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Reminder + Information

References in the slides

I Material for research projects  Moodle

(Stochastic Processes and Applications 3 variety of
applications)

I Important results

⊂ Assessment/Final exam = LOGO =
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– Albert Einstein (1879-1955)
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Plan of the lecture

I Markov chain models

I Elementary transitions
I Random dynamical systems

I Stability properties

I 2 states model
I Perron Frobenius theorem
I Spectral analysis

I Total variation norms

I Quantitative rates

I Spectral Gaps

I Dobrushin contraction/ergodic coef.

I Poisson equation
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Three objectives

I Formalize/Recognize a Markov chain model

I Analyze the stability properties

I Analysis on reduced and toy models
I L2 techniques and spectral tools
I Total variation norms and Dobrushin contractions

I Open/Ask questions [∼ continuous/discrete time models?]
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Markov transitions

P (Xn ∈ dxn | X0, . . . ,Xn−2,Xn−1) = P (Xn ∈ dxn | Xn−1)

⇓
P (Xn ∈ dxn | Xn−1 = xn−1) = Mn(xn−1, dxn)

I S = R

Mn(xn−1, dxn) =
1

2
δ0(dxn) +

1

2

1√
2π

e−
1
2 (xn−a(xn−1))

2

dxn

I S = {e1, . . . , ed}

Mn =

 Mn(e1, e1) . . . Mn(e1, ed)
...

...
...

Mn(ed , e1) . . . Mn(ed , ed)


I {e1, . . . , ed} ⊂ S = Rd

∀xn−1 = ei Mn(xn−1, dxn) =
∑

1≤j≤d

Mn(ei , ej) δej (dxn)
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Advantages

(Chapman-Kolmogorov) Transport equation

P (Xn ∈ dxn)︸ ︷︷ ︸ =

∫
xn−1

Mn(xn−1,dxn)︷ ︸︸ ︷
P (Xn ∈ dxn | Xn−1 = xn−1)

=ηn−1(dxn−1)︷ ︸︸ ︷
P (Xn−1 ∈ dxn−1)

ηn(dxn) =

∫
xn−1

ηn−1(dxn−1) Mn(xn−1, dxn)

m
Dynamical system representation

ηn = ηn−1Mn = . . . = η0M1 . . .Mn

with

(M1 . . .Mn)(x0, dxn) =

∫
x1,...,xn−1

M1(x0, dx1) . . .Mn(xn−1, dxn)

= P (Xn ∈ dxn | X0 = x0)

Note:

S = {e1, . . . , ed} ' {1, . . . , d} matrix/vector operations
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Random dynamical systems

State space models

Xn = Fn(Xn−1,Wn) with i.i.d. Wn and some initial r.v. X0

Ex.: Linear Gaussian models

Xn = AnXn−1 + BnWn

⇓

Xn = (An . . .A1)X0 +
∑

1≤p≤n

(An . . .Ap+1)BpWp

Dimension 1 :
[An = an = a ∈ [0, 1[ and X ′n a copy of Xn starting at X ′0 (same Wn)]

⇓
Xn − X ′n = an (X0 − X ′0) −→n↑∞ 0
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Stability properties

Limit random states
Xn = F (Xn−1,Wn) −→n↑∞ X∞ ??

or

Law(Xn) −→n↑∞ Law(X∞) := η∞ ??
(ηn=ηn−1M)
========⇒ η∞ = η∞M

Limiting occupation measures

1

n

∑
0≤p<n

δXp −→n↑∞ Law(X∞)??

m
∀f : S 7→ R (a.k.a. observable [physics literature])∫

f (x)

1

n

∑
0≤p<n

δXp

 (dx) =
1

n

∑
0≤p<n

f (Xp)

−→n↑∞ E(f (X∞)) =

∫
f (x) P(X∞ ∈ dx)
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2 states model

01−p ::

p
** 1 1−qdd

q

jj

m

M =

(
1− p p
q 1− q

)

Invariant measure

π =

[
q

p + q
,

p

p + q

]
=⇒ πM ∝ [q, p]

[
1− p p
q 1− q

]
= [q, p] ∝ π

Some question

1

n

∑
0≤p<n

δXp (10) =
1

n

∑
0≤p<n

1Xp=0 'n↑∞ π(0) =
q

p + q
??
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Perron-Frobenius theo
M =

[
1− p p
q 1− q

]
Exercise:

I Find eigenvalues λ1, λ2 and eigenvectors ϕ1, ϕ2.

I Using the change of variable matrix

P := (ϕ1, ϕ2) M = PDP−1 with D =

(
λ1 0
0 λ2

)

I Elementary matrix operations

M2 = PDP−1PDP−1 = PD2P−1 ⇒ . . .⇒ Mn = PDnP−1

I Key decomposition

Mn =

(
π(0) π(1)
π(0) π(1)

)
+ λn2

(
π(1) −π(1)
−π(0) π(0)

)

Solution:
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Perron Frobenius theorem

M on a finite space S s.t. Mm(x , y) > 0 for some m ≥ 1.

⇓

∃!π on S s.t. π(x) > 0 and

πM = π with ∀x , y ∈ S lim
n→∞

Mn(x , y) = π(y)

In addition, 1 is a simple root of the characteristic polynomial of M.

I All sites accessible after finite steps [Irreducible+aperiodic chains]

I Minorisation condition

K (x , y) = Mm(x , y) ≥ δ =

:=ε︷ ︸︸ ︷
(δCard(S))

=ν(x)>0︷ ︸︸ ︷
Card(S)−1

⇓
∃! π = πK = πMm and |K n(x , y)− π(y)| = |Mmn(x , y)− π(y)| ≤ (1−ε)n

12/21
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Spectral analysis

2 states model

M reversible w.r.t. some proba. π on some finite S with cardinality
d , s.t. Mm(x , y) > 0 for some m ≥ 1.

⇓

Finite set of real valued eigenvalues λ1 = 1 ≥ λ2 ≥ . . . ≥ λd > −1
⊕ ∃ orthonormal basis of l2(π) made of real valued eigenfunctions
(ψi )1≤i≤d of (λi )1≤i≤d , with ψ1 = 1 the unit function.
⊕ Spectral decomposition

Mn(x , y) = π(y) +
∑

1<i≤d

λni ψi (x) π(y) ψi (y)

The difference λ2 − λ1 = λ2 − 1 is called the spectral gap.
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Quantitative rates

Exponential decays to equilibrium

|Mn(x , y)− π(y)| ≤ λn?
√
π(y)/π(x) ≤ e−ρn

√
π(y)/π(x)

with the absolute spectral gap

ρ = 1− λ? with λ? := sup
1<i≤d

|λi |

Proof:

(exercise)  Solution
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Exercise

Ingredients

I In i.i.d. r.v. ∈ I = {1, . . . , d} with law µ.

I ∀i ∈ I, Mi Markov transition on Si with πi = πiMi .

Product Markov chain with transition M on S =
∏

1≤i≤d Si

Xn−1 = (X 1
n−1, . . . ,X

d
n−1) Xn = (X 1

n , . . . ,X
d
n ) s.t. X In

n ∼ MIn(X In
n−1, dx)

1. π(dx) =
∏

1≤i≤d

πi (dx
i ) =⇒ πM = π

2. ∀(λi , ϕi )=eigen(value,function) system of Mi
ϕ(x) =

∏
1≤i≤d

ϕ(x i ) and λ =
∑

1≤i≤d

µ(i)λi

=⇒ M(ϕ) = λ ϕ

Solution  
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Total variation norm

Finite spaces

‖µ1 − µ2‖tv =
1

2

∑
x∈S

|µ1(x)− µ2(x)| = 1−
∑
x∈S

[µ1(x) ∧ µ2(x)]

Absolutely continuous measures

µ1(dx) = p1(x) λ(dx) and µ2(dx) = p2(x) λ(dx)

⇓

‖µ1 − µ2‖tv =
1

2
λ (|p1 − p2|) = 1−

∫
[p1(x) ∧ p2(x)] λ(dx)

Proof of =  
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An example/Exercise

x

p1 = N (m1, 1) & p2 = N (m2, 1)

m1 m2

(m1 + m2)/2

‖µ1 − µ2‖tv = P
(
|N(0, 1)| ≤ m2 −m1

2

)
≤ (m2 −m1)√

2π

Solution:  
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General formulations

General state space S

‖µ1 − µ2‖tv = sup {|µ1(f )− µ2(f )| : f s.t. osc(f ) ≤ 1}

=
1

2
sup {|µ1(f )− µ2(f )| : f s.t. ‖f ‖ ≤ 1}

= sup {|µ1(A)− µ2(A)| : A ⊂ S} = 1− [µ1 ∧ µ2] (S)

Proof (for finite spaces)  
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Dobrushin Contraction coef.

M Markov transition on some state space S

β(M) := sup
x,y∈S

‖M(x , .)−M(y , .)‖tv = sup
f : osc(f )≤1

osc(M(f ))

Proof of =:

sup
f : osc(f )≤1

sup
x,y∈S

. . . = sup
x,y∈S

sup
f : osc(f )≤1

. . .

19/21



Dobrushin Contraction coef.

M Markov transition on some state space S

β(M) := sup
x,y∈S

‖M(x , .)−M(y , .)‖tv = sup
f : osc(f )≤1

osc(M(f ))

Proof of =:

sup
f : osc(f )≤1

sup
x,y∈S

. . . = sup
x,y∈S

sup
f : osc(f )≤1

. . .

19/21



Dobrushin Contraction coef.

M Markov transition on some state space S

β(M) := sup
x,y∈S

‖M(x , .)−M(y , .)‖tv = sup
f : osc(f )≤1

osc(M(f ))

Proof of =:

sup
f : osc(f )≤1

sup
x,y∈S

. . . = sup
x,y∈S

sup
f : osc(f )≤1

. . .

19/21



Contraction - Stability Theorem

M Markov transition s.t. β(M) < 1 ⇒ ∃!π = πM

osc(Mn(f )) ≤ β(M)n osc(f ) →n→∞ 0

‖µ1M
n − µ2M

n‖tv ≤ β(M)n ‖µ1 − µ2‖tv →n→∞ 0

Proof :

osc(Mn(f )) = osc

(
M

[
Mn−1(f )

osc(Mn−1(f ))

])
× osc(Mn−1(f ))

and

‖µ1M − µ2M‖tv = sup
f :osc(f )≤1

(
osc(M(f ))×

∣∣∣∣(µ1 − µ2)

[
M(f )

osc(M(f ))

]∣∣∣∣)
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Poisson equation

M Markov transition s.t. β(Mn) ≤ a e−bn (⇒ ∃!π = πM)

⇓

∀f : osc(f ) ≤ 1 and π(f ) = 0

g = P(f ) =
∑
n≥0

Mn(f ) solution of the Poisson eq. (Id −M)g = f
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