; = (X!)o<s<t

Tools ~~ Dynamical Syst. N Partial differential eq. N Probability




Mean field particle models

Discrete generation models

Individual based & mean field particle models

@ Discrete time ~ Markov chain &, = (¢1,...,¢V) € EN s.t.
N 1
e =N Z O¢i “Nioo Tt
1<i<N

Approximate local transitions :
(ISiSN) €y~ Koy (6, dx)

@ Some advantages :

e Microscopic-individual interpretations, historical processes,...
e Mean field particle=stoch. perturbation-linearization model:

1
77?/ = 77£V—1Kt,n{"71 + ﬁ WtN

with W/ ~ W, i.i.d. centered gaussian fields.
® 7 = Nt—1Kty,_, stable = non propagation local errors.




Mean field particle models
°

Continuous time models

Individual based & mean field particle models

@ Continuous time ~ Markov process &, = (¢1,...,¢N) € EN sit.
N 1
e =N Z O¢i “Nioo Tt
1<i<N

Infinitesimal generators :

@ stoch. perturbation-linearization model
1

Ty M)

dnt (F) = g Ly yp(F)dt +

with .
(/VIN(f)>t——/ névl'Ls J(f,f) ds
0 N




Free evolution-diffusions generators
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Description of the models

Free N-diffusion models

@ 1-dim SDE :
dXt = at(Xt)dt P bt(Xt)th

@ 1-dim infinitesimal generator :

df(Xt) = Lt(f)(Xt)dt + th(f)

@ N independent free L;-evolutions
df; = at(fi)dt + bt(fé)thi
i = 1,...,N

@ N-dim infinitesimal generator :

N
Ciree(F)(Xl’ . ,XN) = Z Lg’)F(Xl, <o ,Xi7 cee aXN)
i=1




Empirical processes

Free N-diffusion models

© &= (&, &) ~ dF (&) = LT*(F)dt + dM.(F) with

a
dt

(MUF))e = T egee(F, F)(&) 1= L5 (IF = F(EF) (&)

@ Empirical processes : F(&) = m(&)(f) == % vazl f(&7)
LF(e) = %Lt(f)(fé) = dm(&)(F) = m(&)(Lef)dt + dM] (f)
and

o= (IF - FEIP) (&) = Z Le ([F - (D)) (€D

1 d
= ml&) (T (F, ) = S (MN())e

@ ~» LLN : m(&;) ~njoo m: =Law(X;) 1-diff. L-model.




[ Je}

Description of the models

Branching mean field particle models

Stochastic processes € Uy>oEN, E9 := {c} cemetery-coffin state

Birth and death type infinitesimal generator (

1
Vx = (xt . xN) € Uns1EN ~ m(x) = —ZJX;

N i i
=9 LS,L(X)F(XI, conxh o xN)
= Yo A(m(x), ')
X / (F(xl7 X T X XNy — F( L 7XN)) Bt)m(x)(x"7 du)
UgsoE?

Death u = ¢, jump >§" ~ u € E, d-birth Xl u = (Ut ..., udth),

cloning x/ ~ u = (x',...,x/),...

Branching mean field tyf



Branching mean field tyf
oce

Description of the models

Feynman-Kac particle models with Ng = N,

ne(f) x E (f(Xt) exp {—/ Vs(Xs)ds}> with X = L; — motion
0<s<t

~o Ly = L7+ LP

></E(F(Xl,...,xi_l,u7xi+1,...,xN)—F(xl,...7xN)) m(x)(du)

~> LLN-Propagation of chaos : m(&:) ~ntoo M-




Branching mean field tyf
[ Jelole)

Empirical processes

1-Birth ~ u = (x', y) with rate = A\2(x")




Branching mean field tyf
[e] Jolo)

Empirical processes

1-Death ~ u = ¢ with rate = \9(x/)




Empirical processes

Branching mean field tyf
ocoeo

Free evolution+1-birth+1-death

Lo=LI+ L2+ L] and Tg, =T pe+Tpo+Tpo

FO) = m(x)(F) = 7 D F<)

4

mON(Le(F)) + m(x) (A B iy (F)) = m(x) (X 1)
m(X)(Lt,m(x)(f))

I

dm(&e)(F) = m(&e)(Le.m(e) (F)dt + dM{(f)
d
dt

(MY(F)): = 5 m(E) [Tl )+ 2 BLy() + ¢ 77




Empirical processes

=1 G = m(e) (¥
and B
S (MM (1)); =

Observations :
@ N\ =A=Cte ~ E(N,) =
@ \> = \9 = X\ bounded ~~ N;/Ny =

()2

~~ Mean field interpretation model :

m(gt) ~Nofoo Mt 8-t

@ Otherwise ~~ an avenue of open problems

/ (&) () ds <

Branching mean field tyf
ocooe

A]) dt + dMpe(1)

m(&:) P\? + Xti]

No et2 (explosition or extinction)

MN(1) and

2[[Afle
No

d ne(f) = me

(L (£))




@ Mean field and Feynman-Kac type particle models :

o [Discrete time] Feynman-Kac formulae. Genealogical
and interacting particle systems, P. Del Moral,
Springer (2004) @ Refs.

o [Continuous time] P. Del Moral & L. Miclo. A Moran particle
system approximation of Feynman-Kac formulae. Stochastic
Processes and their Applications, Vol. 86, 193-216 (2000).

@ Branching and genetic type models :

o P. Del Moral & L. Miclo Asymptotic Results for Genetic
Algorithms with Applications to Non Linear Estimation.
Proceedings Second EvoNet Summer School on Theoretical
Aspects of Evolutionary Computing, Ed. B. Naudts, L. Kallel.
Natural Computing Series, Springer (2000).
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