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o Basic notation
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Some notation : E measurable space

(M(E),P(E), B(E))= (measures, probabilities, bounded functions) on E.

o u(f) = [ n(e) () and (e) i= u(@)/u(1) € P(E)
o Q(x, dy) integral operator over E (composition (Q1Q»))

N = [ abdnr()

wQld) = [u(@)Qxdy) (= QA =(Q(N)])
o Boltzmann-Gibbs transformation : G : E — [0, oo[ with (G) > 0

Ve (u)(dx) = u(lG) G(x) p(dx) 3 Markov transport Wg(u) = uS,

Example (G < 1) ~~ accept/reject/interacting jump transition

Su(x; dy) = G(x)dx(dy) + (1 — G(x)) Ve (u)(dy)
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Outline

9 Spatial Branching models
@ A branching-exploration model
@ First moment recursion
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Spatial Branching models (time index n € N, state spaces E,)

@ 3 simple ingredients :

Potential G,(x) > 1, measure p,(dx) > 0 and M,(x,_1, dx,) Markov.

e Branching rule (spawning) :
X ~~ gn(x) offsprings, with E(gn(x)) = Ga(x)

D survival rates e,(x) + cemetery states : G, ~ e,(x)Gp(x)
o Spontaneous births: Spatial Poisson with intensity p,(dx)
o Free motion between branching times : M,-evolutions

@ ~» Random occupation measure (after the n-th evolution step)

Nn
Xn = Z (5X’,,
i=1
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Spatial Branching models (time index n € N, state spaces E,)

@ First moment recursion = branching intensity distribution

’Yn—}—l(f) = E(Xn+1(f))
= 'Vn(QnJrl(f)) + ,un+1(f) with Qn+1(xa d}/) = G,,(X)M,,+1(X, dy)

Npi1 Ny gn(Xn‘)
Sketched proof for p, = 0: Xop1 = E 5X,+1 E E 5X,,1
2 n+
i=1 j=1
J

E(XnJrl(f) ‘ Xnvgn n Zgn(X n+1 )( )

U
Np_1
E(XnJrl(f) | Xn) = Z Gn(X;i) Mn+1(f)(Xr’;) = Xn(GnMnJrl(f))
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Outline

e Without spontaneous births
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i, = 0 = Conventional Feynman-Kac models

@ First moment recursion
Vnt1(F) = Yn(Qns1(F)) = Yn-1(Q@n (Qnya(F))) = - ..
@ Feynman-Kac representation (D 1 Application domains)
Yos1(F) = 70(1) By [ F(Xnsz) I Go(X0)
0<p<n

@ Particle approximations = Genetic type algorithms = Particle filters = ...

Qn+1(X7 dy) = Gn(X) X Mn+1(X7y)
—— ———
Selection potential Mutation transition
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e Multiple target branching signals
@ Some problems & 3 scenarios
@ Nonlinear equations
@ Nonlinear filtering type model
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More general spatial Branching models
Yn = Yn-1Qn +pn and n,:= 7n/7n(1) (& hypothesis: o = MO)
()
(vn(1),m0) = T (Ya=1(1),Mn=1) :=Tp.n (7p(1),7,) Nonlinear semigroup
Some problems

@ Problem 1: Mass process 7v,(1) "unstable” v,(1) 1 oo or v,(1) [ 0 as n T co
@ Problem 2: X, = vazl dxi generally NOT POISSON random field.

Problem 3: 9 non generate numerical sampling method?

@ Problem 4: 3 non generate approximation of ~,?

Some answers:

D Particle approximations of a class of branching distribution flows arising in
multi-target tracking. Joint work with Fr. Caron, A. Doucet, and M. Pace
HAL-INRIA RR-7233 (March 2010).
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Three scenarios v, = 7,.1Q + 1 with  Q(x,.) = G(x)M(x, .)

g =inffG<G=Q(1)<supG =g

0 G=1& N i=ncM
(1) = 70(1) + np(1) - and 135 = neollew = O (1/n)
0 g <1 &M = Yoo/Voo(1) With Yoo := 37 5o Q" (' when vo = 1)

[Va(f) = Yoo (F) V [15(F) — noo(F)| < ¢ g |Ifl
@ g >1&nuo(f) =10 Q(f)/nc Q1)
TIOO:

[quasi-invariant measures, Yaglom measures, ground states, Feynman-Kac
semigroup fixed points, infinite population stationary measure, etc.]

1 “an
lim — log7s(1) = log7o(G)  and  [|nn = heclev < c €7

n— oo

v
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Nonlinear equations

M1 (F) o< ¥n(1) 70(@ny1(F)) + pnt1(1) T ()

I
Nonlinear & interacting mass 4+ proba measures equations
Yor1(1) = ¥a(1) 7a(Gn) + pny1(1)
Tn41 = an(nn)M"‘i’l’('YN(l)’nn)

with the Markov transitions:
Mn+l,(m;77)(xv d)’) = Qp (mv 77) Mn+1(Xa d}/) + (1 — Qp (mv 7])) ﬁn+1(dy)
with the collection of [0, 1]-parameters

m 1(Gn)
m 77( Gn) + Nn+1(1)

an(m,n) =
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A nonlinear filtering/Feynman-Kac type model

updating prediction .
Tn > M = \UG,,(nn) = nnsn.n,, — Tyl = nnMn+1,('y,,(l),77n)

4

A couple of equations:

@ the total mass evolution
Yn+1(1) = ¥a(1) 1n(Gn) + pn+1(1)
@ The "nonlinear filtering/Feynman-Kac type" conservative equations

Nn+1 = 77”5”<,'1n Mn+17('7n(1)x77n) == Tn Kn+17(7n(1))77n)
—— ——

Markov transition
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e Particle approximations
@ Mean field particle systems
@ Theoretical convergence results
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Mean field interacting particle models

|
| =

Z (5££N.i) ~Nroo Mn and 7y, (1) ~Nioo Yn(1)
1<i<N

Genetic type population evolution :
@ the total mass evolution [’ deterministic” |
'leyv+1(1) = ’lewv(l) 77:,1\I(Gn) + pnt1(1)
@ Mean field particle model

VI<i<N §f,lil' = random var. with law K, (, (§(

4

with sampling error fluctuations:

1
Moy 7= 1) Ko, (yv(0) ) + TN Wy

, dXny1)
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Theoretical convergence results

@ Independent local sampling error fluctuations

(WMN),50 ~ntoo il centered Gaussian fields (W,)n>0

@ Functional CLT(s) (with [/ :=~/(1) x n¥])
Vo= VN () =) & VN = VN () =) o V] & V)
@ Uniform convergence results (under some mixing conditions on M,)

supE (} [n,’)’ — ] (f)’p) < ¢(p)/NP/? (@ uniform expo. concentration)
n>0

@ Unbiased particle total mass with variance
N 2 _
Va (1) } c\n!
NE(|Z2 1) | <cn (1+5)
<|:7n(1) N

INRIA Centre Bordeaux-Sud Ouest, France
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e Multiple target filtering models
@ Conditioning principles
@ PHD filtering equation
@ Stability properties
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Conditioning principles for marked point processes

@ Poisson point process X with intensity v(dx;) Q(x1,dx2) on E = (E; X Ep)

X = mN(Xl,X2): Z (5(le7le') and X —mN Z 6X’

1<i<N 1<i<N

@ 2 Bayes’ rules:

Normalization p(xz|x1) @ Reversal Markov operator p(xi|x2)

Q(x1, dx2)
Q(x1, E2)

@ = 2 conditional distributions formulae:

Qx1,dx) =

E(R(@) | 2) = [A(mea) T] 00¢dd)

1<i<N

E (Fa(X2) |X1):/F2(m,\, %)) [ QX dx)

1<i<N

and y(dx1) Q(x1, dx2) = (7Q) (dxz) Q,(x2, dx1)

v
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Conditioning principles for marked point processes

o (X, Xp) =(X,Y), F(X)= X(f) and P(y, dx) Markov transition

()

@ Example with X' Poisson Signal v(dx) ~» ) Poisson Observation

x) ~ (Vi = y) ~ a(x) &g(x,y) Mdy) + (1 — a(x)) dc(dy)

(X =

= E(F(X) V)

= [Fme) T POYa) = Y(P()

1<i<N

@ Clutter )" Poisson with intensity v(dy) = h(y) A(dy)

@ Only observable )° =Y x 1.

() =E(X(F) [ V°) = 7((1—a)f)+/ Y2(dy) (1 = B5(y)) Vag(y,.)(n)(f)

with "the conditional clutter probability density”

By(y) = h(y)/[h(y) +~(ag(y, -))]

v
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Example full detection and no clutter a =1 & h=10
(1) = [ () Vet
4

Conditional mean number of targets and " their conditional distributions”

_Ah) _ [ Ydy)
A ¥o(1)

Y(1) =Y°(1) and 7(f) Ve, (m)(F)

Bayes’ formula
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PHD filtering equation

[with the prediction stage as the signal branching model (Q, /25)]

Hypothesis:
Xpi1 Poisson with intensity v,.1 = 7,Q, + p, ~> with obs. ySH as before
—> PHD filtering equations:

Yn+1 = ?n Qn + HKn
An(f) Yn((1 = an)f) + /y,?(d}’) (1= 6y.(5) VYag(y..)(7)(f)

C A class of positive measure valued equations D Bernoulli filters, etc.

e 1(0X0) = 1 @ (K1) = / (@) @y (x, ')

with

Qu1.0, (%, dX')

Qn+1,’Yn(X7 dx ) = Qn+1”¥”(1)(X) . Qn+1,’Yn(1)(X)

= Gny (X)X Knja,,(x, dX)
—— —_———

potential function Markov transition
.
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Stability properties of meas. valued equations

Mo = Yn/¥n(1) ~> Nonlinear semigroup  (vn(1),7n) = 'p.n(7p(1),7p)

@ Hypothesis on (m,n) — Gp my s.t. m, = v,(1) € I, = compact C|0, oof

@ Stability Theorem for [, , = (I}, 2 )

@ V1, the sg of total masses 7,(1) is expo. stable.
@ Vm, € I,, the the sg of proba 7, is expo. stable.
©@ mel,— T} (mmn,) and n— 2, (m,,n) are Lipschitz continuous

B)=(1)& (2 =Vi=12 | (m',n)=T5,(mn)|| <ce P
@ Applications:

3 natural conditions for the exponential stability of the PHD filter

© small clutter intensities
@ high detection probability
© high spontaneous birth rates
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e Approximation models
@ Nonlinear equations
@ Mean field particle approximation
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Nonlinear equations

Tnt+1 = 7n0n+1,7n ~  Nn = Ya/Yn(1) and G"7’Yn = Q"Jrlf)’n(]')
(8

@ The total mass evolution
Ynt1(1) = ¥a(1) nn(Gn,vn(l)nn)
@ The "nonlinear filtering” conservative equations

n"Q"77n(1)77n(f)
Mnt1(f) = ————= = 0K 5, 1)n, (F
+1( ) ann,‘Yn(l)ﬂn(l) 7 (1)77 ( )
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Mean field particle models

1
M =5 D Owd =nice i and 37(1) =njoc 7a(1)

1<i<N
with
Tos1(1) = 9 (1) x 05 (Gpyayny)
55/11/) = random var. with law K,,+17(,YAV(1)7,7£V)(§,(,N”‘),dx)

4

Same theorems as before with uniform convergence estimates

@ DO V scheme with local error controls

@ D Interacting Kalman type filters ~> particle associations (~ GM-PHD)

@ D Particle association @ local branching models

Del Moral (INRIA) INRIA Centre Bordeaux-Sud Ouest, France 25 /25



	Basic notation
	Spatial Branching models
	A branching-exploration model
	First moment recursion

	Without spontaneous births
	Multiple target branching signals
	Some problems & 3 scenarios
	Nonlinear equations
	Nonlinear filtering type model

	Particle approximations
	Mean field particle systems
	Theoretical convergence results

	Multiple target filtering models
	Conditioning principles
	PHD filtering equation
	Stability properties

	Approximation models
	Nonlinear equations
	Mean field particle approximation


