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Some basic notation



Basic notation

P(E) probability meas., B(E) bounded functions on E.
> () ePE)XBE) — ulf) = [ uldw) F(x)
> Q(xi,dx) integral operators x; € E; ~» x; € E
Qf)a) = / Q1 do) ()
WQlidre) = [ ulex)Qba ) (= uQ(F) = ulQ(A)])

» Boltzmann-Gibbs transformation (updating Bayes’ type rule)

[Positive and bounded potential function G]

p(dx) = Wc(u)(dX)Zf G(x) u(dx)



Basic notation

E ={1,...,d} integral operations ~» matrix operations

(1)
p= )] Q= QUi isijea  F=|
f(d)

Indeed :

(1)
pQ = [(pQ)(1),....(Q)d)] & Q(f)= :
Q(f)(d)

with
)= Qi)

(1Q)() = Zu (i) & QA = QUL

.. and of course the duality formula

= > ulf()



Basic notation
In terms of random variables :
p=TLaw(X) and Q(x,dy)=P(Y e€dy| X =x)
i3

uf) = E(X)
(WQ)dy) = B(Yedy)  QF(x)=E(F(Y)| X =x)

Boltzmann-Gibbs transformation (updating Bayes' type rule)
p(dx) = dp(x) and G(x)=p(y | x)
4

L G(x) p(dx) = L ply | x) dp(x) = dp(x | y)

Vel = e )
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Introduction

Objective : Given a target probab. 7(dx) compute the map

n:f - n(f):/f(x) n(dx) 77
Monte Carlo methods :

1
N . _ L~
=g D O =
1<i<N
with two traditional types of algorithms

> (X')j>1 i.i.d. with common law 7

» (X)i>1 Markov chain with invariant measure 7



The Importance sampling trick (f > 0) \
Key weight formula [ ‘(\
1(6) = [ 66) ) w(d) =7 (6 W) @

CWeightWatchers

with the weight function
dn
W=—
drm
Sample X' i.i.d. with common law 7 and set
1 .
N _ i .
" =5 Z W(X') bxi
1<i<N

Note that
N Var (nN(G)) =n(W Gz) —-n(G)? =0

for the updated twisted measure

m(dx) = Vg (n)(dx) :=



The Metropolis-Hasting model

From x propose x’ ~ P(x, dx’) and accept it with proba
ae) 1 p MEDPK, ) B
x,x") = —_
’ n(dx)P(x, dx’)

The Markov transition M(x, dx’) is n-reversible

n(dx)M(x, dx) g n(dx)P(x, dx") x a(x, x")
= [(dx)P(x,dx)] A [n(dx")P(x', dx)]

= n(dx")M(x, dx)
= Fixed point equation
[ () Mx. o) = (M) (e’ = ()

I
nM=n



The Metropolis-Hasting model

Markov chain samples

M M M M M M
X —X—X3— ... — X1 — X, — ...

with the Markov transport equation

P(Xn S an) = /P(Xn_l S an—l) P(Xn S an | Xn—l = Xn—l)
————

=1n(dxn) =nn—1(dxp—1) =M(xp—1,dxn)

)

Linear measure valued equation :

Nn = nn—lM oo = UM



Example 1

Boltzmann-Gibbs target measure :

1
n(dx) = mn(dx) = = e PV N(dx) with B,=1/T,

The M-H transition M, s.t. n, = n,M, :
> Proposition of moves P(x, dx’)

> Acceptance rate

_ n_ A(dx")P(x’, dx)
N BalV(x')— V()] ,
an(x,X7) = 1A (e x [ A(dx)P(x, dx’)

If P is A-reversible then we have (with a; = max(a,0))
an(x,x') = e PVED=VE L stochastic style steepest descent

Some mixing pb. : 8, large = high rejection/local minima absorptions



Example 2

Restriction probability:

n(dx) = n,(dx) = Zi 1a,(x) A(dx) with A, C A

n

The M-H transition M, s.t. n, = n,M, = "Shaker of the set A,"
> A-reversible propositions P(x, dx’)
> Acceptance iff x' € A,

Example of \-reversible moves : A = N(0,1) = Law(W)

X =ax++V1-a W Vael0,1]

Some mixing pb. : aor A, too small = high rejection



Gibbs samplers C Metropolis-Hasting model

On product state spaces

n(dx) :=n(d(x1,x)) on E=(E X E)

» Desintegration formulae :
n(d(x1, x2)) = m(dx1) Pa(x1, dx2) = m2(dxa) Pi(x2, dx1)
_ Poooor s Piomm__ror
x = (x1,%) — x' = (x1, %) — x" = (x{,%)
> Unit acceptance rates :

AN [n2(dx2)P1(X2ﬂdX{)] Pl(X27dX1) 1 ’on
2 =N )P da)] Pl i) 2
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Measure valued equations

Measure valued equations

Sequence of (target) probabilities (with 1 complexity)

M —M ——> ... = Np—=1 == Np —> Np+1 — - ..

Examples :

» Boltzmann-Gibbs w.r.t. 8, 1

1
Mn() = 5= €7V M)

n

» Restriction models w.r.t. A, |

(o) = 2 1a,(x) A(ck)

n



Probability mass transport models

Reminder :

Given a function G(x) > 0, and a Markov transition M(x, dy)

Boltzmann-Gibbs transformation (= Bayes' type updating rule)

We : n(dx) > We(n)(dx) = ﬁ G(x) n(d)

Markov transport equation

M : n(dx)H(nM)(dx):/n(dx’) M(x', dx)




Key observation

Boltzmann-Gibbs transform = Nonlinear Markov transport

Ve(n) =nSc.y
with the Markov transition

S6n(x,dx") = €G(x)0x(dx") + (1 — €G(x)) Ve(n)(dx)

for any € € [0,1] s.t. €]|G|| <1

Proof :
Sen(f)(x) = €G(x)f(x) + (1 — €G(x)) We(n)(f)

I

n(6f)

WSan(N) = i)+ (1=en(6) L) = wela(r)



Boltzmann-Gibbs measures

1
Na(dx) == = e V0 X\(dx) with S, 1

n

> For any MCMC transition M, with target 7,
Nn = NnMh
» Updating of the temperature parameter
Mnr1 = Vg, (n,) with G, = e~ (Br=Fn)V

Proof . e_BnJer — e_(ﬂnJrl_Bn)V x e_ﬂnv

Consequence :

MNn+1 = Mn+1 Mn+1 = \UG,, (nn)Mn+1
\
N1 = V6, (1) Mni1



Restriction models

1
Na(dx) := = 1a, AMdx) with A,

n

» For any MCMC transition M, with target 7,
Nn = 1nMn
» Updating of the subset
N1 = Ve, (nn) with G, =14,

Proof : ].A”Jrl = ].A”Jrl X ].A,7

Consequence :

Mol = Mnr1Mnp1 = Vg, (nn)Mn+1
I
N1 = V6, (1Mn)Mni1



Product models

Na(dx) = Zi {f[ hp(x)} Adx) with h, >0

» For any MCMC transition M, with target n, = n,M,.
» Updating of the product

o1 = Ve, (nn) with G, = h,p1

Proof : {H;;; hp} — Bt % {1‘[;:0 h,,}

Consequence :

N1 = N1 Mni1 = Ve, (1n) Mpi1
i3
Nn+1 = \UGn(nn)Mn+1
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Feynman-Kac models

FEYNMAN

The solution of any measure valued equation of the form
N = \UG,,,l(nnfl)Mn
is given by a normalized Feynman-Kac model of the form

nn(f) = ’Yn(f)/'?/n(l)

with the positive measure -y, defined by

n—1
Yn(f) =E (f(Xn) H GP(XP)>

p=0

where X, stands for the Markov chain with transitions

IP)()<n S an | Xn—l - Xn—l) = Mn(xn—h an)



Path space models

If we take the historical process
Xp= (X0, Xs) €E, = E™ and  G,(X,) = Ga(Xn)

then we have

n—1

Wn(fn) = E (f,,(X,,) H Gp(xp)> =1, =Q,

p=0

with the Feynman-Kac model on path space

1
Q= = I G(x) dP,

0<p<
=p=n =1aw(Xo,...,.Xa)

Evolution equation :
Qn = WGH(Qn—l)Mn

with the Markov transition M,, of the historical process X,



Application domains extensions

» Confinements :
RW X, € Zd, Xo =0& G, = 1[,[_)/_], L>0.

Q, = Law (Xo,...,Xn) | Xp € [-L, L], YO< p < n)

and
Z, = vn(1) = Proba (X, € [-L, L], VO < p < n)

» Self avoiding walks

Xon=(Xo,---, Xn) & Ga(Xn) = 1x,¢X0,...%0_1}

Qp = Law (Xo, ..., Xn) | Xp # Xq, YO < p< g < n)

and
Z, =vn(1) = Proba(X, # X4, VO < p < g < n)



> Filtering:
Mn(Xn—17 an) - p(Xn | Xn—l) an & Gn(Xn) = p(}/n | Xn)

(3
Qnt1 = Law ((Xo, .- s Xog1) | Yo=Yo,---, Yo = Yn)

and
Zn+1 = ’Yn+1(1) = p(yOa cee 7)/n)

» Hidden Markov chain models = product models

dp(0 | (vo,---»yn)) o 4 [T 0o | 6:(v0,---syp-1)) dr(9)

1n(d0) p=0 ha(0) A(d0)




D Continuous time models

tht1
X=Xyt & Gal(Xe) =exp /t V,(X!)ds

n

I

[T 6(%) = exp {/t Vs(Xs’)ds}

0<p<n to

or using a simple "Euler's scheme” X{ = X,

eft;n[vs(x;)ds+vvs(x;)d35] ~ H Vo (Xo) At+We, (X,)VAE N,(0,1)

0<p<n



A little analysis with 3 keys formulae

» Time marginal measures = Path space measures:
[ Xn:=(Xo,..-, Xn) & Gu(Xn) = Go(Xn)] = 10 =Q,

» Normalizing constants (= Free energy models):

Z, —E( H Gp(Xp)) = H 1p(Gp)
Proof (Zn = 7n(1)) :

Ynt1(1) =E (Gn(Xn) H GP(XP)) = Yn(Gn) = 1n(Gn) X a(1)

0<p<(n—1)



The last key

» Backward Markov models

Qn(d(x0; - - -, xn)) o< no(dxo) Qu(x0, dx1) . . . Qn(Xn—1, dXp)

with
Qn(anh an) = anl(anl)Mn(anla an)
,gp Hn(anlaXn) Vn(an)
1
= ne1(dx) = n (Hna1(., x)) vpo1(dx
(@) =~ 1 (Hriax)) ()
If we set

77!1(dxn) Hn+1(XnaXn+1)
Mpi1.0,(Xnt1, dXn) =
o ( i ) TIn (Hn+1(-7Xn+1))

then we find the backward equation

1
77n+1(dxn+1) Mn+1717,,(xn+1; an) = m Tln(an) Qn+1(xn-, an+1)



The last key (continued)

Qn(d(x0, - -y %n)) x no(dxo) Q1 (x0, dx1) ... Qn(Xa—1, dx,)

77n+1(dxn+1) MInJrl,n,7 (Xn+1a an) X nn(dxn) Qn+1(Xn7 an+1)
U

Backward Markov chain model :
Qn(d(x0s - - -+ Xn)) = Nn(dxn) Mz, 1 (Xn, dXp—1) ... My 50 (X1, dxo)
with the dual/backward Markov transitions

Mpy1,m, (Xn+17 dxn) (8 nn(dxn) Hn+1(Xna Xn+1)
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Interacting Monte Carlo models

Objective : Solve a nonlinear measure valued equation

M1 = Pt (nn)

Two classes of interacting Monte Carlo models

> Interacting/Adaptive MCMC methods

> | Mean field/Interacting particle systems




Interacting/Adaptive MCMC methods

V¥n, run an interacting sequence of MCMC algorithms
X = X2 s = X s [target 0, ]
‘ j+1 \
Xty = XE, — .= X, — X2 [target magq ]
. [n+1] )
st. X, % X7 dependson 5= Z OXi ~ktoo Nn
1<I<J

A single "fixed point” compatibility condition :
vn n+1(77) Ml = cl)n4r1(77)

References

» A Functional Central Limit Theorem for a Class of Interacting MCMC Models
EJP (2009). (joint work with Bercu & Doucet)

> Sequentially Interacting Markov chain Monte Carlo. AoS (2010). (joint work
with Brockwell & Doucet)

» Interacting MCMC methods for solving nonlinear measure-valued equations.
AAP (2010) (joint work with Doucet)

» Fluctuations of Interacting MCMC Models. SPA (2012). (joint work with
Bercu & Doucet)
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http://hal.inria.fr/inria-00227508/fr/
http://www.math.u-bordeaux1.fr/~delmoral/bercu_delmoral_doucet_SPA-revision.pdf

Mean field interacting particle models

Key idea : The solution of any measure valued process

N = Pn (Mn-1)

can be seen as the law 7, = Law (X,) of a Markov chain X, for
some transitions

P (Yn € dx, | Ynfl = anl) = Kn,nn,l(xnfh an)

» Notice that X, = Perfect sampler

» Example : the Feynman-Kac updating-prediction mapping

() =Ve,  (1)My=1Sc, .My =nKnn

K,



Mean field particle interpretation

We approximate the exact/perfect transitions

Xp ~ Yn+1 ~ Kn+1,77,,(yn7 an+1)

by running a

» Markov chain &, = (¢},...,¢N) e EN s.t.

» = Particle transitions (V1 </ < N)

6:7 ~ 51,1+1 ~ n+1,n,/,"(§:n an+1)



Discrete generation mean field particle model

Schematic picture : &, € EN ~ €,,1 € E,’,"+1

Kn+1,n,’," 1
51 - n+1

g" [N 5:14—1
- N
§N SN €nt1

Rationale :

N
M =Ntoo == Kopigy =ntoc Knti,
== f,’; 11 almost iid copies of X i1

N
= Mgl =Ntoo Mn+l



Updating-prediction models ~~ genetic particle model :

M~ M1 1

1
& & — &
» SGnJI,/,V X .
&n —— g, —— €;1+1
N y N
gn L é\r’,V - §n+1

Accept/Reject/Recycling/Selection transition :
Grp (§1, )
= aGalE)) B () + (1= 0Go(€)) Sl 57856, (0b)
i Gy =1a, €n =1~ Gy(&h) = 1a(&})
— FK-Mean field particle models = sequential Monte Carlo, population

Monte Carlo, genetic algorithms, particle filters, pruning, spawning,
reconfiguration, quantum Monte carlo, go with the winner...
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~
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The 4 particle estimates

Genealogical tree evolution (N, n) = (3,3)

.
S~

» Individuals in the current population

= Almost i.i.d. samples w.r.t. FK marginal meas. 7,

1 . .
= — Z 0¢i —*N—oco 1o = solution of a nonlinear m.v.p.

1<i<N



Two more particle estimates

» Ancestral lines = Almost i.i.d. sampled paths w.r.t. Q,.

i i i — ! i
(EO,H’ gl,m e 7£n,n) .= i-th ancetral line i-th current individual = gn

1
N2 (el es,) Moo Qn

1<i<N

» Unbiased particle free energy functions

H 77p —>N—>oo Z, = H 77p(Gp)

0<p<n 0<p<n



. and the last particle measure

QnN(d(XOa s ,X,,)) = 77rI1V(dXI7) Mn,nﬁil(xm anfl) cee Ml,né" (Xl, dXO)
with the random particle matrices:
IMln+1,n[1\/ (Xn+1» an) X 77,I1V(dxn) Hn+1(Xna Xn+1)

Example: Normalized additive functionals

fa(X0, .-, Xn) = ! PORACS!

n+l2
(8
QN — n+1 Z 77 ”77,/,\171 ~-~Mp+1,n!’,\’(fp)
0<p<n

matrix operations



Island models

Reminder : the unbiased property

IT G| = E(n'(E) [ 7'(Gp)

0<p<n 0<p<n

E|Fa(X) [[ Go()

0<p<n
with the Island evolution Markov chain model

Xo:=ny  and Gn(Xn) =1} (Gn) = X, (Gn)
I

particle model with (X,,G,(X,)) = Interacting Island particle model‘




Island models

we can also write
E Fn(Xn) H gp(Xp) = rn(Fn)
0<p<n
with "the product style measure” on the sequence X = (X},),

I',,(dX)—{ 11 hP(X)} P(dX) with hy(X) = Gp(X,)

0<p<n

I
‘ MCMC algorithms or their SMC version




Island models (continued)

n

R (H ce,p(xe,,») Ad0) = — {H hp(e)} A(d0)
p=0

with
hp(0) = 19,5(Go,p)
Examples :

Go.p(%p) = P(¥p | X0,0) = Ta(d0) =dp(6 | (yo,---¥n))
Gg7p(Xp) = 1Ap(XP) = 7Tn(d9) = dp(t9 | Xo S Ao, .. .,An S An)
Unbiased property = 7 is the #-marginal of the product measure

Tn(d) = {H hp( }

0=(0,€) ~ NdO)P(0,de) & hy(@) = b ,(Gop)

with



Island models (continued)

Metropolis-Hastings model on (6 = (6, ¢)) with target

1 { P } X(dd)
n p=0

=X(d0)P(6,d¢)
Proposition transition

G=(0,6) — 8 =(0.¢) ~ QO

Q(0, do’ )= Q(0,d0") P(0',d¢")
Acceptance-Rejection rate
_ I —, = =
20,0) = 14 2(d9)Q0,d%)
Tn(d0)Q(0, d0')

, Md9)Q(e", do)
{H,",zoﬂ,,(é)} A(d0)Q(0, do)

~ Particle MCMC (Andrieu-Doucet-Holenstein 2010)
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