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Introduction

Monte Carlo integration

These lectures are concerned with advanced Monte Carlo methods, including mean field type particle
integration theory.

In the last three decades, this topic has become one of the most active contact points between pure
and applied probability theory, Bayesian inference, statistical machine learning, information theory,
theoretical chemistry and quantum physics, financial mathematics, signal processing, risk analysis,
and several other domains in engineering and computer sciences.

The origins of Monte Carlo simulation certainly start with the seminal paper of N. Metropolis and
S. Ulam in the late 1940s [452]. Inspired by the interest of his colleague S.Ulam in the poker game
N. Metropolis, coined, the term “Monte Carlo Method” in reference to the “capital” of Monaco well
known as the European city for gambling.

The first systematic use of Monte Carlo integration was developed by these physicists in the Man-
hattan Project of Los Alamos National Laboratory, to compute ground state energies of Schodinger’s
operators arising in thermonuclear ignition models. It is also not surprising that the development of
these methods goes back to these early days of computers. For a more thorough discussion on the
beginnings of the Monte Carlo method, we refer to the article by N. Metropolis [453].

As its name indicates, Monte Carlo simulation is, in the first place, one of the largest, and most
important, numerical techniques for the computer simulation of mathematical models with random
ingredients. Nowadays, these simulation methods are of current use in computational physics, physical
chemistry, and computational biology for simulating the complex behavior of systems in high dimen-
sion. To name a few, there are turbulent fluid models, disordered physical systems, quantum models,
biological processes, population dynamics, and more recently financial stock market exchanges. In engi-
neering sciences, they are also used to simulate the complex behaviors of telecommunication networks,
queuing processes, speech, audio, or image signals, as well as radar and sonar sensors.

Note that in this context, the randomness reflects different sources of model uncertainties, including
unknown initial conditions, misspecified kinetic parameters, as well as the external random effects
on the system. The repeated random samples of the complex system are used for estimating some
averaging type property of some phenomenon.

Monte Carlo integration theory, including Markov chain Monte Carlo algorithms (abbreviated
MCMC), sequential Monte Carlo algorithms (abbreviated SMC), and mean field interacting parti-
cle methods (abbreviated IPS) are also used to sample complex probability distributions arising in
numerical probability, and in Bayesian statistics. In this context, the random samples are used for
computing deterministic multidimensional integrals.

In other situations, stochastic algorithms are also used for solving complex estimation problems,
including inverse type problems, global optimization models, posterior distributions calculations, non-
linear estimation problems, as well as statistical learning questions (see for instance [80, 99, 172, 288,
542]). We underline that in this situation, the randomness depends on the design of the stochastic
integration algorithm, or the random search algorithm.

In the last three decades, these extremely flexible Monte Carlo algorithms have been developed
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in various forms mainly in applied probability, Bayesian statistics, and in computational physics.
Without any doubt, the most famous MCMC algorithm is the Metropolis-Hastings model presented
in the mid-1960s by N. Metropolis, A. Rosenbluth, M. Rosenbluth, A. Teller, and E. Teller in their
seminal article [454].

This rather elementary stochastic technique consists in designing a reversible Markov chain, with
a prescribed target invariant measure, based on sequential acceptance-rejection moves. Besides its
simplicity, this stochastic technique has been used with success in a variety of application domains.
The Metropolis-Hastings model is cited in Computing in Science and Engineering as being in the top 10
algorithms having the “greatest influence on the development and practice of science and engineering
in the 20th century.”

As explained by N. Metropolis and S. Ulam in the introduction of their pioneering article [452], the
Monte Carlo method is, “essentially, a statistical approach to the study of differential equations, or
more generally, of integro-differential equations that occur in various branches of the natural sciences.”

In this connection, we emphasize that any evolution model in the space of probability measures can
always be interpreted as the distributions of random states of Markov processes. This key observation
is rather well known for conventional Markov processes and related linear evolution models.

More interestingly, nonlinear evolution models in distribution spaces can also be seen as the laws of
Markov processes, but their evolution interacts in a nonlinear way with the distribution of the random
states. The random states of these Markov chains are governed by a flow of complex probability
distributions with often unknown analytic solutions, or sometimes too complicated to compute in a
reasonable time. In this context, Monte Carlo and mean field methods offer a catalog of rather simple
and cheap tools to simulate and to analyze the behavior of these complex systems.

These two observations are the stepping stones of the mean field particle theory developed in these
lectures.

Mean field simulation

The theory of mean field interacting particle models had certainly started by the mid-1960s, with the
work of H.P. McKean Jr. on Markov interpretations of a class of nonlinear parabolic partial differential
equations arising in fluid mechanics [445]. We quote an article by T.E. Harris and H. Kahn [338],
published in 1951, using mean field type and heuristic-like splitting techniques for estimating particle
transmission energies, and a declassified and pioneering article by Enrico Fermi and R.D. Richtmyer
in 1948 using mean field type but heuristic like Quantum Monte Carlo methodologies for studying
neutron diffusions [266]. For a detailed account of the applications of mean field particle methods in
computational physics we refer the reader to the series of articles of M. Caffarel and his co-authors [92,
93, 94, 526, 527].

Since this period until the mid-1990s, these pioneering studies have been further developed by
several mathematicians; to name a few, in alphabetical order, J. Gértner [279], C. Graham [309, 310,
311, 312, 313, 314, 315, 316, 317, 318, 319, 320], B. Jourdain [365], K. Oelschliger [467, 468, 469], Ch.
Léonard [411], S. Méléard [446, 447, 448], M. Métivier [451], S. Roelly-Coppoletta [448], T. Shiga and
H. Tanaka [537], and A.S. Sznitman [559]. Most of these developments were centered around solving
Martingale problems related to the existence of nonlinear Markov chain models, and the description of
propagation of chaos type properties of continuous time IPS models, including McKean-Vlasov type
diffusion models, reaction diffusion equations, as well as generalized Boltzmann type interacting jump
processes. Their traditional applications were essentially restricted to fluid mechanics, chemistry, and
condensed matter theory. Some of these application domains are discussed in some detail in the series
of articles [119, 120, 134, 332, 419, 136, 440]. The book [377] provides a recent review on this class of
nonlinear kinetic models.

Since the mid-1990s, there has been a virtual explosion in the use of mean field IPS methods as a
powerful tool in real-word applications of Monte Carlo simulation in information theory, engineering



sciences, numerical physics, and statistical machine learning problems. These sophisticated population
type IPS algorithms are also ideally suited to parallel and distributed environment computation [68,
283, 286, 420]. As a result, over the past few years the popularity of these computationally intensive
methods has dramatically increased thanks to the availability of cheap and powerful computers. These
advanced Monte Carlo integration theories offer nowadays a complementary tool, and a powerful
alternative to many standard deterministic function-based projections and deterministic grid-based
algorithms, often restricted to low dimensional spaces and linear evolution models.

In contrast to traditional MCMC techniques (including Gibbs sampling techniques [284], which
are a particular instance of Metropolis-Hasting models), another central advantage of these mean field
IPS models is the fact that their precision parameter is not related to some stationary target measure,
nor of some burning time period, but only to the size of the population. This precision parameter is
more directly related to the computational power of parallel computers on which we are running the
IPS algorithms.

Some application domains

In the last two decades, the numerical solving of concrete and complex nonlinear filtering problems,
the computation of complex posterior Bayesian distribution, as well as the numerical solving of opti-
mization problems in evolutionary computing, has been revolutionized by this new class of mean field
IPS samplers [99, 172, 170, 195, 234, 534, 568]. Nowadays, their range of application is extending from
the traditional fluid mechanics modeling towards a variety of nonlinear estimation problems arising in
several scientific disciplines; to name a few, with some reference pointers: Advanced signal processing
and nonlinear filtering [111, 160, 170, 163, 172, 237, 234, 235, 302, 383, 381], Bayesian analysis and
information theory [99, 141, 172, 174, 234, 264, 420], queueing networks [35, 310, 311, 313, 314, 315],
control theory [390, 354, 355, 597], combinatorial counting and evolutionary computing [7, 172, 195,
534, 568], image processing [8, 159, 263, 493], data mining [508], molecular and polymer simulation
[172, 195, 323], rare events analysis [133, 130, 172, 184, 185, 296], quantum Monte Carlo methods
[18, 97, 184, 185, 343, 450, 516], as well as evolutionary algorithms and interacting agent models
[85, 166, 300, 344, 534, 568].

Applications on nonlinear filtering problems arising in turbulent fluid mechanics and weather
forecasting predictions can also be found in the series of articles by Ch. Baehr and his co-authors [27,
28, 30, 31, 407, 505, 558]. More recent applications of mean field IPS models to spatial point processes,
and multiple object filtering theory can be found in the series of articles [108, 109, 110, 145, 233, 476,
477, 478, 530, 586, 587, 588, 589]. These spatial point processes, and related estimation problems
occur in a wide variety of scientific disciplines, such as environmental models, including forestry and
plant ecology modeling, as well as biology and epidemiology, seismology, materials science, astronomy,
queuing theory, and many others. For a detailed discussion on these applications areas we refer the
reader to the book of D. Stoyan, W. Kendall, and J. Mecke [553] and the more recent books of P.J.
Diggle [229] and A. Baddeley, P. Gregori, J. Mateu, R. Stoica, and D. Stoyan [26].

The use of mean field IPS models in mathematical finance is more recent. For instance, using
the rare event interpretation of particle methods, R. Carmona, J. P. Fouque, and D. Vestal proposed
in [104] an interacting particle algorithm for the computation of the probabilities of simultaneous
defaults in large credit portfolios. These developments for credit risk computation were then improved
in the recent developments by R. Carmona and S. Crépey [101] and by the author and F. Patras
in [196]. Following the particle filtering approach which is already widely used to estimate hidden
Markov models, V. Genon-Catalot, T. Jeantheau, and C. Laredo [285] introduced particle methods
for the estimation of stochastic volatility models.

More generally, this approach has been applied for filtering nonlinear and non-Gaussian Models
by R. Casarin [113], R. Casarin, and C. Trecroci [114]. More recently, M. S. Johannes, N. G. Polson,
and J.R. Stroud [362] used a similar approach for filtering latent variables such as the jump times and



sizes in jump diffusion price models. Particle techniques can also be used in financial mathematics to
design stochastic optimization algorithms. This version of particle schemes was used by S. Ben Hamida
and R. Cont in [49] for providing a new calibration algorithm allowing for the existence of multiple
global minima. Finally, in [206, 207], interacting particle methods were used to estimate backward
conditional expectations for American option pricing.

For a more thorough discussion on the use of mean field methods in mathematical finance, we refer
the reader to the review article [102], in the book [103].

As their name indicates, branching and interacting particle systems are of course directly related
to individual based population dynamics models arising in biology and natural evolution theory. A
detailed discussion on these topics can be found in the articles [58, 116, 118, 329, 327, 328, 459, 462,
463, 472], and references therein.

In this connection, I also quote the more recent and rapidly developing mean field games theory
introduced in the mid-2000s by J.M. Lasry and P.L. Lions in the series of pioneering articles [398, 399,
400, 401]. In this context, fluid particles are replaced by agents or companies that interact mutually
in competitive social-economic environments so that to find optimal interacting strategies w.r.t. some
reward function.

Applications of game theory with multiple agents systems in biology, economics, and finance are
also discussed in the more recent studies by V. Kolokoltsov and his co-authors [378, 379, 380], in the
series of articles [10, 50, 86, 87, 393, 412, 466, 569], the ones by P.E. Caines, M. Huang, and R.P. Mal-
hamé [346, 347, 348, 349, 350, 351, 352], as well as in the pioneering article by R. J. Aumann [25]. Finite
difference computational methods for solving mean field games Hamilton-Jacobi nonlinear equations
can also be found in the recent article by Y. Achdou, F. Camilli, and I. Capuzzo Dolcetta [4].

For a more detailed account on this new branch of games theory, I refer to the seminal Bachelier
lecture notes given in 2007-2008 by P.L. Lions at the College de France [418], as well as the series of
articles [301, 346, 443] and references therein.

The illustrations I have chosen are very often at the crossroad of several seemingly disconnected
scientific disciplines, including biology, physics, engineering sciences, probability, and statistics.

In this connection, I emphasize that most of the mean field IPS algorithms I have discussed in
these lectures are mathematically identical, but their interpretations strongly depend on the different
application domains they are thought. Furthermore, different ways of interpreting a given mean field
particle technique often guide researchers’ and development engineers’ intuition to design and to ana-
lyze a variety of consistent mean field stochastic algorithms for solving concrete estimation problems.
This variety of interpretations is one of the threads that guide the development of this course, with
constant interplays between the theory and the applications.

In fluid mechanics, and computational physics, mean field particle models represent the physical
evolution of different kinds of macroscopic quantities interacting with the distribution of microscopic
variables. These stochastic models includes physical systems such as gases, macroscopic fluid models,
and other molecular chaotic systems. One central modeling idea is often to neglect second order
fluctuation terms in complex systems so that to reduce the model to a closed nonlinear evolution
equation in distribution spaces (see for instance [134, 547], and references therein). The mean field
limit of these particle models represents the evolution of these physical quantities. They are often
described by nonlinear integro-differential equations.

In computational biology and population dynamic theory, the mathematical description of mean
field genetic type adaptive populations, and related spatial branching processes, is expressed in terms of
birth and death and competitive selection type processes, as well as mutation transitions of individuals,
also termed particles. The state space of these evolution models depends on the application domain.
In genealogical evolution models, the ancestral line of individuals evolves in the space of random
trajectories. In genetic population models, individuals are encoded by strings in finite or Euclidian
product spaces. Traditionally, these strings represent the chromosomes or the genotypes of the genome.
The mutation transitions represent the biological random changes of individuals. The selection process



is associated with fitness functions that evaluate the adaptation level of individuals. In this context,
the mean field limit of the particle models is sometimes called the infinite population model. For finite
state space models, these evolutions are described by deterministic dynamical systems in some simplex.
In more general situations, the limiting evolution belongs to the class of measure valued equations.

In computer sciences, mean field genetic type IPS algorithms (abbreviated GA) are also used as
random search heuristics that mimic the process of evolution to generate useful solutions to complex
optimization problems. In this context, the individuals represent candidate solutions in a problem
dependent state space; and the mutation transition is analogous to the biological mutation so as
to increase the variability and the diversity of the population of solutions. The selection process is
associated with some fitness functions that evaluate the quality of a solution w.r.t. some criteria that
depend on the problem at hand. In this context, the limiting mean field model is often given by some
Boltzmann-Gibbs measures associated with some fitness potential functions.

In advanced signal processing as well as in statistical machine learning theory, mean field IPS
evolution models are also termed Sequential Monte Carlo samplers. As their name indicates, the aim
of these methodologies is to sample from a sequence of probability distributions with an increasing
complexity on general state spaces, including excursion spaces in rare event level splitting models,
transition state spaces in sequential importance sampling models, and path space models in filtering
and smoothing problems. In signal processing these evolution algorithms are also called particle filters.
In this context, the mutation-selection transitions are often expressed in terms of a prediction step,
and the updating of the particle population scheme. In this case, the limiting mean field model coin-
cides with the evolution of conditional distributions of some random process w.r.t. some conditioning
event. For linear-Gaussian models, the optimal filter is given by Gaussian conditional distributions,
with conditional means and error covariance matrices computed using the celebrated Kalman filter re-
cursions. In this context, these evolution equations can also be interpreted as McKean-Vlasov diffusion
type models. The resulting mean field model coincides with the Ensemble Kalman Filters (abbreviated
EKF) currently used in meteorological forecasting and data assimilation problems.

In physics and molecular chemistry, mean field IPS evolution models are used to simulate quan-
tum systems to estimate ground state energies of a many-body Schodinger evolution equation. In this
context, the individuals are termed walkers to avoid confusion with the physical particle based mod-
els. These walkers evolve in the set of electronic or macromolecular configurations. These evolution
stochastic models belong to the class of Quantum and Diffusion Monte Carlo methods (abbreviated
QMC and DMC). These Monte Carlo methods are designed to approximate the path space integrals
in many-dimensional state spaces. Here again these mean field genetic type techniques are based on a
mutation and a selection style transition. During the mutation transition, the walkers evolve randomly
and independently in a potential energy landscape on particle configurations. The selection process is
associated with a fitness function that reflects the particle absorption in an energy well. In this con-
text, the limiting mean field equation can be interpreted as a normalized Schrédinger type equation.
The long time behavior of these nonlinear semigroups is related to top eigenvalues and ground state
energies of Schrodinger’s operators. A pedagogical introduction to QMC methods can be found in the
review articles [93, 94]. For more recent advances including concrete applications in computational
physics we refer to the articles [92, 93, 526, 527].

In probability theory, mean field IPS models can be interpreted into two ways. Firstly, the particle
scheme can be seen as a step by step projection of the solution of an evolution equation in distribution
spaces, into the space of empirical measures. More precisely, the empirical measures associated with a
mean field IPS model evolve as a Markov chain in reduced finite dimensional state spaces. In contrast
to conventional MCMC models based on the long time behavior of a single stochastic process, the
mean field IPS Markov chain model is associated with a population of particles evolving in product
state spaces. In this sense, mean field particle methods can be seen as a stochastic linearization
of nonlinear equations. The second interpretation of these models relies on an original stochastic
perturbation theory of nonlinear evolution equations in distribution spaces. More precisely, the local



sampling transitions of the population of individuals induce some local sampling error, mainly because
the transition of each individual depends on the occupation measure of the systems. In this context,
the occupation measures of the IPS model evolve as the limiting equation, up to these local sampling
errors.

Course outline

The lecture notes cover topics in the general area of Monte Carlo methods and their application do-
mains. The topics include Markov chain Monte Carlo and Sequential Monte Carlo methods, Quantum
and Diffusion Monte Carlo techniques, as well as branching and interacting particle methodologies. We
cover discrete and continuous time stochastic models, starting from traditional sampling techniques
(perfect simulation, Metropolis-Hasting, and Gibbs-Glauber models) to more refined methodologies
such as gradient flows diffusions on constraint state space and Riemannian manifolds, ending with
the more recent and rapidly developing Branching and mean field type Interacting Particle Systems
techniques.

The course offers a pedagogical introduction to the theoretical foundations of these advanced
stochastic models, combined with a series of concrete illustrations taken from different application
domains. The applications considered in these lectures will range from Bayesian statistical learning
(hidden Markov chain, statistical machine learning), risk analysis and rare event sampling (mathemat-
ical finance, and industrial risk assessment), operation research (global optimization, combinatorial
counting and ranking), advanced signal processing (stochastic nonlinear filtering and control, and data
association and multiple objects tracking), computational and statistical physics (molecular dynamics,
Schrodinger’s ground states, Boltzmann-Gibbs distributions, and free energy computation). Approx-
imately the first half of the course will be concerned with linear type Markov chain Monte Carlo
methods, and the second part to nonlinear particle type methodologies.

To illustrate the course, in the first part we present a brief overview of some Monte Carlo method-
ologies discussed in these lectures:

These stochastic models include standard Monte Carlo methods and conventional Markov chain
Monte Carlo techniques based on the law of large numbers and the ergodic theorem. We also present
nonlinear mean field type particle methodologies and Feynman-Kac type evolutionary particle tech-
niques, including genealogical tree based models and backward particle Markov chain sampling meth-
ods.

These particle methods are illustrated with some selected applications arising in signal processing,
information theory and computational physics. Most of the results presented in this introductory
chapter are presented without a single proof. We provide precise reference pointers to sections in the
lectures dedicated to the modeling and the analysis of these stochastic models.

All the Monte Carlo methodologies presented in this introductory part are sufficiently detailed so
that they can be encoded in a computer. We have tried to present in an informal way the mathematical
foundations of these techniques and their application domains.

Nevertheless, their rigorous analysis and their performance often depend on sophisticated stochastic
models. We encourage the reader to select one of these methodologies and follow the pointers given in
the text to answer to the following questions:

e Find the class of stochastic model:

linear or nonlinear Markov chains, stochastic flow, mean field particle models, . ..

e Find the range of applications:

signal processing, computational physics, operation research, statistical machine learning,. . ..

e Find the precision degree and develop the performance and the convergence of the scheme:



long time behavior, large population sized, double asymptotic, . ..

To guide the reader, we use the series of chili logos S , /4 , 4 , AL o underline the level of

complexity of the mathematical or physical foundations of the stochastic model.

The rest of the lecture notes is decomposed into two parts. The first one is concerned with linear
type Monte Carlo methods, the second one is dedicated with nonlinear Markov chain models and their
mean field particle interpretations.

Linear Monte Carlo methodologies refer to stochastic methods that can be described by Markov
processes. This class of models include discrete and continuous time models, importance sampling
methods, Markov and sub-Markov models, Markov chain Monte Carlo methodologies, as well as
stochastic processes evolving in constraint manifolds.

Nonlinear Monte Carlo methodologies refer a class of stochastic sampling techniques based on
particle interpretations of nonlinear Markov chain models.This class of models include McKean-Vlasov
type diffusions, interacting jump processes, and Feynman-Kac path-particle integration models. We
illustrate these models with a series of applications arising in computational physics, signal processing,

and Bayesian inference.
Pierre Del Moral, Rio de Janeiro 2018






Frequently used notation

Some state spaces

We present some basic notation and background on stochastic analysis and integral operator theory.
The lecture notes contain cross-references to this rather well known material; so the reader may wish
to skip this section.

We shall use the symbol a := b to define a mathematical object a in terms of b, or vice versa. In
these lecture notes, we often use the letters m, n, p, q, k, [ to denote integers and r, s, ¢, u to denote real
numbers. We also use the capital letters U, V, W X,Y, Z to denote random variables, and the letters
u, v, w, T, Y, 2 the denote their possible outcomes.

We often use the letters F or S to denote some general state space model. To avoid repetition
these general state spaces, and all the functions on these spaces are assumed to be measurable; that
is, they are equipped with some sigma-field so that the Lebesgue integral is well defined w.r.t. these
functions (for instance R? equipped with the sigma field generated by the open sets, as well as N¢,
7% or any other countable state space equipped with the discrete sigma-field). Given a Polish space
E (i.e., a separable and completely metrizable topological space), we denote by D([a, b, E) the set of
cadlag paths from the interval [a, b] into E. The abbreviation cadlag comes from the French description
“continue a droite, limitée a gauche,” and the English translation “right continuous with left limits.”

We also denote, respectively, by M(E), ML(E), Mo(E), P(E), and B(E), the set of all finite
signed measures on some (measurable) space E, the subset of positive measures, the convex subset of
measures with null mass, the set of all probability measures, and the Banach space of all bounded and
measurable functions f equipped with the uniform norm || f|| = Sup,cg|f(2)].

We also denote by Osc(FE), and by Bi(FE), the set of E-measurable functions f with oscillations
osc(f) = Sup,,|f(z) — f(y)| <1, and, respectively, with || f|| < 1.

We also often use the letters f, g, h or F,G, H to denote functions on some state space, and u, v, n
or p(dx),v(dx),n(dx) measures on some state space.

Given a pair of functions f; and f» on some state spaces F; and Es. we denote by (f1 ® f2) the
tensor product function on the product space (E; X Es) defined for any (z1,z2) € (E1 x E3) by

(f1 ® f2)(x1,22) = fi(21) fa(2)

We also use the proportional sign f o g between functions to mention that f = ¢ g for some
constant ¢ € R.

We shall slightly abuse the notation, denoting by 0 and 1 the zero and the unit elements in the
semi-rings (R, +, x) and by 0 and 1 the zero and the unit elements in the set of functions on some
state space FE.

The maximum and minimum operations are denoted respectively by

aVb:=max{a,b} aAb:=min{a,b} aswellas a4y :=aVO0

We also denote by |a] and {a} = a — |a| the integer part, and resp. the fractional part, of some real
number a.
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We also use the Bachmann-Landau notation

£(6) = 9() + 0(0) <= limsup ~ | £(¢) — g(e)| < >

€E—

and
£(6) = g(€) + o(e) <= limsup - |£() — g(e)] = 0

e—0 €

When there are no confusions, sometimes we write o(1) a function that tends to 0 when the parameter
e — 0. We also denote by Op(€) some possibly random function such that

E (|Op(e)]) = O(e)
We also use the traditional conventions

Hzl ZzO inf = 0o and sup = —o0
0 0 ’ 0

Integration

Given a measure 7 on some (measurable) state space E' and some (measurable) function f from E
into R we set

n(f) = / n(dz) f(z)

as soon as the integral exists, that is if f is integrable w.r.t. n; more formally if n(|f|) < oo. For
indicator functions f = 14, sometimes we slightly abuse notation and we set 7(A) instead of n(14)

n(ia) = / n(dr)La(z) = /A n(dz) = n(A)

Sometimes, we simplify the presentation, denoting by du the measure du(z) = p(dzx), where dx stands
for an infinitesimal neighborhood of the state z € F.
We also consider the partial order relation between functions fi, fo and measures 1, o given by

h<fos=VzeS filz)< fa(x)

and
p < pp = VAES p(A) < pa(A)

We denote by (u; ® pua) € M(E;1 x Ej) the tensor product measure defined for any f € By(E; x Es)
by

(i © m2)(F) = [ mn(den)pa(do) for, )
The Dirac measure d, at some point a € S is defined by
51) = [ £@)5.(d2) = 1(@)
When 7 is the distribution of some r.v. X taking values in .S, we have
n(dz) = P(X € dx) and n(f) =E(f(X))

For instance the measure on R given by

n(dz) = % <\/127T e*/2 da:) +% (;50(@:) + ;51(613:))
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represents the distribution of the random variable
X=eY+(1-¢Z
where (e,Y, Z) are independent r.v. with distribution
Ple=1) = 1-P(e=0)=1/2
1 2
P(Z=1) = 1-P(Z=0)=1/2 and P(Y edy)= —— e ¥ /2 d 1
(Zz=1) (Z=0)=1/ (¥ e dy) = = y 1)

We use the notation dz(= dx1 ... xdz};) to denote the Lebesgue measure on some Euclidian space R¥,
of some k > 1. For finite or countable state spaces, measures are identified to function and sometimes
we write u(x),v(z),n(z) instead of p(dx),v(dx),n(dx). Notice that any countable state space E can
be embedded in R so that the measures on E can also be represented by a weighted Dirac measures
w on R with support in E. In this case, u({z}) = p(z).

More precisely, for finite spaces of the form S = {ej,...,eq} C R, measures are defined by the
weighted Dirac measures

n= Z w; 0e, with w; =n({e;}) :=nle;)
1<i<d

so that

n(f) = / Do) f@) = 3 (e f(en)

1<i<d

Thus, if we identify measures and functions by the line and column vectors

f(e1)
n=1Mle1),...,n(eq)] and f= : (2)
f(ea)
we have
f(er)
nf =), .ona | 1 | =D nle)fle) =nlf) (3)
f(ea) 1sisd

The Dirac measure d., is simply given by the line vector

8o, = [0,...,0,_1 ,0,...,0
~~
i—th

In this notation, probability measures on S can be interpreted as a point (n(e;))i<i<q in the (d — 1)-
dimensional simplex Ay_; C [0, 1] defined by

1<i<d

Integral operators

Finite spaces and matrices

We consider a couple of r.v. (X1, X2) on a state space (Ey x Es), with marginal distributions

m(de1) =P(X; € dry) and ma(dre) = P(Xs € dxg)
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and conditional distribution
M(zy,drs) = P(Xo € dug | X1 = 21)

For finite spaces of the form Fy = {a1,...,aq, } and Eg := {b1,...,bs,} C E =R, the above conditional
distribution can be represented by a matrix

M(al,bl) M(al,bg) M(al,bdZ)
M(CLQ,bl) M(CLQ,bz) M((Ig,bdQ)
M(adl,bl) M(GQ,bg) M(adgabdg)

By construction, we have

]P)(XQ € dl‘Q) :/ [P(Xl € dxl) X ]P)(XQ € dzo | X1 = .’El)
=n2(dz2) m1 (dzy) M(z1,dx2)

In other words, we have

n2(dx2) :/s m(dx1) M(z1,dxs) := (mM) (dz2)

or in a more synthetic form 72 = 1 M. Notice that for the finite state space model discussed above
we have the matrix formulation

m = [772(b1)a"'7772(bd2)]
M(al,bl) M(al,bQ) M(a17bd2)
Mas,b Mas,b ... Mf(az,bg,
o) |0 Mo b be)
M(adl,bl) M(ag,bg) M(ad2,bd2)

In this context, a matrix M with positive entries whose rows sum to 1 is also called a stochastic
matrix.

Given a function f on Es, we consider the function M(f) on E; defined by
M(f)(x1) = [ M(zy,dxs) f(z2) =E(f(X2) | X1 =21)
Ey

Here again, for the finite state space model discussed above these definitions resume to matrix opera-
tions

M(f)(a1)
M(f) = :
M(f)(aq,)
M(ai,b1) M(ai,b2) ... Mf(a1,bg,) F(b)
_ M(ag,bl) M(ag,bg) M(ag,bdQ) )
M(ag, b)) Mlas,by) ... Maa,bs,) ) © 70

By construction, we also have that

m(M(f)) = (mM) (f) = n(f) <= E(E(f(X2)[X1)) = E(f(X2)) (5)

Given some matrices M, My and M, we denote by M;Ms the composition of the matrices M;
and My, and by M™ = M"'M = MM" ! the n iterates of M. For n = 0, we use the convention
MP° = Id, the identity matrix on S.
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Abstract integral and differential operators

A bounded integral operator @ from a (measurable) space E; into an auxiliary (measurable) space Fs
is an operator fo — f1 = Q(f2) from B(Es2) into B(E7) such that the functions

z1 € By fi(z1) = Q(f2)(w1) = : Q(z1, dx2) fo(w2)
2

are (measurable) bounded, for any fo € B(E2). Depending on its action, the operator @ is alternatively
called a bounded integral operator from E; into Fs, or from B(E>) into B(E}).

A positive operator is a bounded integral operator @, such that Q(f) > 0, for any f > 0. A Markov
kernel, or a Markov transition, is a positive and bounded integral operator @ with Q(1) = 1.

A bounded integral operator @ from a measurable space F; into an auxiliary measurable space Fo
also generates a dual operator

1 (diy) o pio(dis) = (1 Q)(ds) = / i (A1) Q 1, i)

from M(E7) into M(E3) defined by (11Q)(f2) := 11 (Q(f2)), for any fo € B(E2). Sometimes, with
a slight abuse of notation, to the presentation we write Q(x1, As) instead of Q(14,)(z1) for some
(measurable) subset Ay C Fy and for any z; € Ej.

For finite state spaces of the form E; = {ai,...,aq,} and Ey := {b1,...,bg,} C E =R, using the
identification of functions and measures with column and row vectors (2) the operations f — Q(f)
and 7 — nQ reduces to standard matrix vector operations with

Q(alvbl) Q(alab2) Q(alabdz)
Qaz,b1) Qaz,b2) ... Qaz,bq,)

Qlag.b) Qazb) .. Qladyba)

Given some measure p on i, sometimes we write u; ® @, the measure on (E; x FEj) defined by

(1@ Ql(d(x1,72)) = p(dz1)Q (71, dr2)

For Markov transitions @ = M, the function x; — M (f2)(z1) represents the local averages of fo
around x1. More precisely, if Xo(x1) stands for some random variable with law Q(x1,dz2) on Ey we
have

M(f2)(z1) = E(f(X2(z1)))

In the same way, the mapping 1 € P(Ey1) — uiM € P(E,) represents the distributions of the
random states Xo associated with a given random transition X; ~» Xo, starting with the distribu-
tion Law(X7) = p1, and sampling a state Xy with distribution M (X5, dz2). More precisely, for any
(measurable) subset Ao C Ey we have

(/.LIM)(AQ) = ]P)(XQ S Ag) = /P(Xl < diL‘l) P(XQ S Ag ’Xl = .21?1) = /ul(dxl) M(wl,Ag)

In this context, pu; ® M represents the distribution of the couple of random variables (X7, X2); that
is, we have that

(,u,l X M)(d(ml,mg)) = ]P’(Xl S d.%'l) P (XQ € dxo ‘Xl = .%'1) = P((X17X2> S d(l’l,xg))
For instance the integral operator given by

1
M(zy,dxy) =

—(Tro2—alx 2 1 1 1
e ( 2 ( 1)) /2 dZL’Q + 5 <2 5b0($1) + 5 (5b1(x1)> (de)

N
5
3
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represents the conditional distribution of the random variable
Xo:=€ (CL(Xl) + Y) + (1 — 61) b€2(X1)

given X; = z1, where (€1, €2) stands for two copies of the Bernoulli r.v. € and Y is the Gaussian r.v.
defined in (1). It is implicitly assumed that (€1, €2,Y, X7) are independent.

Given a pair of bounded integral operators (Q1,Q2), we let (Q1Q2) are the composition operator
defined by (Q1Q2)(f) = Q1(Q2(f)). For time homogeneous state spaces, we denote by Q™ = Q™ 1Q =
QQ™ ! the m-th composition of a given bounded integral operator @, with m > 1.

Given some bounded integral operators Q,(z,—1,dzy), from some measurable state space E,_;
into a possibly different measurable state space space E,, we denote by @, the semigroup defined
by

Qpn = (Qpr1Qpt2---Qn) = Qpr1Qprin

with the convention @), ,, = Id, the identity matrix for p = n.
We also consider differential operators L on smooth functions f on R¥, for some k > 1. For instance,
the operator f +— L(f), defined for any x € R¢ by

L(f)(@) = Y a'(@)(@ef) @)+ D b7(2) (0, f) ()

1<i<d 1<4,5<d

is defined for any twice differentiable function f, and some given functions z — (a*(x),b%’(x)), with
1 <i,j < d. Given some measure 7 on R¥, and whenever the function L(f) is integrable w.r.t. n(dz),
we also set

(I)(f) = n(L(f)) = / n(dz) L(f)(x)

For instance, these integrals are well defined as soon as 7 is a probability measure and L maps functions
f with compactly supported derivatives into bounded functions L(f). When 7 has a density g(x) w.r.t.
the Lebesgue measure dx, we notice that

(L) (f) = / o(2) L)) da = (g, L(f)) (6)

The 1.h.s. bracket stands for the duality between L,(R¥) and L,(R¥) with %—l—% = 1with1 < p,q < o0;
or the inner product of the Hilbert space LLy(R¥), as soon as the functions g and L(f) belong to L,(R¥)
and L, (RF).

Last but not least, many models that we consider in this book are defined in terms of collections of
Markov transitions K, from some (measurable) state space £ into another Es, or differential operators
L, (when Ey = Ey = R*) indexed by the set of probability measures n on E;. To avoid unnecessary
repetition of technical abstract conditions, we frame the standing assumption that the Markov transi-
tion K((z,n),dy) = K, (x,dy) from (E; x P(E;)) into Ey is well defined integral operators, and L,(f)
is a measurable function on R¥ for any sufficiently smooth function f on R*.

The Dirac bras and kets formalism

In theoretical and computational quantum physics, the inner product and more generally dual oper-
ators on vector spaces are often represented using a bra-ket formalism introduced in the end of the
1930s by P. Dirac [230] to avoid too sophisticated matrix operations (not so developed and of current
use in the beginning of the 20th century).

For finite d-dimensional Euclidian vector spaces R the bras < a | and the kets | § > are simply
given for any a = (@;)1<i<4 € R? and 8 = (B;)1<i<a € R? row and column

A
<a|:==[aq,...,aq] and |B==| : =<al|lfr-=<a|pf== Z a;fi
,Bd 1<i<d
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In much the same way, the product of bra < a | with a linear (matrix) operator @ corresponds to the
product of the row vector by the matrix

<a|Q:=lo,..., a4 : : :
Qd,1) Q(d,2) ... Q(d,d)

Likewise, the product of a linear (matrix) operator () with a ket | 5 > corresponds to the product of
the matrix by the column vector

. Q(Ld) A
2,1 2.2) ... Q2.d
Qe | QB QD Q) ||

Combining these operations, we find that

Q ) Q(17d) ﬁl
2,2) ... 2,d
<alQ| B ==lag,..., a4 ) Q( ) Q( ) 5'2

Qd.1) QW2 ... Qdd) | | B

Using the vector representation (2) of functions f and measures n on finite states spaces S =
{e1,...,eq}, the duality formula between functions and measures (3) takes the following form

1<i<d

Likewise, for any Markov transition M from E; = {a1, ..., a4, } into Ey := {b1, ..., b4, }, and function
f on Ey and any measure 71 on Ej, the formula (5) takes the form

<m | M| fr=<m|Mf==mMf)=mM)f=<mM|f>

The bra-ket formalism is extended to differential operations discussed in (6) by setting
<g| L1 f= [ 9la) L)) doi= (9, L(1))

Boltzmann-Gibbs transformations

Given a positive and bounded potential function G on E, we also denote by ¥ the Boltzmann-Gibbs
mapping from P(E) into itself defined for any p € P(E) by

1
u(G)

We illustrate this abstract definition with a couple of examples. We let © = Law(X) be the
distribution of some r.v. X and G = 14 the indicator function of some subset A C S. In this situation,

we have
_ w(Gf) _E(f(X)1a(X))

Ve (p)(dr) = G(x) p(dx) (7)
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In other words, we have

Uy, (u) =Law(X | X € A)

Let (X,Y) be a couple of r.v. with probability density p(z,y) on R4+ With a slight abuse of notation,
we recall that the conditional density p(z|y) of X given Y is given by the Bayes’ formula

p(zly) = p(ly) p(ylz) p(z) ply) = / p(ylz) p(z) dz
In other words, we have that

p(dr) = p(x)dr  Gy(x) = pylz) = ¥g, (1) = p(zly) dz

There is no loss of generality to assume that G is a ]0, 1]-valued function. For [0, 1]-valued potential
functions, the transformation is only defined on measures p s.t. u(G) > 0. Boltzmann-Gibbs mappings
can be interpreted as a nonlinear Markov transport model

Ve(p) = MS,u,G (8)

for some Markov transitions S, ¢ from E into itself. Next we provide three different types of models
of current use in the further development of these lecture notes.
Firstly, for [0, 1]-valued potential functions G s.t. u(G) > 0, we can choose

Sua (@, dy) == G(z) 6z (dy) + (1 = G(x)) Ya(p)(dy) (9)

For [1, oo[-valued potential functions G s.t. ;(G) > 1, we can also choose the Markov transitions

1 1
Spa(z,dy) == —— d.(dy +<1—> Va_1 () (dy
For any bounded positive functions G, the Equation (8) is also met for

Suc(,dy) == €,G(x) 6:(dy) + (1 — €,G(x)) Ve (p)(dy) (10)

for any €, > 0 s.t. ¢,G(x) < 1 for p-almost every state x. For instance, we can choose €, = 0,
e, = 1/||G||, or preferably €, = 1/u — esssup G, where u — esssup G stands for the p-essential
supremum of G.

Norms and ergodic constants

We say that a measure p is absolutely continuous w.r.t. another measure v on E, and we write u < v,
when we have v(4) = 0 = u(A) = 0, for any A € £ When u < v, we denote by du/dv the
Radon-Nykodim derivative function.

The total variation distance ||p1 — p2||tv between two probability measures p1, po € P(E) is defined
by

1 = p2llew = sup |pa(A) — pa(A)]
Ae&

= 27 sup{|ua(f) —p2(Dls  IfII < 1} =sup {pa(f) — pa(f)];  osc(f) <1}

When the bounded integral operator Q(x1,dzs) from Ej into E; has a constant mass, that is,
when Q(1) (z1) = Q(1) (y1) for any (x1,y1) € E?, the operator p — uQ maps Mo(E7) into Mo (E3).
In this situation, we let 3(Q) be the Dobrushin coefficient of a bounded integral operator @ defined
by the formula

B(Q) :=sup {osc(Q(f)); f € Osc(Ez)} (11)
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The Boltzmann relative entropy between a couple of measures u < v on F is the nonnegative
distance-like criteria defined by

d
Ent (p|v) == p (log dﬁ) if p<v

If 4 € v then we set Ent (u|v) = oc.
The V-norm on the set of signed measure M(.S) (on some state space S equipped with some o-field
S) associated with some non negative function V' is defined for any pu € M(S) by

lpallv == Tl pallw + [ (V) (12)

In the above display, |u| = p* + pu~ stands for the total variation of the measure yu, defined in terms
of the Hahn-Jordan decomposition g = u™ — p~ of p.
We define the V-norm and the V-oscillation of a given measurable function f on S by

L v R CrrEsrry

and

@) - W)
osev(f) = sup, ([V(x) V) + 11> (1)

We recall that

el = sap{lu(f)] : fstooscv(f) <1} =sup{[u(f)] : fst [[fllv <1} (14)
When V = 0 we have
osco(f) = osc(f) and |[[fllo=2[f|l

Sometimes these V-norms type quantities are expressed in terms of the functions W = 1/2 + V(z)

with
O @ TW)
Il =3 ey ot oowl) = S wia T wi)
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Chapter 1

Finite state space models

1.1 Markov chains and Matrices

Suppose we are given a matrix (M (4, j))i<i j<qd with positive entries s.t.

Vi<i<d > Mg =1
1<j<d
These matrices are called stochastic matrices, or Markov chain (elementary) transitions.

For any index 1 < i < d and any integer n > 0, we let F, (i) be collection of independent and
identically distributed random variables with common distribution

Vi<ji<d  P(E.6) =) = M(i,j) (L1)

We start with some initial state Xy = ¢ and we define a sequence of random variables X, taking values
on E ={1,...,d} by setting

X, =F,(Xn-1) (1.2)
This sequence is called a Markov chain taking values in E = {1,...,d} with transition probabilities

M. In this situation, we have
P(X,=7|Xo=1)=M"(3,5)

where M™ stands for the n-th iterate of the matrix M. We set

m(j) =P (X, =3) and 0, = [nu(1),...,70(d)]

Since any f € RF = R? can be represented by a column vector, by construction for any k < n we find
that
o =M™ " and  (M"FF)(0) =B (f(Xn) | Xk = i)

1.2 Monte Carlo and Markov chain methods

Sampling N independent copies (X¥);<x<n of the chain X,, defined in (1.2) and starting at X = 4,
we have

) ) 1 . )
VI<ji<d ()= Do xiey St M(0) =ma())
1<k<N

More generally, for any function f we have

W =5 3 XD =xee ()

1<k<N
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In addition, we have the unbiased and variance formula
E@Y (D) =m() and E ([ ()~ m(h)]?) = 5 m(lF ~ m(P)

We further assume that M™(i,7) > 0 for some integer m > 1. In this situation, there exists a
single line vector
m=[r(1),...,7(d)] s.t. Z m(1)=1 and 7M =7
1<i<d

We can also prove that for any function f s.t. osc(f) < 1 we have
E 0y (1) =7(H)] = Ia(f) —x())] < e
B ([ () - n(0)) = 5 w7 — (PP + ) = w2 < 5+ e
N———

N
fluctuation term bias term

for some finite positive constants c and a. The r.h.s. estimate are direct consequences of the law of large
numbers variance formulae combined with exponential stability properties of Markov chain discussed
in section 4.4. Assuming the initial state of the chain has distribution 7 these estimates reduce to

EY () =) and E([n (1)~ (D)) = 5 (I ~ ()P

Another way of estimating this vector amounts to count the proportion of times the chain X,, visits
each of the states
Vi<j<d () == 3 lxiej ~ue 70) (1.3)
n
0<k<n

In this situation, assuming that the initial state of the chain has distribution 7 and using the ergodic
analysis developed in section 4.6, we can also prove that for any function f s.t. osc(f) < 1land 7(f) =0
we have

E(["()==(NP) = = |7(lf = (NP + 2D w(lf = (ML = 7())])

p>1

1.3 A couple of Markov chain Monte Carlo models

1.3.1 The Metropolis-Hasting algorithm

Suppose we are given some line vector 7 such that Ajepm(i) > 0 and ), .;.;7(i) = 1. Choose any
Markov transition M (7, j) s.t. M(i,5) > 0 < M(j,7) > 0 and set

m(J)M (5, %)
(i) M (i, 7)
We let (Uy,)n>0 be a sequence of independent and identically distributed (abbreviated i.i.d.) random

variables (abbreviated r.v.) on [0, 1]. We slightly change the Markov chain model (1.2) by introducing
an acceptance-rejection step.

a(i,j)=1A € [0,1]

Y, if Un§a<Xn—1aYn)

X, if U, >(I(Xn_1,yn) (14)

Xp1 Y, = Fn(Xn—l) ~ X = {
In this situation, we also have the convergence property (1.3). In addition, if we start with a r.v. with
distribution m, all the random states of the chain have the same law 7 and the law of any random
sequence (Xo, X1,...,X,) is the same as the law of the reverse trajectory (X,, Xp—1,..., Xo)
This Markov chain is called the Metropolis-Hasting sampler and it is discussed in section 7.2.
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1.3.2 The Gibbs-Glauber sampler

We end this section with a Markov chain model for sampling a product measure. Suppose we are given
a couple of random variables X = (Y, Z) on the product space E2. We recall that

B((Y,Z) = (i.j) =B(Y =i | Z=) P(Z=j)=P(Z=j| Y =i) P(Y =)

=M (,5) =M>(4,5)

For any index 1 < i < d and any integer n > 0, we let F!(i), resp. F2(i) be collection of independent
and identically distributed random variables with common distribution

P (F,(i) = j) = Mi(i,j) and P (F7(i) = j) = Ma(i, )

We consider the Markov chain sequence

Y, Y1 Fl.(Z Yol
n n+% n Fn+1 n—i—%

starting as some state Xy = ( ; ) In this situation,

D=

. 1 o
VI<ij<d  — 3 Iy z)-6g) oo P(Y2) = (0,)))
0<k<n

This Markov chain model is called the Gibbs sampler or the Gibbs-Glauber dynamics. This model is
studied in some details in section 7.3.

1.4 Interacting Markov Chain Monte Carlo samplers

4

We further assume that M(i,5) = M(j,7). Suppose we are given some function V' : E — R. We
let B, be some increasing sequence of real numbers, and we set

an(i,§) =1 A [e—ﬁn(VU)—V“)) e [0,1] (1.5)

We let X,, be the Markov chain defined as in (1.4) by replacing a by a,. In this situation, there exists
some judicious ways of increasing 3,, w.r.t. time so that

X, ~ i ) = V™
V(Xa) oo minV(i) =V

This Markov chain model is called the simulated annealing. Further details on this global optimization
algorithm can be found in section 7.5.1.

The following pictures illustrates the initial circuit, the best historical circuit, and the evolution of
the length of the circuits in the traveling salesman problem (TSP) with 30 cities.



Initial circuit, nb of cities : 30

The best historical circuit : 1998

Length of circuits evolution, nb cities : 30
16

15

14
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One natural way to bypass the slow convergence to equilibrium of the simulated annealing be-
tween inverse temperature (3, variations is to consider a sequence of interacting simulated annealing
models (£))1<i<n on the product space E”V. These models evolve as a genetic type mutation-selection

transition.

i selection —~ = mutation
&n = (Eicich ———— & = (G icish —————— & (1.6)
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e During the selection stage, we select the particles ¢/, which are better adapted to the change of
temperature 5,11 = (Bn+1 — Bn) + Bn. More precisely, se sample a sequence of i.i.d. uniform r.v.
Ui on [0,1], and for each ¢ we set

£ - gl it U Se—(ﬁnﬂ—ﬁn)v(%)
" & if U > e~ (Bnt1=Bn)V (&)

where E; stands for a sequence of i.i.d. r.v. with distribution

e_(ﬁn+1 _ﬂn)v(&k{)
(IBn+1 _ﬂn)v(g'ln) 56%

1<k<N dli<i<n €

e During the mutation stage, each particles é\;l ~ € 41 moves independently according to the
simulated annealing transition (1.4) with the acceptance rate (1.5) associated with the inverse
temperature 5,41

In this situation, there exists some § > 0 s.t. for any n we have

1 ‘ N 1 ~58n
N Z 1\/(5%):V* —Ntoo Card({i . V(i):V*}) +O(€ >

The interacting simulated annealing model presented above belongs to the class of Markov Chain
Monte Carlo methods with recycling discussed in section 9.1.5

1.5 Killing and sub-Markov chain models

1.5.1 Feynman-Kac formulae

We let Gy, be some [0, 1]-valued function on a finite space E = {1,...,d}. We let (U,)n>0 be a sequence
of i.i.d. r.v. on [0,1], and F,(¢) the r.v. defined in (1.1). We let ¢ be some cemetery state. We consider
the Markov chain on E U {c}

v ;(C_{Xz U <G e[ R (R5) i X
" c if Xf=c

We denote by T the first time n s.t. )?fl = c. In this notation, we have

P(X§=rio,...,Xg=1in; T=n)=14 [[ Gilir) p P(Xo=10,...,Xn =1in)

0<k<n

and

P(T>n)= Y I Gilin) p P(Xo=ri0,..., X0 =1in)

(i0y.in)€E™ | 0<k<n

The weighted product probability measures on the r.h.s. are called Feynman-Kac measures. These
models are studied in some details in section 4.2.
For time homogenous models G,, = G we notice that the matrix Q(i,5) = G(i)M(i,j) is sub-
Markovian, in the sense that
> Q(i,5) =Gi) <1

JEE
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Inversely, any sub-Markovian matrix @) satisfying the above condition can be rewritten as

Qi,j) =GE)M((i,j) with G(i ZQ@] and M(i,7) = Zj/ZQZk‘

JEE keE
Whenever Q(i,j) = Q(j,1), we have
1 .
—logP (T >n) ~ppee logA and P(X;, =4 |T>n) ~peo /Zh (1.7)
n
JjEE

where A is the largest eigenvalue of the matrix () and h the corresponding eigenvector. These sub-
Markov models are discussed in section 4.3.
For indicator type functions G,, = 14 we have

P(XE=d0,..., X =in | T>n)=P(Xo=10,...,Xn=in | XoE€A,..., Xp€A)

and
P(T>n)=P(Xo€A,..., X,€A)

These killing /absorption models can be extended without further work to more general state spaces.
For instance, we can replace X,, by the simple random walk on E = Z starting at the origin, and set
A = [-7,7]. For n = 31.56 10° seconds, the above quantities can be interpreted as the conditional
probability of a random path of a simple random walk with elementary transitions per second staying
in the interval [—7,7] in one year.

1.5.2 An acceptance-rejection technique with recycling

4

One natural way of sampling conditional distributions discussed in the end of section 1.5 is to use
a Markov chain &, := (£},)1<i<ny evolving on the product spaces EN | starting at the origin with a
genetic type mutation-selection transition (1.6). In this context the elementary transitions are defined
as follows:

e During the selection stage, we quote pflv the proportion of particles ¢! in [~7,7]. When pﬁLV #0
each particle & outside the set [—7, 7] is killed and replaced by selecting randomly a successful
particle [—7,7]. At the end of this procedure we have &, := (fn)1<z< ~ particles in [—7,7] (When
all particles are outside the desired set, the algorithm need to be restarted).

e During the mutation stage, each particles @ moves independently according to the simple ran-
dom walk transition.

The Markov chain &, belongs to the class of mean field type Feyman-Kac particle models discussed
in section 10. In computational physics, these particle models are also termed Resampled Monte Carlo
schemes, of reconfiguration walker evolution models. These Monte Carlo methodologies belongs to the
class of Quantum Monte Carlo methods.

In this situation, we have the unbiasedness property

E H P P(Xo€A,..., X, €A
0<k<n

as well as

Z 10g i oo A and S Z % Z 1§£=i oo h(z)/Zh(])

n
0<k<n 0<k<n = 1<j<N jEE
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In addition, for any n > 0, and i € [—7,7], we have

1 .
~ Yo Ly, SNt P(Xn=i| Xp €[-7,7 k <n)
1<G<N

Running backwards in time we may trace the whole ancestral line of the j-th particle in [-7,7]

J J J ]
gO,n — gl,n AR e g'n—l,n — ggz,n - ggz

In this notation, for any n > 0 and any (i, ...,i,) € [-7,7)"! we have
1 . )
N Z 1£§7n:io,.-.,§£,n:in ~Ntoo P(XO =100y..., Xp =1n | X € [—7, 7] k< ’I’L)
1<<N

In addition, we have the unbiasedness property

1 . .
E H p]kv N Z 158,71:"07""5%,71:"” =P (XO =190,--.,Xp =1p ; Xg € [—7, 7] k< n)
0<k<n 1<j<N

The next pictures illustrate the estimation of the log of the top eigenvalue and the corresponding
eigenvector (1.7) associated with the simple random walk in a tube [—7,7] using the power method
(iterates of matrices), and the particle scheme described above.

Log of the top eigenvalue (theoretical=red, pwer method=green, particle estimate =blue)
—le—-02

—1.5e-02

—2e—-02

—2.5e—-02

—3e-02

—3.5e-02

—4e—-02

—4.5e—-02

—5e-02

T T T T T T T T 1
50 100 150 200 250 300 350 400 450 500
time axis

Estimation of the principal eigenvector (theoretical=red, particle estimate (terminal time=blue, spatio-temporal occupation measures=green))

1.2e-01 —
1.1e-01
le-01 —
9e-02 —
8e-02 —
7e-02 —
6e-02 —
5e-02 —
4e-02 —
3e-02 —
2e-02 —

le-02
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We fix the time horizon n, and we set

X0 = (g(l)Jw gin) R} 7'11—1771’ 5711,71) (18)

We sample a new genetic type model (, = (C,i)l <;<y defined as above with a frozen trajectory (1.8),

in the sense that killed particles at some time k& can also be replaced by selecting randomly {,i ,, (or
another successful particle [—7,7]). Then, we choose randomly a genealogical line

X = (éé,nv §{,n7 s 756,717 Sé,n) (19)
where I stands for an uniform random variable on {1,..., N}. Iterating the procedure, we define a
Markov chain (Xj)g>o taking values in E"1,
In addition, for any n > 0 and any (i, ...,i,) € [~7,7]""! we have
1 . .
— > IxGioyin) “mtco P (X, Xn) = (io, ... in) | Xp € [-7,7] k < n) (1.10)

0<k<m

The Markov chain X,, belongs to the class of Particle Markov Chain Monte Carlo models discussed
in section 10.5.2.



Chapter 2

Feynman-Kac particle methods

2.1 Feynman-Kac formulae

The Feynman-Kac models on finite spaces discussed in section 1.5.1 can be extended with a little extra
work to more general state space E,, that may even depend on the time parameter n, so that to include
path-space Markov chains of given length n. For instance the Feynman-Kac model associated with a
collection of [0, 1]-valued potential functions G, on some state space E,,, and some time inhomogeneous
Markov chain with elementary transitions

P(X, €dx, | Xpn—1=2p-1) = My(xp—1,dzy,)
from E,_; into E,, with Law(Xy) = no, is given by the formula

I Gr) p B((Xo,...,Xn) € dla,...,2n)) (2.1)

0<k<n

no(d:(}o) Ql(.%'o,d$1) X ... X Qn(:(}n_l,dxn)

Qn(d(l‘o, . ,:L'n)) =

W= B

with the integral operators

Qn(l‘nfla dxn) = anl(l‘nfl) Mn(mnfla dl‘n)

We also denote by 1, the n-th time marginal of Q,,, and v, = Z,, Xn,. More formally, these distributions
are defined for any bounded function f,, by

M (frn) = W (fn) /(1) with v (fn) = E | fr(Xn) H Gr(Xk) (2.2)
0<k<n
Notice that
(21) = Tn = PYn—lQn and n = (I)n(nn—1> = \IIGn_1(nn—l)Mn (23)

with the Boltzmann-Gibbs transformation ¢, _, defined in (7). In physics, the operators @, are called
Feynman-Kac propagators to underline the fact that

VO<p<n Y = Vp@pn With the semigroup @Qpn = Qp+1Qp+in

For indicator functions G,, = 14 and time homogeneous Markov chains on a finite space this model
reduces to the one discussed in section 1.5.1. The normalizing constant Z, can be described in terms
of the measures 7, with the product formula

Zo=mwm)=E| [[ G&Xn) | =[] m(G (24)

0<k<n 0<p<n

15
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We refer to section 4.2.3 for an elementary proof of this formula.
For absolutely continuous models of the form

anl(xnfl)Mn(l‘nfla dajn) = Hn(-rnflafn) )\n(dxn)

for some density function H,, w.r.t. some reference measure A, we also have the backward formula

n

Qn(d(@o, -, n)) = n(dan) H My, (g, dg-1)
q=1

with the collection of backward Markov transitions

Nn(dn) Hpy1 (20, Tny1)
Tin (Hn+1(~7 wn+1)>

Mn—i—l,nn (xn—i-la dxn) =

A detailed proof is provided in section 4.2.4.

2.2 Kalman integration models

2.2.1 The Kalman filter

/ Tn some instances the path space measures presented in section 2.1 can be computed explicitly.
For instance, suppose that X, is an RP-valued Markov chain defined by the recursion

Xn = An Xn—l +ap + Ban

or some R%-valued independent random sequences W, independent of Xy, some matrices A, and
B,, with appropriate dimensions and finally some p-dimensional vector a,. We further assume that
W,, centered Gaussian random sequences with covariance matrices R}, and Xy is a Gaussian random
variable in R? with a mean and covariance matrix denoted by

Xy = E(Xo) and Py =E((Xo—E(Xp)) (Xo—E(Xo)))

We let y,,c, be a given sequence of R? vectors, C,, an R?*P-matrix and R, € R7*? a symmetric
definite positive matrix.

Gn(zy) o exp{ <—; (yn — [Cnzn + cn] Ry [Cozy + cn])>}

In this situation, the n-th time marginals 7, of (2.1) are Gaussian and they coincide with the condi-
tional distributions

My := Law (X, | Y& = vk, k<n):N()?;,Pn_>

and
=Yg, () :=Law (X, | Yo =yr, k<n)=N ()A(n,Pn>

of a linear Gaussian filtering problem with the observations sequence
Y,=0C, Xn+cn+ Vi, n >0

In the above display, V;, stands for a centered g-dimensional Gaussian random sequence (independent
of X') with covariance matrices R,,. The mean vectors X, , X,, and the covariance matrices P, , P, of
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the Gaussian distributions N ()?Tj , P ) and N (X'n, Pn) are computed using the Kalman recursions
provided in section 8.3.1. These prediction-updating equations are given by

X, = A, Xu_1+a, P, =A,P, A +B,R"B,
X, = X, +P C..(P7)"! (Yn _ (Cn)?,j T cn))
with
P,=(I-P,C.Y.(P;)'Cy)P, and X%,(P;):=C,P,C/,+R,
For scalar models (p = 1) with

chn=an=0 A,=B,=C,=1 R, =712 and Rgza2

the prediction formulae reduce to )?n_ = Anfl, P, = P,_1 + 02, so that the updating equation takes
the simple form
2 2 2 (.2
~ T PN 0“4+ P T (0' +Pn—1)
= Xn_ Y, and P, =
24024 P, " 1+7'2—|—02+Pn_1 " " 24024 P,
Equivalently, we have
2 - 2 p—
~ T ~ P T P
X =——X 4+—" YV, and P, =04 —"—
T2y pr T 24 py " ntl 24+ Py

Notice that in this situation, the one step-optimal predictor takes the form

1
nn(f) x E f(Xn) exp _5 Z (yk —Xk)2 7'_2 with X, —X,_1 =0 W,

0<k<n
[ ftan) e (=5 (o= X)) dy (2.6

where W,, stands for a sequence of i.i.d. centered Gaussian r.v. with unit variance.
The next picture illustrates a realization of a 1d-Kalman filter associated with o2 =1 = 72.

Kalman filter (code) (black)
{signal (red), observations (green))

state space

T T T T T T T T T 1
o 10 20 30 40 50 60 70 80 S0 100
time axis

2.2.2 The Ensemble Kalman filter

For large dimensional signal processes, such as those arising in data assimilation problems, the covari-
ance matrix P, of the Kalman filter is often too complex to compute. One strategy is to replace this
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matrix by an empirical matrix based on a particle interpretation of the Kalman recursions. The result-
ing stochastic model is defined in terms of an (RP)"-valued Markov chain with an updating-prediction
transition

; updating ~ prediction ;
En = (fn)lgigN €n = (§n>1<i<N > Ent1 1= (§n+1)1§i§N

defined for any 1 < ¢ < N by the equations
g;l, = 5121 + E)i (fn)C;LZn(Pi (gn))il (yn - Cnfﬁ —Cp — V;LJ)
f:wrl = Apn&, +an + Bn-l—qu?LJrl
with i.i.d. copies (V,i, Wi)1<i<n of (V,,, W,,), and

Pe=y Y 6+ X 8] la-v X &

1<i<N 1<j<N 1<k<N

/

As underlined in [405], in practice the (p x p)-matrix P~(§,) is never computed or stored. To be
more precise, we consider the g—column vectors

. } 1 ;
VISi<SN  G=Cnl&i-% Y &
1<G<N

These vectors can be evaluated using g-scalar products in R? induced by the ¢-row vectors of the
matrix Cp. In this notation, we have

1 1 . -,
Po&)C, = & > &« 2 & (G)

1<i<N 1<j<N
Su(P(6) = OnP (E)Ch+ Ra=x > G (G) + R

1<i<N

Therefore, to evaluate P~(&,)Cl, and X, (P~(&,)) only (N X ¢) scalar products in R? need to be
computed.

We refer to section 11.2.3 for a more thorough discussion on these Ensemble Kalman filters. We
also refer the reader to section 8.3.2 for a description of the Feynman-Kac measures on path space

(2.1) in terms of a backward Gaussian Markov chain model £/

2.2.3 Interacting Kalman filters

We consider a Markov chain ©, evolving in some state spaces =,, with Markov transitions
K, (0p—1,d0,) and an initial condition p(dfy). We let (0, X, Y;,) be the filtering problem defined as
in section 2.2.1 by replacing (A, Bn, Cn, Ry) and (ap, ¢n) by (An(On), Bn(0y), Cn(©y), R, (0,)) and
(an(©n), cn(0,)). Given a realization of the historical chain ©,, = (Qy,...,0,), the one step optimal
predictor is given by

NOnn = Law (X;, | On, Y, k<n)=N (X?"’_,Pq?"’_>

. . 5On,— On,— . . .
with the mean-covariance parameters (Xn M Py ) computed using the Kalman recursions associ-

ated with the parameters (A, (0,), Byn(0y), Ch(0r), Ry (0y,)) and (an(©y), ¢, (0y)). By construction,
the triplet

Xy 1= (O, X2, PO7)
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is a Markov chain. In addition, using Bayesian notation we have

P(Y, € dy, | On, Yi, k<n) :/ p(Yn | zn, On) ne,, n(dzy)
so that
Law(Yy, | On, Yi, k<n) =N (Cn(@n))?f?"” + ¢ (On), Cn(©,)P—C"(0,) + Rn(@n)) (2.7)
We fix the observation sequence Y,, = y,, with n > 0, and we set
Gr(Xn) = Gn(Yn> Xn)

where v, — gn(yn, X n) stands for the density of the Gaussian distribution (2.7).
We sample N independent copies ((4)1<i<n of Xy, and we compute the likelihood Welghts GO(CO)

with 1 <4 < N. For each 1 < i < N, with a probability GO(CO)/ma'X1<_]<N GO(CO) we set Co = .
Otherwise, set Co = CO, where Co stands for a random sample from the weighted distribution

Z éo(C(i)

1<j<N D 1<k<N Go(¢F) K

At the end of this updatlng step, move mdependently each C() to a new state ¢! according to the
transition of the states Xo ~ X1 startlng at CO, with 1 <¢ < N.

Compute the likelihood Welghts Gl(Cl) with 1 < i < N. For each 1 < ¢ < N, with a probability
Gl((l)/max1<]<N G1(¢l) we set (i := (i, Otherwise, set (i := (!, where (i stands for a random
sample from the weighted distribution

Z 61@@

1<j<N Do 1<k<N G1(¢h) “

At the end of this updatlng step, move mdependently each Cl to a new state ¢} according to the
transition of the states X7 ~ X» starting at Cl, with 1 <¢ < N; and so on.

This branching type interacting particle system algorithm can be interpreted as a sequence of
N-interacting Kalman filters. Tracing back in time the ancestral lines

(é,n’ lnv" @Z )

of the ©-components of the particles (% we obtain the genealogical tree based approximations

Z 6 (0,0} i) SNtoo Law((©9,...,0n) | Y = yk, k <n)
1<z<N
In addition, if 778?31 stands for the Gaussian distributions associated with the ()?,(? m= pP ™7 )-mean-
covariance components of the particles ¢, then we have

1 N
N Nonn ZNtso Law(Xy | Vi =y, k <n)
1<i<N

For non Gaussian perturbations (W,,,V},), the extended Kalman integration is performed by re-
placing these variables by Gaussian perturbations with the same variance. The next picture illustrates
a realization of the genealogical tree associated with N = 100 interacting Kalman filters associated
Bernoulli jump type random variables B(0,,) = ©,, with rate 10%, and uniform jump amplitudes W,,

n [—20, 20], with unit sensor perturbation noise.
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These interacting Kalman filters belongs to the class of quenched and annealed Feynman-Kac
models discussed in section 10.6.2, and section 11.2.5.

An alternative particle approximation based on genetic type population models is provided in
section 2.3.2.

2.3 Evolutionary particle models

The may difficulty to design a Monte Carlo approximation of Feynman-Kac measures comes from the
degeneracy of the weight product in (2.1). For instance for indicator functions G,, = 14 most of the
importance sampling strategy will fail to remains in the set A for large time horizons.

2.3.1 Branching processes

The Feynman-Kac measures 7, can be interpreted as the first moment of the occupation measures

Pn
Y= 0
i=1

of a spatial branching process ((})1<i<p, € S = Up>0EP. We let (¢(x))i>1.2eEn>0 be a collection of
integer number-valued random variables and we set

Gu(x) := E(gy(2))

The branching process is defined as follows. We start at some point zg with a single particle, that is
pozland@:(&:xer”O:E.

At each time n > 0, every individuals ¢%, with 1 < i < p,,, branches into g’ (¢?) offsprings. At the
end of the branching transition, we have

Pn = Z Q:L(Cé) individuals Zn = (Zrlm s 727?1) € Eﬁn

1<i<pn

Each of these individuals E}l explores randomly the state space FE, according to the transition M,. At
the end of this mutation step, we have a population of p, = Pn particles ¢ € E with distribution
M, (¢, .),i=1,...,py. By construction, we have

E(Xn+1(f) | Cn) = Xn(GnMnJrl(f))
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and therefore

E(Xn(f)) = Eay | f(Xn) H Gr(Xg) | = (f)

0<k<n

In the above display, X, stands for the Markov chain on F with Markov transitions M,. In this
interpretation, the mean number of individuals in the current population is given by E(X,(1)) = v, (1).
For a more detailed discussion on spatial branching models and their applications in multiple-object
filtering problems, we refer the reader to section 12.1.1

2.3.2 A fixed population size branching process

A/ The mutation-selection transitions of the particle interpretation of a general Feynman-Kac model
of the form (2.1) is defined as follows:

e During the selection stage, we quote py = &> -y Gn(&)) the empirical average of the
particles potential values G,,(£}). When pY¥ # 0 each particle £/ is accepted with a probability
Gn(&) and we set @ = ¢!, Rejected particles are resampled by choosing randomly a state
according to the weighted discrete distribution

Z Gn(§;,) 5& (2.8)

1 Sien 2i<j<n Gnl(&h)
When pY¥ = 0, the algorithm need to be restarted.

e During the mutation stage, each particles E}l moves independently according to the Markov tran-

sitions M, 41; that is, we sample N independent r.v. §f1+1 with distribution M, 1 @l, d$n+1).

In this situation, the distribution QQ,, can be approximated by the empirical measures of the ancestral
line of the individuals, that is

1
N 2 S thn) =Nt

I<j<N

We also have the unbiasedness particle estimates

zv = 1] % > Gil&h) ~Ntoo Zn

0<k<n 1<i<N

These genetic type interacting particle systems have been used with success in a variety of ap-
plication domains as heuristic like Monte Carlo schemes since the end of the 1940s. We quote the
pioneering articles by T.E. Harris and H. Kahn [338], published in 1951, and the one by Enrico Fermi
and R.D. Richtmyer in 1948 on Resampled type Quantum Monte Carlo methodologies. To the best
of our knowledge, the first rigorous mathematical foundations of these models have been published in
1996 in [160] (seel also [161]).

Depending on their application domains the genetic type selection-mutation transitions discussed
above are also known under different guises, with a variety of different names and terminologies.
For instance the r.v. & are called samples, particles, individuals, or replica. To guide the reader in
these interdisciplinary literature, in the following table we have tried to summarize some more or less
equivalent formulations of the two step transitions of the algorithm discussed above.
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Sequential Monte Carlo Sampling Resampling
Particle Filters Prediction Updating
Data assimilation Forecasting Analysis
Genetic Algorithms Mutation Selection
Evolutionary Population Exploration Branching-selection
Diffusion Monte Carlo Free evolutions Absorption
Quantum Monte Carlo Walkers motions Reconfiguration
Sampling Algorithms Transition proposals | Accept-reject-recycle

The selection transition in the r.h.s. column is also termed: bootstrapping, spawning, cloning,
pruning, replenish, multi-level splitting, enrichment, go with the winner, quantum teleportation,. ..

For a more detailed discussion on particle Feynman-Kac we refer to section 3.3.1, section 9.1.4, as
well as to chapter 10.

2.3.3 Island particle models

We consider the particle model discussed in section 2.3.2. In section 10.1, for any bounded function
fn on E,, we prove that

E(n)(fa) I oG | =E | fu(Xn) [ Gr(xXp) (2.9)
0<k<n 0<k<n
with )
777]1\7 ZZN 5£n :>77n (fn) = /f Tn) 77n (dzy) = Z In fn
1<i<N 1<z<N
If we set

ni=&n Fn(Xn) == mﬂv(fn) and  Gn(Xn) == mﬁV(Gn)
then (2.9) takes the form

0<k<n O§k<n

The Lh.s. is a Feynman-Kac formula with reference Markov chain X, and potential functions G,,.
The particle approximation of these models are in terms of an interacting island particle model.
During the mutation stage, the islands evolve independently according the Markov transitions of the
particle model X, = &,. During the selection stage, the island are accepted or rejected depending on
the empirical averages Gi(Xx) of the individuals within each island. These many-body Feynman-Kac
models are discussed in section 10.5.

2.3.4 Backward particle models

A/ We further assume that the Markov transitions M,, are absolutely continuous with respect to
some measures A, on E,, and for any (x,_1,2,) € (E,—1 X E,) we have

Gn—l(xn—l) Mn('rn—l,dwn) = Hn(xn—17$n> )\n(daf'n) (210)

for some density function H,,. In this situation, we also have that

Qév(d(:co,...,xn)):% D G (dwn) [ MY (2g,d2g-1) ~ntoo Quld(@o, ... zn))  (2.11)

1<i<N q=1
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with the random Markov transitions

H, (&, x
MY (24, drg1) = > 1lg-1,24)
1<i<N ZlgjgN Hq(ﬁq,l, xq)

Ogi (dzg1)

By construction, QY can be interpreted as the distribution of a Markov chain on {1,..., N} evolving
backward in time, starting with an uniform distribution at time n, with elementary transitions from
time ¢ to time g — 1 given by the (random) stochastic matrix

H‘Z(g(}—lzgé) - Hq(gév_lvéé)
2i<j<nN Hq(ffzfpgé) 2i<j<nN Hq(ffzfygé)
HCI(&;—lvé_f]]\/) . H‘Z(é‘é\ilvfé\,)
Pi<jen Hq(€)_1.65) Si<jen Hq(€)_1,E3)

In section 10.5.3 (see corollary 10.5.6) we also prove that

P (s s8n) € d@oseon) | €0yeesum) = Pu(ndy)(da) T MY (2, dag1)
q=1
for any 1 < j < N with

GTL— 7iz— n—
BolnY ) = 1n-1n1)

Mn (fwil—l,n—lv dﬂjn)
1Sien 2i<jen G161 1)

These backward Feynman-Kac integration models are developed in section 10.5.4, section 4.2.4 and
section 10.3 (see also section 8.3.2 for a derivation of these models in the context of linear-Gaussian
filtering problems). A more detailed discussion on these Feynman-Kac particle models is provided in
chapter 10.

2.3.5 Particle Markov chain Monte Carlo models
4N couple of Markov chain Monte Carlo samplers with target measure Q,, can be underlined:

e As in (1.9), starting from a given trajectory Xy = (gli,n)OSkSm we sample a new genetic type
model &, = (5;) 1<i<y defined as above with a frozen trajectory Xo. More precisely, the first par-
ticle at time k(< n) coincides with the k-th ancestor £} ; and the acceptance-rejection/selection
transition defined in (2.8) only concern the (N — 1) remaining particles. Then, we choose ran-
domly a genealogical line X; or we sample backward in time a ancestral line X; according to
the backward particle Markov chain model defined in (2.11). The Markov transition Xg ~» X
on path space is reversible w.r.t. Q,. Thus, iterating this procedure, we define a Markov chain
on path space with invariant measure Q,.

e We start with a realization 9f theﬁparticle model A := & = (&k)o<k<n. Then we sample a new
independent particle model £ := (&},)o<k<n and we accept £ with probability

1 —i
a(¢,&) =min [ 1, J] N 2i<icn Gr(Sr)

1
0<k<n N 21§i§N Gk(fi)

In this case we set X} = &; otherwise X; = Xy. The Markov transition Xy ~» X; on path space
is reversible w.r.t. some measure on the product space (Eg x ... x E,)Y with (Eg x ... x E,)-
marginals equal to QQ,,. Thus, iterating this procedure, we define a Markov chain on path space
with invariant measure Q,,.

For a detailed discussion on these particle Markov chain Monte Carlo methodologies, we refer the
reader to section 10.5.2.
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2.4 Twisted models and h-processes

2.4.1 Spectral decompositions

We consider homogeneous models (E,,, G, M,) = (E,G, M) equipped with a reversible transition
M w.r.t. some probability measure pu. Under some rather weak regularity conditions, the integral
operator Q(z,dy) = G(x)M(z,dy) on Lao(u) has a h(z) a positive eigenvector associated with the
maximal eigenvalue A; that is, we have that

Q(h)(z) = G(x)M(h)(x) = A(x) = G(z) = A h(z)/M(h)(x)

To simplify the presentation and avoid some unnecessary technical discussion on the integrability
of the potential function w.r.t. reference measure p, we further assume that ¢ < G < ¢!, for some
e >0, and M (z,dy) = m(z,y)u(dy) for some density function m € Lo(u® ). In this situation, Q is a
compact self-adjoint operator on Lg(p1) = La(¥g-1(p)) (with G=! = 1/G). The W1 (p)-reversibility
of @ comes from the fact that for any functions fi, fo € La(u) we have

-1(p) (1Q(f2)) o< p(frM (f2)) = (M (f1) f2) x Yg-1(p) (Q(f1) f2)

The spectral theorem for compact and self adjoint and positive operators allows to rewrite any power
Q" in terms of a countable (by the compactness property) orthonormal basis (¢;)i>0 € La(Vg-1(u))
of eigenfunctions associated with a non increasing sequence of positive eigenvalues (\;);>o of @

(z,dy) = AP @i(@)ei(y) Ta-1(p)(dy) with (Ao, o) = (A, h) (2.12)
>0

In this situation, in section 4.3.2 we prove that

1

,Xn)) = W h_l(l‘n) PZ(d(mo, ceeyTp)) (2.13)

Qn(d($0, e

where P! = Law (Xo Yoo ,X;j) stands for the distribution of the random path of a Markov chain X/
with initial distribution 2 = W (n9) and Markov transitions

P (X,}l‘ € dxy, | Xg_l = xn,l) = Mh(:nn,l,dxn) =

In this situation, the sampling of (2.1) reduces to that of sampling the h-process X. It is also readily
check that M" is reversible w.r.t. Wharny (1)

Cnns () (ALM"(f2)) o< (A1) M (hf2)) = p(M(hf2) (hf2)) o< By () (MP(f2) fo)
Last but not least, we observe that

LRGN
nn(f) = E(h_ (Xh))
N sy () (W1f) M(M(h)f)
T Wy (W (Y T (M (R))

Using the fact that M is p-reversible, we also find that

p(M(h)f) = p(hM(f))

= W) () (f) = 100 (f)

= ) = argo () = ) () = SEIBD o)
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We also notice that
Ve (Noo) = Yn(p)

Finally using (2.12) we have
Ao > A= (f) = 100 (f) + O (A1/A0)")
and by (2.4) we find that

1 1 1
~log 2, = —log (1) = 0<].;nlognn«;) = log70o(G) + O (1/n) = log A + O (1/n)

The r.h.s. formula comes from the fact that

B ~ (GM(h))
Noo(G) = Warny (W) (G) = WM

The measure 7, can be approximated using the genetic type particle models &, defined in section 2.3.2.
More formally, we have

=\ (&G M(h) = \h)

1
77711\7 = N Z 5{; =Ntoo Tn =ntoo Moo
1<i<N

as well as the empirical spatio-temporal averages

1 1
ﬁ Z nljcv =Nt E Z Nk =ntoo Moo
0<k<n 0<k<n

2.4.2 Guiding and pilot functions

Unfortunately, most of the time in the function h is unknown. One strategy is to use a judiciously
chosen trial function hs. In this case, we have

Q(d(xo, ..., zpn)) x H G(xk)h}l(xk)M(hT)(xk) h}l(xn) PP (d(xo, . . ., Tn)) (2.14)
0<k<n

For instance, choosing hy = G we have

Q(d(xo, ..., 2n)) Glan) < { [ Glax) ¢ Puld(wo,...,zn))

0<k<n

with the potential function G = M(G) the distribution P, = Law(Xo, ..., Xp) of a Markov chain with

transition probabilities
—~ M(zp—1,dz,)G(xy)

M(zn—1,dxy) = M(G) (1)

(2.15)

On natural way to evaluate the functions M (h7)(z) and sample the Markov chain transitions X ]';fl =
T~ X ,?T consists in replacing the Markov transitions M by the empirical transitions associated with
N independent random variables X ,? 7*(z) with common law M"7 (z,dy); that is, we have that

1
MM (2, dy) = Z 5X:T,i(m)(dy) ~ oo M (x,dy)
1<i<N

For a more thorough discussion on importance sampling schemes and change of probability measures
we refer the reader to section 4.1.1.
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2.5 Some illustrations

We illustrate the rather abstract model (2.1) with a series of examples.

2.5.1 Self avoiding walks

The first one concerns the simulation of a self-avoiding walk X/ on Z? starting at the origin. In this
situation, the Markov chain X, and the potential functions G,, are given by

Xy = (X0, X)) € Ep = (22" and  Gn(Xn) = Lxpgx),..x_ ) (2.16)
In this case, we notice that
n = Law ((X0,...,X,) | VO <k #1<n X} # X])
and Z,.1 = 4~ Card(A,) with
A, = {(wo,...,xn) €(Z)"TNVO<k#I<n |z —zp_q|=1 xp # xl}

The following picture illustrates a sample of the SRW on Z2 on the time horizon [0, 1000]

SRW on ZA2, Time horizon : 1000
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The following pictures illustrates an ancestral line and the genealogical tree based particle model
with N = 100 non intersection on Z? on the time horizon [0, 1000].

First ancestral line, time horizon : 1000
Number of particles : 100
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Genealogical tree evolution, time horizon : 1000
Number of particles 100
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These particle models have been simulated using the free evolution of the random walk and the
selection indicator potential functions (2.16). Alternatively, we can choose any stretching type change
of random walk motion. For instance, the random walk with transition (2.15) (often termed the myopic
random walk) evolve using local transitions that avoid the states visited in the past. In this case, the
selection potential function G evaluates the chances to avoid these historical states in the next local
transition.

Using the fact that Card(Apye) < Card(A,) x Card(Ag) and 2" < Card(A,) < 4 x 3", using
sub-additivity arguments we find that

¢:= lim Card(A4,)"" € [2,3]

n—oo

To estimate the co-called connectivity constant ¢ (a.k.a. the critical fugacy), we use the fact that
M(Gn) = P(X' €{Xg,.... X, 1} |V0<p<q<nX)#X])=Card(A,)/ (4 Card(A,_1))

and therefore

%log%(Gn) = % Z log nk(Gy) = log (¢/4)

0<k<n

The following picture provides an estimate of the connectivity constant with N = 100 particles.

Log of the connectivity constant, number of particles : 100
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Self avoiding random walks (abbreviated SAW) are used in physics to model the evolution of
linear /directed polymers. These polymers represent the formation of long molecules consisting of
monomers linked together in a given chemical solvent. The location of the monomers is encoded in the
random walk evolution, the time horizon represents the length of the molecule. These models can be
extended with little extra work to analyze polymer models in a confined geometry. For instance, given
some subsets A,, € Z? the Feynman-Kac models (2.1) associated with the historical process (2.16) and
the potential functions

Gn(Xn) = Ixsg(xs,..x 3 X 14, (X3)

are given by
Qn ::Law((X[’),...,X;I)\Vogk#l<n X, # X] and (X('),...,X;L_l)G(on...xAn_l))

and
Z,=P(V0<k#l<n X, #X]and (Xg,...,X;_1) € (Ao x ... x Ay_q))

2.5.2 Particle filters

The second one is related to nonlinear filtering models. We consider a couple signal-observation model
(X, Yy) € R? satisfying the following recursion

X, = an(Xn—ly Wn)

In the above display, W,, and V,, stands for a sequence of i.i.d.centered Gaussian r.v. with unit variance.
The functions a, and b, stands for some regular functions. We fix an observation sequence Y = y,
and for any n > 0 we set

1 1
Gn(x) = exp <—2(yn - hn(ac))2>
In this situation, using Bayes’ rule we prove that the Feynman-Kac measure (2.1) coincides with the
posterior distribution of the trajectories of the signal (Xj,...,X,) given the observation sequence
Y = yi, up to time n; that is, we have that

Qn = LaW((X(), e 7Xn) ‘ (Yb, v 7Yn—1) = (y(), . 7yn—1))

In addition, the density p,(yo,...,yn) of the observation sequence Y; = yi, k < n is approximated
using the unbiased particle estimate

% H % Z exp <—;(yk—hk(§/i))2> ~Ntoo Pn(Y0,- -+ YUn)

(n+1
V2T 0<k<n =~ 1<i<N

In statistical machine learning and advanced signal processing the particle approximation (2.8) of
these measures are called particle filters, or sequence Monte Carlo samplers. For a more thorough
discussion on these models, we refer to section 10.2, section 10.1, and section 11.2.

We illustrate these particle models with the Bernoulli signal jump filtering problem discussed in
the end of section 2.2.3. The resulting algorithm is also termed a particle filter.

The next picture compares the extended Kalman filter with the smoothed empirical means of the
genealogical tree associated with the particle filter.



The next picture illustrate the extended Kalman filter associated with a Bernoulli switching signal
Xn=(enx14+(1—€,) x1/2) X1 + W,

with P(e, = 1) = 1%, and a collection of uniform r.v. W, on [-5,5], and an unit sensor perturbation
noise.
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The next figure illustrate the genealogical tree evolution associated with a particle filter with
N = 100 particles.

Particle filter genealogical tree evolution
1= r

state space
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We end this section with a discussion on the twisted models discussed in section 2.4.2. We consider
a signal-observation model (X, Y;) € RPtY of the form

Xn — An(Xn—l) + Wn
Y, = CXp+cen+V,

with independent centered Gaussian r.v. W, and V;, with covariance matrices R}) and R},. By, C,, and
¢, are matrices and vectors with appropriate dimension, and A, a collection of functions from RP into
itself. In this situation, using the standard Bayes’ rule for Gaussian densities (cf. (8.29) we have

Law (Xo | Xo1, ¥a) = N (fin(Xo 1), 50)

with the mean and covariance matrices given by

Mp(Xn-1) = An(Xn-1)+ RﬁCZEn(RZ’)_l (Yn = (CrAn(Xn-1) + cn))
S, = (I—RYC.S.(RY)'CL)RY and %,(RY):=C,R“C’ + R’

In addition, recalling that
P(Y, €dy, | Xn-1) = / P(Y, €dy, | X =2p) P(X, €day | Xn—1)
we find that
Law (Y, | X;—1) = N (CrAn(Xy—1), CoRYCY + RY)

In this situation, the twisted Markov transition and the corresponding potential function given in
(2.15) are defined by

—~

Mn(ZUnfladxn) = P(Xn S dajn ’ Xn—1= Tn—1, Y, = yn)

and

Py 1 —
Gn () o< exp (2(yn+1 - Cn+1An+1(xn)),[CnHR:fHCLH + warl] 1(?/n+1 - Cn+1An+1($n))>
2.5.3 Sequential Monte Carlo methods

We consider a sequence of probability measures p, on some state space FE defined in terms of the
product of some functions h,, and some reference measure A

pn(@s) = o 3 TT (=) | A2)

" 1<p<n

We let G,,—1 = hy, and X,, a Markov chain with transitions M, s.t. i, = pnM,. In this situation, p,
coincides with the n-th time marginal 7, of the Feynman-Kac measure Q,, given in (2.1). In addition,
the normalizing constants are given by the product formulae

Z/Zo=E| J] G:(Xe)| = JI m(Gi)

0<k<n 0<k<n
We illustrate these models with a series of examples:

e Bolztmann-Gibbs measures associated with some inverse cooling schedule 3, 1, with 5o = 0 =
B—1 and some energy type function V:

hy = e Brn=Pn)V — pin (dx) o e PV (@) A(dx)
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e Bolztmann-Gibbs measures associated with some decreasing subsets A,, 7 and some probability
measure \:

hp =14, = pn(dz) o 1ga,(z) A(dz)

The following pictures illustrate the empirical histogram of a particle scheme with N = 200
particle, and the particle estimation of the normalizing constants in the case A = N(0,1) and a
terminal level set A4,, = [5, o0[.

Gaussien and empirical restricted histogram, Number particles : 2000

Particle proba. estimate of the level set (theoretical in blue), number of particles : 2000
Se—-01 —

4.5e—-01 —

4e—-01 —

3.5e—-01 —

3e—-01 —

2.5e—-01 —

2e—-01 —H

1.5e-01 —

le—-0O1 —

Se—-02 —H

OeOO T T T T T T T T T 1

e Hidden Markov chain models associated with a couple signal-observation processes (X, Y,)
depending on some r.v. O:

hn(0) =p(yn | 0, Yo, Yn—1) = pn =Law (© | yo,...,Yn)
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In the above display we have used standard abusive but natural Bayesian notation. For instance,
p(Yn | 0, Yo,-..,Yyn—1) stands for the density of the r.v. Y, evaluated at Y,, = y, given © = 6

and (Yo, ., Yo 1) = (Yor- -+ Yn_1)-

o FExtended Hidden Markov chain models are defined in terms of a realization & = (&,),,>( of the
conditional particle approximation of the optimal prediction problem of X, given (Yp,...,Y,_1)
and given the value of the parameter ©. More precisely, we have that

1
hn(0,6) :/p(yn | Zny 0,905 - - s Yn—1) N Z 5§;l(d33n)

1<i<N

~dp(xn 0,40, sYn—1)

—> The ©-marginal of u, = Law (© | yo,...,Yn)



Chapter 3

Some advanced Monte Carlo
methodologies

3.1 Integro-partial differential equations

A We let at(x) = (ati(x))1<i<p € RP, Ae(x) € Ry, and o4(2) = (01,,5(2)),<; j<, € RP*P be a couple
of smooth functions on RP. We also consider a smooth function ¢ (z,y) on RPTP sit. [ g (z,y)dy =1,
and we denote by Si(x,dy) the Markov transition

Sy(z,dy) = qi(x,y)dy

We let p(t,x) be the solution of the partial differential equation

d d
Opr =~ Oa, (ay, pt)—i—% > Onia, ((Ut(gt)T)ijj pt)+ / pe(y) M(y) gy, z) dy — 5.(dy)] (3.1)
=1

ij=1

This evolution model is sometimes called the Fokker-Planck equation. In the weak form, by a simple
integration by part we have

w(h) = [ £@) mldo) with m(do) = pile) de — G) = (L)

for sufficiently smooth test functions f with the infinitesimal generator

d d

LAD@) =3 ari 0nf(a) 45 D2 (o)) Oru, 0@) + (o) [ () = £(2) S dy)

i=1 ij=1

. jump term
drift term diffusion term JHmP

We consider the jump-diffusion process X with jump rate A\;(X;) and evolving between two consec-
utive jump times according to the following stochastic differential equation

dX} = ay (Xﬁ) dt + o (Xﬁ) AW, (3.2)

where W, stands for a p-dimensional standard Brownian motion. The jump times T, are defined
sequentially by setting Ty = 0 and

t
Vn>1 T, =inf {t > Th—1 s.t. / )\S(Xg‘)ds > —logUn}
Th-1

33
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where U,, stands for a sequence of uniform r.v. U, ~ Unif]0,1]. Whenever pg is the density of the
initial r.v. Xé‘, we have

vVt >0 P (X{\ € d:v) = p(z) dx

The analysis of these models is provided in section 5.1 and section 5.6. We choose a time mesh t,, with
(tn, — th—1) = € with intermediate time steps (tn+1 — tn+%) = €/2, a sequence of i.i.d. Gaussian r.v.
Vo ~ N (0, Idpxp), a sequence of uniform r.v. U,, ~ Unif[0, 1], and a sequence of i.i.d. r.v. Fy,(x) with
common distribution

P (Fu(z) € dy) = Si(z, dy) (3.3)

The e-approximated Monte Carlo simulation of X; is given by the recursion

XN Xt’\n’i% = X+ an, (X)) € + Ve o, (X)) Vi
A€ . A€

X/ if U, < exp{—)\t (X{ )5}

nt m g

A€
D th+1 =

F, (Xﬁvf ) if U, > exp {—)\tn (Xﬁil )5}

n 5 n j

(3.4)

We also notice that X

1 = X?’e ., for any n > 0 and any time step e. In this situation, we also have
n nt3

tn, = [t/e]e:=ne =P (X{\n’6 € da;) ~c0 pi(x) do

The next picture illustrates the solution p;(z) of the Fokker-Planck equation (3.1) associated with
the pure diffusion process starting at the origin

dX (t) = sin(X(t))dt + o dB(t)

Evolution of density over time

it
st T
“\‘\\“““‘\\\\““‘“\‘\n

s

Density at time 6 Second moment of X,

o.07 100
o0 |
o.06 =
80
o.os — -0
6o [
o.04 i
s0
o.03 i
ao
o.02 . 30 r
20
o.0o1 =
10
o o

—a0 —20 o 20 ao o 2 a =3
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3.2 Mean field particle models

3.2.1 Discrete generation models

Suppose we are given a Markov chain X,, with transition probabilities K,, on some state spaces F,,.
In this situation, the law 7, of the random states satisfies the evolution equation

Tn = nn—lKn < nn(dxn) = /nn—l(dxn—l) Kn(xn—ladxn) (35)

The sampling of this chain requires to sample random variables X,, with distribution K, (x,—1,dz,),
for any given state X,,_1 = x,_1. If K,, is replaced by some Markov transition K, ,,_, that depends
on 7M,_1, the sampling of the random states X, requires to compute the law 7,,_1 of the random states
X, —1. Notice that in this situation the evolution of these distribution is given by a nonlinear system

T = 1K,y
This shows that 7, = Law(X,), with the nonlinear Markov chain model
P (Yn €dr, | Xpn_1= xn_l) = Ky 1 (Tn—1,dzy) with n,-1 = Law(X,,—1)

In general, this type of nonlinear evolution equations cannot be solved explicitly, and we need to
introduce another level of approximation. The mean field particle interpretation of these nonlinear
Markov chain models is defined by an N-interacting particle Markov chain &, = ({fl)l <<y On the
product space E,{LV with elementary transitions

, 1
P(n €dan | 1) = ] Ky, (Goridal)  with om0, = > b (3.6)

1<i<N 1<i<N

In the above display dx, := d(zl,...,z)) stands for an infinitesimal neighborhood of the state
Ty, = (78)1<i<n € EY. In other words, given &,_1, the r.v. £ are independent r.v. with distribution
Koy (& 1, dzy). For a more thorough discussion on these discrete generation nonlinear processes,
we refer the reader to section 9.1.

3.2.2 Continuous time models

AH#/ The evolution equation (3.4) can be interpreted as the continuous time version of (3.5). To get
some feasible solution, we have implicitly assumed in (3.3) that the values of the functions a;(z),
Mi(z) and oy(z) are known at any state x € RP, and it is possible to sample r.v. with the distribution
q(z,y)dy

In more general instance, these functions may depend on the solution p; of the integro-partial
differential equations (3.1). For instance, let us suppose that

0e(z) = by, () 1= / G y) m(dy) and  oy() = Top(2) = / ua.y) m(dy)  (37)

and

M(#) = Vi (1) = / X(z.y) m(dy) end St<x,y>=st,m<x,dy>=[ / G((2.y), 2) m(dz)| dy

(3.8)
with 7;(dx) = pi(x) dz, and for some regular function a;, s, A and ;. In this situation, (3.1) is a
nonlinear partial differential equation. In addition, we have

%ﬁt(f) =1 (Lt (f))
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with the infinitesimal generator

Lt??t Z btnt, a:czf( )

drift term
d
+% Z (Ttﬂ?t (Ttﬂ?t)T)Z‘J‘ (.’IJ) aﬁﬂi,mj f(.ilf) + V;f,m (.%') /[f(y) - f(.’L‘)] Stﬂ?t ($, dy)

ij=1

~ jump term
diffusion term Jump

The mean field particle interpretation of this model is defined by a Markov chain & = (5;')1 <i<N

on the product space (R?)" with infinitesimal generator defined, for sufficiently regular functions F
on (RH)N, by the following formulae

< 1
N N -

Lo(F) (... 2N = Z LY )@t et ) with m() = 5 Z 5 (3.9
1<i<N 1<i<N
(4)
i t,m
F(zt, ... 2% ... N ). For a more thorough discussion on these continuous time particle models we
refer the reader to section 9.3.2.

The stochastic model (3.4) and its mean field interpretation (3.9) cannot be simulated on some
computer without an additional level of approximation.

In the above display, L (@) stands for the operator Ly, acting on the function zt -

The discrete time mean field particle approximated scheme is defined by an N-interacting jump
particle process on the product space (RP)V with a two step elementary transitions

A€ A€, A€ A €,0 A€ A€,
b :: " } b : b —
$in (ft" > 1<i<N SN (gtn+1/2) 1<i<N ERA <€t"+1> 1<i<N
To clarify the presentation, when there is no confusion we drop the indices (.)()"6), and we write 51%"
A€,

instead of £
In this notation, replacing in the evolution equation (3.4) the measure p;, (y)dy by the empirical

measures
ét" = Z 5§tn

1<z<N

the transition §§n ~ €§n+1 12 of the i-th particle takes the form

. , 1 L 1 L 4
Sy = G T DL W& 8) e+ Ve D 7€, € Va
1<G<N 1<Gj<N
=btymiey,,) (€L, =Tt mi(€r,,) (6L

where (V,!)1<;<n stands for N i.d.d. copies of V,.
In much the same way, the the transition §§n+1/2 ~ {;n of the i-th particle takes the form

§§n+1/2 it U, < exp{ M, (575"“/2) }

FY (&) i Ub>exn{-AY (& ,,,)0}

Egn#»l -
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with N i.d.d. copies (Ul)1<i<y of U, FN <§§ . > a r.v. with distribution

1
2
S d 1 q :

tn7m<§tn+l/2) <£tn+1/2, y) N <j<thn ((gtn+1/2,y) 5tn"'l/Q)

and

. . 1 _ , A
N (¢t o 1 _ 7 J
Aty (étn+1/2) T ‘/;"’m<§tn+l/2> <€tn+1/2) N Z Aty (gtn+1/27§tn+1/2)

1<j<N
In this case, under some rather weak regularity conditions we prove that

1 €
= |t/e]e:=ne = N Z 55% > N1oo P (XtAn c dac) ~0 pe(x) do
1<i<N

3.3 Some illustrations

3.3.1 Discrete generation Feynman-Kac models

We consider the Feynman-Kac measures 7,, discussed in (2.2). To simplify the presentation we assume
that the potential functions G, take values in [0, 1]. In this situation, combining (2.3) with (8) and
(9) we readily check that

" = \IlGn,l(nn—l)Mn = nn—lKn,nn,l
with

Kn,nn_l(xnfla dl‘n) = anl(xnfl) Mn(mnfly dwn) + (1 - anl(xnfl)) (\IjGn,1 (nnfl)Mn)(dxn)

The N-particle interpretation (3.6) of the Feynman-Kac measures 7, is defined by an N-interacting
particle Markov chain &, = (ffl) 1<i<n On the product space E,]LV . Given the values of the N particle

model &, 1 at time (n — 1), the N particles ¢! are independent r.v. with distributions

Knmfy_l (fn 1,d$ )

J
= Gro1(&hoy) Mo(&,_ydayy) + (1= Gua(€21)  D 1{n ”k M (&, da)

1<j<N Zl<k<N G- l(fn 1)

with 1 <4 < N. The resulting particle algorithm coincides with the fixed population size branching
process discussed in section 2.3.2. Further details on particle Feynman-Kac models are provided in
section 9.1.4 and in chapter 10.

3.3.2 A particle systemic risk model

We consider the log-monetary reserves (X})j<;<ny of N banks. The inter-bank exchanges (borrowing
and lending) are represented by the diffusion equation

dX! = % S (X] - X)) dt+o AW}
1<j<N

where (Wf)lgig n~ stands for N independent Brownian motions, and a couple of parameters o and o.
This model is the mean field approximation of the nonlinear process associated with the parameters
(3.7) and (3.8) with

a(x,y) =ax (y—x) o(x) =0 and M(z)=0
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This model has been introduced by J.P. Fouque and L.H. Sun in [273] (see also [105] for a mean
field game interpretation of this model). Simulations shows that stability is created by increasing the
parameter «. Nevertheless the systemic risk is also increase when « is large.

The following pictures illustrates an Euler type discrete time approximation of the model with 10
banks when @ = 100 and a = 0.
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3.3.3 The burgers equation

We consider the nonlinear model (3.7) and (3.8) on R with
@ (2,y) = liz00[(y) of(x)=0>0 and MN(z)=0

We set
Vi(a) = / )y = alz) = 0.V = —p;
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This implies that

Opr = —010;Vy = =0, OV;
0.2 0.2
= —0, (V;f pt) + ?a:c,xpt =0, |V; 02V — ? ax,axvt (by (3'1))

In other words, V; satisfies the Burgers equation
o2
atv;f = _‘/t 8x‘/t + 7 a:c,wv;f

An explicit solution (cf. exercise 5.7.1 in [211]) is given by

B ( ] 0] (:1: UWt) € 702('7: OWt))
] 0070 t e o z t .

This formula can be computed using a crude Monte Carlo technique or using the function erfc(z) =
% fzoo e*y2dy, with

exp (522) (1 — Lerfc (\}%))
o (5) (1 dere () + oo ()

The mean field particle interpretation of this model is given by

Vi(z) = (3.11)

) 1 . .
dX; =+ D Aixieo(XY) dt+ o dW]

1<j<N

where (W})1<i<n stands for N independent Brownian motions. In this case, we have

1 .
V;SN(x) = N Z 1[x,oo[<Xt]) =Ntoo V(l‘)
1<j<N

The following pictures illustrates these three approximations. The top l.h.s picture compares the
exact solution with the mean field particle estimate based on an Euler type scheme with N = 100
particles and a At = .01 time step. The top r.h.s. represents the exact values on the simulated states,
and the bottom picture compares the crude Monte Carlo method with the exact solution.
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3.3.4 Langevin-McKean-Vlasov processes

The Langevin-McKean-Vlasov model is a stochastic gradient process on R associated with some
smooth energy function V', coupled with an attraction or repulsion force around ensemble averages.
This model is defined by N interacting diffusion processes

. . 1 . , .
7 _ / 7 i 7 7
dX'(t) = =B V'(X])dt + o | l<§j<:N X) — X! | dt+o dw;

where (Wti)lgig ~ stands for N independent Brownian motions, and some fixed parameters «, S and
o. This model has been introduced by S. Herrmann, and J. Tugaut in [342]. This stochastic model
coincides with the mean field particle interpretation of the nonlinear model (3.7) and (3.8) on R with

a(z,y) =BV (x)+ax(y—=x) of(x)=0>0 and M\(z)=0

The following pictures illustrate the time evolution Langevin-McKean-Vlasov model with a double
well potential with « = —7, and N = 50 particles.
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3.3.5 The Dyson equation

In nuclear physics, the statistical properties of the spectrum of quantum systems can be analyzed
using the nonlinear Dyson equations

1 1 2 :

D)= =S — gt/ awy

®) N;)\i(t)—)\j(t) Ty W
1<i<N

with some initial conditions A\; < ... < An. This mean field type particle model is slightly different
from the nonlinear processes discussed in these lectures. One can show (cf. exercises 5.3.2-5.3.4 in [211])
that A\ < ... < Ay coincides with the eigenvalues of the symmetric Gaussian matrices

Ai(t) = WID/V/N/2 et Aiy(t) = Aji(t) = WY ()/VN

In the above display W; j, 1 <4 < j < N and W}, 1 <i < N, stand for N(N + 1)/2 independent
Brownian motions on the real line.

The following picture illustrates the time evolution of N = 30 eigenvalues of the matrices A(t) on
the interval [0, 1].

3.4 Boltzmann-Gibbs measures and Langevin diffusions

3.4.1 Stochastic gradient models

A stochastic process of particular interest is the pure diffusion model associated with Ay = 0, 0, j(z) =
li—j v/2, and the gradient a; = —3 VV of some smooth function V on RP, and some inverse temperature
parameter 3 € R;. We let ug be the Boltzmann-Gibbs measure on R? defined by

1
/Lg(dx) = Zfﬂ e V@) qr  with 25 :/ e BV(@) o

Several examples of Boltzmann-Gibbs measures are provided in section 7.1. In this situation, we have

Law(Xo) = pg = Vt >0 Law(X;) = ug (3.12)
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and for any bounded function f we have

1/{: F(X) ds:/f(x) [1 /Dt 5xs(dx)] ds :mo/f(l‘) pp(dz)

These gradient flow models are discussed in section 7.8.

3.4.2 Metropolis-Hasting adjustments

Unfortunately, when \; = 0 and a; = —f V'V, the discrete time version of (3.12) is not met. Neverthe-
less, we can recover this important property adding a Metropolis-Hasting type acceptance rate. The
resulting algorithm is called the Metropolis-Hasting- Adjusted-Langevin model, and it is discussed in

section 7.9. This model is defined by replacing in (3.4) the definition of Xt il by

n+§

XA Uy <ae [ X9 X0°
0, e
X, =
n+1
Xp© it Uy > a (ng X >

n+%

with the acceptance rare

ac(z,y) =1A (e‘ﬂ(v(y)—v(x)) % pe(y,m))
pE(x7y)

and the density function

1 1 )
pe(z,y) = W exp <—46 |y —x+ B VV(z)e )
In this situation, we recover the fact that
Law(Xo) = pg = Yn >0 Law(X{ )= ug

and for any bounded function f we have

*Zka —nToo/f /.Lﬁdl‘

0<k<n

3.4.3 Boltzmann-Gibbs measures on manifolds

S We let S = ©~1(0) be some non empty and connected manifold defined in terms of the null level
sets of some smooth function ¢ = (¢;)1<i<q from RPT? into RY. For instance, the 2-Torus is the null

level set of the function )
(p(x):(R—\/.CU%-f—x%) +x§—r2
with r < R.

We assume that, for any € S, the vector space generated by the gradient vectors dy;(x) has
dimension g. We consider the (g x ¢)-matrices

1 (i : _ _
g, = (gL >1§m§q with g1 = (91,5)1<;j<, = (Oi, 00)))1<ij<q

The projection 7(x)(W(x)) of a vector field x — W (z) € R"=P*4 on the tangent space T,(S) of the
manifold S at x is defined by the formula

r(@)(W(z) = W) - > <Z g7 (2)0p;(x )W(a:)> di()

1<i<qg \1<5<q
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We refer the reader to section 6.1 for a review of projection operators on vector spaces. In the above
displayed formulae, (., .) stands for the standard Euclidian inner product on RY.
We consider the diffusion equation

X, = —m(X)(OV)(X)) dt + {W(Xt) dB, — % H(X,) dt (3.13)

with a standard r-dimensional Brownian motion By, and the mean curvature vector field H defined by

H= Z div Z g &p] dy;

1<i<q 1<5<q

with
div, (W)=

Va2, e (Vi )

In this situation, we have
XoeS = Vt>0 X;eS

We let 1 be the Boltzmann-Gibbs measure on S defined by

1 z
n(dz) := > e V) g (de)

where pg stands for the volume measure on S (cf. section 6.6.3 for a detailed discussion on these
measures and an overview of integration techniques on manifolds). By construction, we have

1
P(Xp€dr) = = Vt>0 P(X;edr):= Z e V@) pg(dx)

In addition, for any bounded function f on S we have

1/; F(X) ds—/f(x) [1 /Ot 5X5(d:c)] ds zﬁoo/f(ar) n(dz

When V = 0, the stochastic differential equation (3.13) reduces to the Brownian motion on the Torus.
For a more thorough discussion on diffusions on manifolds, we refer the reader to section 6.4 and
section 7.8.3.

In practice, the sampling of the diffusion process (3.13) requires some discrete time approximation.
For instance, an Euler type approximation on a time mesh (¢y,)n>0 with (¢, —t,—1) = € >~ 0 is given
by the equation

Xi, —Xi,, = —7(X,)OV)(X,) (tn —tn-1)
1 _
= H(XE ) (tp —tn-1) + (X ) V/tn —th-1 Bn
where B,, stands for a sequence of i.i.d. centered and normalized Gaussian r.v. on R". Unfortunately

any type of these scheme ensure that Xj stay in the Manifold S. As for deterministic dynamical
systems, we often handle this issue by projecting each step on the manifold

an = prOjS <Xtﬁn—1 - W(th)((?V)(th) (tn - tn_l)
1

—5 HXE, ) (b= tam) + (X5, ) Ve — fac Bn> (3.14)

Another strategy is to use a description of the stochastic process in some judicious chart space. An
illustration of a realization of a Brownian motion on the Torus is provided in the next picture.
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—_——
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3.4.4 Langevin equation in Riemannian manifolds

4 Suppose we are given a smooth parametrization of the manifold S
)t €Sy CR s p(0) = (¢1(6),...,0"(0)) € SCR (3.15)

with a well defined smooth inverse mapping ¢ = ¢~ !. In differential geometry ¢ is called a chart or
a coordinate mapping. These chart maps and their inverse 1) = ¢! are often defined locally on open
neighborhoods of each states and the set of all chart maps is often called an atlas (cf. section 6.3). For
instance, the 2-Torus can be parametrized by the spherical coordinates

(R 4+ rcos()) cos(02)
Y (0) =1 (R4 rcos(6))sin(fz)
rsin(6y)

We let g = (gi,5)1<i,j<p be the (p x p)-matrix field on Sy, defined by

We let n be the Boltzmann-Gibbs measure on Sy, defined by

n(do) = % e VO \Jaet(g(0)) do with U :=V o)

We let B; be the d-dimensional Brownian motion on the Riemannian manifold defined for any
1<i<phby

i i 1 1 g
dB; = 97" (6r) dBf + 5 ———=0p; ( Vdet(g) g7 ) (1) dt
R 3 2, Vantaen % (V0 )

where \/g_lkl stands for the (i,k)-th entry of the square root matrix of ¢!, and B, stands for a
standard p-dimensional Brownian motion. We consider the diffusion equation

dO; = —ng((“)t) dt + dEt (317)
with the Riemannian gradient

Yicj<p g’ 0o, U
VU = : and g7 = (9")1<ij<p

Yi<jcp 9™ 00U
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We refer the reader to section 6.3.2 and section 7.8.4 for a detailed discussion on Riemannian
gradients and Riemannian Langevin diffusions. By construction, we have

X =¢(0;) satisfies the Langevin diffusion (3.13)

In addition, for any bounded function f on S, we have

1/0'5 £(0,) ds:/f(e) [1 /Ot 5@s(d9)] ds zmo/f(e) n(do)

3.5 Feynman-Kac and Schrodinger equations

3.5.1 A particle absorption interpretation

We replace the r.v. F,(x) defined in (3.3) by an auxiliary cemetery state c¢; that is, we set F,,(x) = c.
The resulting jump-diffusion process (3.2), resp. (3.4) can be interpreted as a particle model absorbed
at rate Ay 1= V4, resp. at rate A\, :=V,.

We let T', resp. T¢, the first time the process (3.2), resp. (3.4) is placed in the cemetery state c. In
this notation, for any bounded function f, we have

B(f(X) ) = E (f(X?) e { - [ vixtyas})
~qo B £ T G (X00) | =B (£ 1res,) (3.18)
0<k<n

with the potential functions
Gr(x) = exp{—Vj, (x)e}

The above Feynman-Kac formulae are studied in section 4.2 and section 5.5. The particle interpretation
of these models are defined as in (2.8). In computational physics, these particle algorithms are also
termed Resampled and/or Quantum Monte Carlo methods (cf. for instance [93, 94]).

Under some regularity conditions, when a; = 0 and o, = Id, the identity matrix, we have

P(X;edr; T>1t)=q(x) dx (3.19)

for some density ¢; satisfying the Schrédinger (imaginary time) equation

1
Orqr = L (q1) = B > 0a— Vi(@)q()
1<i<p

This equation is sometimes written in terms of the Hamiltonian operator

Hi=—LV =—L+V =—5 Y 15,0+V,
(3.20)
< Vsufficiently regular f H(f) = —LV(f) = —3 D i<i<p O 2f+ Vi f = 0 = —Hlq)

In view of (3.18), for any bounded function f we have the Feynman-Kac formula

[ 1@ i e =& (5050 e {- [ Vo)) =m0 T e (x) | ey

0<k<n
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In this context, we also have that

1 wo(x )de’
——logP (T >t) ~eo E d P(Xyede |T>t) ~prog —~r
. ogP (T >t) ~ 0 an (Xeedr | T >t) ~p T ooy dy

where —FEj is the top of the spectrum of the operator LY on smooth La-functions and

LY (po) = —Eo w0 <= H(v0) = Eo vo

We refer the reader to section 8.5.2 for a physical derivation of these models, and their extensions to
more general diffusions associated with some drift a; and some diffusion oy functions.

We end this section with a brief discussion on the description of the Hamiltonian operator (3.20)
associated with a molecule in quantum physics. In this context, a state = ((Za,i)1<i<N,s (Te,j)1<j<N.)
represents the locations %, of N, atom nuclei, and the location 7 of N, electrons (we assume that each
atom has the same number of electrons) w.r.t. a Cartesian reference frame. The (exact non-relativistic,
time-independent molecular) Hamiltonian (3.20) is now given by H = —L 4 +V with the diffusion
generator

h 1 h 1
L:= 5 aia p + 5 836 i
1<i<N, o 1<i<N, el
:= L@ nuclear kinetic energy  := L) electronic kinetic energy

(where mq ; stands for the mass of the j-th nuclei, m.; stands for the mass of the i-th electron, and
h the Planck constant) and the potential function defined in terms of repulsive or attractive Coulomb
forces

Y

1<i<j<Na o = zasll m‘““ 1<i<j<Ne le,i = zel 1<i<Ng 1<j<N. llas = el xe]”

~~

nuclear repulsion electronic repulsion electron—nuelear attraction

for some non negative atomic numbers z, ;. The nuclei being much more heavier than electrons (for
instance, the proton mass (1.67 10727 kg) is 1800 times larger than the electron one (9.31 107! kg)),
in the Born-Oppenheimer approximation [62] the nuclei (z4;)1<i<n, are fixed parameters, and we
reduce the problem to the electronic configuration = ((z. j)1<j<n.) associated with the Hamiltonian
operator H = —L(®) + V. In physics, the Schrédinger (imaginary time) equation is often written as

h Owqi(z) = h L(q)(w) — V(x)qi(z)

In this situation, the Hamiltonian operator is defined as above by replacing H by hH = —hL + V. We
refer the reader to (8.47) for a physical derivation of these models.

3.5.2 The harmonic oscillator

/ Tn some particular instances, the spectrum of the operator H := —L" acting on smooth functions

of Ly(RP) can be explicitly computed. For instance, for p = 1, a; = 0, 0y = 0 := % and Vi(z) =

3 mw? 22, the nonnegative function ¢;(z) in (3.19) satisfies the Schrodinger (imaginary time) equation

with

LY (@) = 5= B)w) - 5 me? a? f(2)
2
< h Oiqt(x) = ;—m 0%(q)(z) — % mw? 2% q(z)
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We refer the reader to (8.47) for a physical derivation of these evolution equations. Recalling (3.21)
we have the Feynman-Kac representation

t emw2 €
/’ﬂx>%m>Mr=E(ﬂBo<mp{—;lmw34 B?m}):%wE ) [ e

0<k<n

(3.22)
with the Gaussian processes

[ h he .
dBy := - dWy ~e—t,—t, 10 Bi, — B, = - W with  e:= (tg — tx_1) (3.23)

In the above display, W, stands for a standard Brownian motion on the real line, and W, a sequence of
i.i.d. centered Gaussian r.v. with unit variance. The r.h.s. of the above display is a particular example

of the linear-Gaussian filtering models discussed in section 2.2 (cf. (2.6) with X,, = Bf , 0 = %,
TQZGmT‘;Qandynzo).

This model is called the harmonic oscillator and it is discussed in section 11.1.2. In this situation,
the orthonormal eigenfunctions ¢, associated with the eigenvalues

VYn >0 En—h<n+;)w

1 mw 1/4 T4 mw mw
wWﬂfwmﬁ(h) wﬁ_Qh]m<hQ

with the Hermite polynomials H,, defined by the Rodrigues’ formula
o n CEQ d?’L —LEZ
The numerical solving of the eigenvalues problem for general potential functions V' (z) in 1 dimen-
sion can be done using the software Maltalb Chebfun software (based on 1-dimensional dynamical
system integrations).

The next picture illustrates the first 10 eigenstates associated with V(z) = 2% and 02 = 0.1.

are defined by

15¢F

0.5



http://www.mathworks.com/matlabcentral/fileexchange/23972-chebfun-v4/content/chebfun/examples/ode-eig/html/Eigenstates.html
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3.5.3 Ground state energies of quantum systems

We consider a time homogeneous Feynman-Kac model

Q@ = (700) e {- [ vt} | xo=s) (3.25)

associated with a RP valued Markov process X; with infinitesimal generator L, and some energy
function V. In the above display, the function f stands for a test function (a.k.a. observable in com-
putational physics). For any s < ¢, we have the semigroup property

AN = E(1E (o] /Othr)dr} X)) 1 X0=)

= E|E (f(Xt) exp{—/:V(Xr)dr} XS> exp{—/OSV(Xr)dr} | Xo=a

=Qu+(/)(X:)
= Qs(Q—s(f))(2) (3.26)

In addition, in view of (3.25)

AN = E(10E (e {- Otv<xr>dr}|xt> X0 = )
= / fly) E (exp{—/OtV(Xs)ds} | Xt=y> P(X, €dy | Xo=12) (3.27)

:=Q¢(z,dy)

When P(X; € dy | Xo = x) has a density p:(z,y) w.r.t. the Lebesgue measure dy we have

Qule,dy) = au(wy)dy  with qt<x,y>=E<exp{— /Oths)ds}m:y) plry)  (3.29)

We also consider the Feyman-Kac measures

) = (700 e - [ tv<Xs>ds}) and ni(F) = w(F)/nD) (3.29)

The normalizing constant

Z, = (1) =E <exp {— /Ot V(Xs)ds}>

is also termed the free energy, or the partition function. In section 8.5.2 and section 9.2.3 we will check
that for any s <t

Y = vsQt—s ;Qt(f) = —H(Q:(f)) with the Hamiltonian H(f) = —L(f)+Vf

and the normalized Schrodinger equation

One(f) = me (L(F)) + ne(V)ne(f) = me(fV) = =ne(H(F)) + 0e(V)ne(f) = —ne (H = n:(V)] (f)) (3.30)

The operator ); is sometimes termed a Feynman-Kac propagator and it is oftenwritten in the expo-

nential form Q; = e,
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A direct calculation shows that

(10 enl v

Dy log (1) = %11) E (at exp {— /Ot V(Xs)ds}> = (exp{ v }) =n(V)

from we conclude that

t 1 1 t
) =exp{ = [0 v) dsh = ~frozi =1 [ (V) ds = nalV)
0 0

for some limiting Feynman-Kac measure 7., satisfying the fixed point equation

(3.30) = Noc(H(f)) = Noc (V)11 (f) = Nc(L(f)) = ¥v (no0) (f) (3.31)
When L is a self adjoint operator on La(R%) (equipped with the Lebesgue measure dz, and the
inner product (f1, f2) = [ fi(z dz), we have the spectral decomposition
Qu(x,dy) =Y B pi(x)eily) dy (3.32)
i>0
in terms of a sequence of non negative eigenvalues 0 < Fy < E; < ... and a corresponding set of

orthonormal eigenfunctions ;, ¢ > 0, of H; that is, we have that
Vi>0  H(pi) = Eipi

For a more rigorous and detailed discussion on these spectral decompositions we refer the reader
o [185]. The ground state of a quantum mechanical system associated with the Schrédinger Hamil-
tonian operator H is its lowest-energy state pg. The energy FEy of the ground state is known as the
zero-point energy of the system. An excited state is any state ; with energy FE; greater than the one
of the ground state.
Notice that
(v, H(0))

{¢0, ©o)

Expressing any normalized function ¢ € La(R?) on the basis of orthonormal eigenfunctions ¢;,
1 > 0, we find that

e=> (p.0) vi= (PH(P) = YisoBi (0.0 (wir i) (3.33)
= Z

120

This yields the variational principle

Ey (3.34)
In addition, we also have that

(3'31) = 7700(%(()00)) = Ep 7700(900) = 7700(‘/)7700(900) = noo(v) = Fy

3.5.4 Bra-kets and path integral formalism

/ In theoretical and computational physics, the state space S is generally the Euclidian space S = R<.
For any absolutely continuous distributions

up(da) = f(x) da
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and for functions g on R?, the Feynman-Kac measures -y, introduced in (3.29), and the left and right
actions of the integral operator @; defined in (3.27) on measures and functions are often written in
terms of bra-kets

o = Law(Xo) = py = 7 = noQs = pyQy == fle=™

as well as
Qulg) =e ™ |g= and w(g) =mQ:i(9) = nrQi(g) == fle ™|g >

We further assume that the semigroup Q:(z,dy) of the Hamiltonian operator
H=-L"=-L+V

has a density ¢;(z,y) w.r.t. the Lebesgue measure dy. In this context, the density ¢ (x,y) introduced
in (3.28) is sometimes written as

qi(z,y) =< 1’|€7m|y = or qx,y) =< 53&‘67”{‘(2/ -

so that
/ dz f(z) qi(z,y) 9(y) dy =/ < ale” ™My = f(z) g(y) dudy

Representing formally functions on the ”basis” of delta functions

"f(.) :/ f(z) 6,(.) dz” in the sense that Yy e R? ” [ f(x) 5&@ dr = f(y)”

=lamy

using the linearity of the brackets, we arrive at the formal expression

<fleor = < ([ @ o a) e ([ o a0 a) -

= / f(x) gly) < dzle™[6, - dwdy:/ < xle” My = f(z) g(y) dzdy
In this notation, we have
<Hle M- = [ fie) <ol ™y faly) dudy
= [ @)y £ol) = [ 5 (d5) @ul£2)(@) = Qu(

Similarly, the variational principle (3.34) takes the form
=< - =< -
e[l = o g X eolHleo
=@, = ©0, %0 >

Dividing [0, nAt] = [0,¢,] into n intervals ([0, At]U... U [(n — 1)At,nAt]) of length At, the semi-
group property (3.26) implies that

—~—
Qnat(zo,dry) = (Qat-.. Qar)(xo, dey)

n times

= [/ gat(xo, 1) .. qar(Tn—1,xy) dry ... dxy_1| dz,

— / H =< a:k]e_At H‘$k+1 =5 dxy...dxnp—1| dz,
0<k<n
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Whenever X; = By is the Gaussian process defined in (3.23), and replacing V by + V in (3.28) we
have

. 1lm (ht1—en)? A
_At _ V@R Ay m -3 [ 5 A7 +V(zk)} t
< aple ™ Plap iy = a0 e R pa(@k, Thi1) = 4/ Az € ( )

In this situation, the discrete time approximation of the integral operator Q); defined in (3.25) is given
by the formula

m " -1 TOyeerT
QnAt(andxn) =ALL0 |:/ ( QWHAt) e h Sn(@0,...,@n) AL dxy .. -dxn—1:| dxy,

with the so-called Euclidian action functional

m [ Tp1 — Tk \ >
Sp(xo,. .., Tn) = Z [2 <k+1Atk> + V(z)

0<k<n

Taking formally the limit At | 0, the density ¢:(z,y) is often written in physics literature as a path
integral

=Y t
q(z,y) = / Dz e 1 @ with Si(z) = / {T l‘i +V(x5)} ds
T 0

o=c 2

3.5.5 The py-process Feynman-Kac model

The continuous time version of (2.13) is given by the formula

() Ele (X)) F(XE)  (f,¢0) —t(E1—Ep)
m(f) = 2 = BT ) (o) +0 ( ) (= (332)) (3.35)
=Too (f)

as soon as Fy > Ep; where n9 = Law(Xp), and X/ stands for the Markov process with initial
distribution

7]([)@0] = \IISDO (770)

and the infinitesimal generator

LPl(f) = L(f) + ¢g 'T1(0, f)

with the carré du champ operator
IL(f,9)(@) = L(If - f@))lg - 9@))(@) = L(f9)(x) — f@)L{g) (@) - g(a)L(F)(x)
We also notice that
(3:39) = BOXP € da) oo Vi) = la)de | [ GBu)dy (3.36)
For instance, for p = 1 we have
L= 0= L) = L O3+ @eloggn) () =} 95”0 (4} 0u(F) (3.37)

so that X/ satisfies the Langevin diffusion equation

AXF0 = (D, 10g po) (XF°) dt + dW,
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where W, stands for a Brownian motion on the real line. In addition, for any smooth functions (fi, f2)
with compact support, using a simple integration by part we prove that

(337) = [ @i(@) filx) LWN(fo) (@) dx = [ fi(x) s (0] Ou(fo)) da

= —J %(f)(2) g(x) Ou(fo)(x) da

= [ @(x) LI(f1)(2) fo(x) dz (by symmetry)
Using (3.36), this implies that L] is reversible w.r.t. ¥, (15); that is, we have that

(3:36) = Woo(neo) (f2 L9 f2)) = Wi () (L#9I(11) o)

More generally, suppose that L is reversible with respect to some reference non negative measure
1 on RP; that is we have that

p(fil(f2)) = p(L(f1)f2) = wu(fiH(f2)) = u(H(f1)f2) (3.38)

for any couple of smooth functions fi, fo. In this situation, the measure 7, is given by

Noo = Yoy (1)
To check this claim, we observe that

=u(L(1)p0)=0
——

H(po) = Bopo = p(H(po)) = = u(Llwo)) +pu(Vipo) = Eo ulpo) = Ve (1) (V) = Eo
This yields that
oo (W) (H(f)) = Yoo (1) (V) Wiy (1) (f) = M(LO) [1(oH(f)) = Voo (1) (V) (00 f)]
= s () ) = W )V ito )

= oo () (f) [Eo = Wy (u)(V)] =0

3.5.6 Variational Monte Carlo method

A/ As in the discrete time case discussed in section 2.4, the ground state @q s usually unknown
and we often use the p7-process X7 associated with a trial energy function (a.k.a. guiding or trial
wave function) denoted by 7. In this case, the continuous time version of (2.14) is given by the
Feynman-Kac formula

t

) =mier) B (7 (X7 S007) o (- [ vrtxemias) )
with the trial ground state energy (a.k.a. local energy) Vi given by
Vi =V — o7 L(er) = 97 H(eT)

In the above display, X7 stands for the p7-twisted process with initial distribution ngpﬂ =W, (1)
and infinitesimal generator

Ly (f) = L(f) + 7' Trler, f)
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We further assume that L is reversible with respect to some non negative measure p; that is, we have
(3.38). In this situation, for any couple of smooth functions f; and fo we have

p (sﬁgr i L[W](fQ)) = u(e7 fr L(f2) + 1 (o7 fi [97' TLler. f2)])
= w7 fi L(f2) + 1 (o7 f1 [e7' Llerf2) — L(f2) — o7 f2L(07)])
pler fi Ligrh) —n(er fi foLler) = n(¢h 2 LET(A))
L(

=u(pT f2

o7 f1))

This shows that L*7! is reversible w.r.t. W2 (1), so that

T

P(X{7 € dx) oo pr =2 (1)
Arguing as in (3.33), the spectral decomposition (3.32) takes the form
Qu(w,dy) =Y e gi(x)eily) p(dy)

i>0

and we find that
1 (R V) Ler Hier)), {0, H(po)),

t
- Vi (X2T) ds ~ppo0 W2 (u) (V) = = > FEy =
t/o ( ttoe 3. 1) (V7) 1(97) (p,9), {0, %0),

with the inner product (fi, f2) = p(fifz2) on Lo(R?, 1). The above approximation is known as the
variational Monte Carlo methods and it only provides an upper bound of the ground state energy.

3.5.7 Twisted models, pilot and trial guiding waves

A/ We return to the Feynman-Kac models discussed in section 3.5.6. We let y7 ¢, n7: and 77 o be
the Feynman-Kac measures defined as ; and n; by replacing (X, V) by (X7, Vy); that is, we have
that

t
wrelF) = vra(f)vra(l) with yre(f) = E <f(XfT) exp (— / vT<XfT>ds>) (3.39)
In this notation, we have

Y(f) = moler) 17 (07 f) <= 170 (f) = %elor ) /mo(er) = ne(er f) (1) /no(er)

as well as
Vost<oo m=¥_. (n7t) <= 112 = Yoor (n)

In addition, we have the semigroup evolutions

t
Tt =7 Qres with Qra(f)(a) :=E<f(Xt) exp{ / VT<Xs>ds}|Xo=x)

Arguing as above, we find that

0 Qralf) = ~H7(Qu(f)) with the Hamiltonian (/) = —Ly(f) +Vr]
= —pr L(erf)-Vf

As underlined in [93], "the role of the trial function ¢r is to guide the stochastic walkers (a.k.a.
particles) in the important regions (regions corresponding to an important contribution to the aver-
ages).” For a more thorough discussion on these models we refer the reader to section 11.1.3. For a
more detailed discussion on the choice of the trial waves functions in quantum systems, we also refer
the reader to the review article by M. D. Towler [572].
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3.5.8 Non homogeneous models

We return to the particle absorption Feynman-Kac models discussed in the beginning of section 3.5.1.

We further suppose that the absorption rate is given by V; =35, xV (> 0), for some ; 1 and some
energy function V on RP. Also assume that X; is given by the non homogeneous Langevin diffusion

dX; = —B,VV (X;) dt +v2 dW; with Law(Xo) = g, (3.40)

In this situation, we have
Vit Z 0 Law (Xt | 1T>t) = M/Bt (3.41)

and .
25,/ 250 = oxp { Ja m(vms}
0

These Feynman-Kac absorption interpretation of the Botzmann-Gibbs measures g, are discussed in
section 9.2.4. We emphasize that the particle interpretation of these models are particular instances of
the evolutionary type particle models discussed in (2.8). In this context, using a time mesh sequence
t, — tn_1 = €, the potential functions

GTL(;E) _= e_(ﬁtn+1 _Btn)v(x) ZE\LO e—Bth(Z’)e

and M, are the elementary of a Metropolis Adjusted Langevin Algorithm with fixed inverse temper-
ature B, .

3.5.9 Diffusion Monte Carlo models

The imaginary time Schrodinger equation associated with the Hamiltonian operator (3.20), the har-
monic oscillator (3.22), the path-integration quantum systems (3.25) and (3.29), the twisted model
with pilot and trial guiding waves (3.39), the time inhomogeneous model associated a temperature
schedule (3.41), are all particular instances of the Feynman-Kac models associated with some reference
Markov process X; and some possibly non homogeneous potential functions V; on general state space
E.

The discrete time approximation of these path integration formula on a time mesh t,, with time
step At = (tp, — t,—1), is given by

tn
v;<Xs>ds}> a0 E £ T Gr(Xe) (3.42)

0<k<n

= (105 oo

0

with the potential functions

trt1
Gr(Xy,) = exp (=V4, (Xy, ) At) ~ap0 exp <—/ Vs(Xs)dS)
ti

The Markov chain X, can be taken as the values of the process X; at the time step ¢, (when these
r.v. are easily sampled), or as an Euler-type discrete time approximation of the process X; on the time
mesh t¢,. For instance, if X; is a jump-diffusion type process (3.2), then we can choose the discrete
time approximation scheme presented in (3.4). For the time inhomogeneous Langevin models (3.40) we
can also combined at every time step an elementary Euler-type transition with a Metropolis-Hasting
adjustment acceptance scheme discussed in section 3.4.2. Finally, for Langevin diffusions X; on a
manifold (3.13) we can choose the Euler-projection transitions (3.14), or an Euler discretization of the
Langevin equation on the Riemannian parameter space manifold (3.17).

The r.h.s. discrete time approximation model in (3.42) are particular instances of the Feynman-
Kac models discussed in chapter 2. All the branching and mean field particle approximation schemes
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discussed in section 2.3 can be used to approximate these path integrals. In computational physics the
fixed population branching schemes discussed in section 2.3.2 are also termed Diffusion Monte Carlo

methods.






Part 11

Linear Monte Carlo methods
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Chapter 4

Markov chain models

4.1 Markov chains

4.1.1 Historical, transition and twisted models

Markov chain models are one of the simplest stochastic models developed in probability theory. These
processes are characterized by the fact that their past and their future evolutions are independent,
given the present value of the chain. In other words, the next state of a Markov chain only depends
on its current state.

The methodology, and the stochastic analysis developed in these lecture notes, apply to abstract
Markov processes taking values in virtually arbitrary measurable state spaces. This abstract framework
encapsulates a surprising wide class of random processes, including Markov chain taking values in
transition spaces, as well as excursions, and historical processes taking values in path space models.

For finite and ordered state space valued processes, the evolution of the chain is characterized by
a sequence of stochastic matrices. These matrices represent the transitions probability of the chain
between two consecutive time integers. In other instances, Markov chains are represented by random
dynamical systems, defined in terms of a recursive equation relating the next state, with the current
state, and some noisy random variables. In applied probability and engineering sciences, these random
dynamical systems are also called nonlinear state space models. Much of probability theory is devoted
to the simulation and the analysis of these stochastic processes. Reference books on this subjects
are [77, 326, 369, 382, 455, 456, 485, 529, 560]. Concrete examples of Markov chain models can also
be found in the books by S. Asmussen, P.W. Glynn [20], O. Cappé, E. Moulines, and T. Ryden [99],
G. Fishman [269], and S.P. Meyn and R.L. Tweedie [455].

In discrete time settings, the random states of these models are defined in terms of a sequence
of random variables X,, indexed by the integer time parameter n € N, and taking values in some
measurable state spaces E,. By the “memoryless” property of the Markov process, the evolution
of the random states is characterized by the probability description of the elementary transitions
Xp-1€ E,_1 ~ X, € E, between two consecutive integers; that is, we have that

Kn(xn_l,da:n) = P(Xn € dx, ’ Xn1= xn_1) (4.1)

For instance, the simple Gaussian random walk on F,, = R starting at the origin is given in terms
of a sequence of i.i.d. centered Gaussian r.v. W,, with unit variance by the formulae

1
Xn=Xn1+ W, = Ky(xp—1,dz,) < exp <—2(xn — xn_1)2> dx,, (4.2)

59
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A The historical process of the Markov chain X, is defined by the sequence of random

paths
Xpn = (Xo,..., Xpn) €EEp:=(Ey X ...x Ey)

In operation research and computer sciences, the historical process is often used to store
some the random states of a chain evolving in a solution space, and X,, is sometimes called
the archive. Another model of interest is the Markov chain on transition space defined by

Yn = (X’VMX’I’L-i-l) S En = (E’I’L X En+1)

Notice that the Markov transitions of the chain X, is given for any
Yn = ((y(]v s 73/71—1)73/71) = (yn—lyyn) ek, = (En—l X En)
and any x,_1 € E,_1 by the following formulae

Kn(mn—la dyn) = 5wn_1(dyn—1) Kn(yn—la dxn) (43)

& We further assume that Y,, is an auxiliary E,-valued Markov chain starting at Yy = Xj
with transitions probabilities M, (zy—1, dx,) that dominate K, (x,—1,dzy,); in the sense that

Vep—1 € Epq Kn(wn—lydxn) < Mn(xn—la dwn)

For regular Radon Nikodym derivatives

_ dKn1(wp, -)

Gn(Tn, Tnt1) == m(%ﬂ)

we have the Feynman-Kac type change of probability measure
n>0  E(faXn) =E|f¥n) [] G (4.4)
0<k<n
with the historical processes

Xn = (Xo.....Xn) and Yp=(Yo,....V,) €Bni= (Fox ... x B,)

associated with the Markov chains X, = (X, X,+1) and Y,, = (YnLYn+1) on transition
spaces. The equation (4.4) is valid for any bounded function f,, on E,. The chain Y, is
sometimes called a twisted Markov chain.

For instance, returning to the example discussed in (4.2) for any A € R we can take

1
Yn = Ynfl + A + Wn = Mn(ynfladyn) X €exp <_2((yn - ynfl) - )\)2> dyn (45)

In this situation, we have

Gn(Yn,Yns1) = exp (; [((Wnt1 = yn) = N = Ynt1 — yn)2}>
)\2

= exp (2 — A (Yns1 — yn)>
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and therefore

[T Gx(¥i) =exp <A2” —A yn> = E (fn(Xn)) =E <fn(Yn) exp (—AYn + AZ”)) (4.6)

2
0<k<n

4.1.2 Crude Monte Carlo methodologies

Suppose we are given some integral of the form

n(f) = / f() n(dz) = E(f(X)) (4.7)

where n(dzx) is some probability measure on some state space E, and f some function from E into R
such that n(|f]) = E(|£(X)]) < oc. |

The central idea is to sample a sequence of independent random copies (X*);>1 of the r.v. X and
use the so-called empirical average estimates

)= [ @ e = Y ) win Y= Y b (4.8)

1<i<N 1<i<N

In the above display J, stands for the Dirac measure at some point a € F.

AWe set

1
VNN =) =V =N =n+ ——=VV 4.9
(n™ —n) =Nt s (4.9)
The r.h.s. formula in the above display can be interpreted as a first order type decomposition
of the random deviations between the empirical measure nV and its limiting value 7. In this

notation, a simple calculation shows that

E(VN(f)) =0 and E(VVN(f)?) =0o*(f) (4.10)

for any function f s.t. n(f?) < oo with
o*(f) = E(f(X)?) ~E(f(X)* =n(f*) —n(f)?
= 0l = o) = 3 [0~ F)? ndentay) (a.11)

Working a little harder we prove that

E(f(X)) <o = lim 9"(f)=n(f) P-as
N—o0
We further assume that we have a dedicated Monte Carlo simulation tool to draw independent
random samples of the elementary transitions X, —; ~» X,,. In this situation, by the law of large num-
bers, the distribution P,, = Law(X,,) of the random (historical) trajectories X,, can be approximated
by the sequence of occupation measures

1 , 4 .
PN .= v D 0xi with X7 = (X5,..., X))
1<i<N
associated with N independent copies (Xg)lgig n of the stochastic process X,,, as N — oo. More
formally, we have the almost sure convergence

Prjy(fn) —Nooo Pr(fn) = E (f(Xn))
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for any bounded measurable function f,, on the path space E,,. The above convergence estimates can
be made precise in various ways using standard tools related to empirical processes associated with
i.i.d. random variables.

We return to the Gaussian model discussed in (4.2) and we set

fu(zo,...,2n) = 1z,>xn for some A >0
In this situation, we have
Xn=Xp1+Wo= Y W =VnW, = Pu(fa) =P (W1 >\ n) (4.12)
1<k<n

Applying Mills inequalities

ST
3~
3

V6 >0 e P2 <P (W >6) < e90/2

511/

(o9
)
3

to § = \y/n, we have

P, (fa) = P (X > An) ~ppeo

(4.13)

1 1 6_)\2n/2

ntoo Pn(fn) “ntoo X \/7

2mn

In some instances, to estimate the expectation (4.7) it is more judicious to use a r.v. Y related to
the function f. Suppose that Y has some dominating distribution p s.t. n < p. In this situation, we
have

g= jz = (f) = / f(x) n(dz) = / £(9) 9) n(dy) == p(fg) & E(F(X)) = E(F(V)g(Y))

In this situation, sampling a sequence of independent random copies (Y?);>1 of the r.v. Y we have

WV (t9) = [ 1) 90 0¥ () 2vis nlf) with @Y= 1 3 o

1<i<N

The variance of this estimate is now given by

N E ([t (fg) — n(f@)?) = u((f9)*) — (u(fg))?

The measure u is sometimes called the twisted distribution. For a nonnegative function f, if we choose
the Boltzmann-Gibbs measure p = t¢(n) then we have a null variance Monte Carlo sampling scheme:
1

p(dy) = ¢r(n)(dy) = ) ) nldy) = fFW)g(y) =n(f) = ul(f9)*) — (u(fg))* =0

These optimal twisted distributions are usually untractable. For instance, in the example discussed in
(4.12) they coincide with the conditional distributions of the path of a Markov chain X, given the
fact that the terminal point ends at time n above the level An. Nevertheless, sampling N independent
copies Y;? of the path Y;, of the twisted chain (4.5), using (4.6) we have

2n
]P)i\fN(fngn) —>N—oco P?\b(fngn) = ]P)n(fn) = ]P)(Xn Z )\n) = 6% E <1Yn2/\n e—)\Yn>
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with

1
A A
P) := Law(Yn) ~n1o0 POV = N E Oy
1<i<N

and
A2n
gn(yn) =[] Grlurvrsr) = exp (—dvn + -

0<k<n
In this case, the variance of the estimate IP%’N(fngn) is given by
N E ([P (fagn) ~ Ph(fagn)?) = Ph((fagn)?) — (P (fagn))?
oo ]P’?L((fngn)2) —F (1Ynzm e—AYn—i-)\Qn/Qe—)\Yn—l-)\Qn/Q)
= E <1anxn e_AX"“%/Q)
< e Nn2p (X, > An)
L1 —\2n

— e_>‘2”/2Pn(fn) oo ©

e
A 2mn

This shows that the variance of the twisted Markov chain approximation is much smaller that the one
(4.13) of the direct Monte Carlo scheme.

4.1.3 Martingale decompositions

We let F,, = 0(X,, p < n) be the natural filtration of information generated by the random states X,
of the Markov chain from the origin p = 0, up to time p = n. For any sequence of functions f,, € B(E,)
we have

fn(Xn) = fo(Xo) + Z Afp(Xp) with Afp(Xp) = (fp(Xp) - fp—l(Xp—l))

1<p<n

On the other hand, we have the decomposition
Afp(Xp) = AA(S) + AM,(])
with the predictable part

AA(f) = E(Afp(Xp) | Fp-1)
= E (fp(Xp) | ]:pfl) - fp*l(prl)
= Kp(fp)(prl) - fp*l(prl) = [fp - fp*l](prl) + Lp(fp)(prl)

and the martingale part

AMp(f) = [Afp(Xp) - E(Afp(Xp) | }—pfl)]
= fp(Xp) —E (fp(Xp) | fpfl) = fp(Xp) - Kp(fp)(prl)

The terminology ”predictable and martingale parts” comes from the fact that the discrete time
processes

Au(H)= S AA(f) and Ma(f)= Y AM(f)

1<p<n 1<p<n

are predictable, resp. martingales w.r.t. F,; that is we have that

E(An(f) | Fa1) = An(f) and  E My (f) [ Fn-1) = Mu—1(f)
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We recall that the angle bracket (M), (a.k.a. the predictable quadratic variation) of a
given martingale M,, w.r.t. some filtration F,, is the predictable stochastic process (M),
s.t. M2 — (M), is a martingale given by

M)y = 37 AM), with A(M), =E ((AM,)? | Fyo1)

1<p<n

In our framework, the angle bracket (M(f))n of My (f) is given by the local variance increment
A<M(f)>p = E ((fp(Xp) - Kzo(fp)(prl))2 | prl)
= / Kp(Xp-1,dxp) [fplzp) — Kp(fp)(Xp—l)]2

Lr, (fo fo) (Xp-1) = (Lp(fp) (Xp-1))?

with the ”carré du champ” operator

FLp(fpa fp)(x) = Lp((fp - fp(x))2>(37) = Lp(fﬁ)(%‘) - 2fp(x)Lp(fp)(x)

A For any n > 1 we have

Afn(Xn) - [fn - fn—l](Xn—l) + Ln(fn)(Xn—l) + AMn(f)

with a martingale M,,(f) with predictable angle bracket

AM(f))n =T1, (far fn)(Xn-1) = (Ln(fn)(Xn-1))

4.1.4 Evolution semigroups

By construction, the laws of the random states 7, = Law(X,,) of the process satisfy the
linear evolution equation

T = nnflKn <~ Mn — Nn—1 = 77n71Ln (414)

with the operators L, : f € B(E,) — B(E,_1) defined by

Ln(f) (@) = (Kn — 1d)(f)(x) = E(f(Xy) | Xn1 =) - f(z)

On the other hand, we also have

n

P ((Xo,..., Xn) € d(z0,...,2n)) = mo(dxo) [] Kplap-1,dzy)
p=1

Given X, = x, for some p < n, the law of the random state X, is given by
P (X, € dz, | Xp = zp) := Kpn(z0,dz))
with the semigroup K, , of integral operators defined by

Kpn = Kpy1 ... Kn 1Ky,

with the convention K, , = Id, the identity operator. In the same way, the distribution 7,
of X, satisfies the integral formula n, = 1,K .
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4.2 Feynman-Kac models

4.2.1 Perturbation semigroups

We let X, be given reference Markov chain taking values in some state spaces F, with Markov
transitions

Mn(l'nfladxn) = P(Xn € dxy ‘ Xn-1= xnfl)

We also consider a collection of nonnegative potential functions G,, on E,. We let Q(z,—_1,dx,) be
the positive integral operator from E,_; into F, defined by

Qn(xn—lv dxn) = Gn—l(l‘n—l) Mn(xn—ly dl‘n) (415)

These integral operators can be interpreted as a perturbation of the Markov transitions M,, w.r.t.
some potential functions G,,.
We let @y, p < n be the semigroup defined by

Qpn(Tp, dxy) = / Qp+1(Tp, dxpir) ... Qn(Tn_1,dzy)
Ep+1><...><En71
By construction, for any function f,, on E,, we have

Qunlfa)(zy) = / Qo(p i) falin)

= E [ fu(Xn) H Go(Xq) | Xp =1y

p<g<n

A This shows that @)}, ,, is the semigroup of the flow of Feynman-Kac measures v, on £,
defined by

Yn(fn) = E | fa(X5) H Ge(Xq) | = w(@pn(fn))

p<g<n

for any p < n, with 79 = 19 = Law(Xy). The normalized version of these distributions are
given by

M (frn) = Y (fn) /(1)

4.2.2 Path space measures

We emphasize that ~,, and resp. n,, are the marginal w.r.t. the final time horizon n of the measures
Yn, and resp. My, on the set of paths E, = (Ey X ... x E,) defined for any measurable function f,
on E, by

n(fn) =E | fn(Xn) H Gn(Xn) and  Mn(frn) = Yn(fn)/1m(1) (4.16)

p<g<n

with
Xn=(Xo,...,X,) and Gnp(X,)=Gn(Xy)
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The measures 1, = Q,, are sometimes written in terms of the weighted distribution

Qu(dz) ::Zirn(dx) with To(dz):= { [[ Glwp) § Palde) (4.17)

" 0<p<n

of the random trajectories of the Markov chain P,, = Law (X,,), with the normalizing

constants

In the above display, dz = d(xg,...,x,) stands for an infinitesimal neighborhood of the path
x = (zg,...,Tp).
4.2.3 Partition functions

We underline that the normalizing constants Z,, (a.k.a. partition functions), as well as the measures
Qp, can be represented in terms of the flow of marginal measures (7,)o<p<n. More precisely, we have
the easily checked multiplicative formulae

Zn=E H Gp(Xp) | = H 1p(Gp) (4.18)

0<p<n 0<p<n
We check this claim using the fact that

'Yn(Gn)
Yn(1)

Znt1 = ’Yn-‘rl(l) = ’Yn(Gn) = ’Yn(l) = Un(G) Zn

A More generally, using this formula the unnormalized measures v, := Z, X 7, can also
be rewritten for any f,, € B,(f,) in the following form

Tn(fn) = M (fn) X H 1p(Gp)

0<p<n

4.2.4 Backward integration

Next, we present a description of the Feynman-Kac measure Q, on path space defined in (4.17) in
terms of (1,)o<p<n. We further assume that the Markov transitions M,, are absolutely continuous with
respect to some measures A, on E,, and for any (z,—1,2,) € (E,—1 X E,) we have

Gn—l(xn—l) Mn(«rn—lydzn) = Hn(xn—laxn) )\n(dl‘n) (419)

for some density function H,.
In this situation, for any f on F,1, and for any z,, € E, we have

Gn(@n) Mp+1(f)(2n) = f Hpy1(%n, Tny1) f(@n41) Ansr(dengr)

= M1(f) = Ve, () (Mnt1(f))

- fEnH |:fEn n(dn) nn(lGn) Hpi1(2n, Tny1) | f(@nt1) At (dnga)
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This shows that
Nn+1(dTni1) = nn(Gn) N (Hns1(+ Tnt1)) Any1(dongr)

from which we prove that
1
Qn(d(.%'o, e ,.Tn)) = Zf 770(d$0)G0(:E0) M1 (:Eo, dl’l) e Gn—l(xn—l) Mn(l'n_l, dxn)
1
—770 (dzo) Hy(xp—1,zp)\p(dzp)
Ho<p<n 1(Gp) 1<,H<n o

Hy(vp-1,2p)

= 1o(dwo)
15p<n Mp—1(Hp (., zp)

) np(d'rp)

A This implies that

n

Qn(d(zg, ..., xy)) = nu(dzy) H anq1(Tgq, dxg_1) (4.20)
q=1

with the collection of Markov transitions

Nn(dy) Hpi1(y, )

Mn+1,nn (x7 dy) =

Tin (HnJrl('v ))

If we take the unit potential functions G,, = 1, the backward formula (4.20) reduces to the conven-
tional backward representation of conditional distribution of the random paths (Xp,..., X,,—1) given
the terminal time X,,; that is we have that

P((Xo,Xl,.. . ,anl) Ed(:ﬁo,l‘l,... ,l'nfl) | Xn = :L‘n)

= Mn,nn_l (xna dznfl) tot M2,r]1 (3727 dl‘l)Ml,no (l‘la dl‘O)

To the best of our knowledge, these forward-backward representations of Feynman-Kac measures were
introduced by Ruslan L. Stratonovitch in the early 1960s in the context of nonlinear filtering [554].
For a more thorough discussion on these backward Markov chain models, and their application in
advanced signal processing, and hidden Markov chain problems, we also refer the reader to [232] and
to a series of articles of the author with A. Doucet and S.S. Singh [203, 204, 205].

4.2.5 Spatial branching processes

We denote by E = U,>oFEP the state space of a branching process with individuals taking values on
some measurable state space E. The integer p > 0 represents the size of the population. For p = 0 we
use the convention E? := {c}, where ¢ stands for an auxiliary cemetery state.

We let M, (x,dy), with n > 1, be a sequence of Markov transitions from E into inself, and by
(gfl (2))i>1,2cEn>0 We denote a collection of integer number-valued random variables with uniformly
finite first moments. We further assume that for any = € E, and any n > 0, (g’ (7));>1 are identically
distributed, and we set

Gn(z) = E(g,,(2))
Our branching process is defined as follows. We start at some point o with a single partlcle that is
po = 1 and Co = Co = x¢ € EP0 = E. This particle branches into py offsprings (0 = (CO, G0 € € Epo,
with po = g (¢3)-

Each of these individuals explores randomly the state space F, according to the transition Mj.
At the end of this mutation step, we have a population of p; = Py particles ¢} € E with distribution
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M, (Zé, .),i=1,...,p1. Then each of these particles ¢! branches into gi((?) offsprings. At the end of
this transition, we have p; particles 21 = (211, R A{”\l) € Efl, with p1 = >0, g (¢h).

Then, each of these individuals explores randomly the state space E, according to the transition
My, and so on.

Whenever the system dies, p,, = 0 at a given time n, we set az = (g+1 = ¢, and py = pg41 = 0, for
any q > n. R

By construction, we have pp,41 = Py, and Y o7, f(a’l) = YPr gh(Ch) f(CL), for any function
f € By(E). If we consider the random measures

Pn I/J\n
Xn = Z 5% and /?n = Z 5@
i—1 =1
then, we find that

E(A/';n(f) | Cn) = Xn(Gn f) and E(Xn+1(f) | En) = ‘)?n(Mn(f))

This clearly implies that
E(Xn—&-l(f) | Cn) = Xn(GnMn-I—l(f))

A We readily conclude that the first moments of the branching distributions A, are given
by the Feynman-Kac model

E(Xn(f)) = Exo f(Xn) H Gk(Xk) = '}/n(f)

0<k<n

In the above display, X, stands for the Markov chain on F with Markov transitions M,,.
In this interpretation, the mean number of individuals in the current population is given by

E(X(1)) = 7n(1).

In probability theory, the stochastic process &), is called a Branching Markov chain. The long
time behavior of these branching models, their connections with particle absorption models, and
their applications in physics and biology is a rapidly developing subject in probability theory. We
refer the reader to the series of articles [19, 20, 21, 54, 76, 358, 375, 376, 465], the more recent
studies [5, 37, 51, 212, 214, 215, 337, 536], and references therein.

4.3 Sub-Markov models

4.3.1 Particle absorption models

In probability theory, particle absorption models are represented by Markov chains evolving in a
deterministic, or in a random, environment associated with some absorption rate functions.

The interpretation of the absorption event clearly depends on their application models. In optical
ray propagation problems, the event of interest is related to photon absorptions [500]. In particle
physics or in chemistry, the absorption rate is dictated by the energy of an electronic or macro-
molecular configuration. For a more detailed discussion on these models, and their applications to the
computation of Schrodinger ground state energies, we refer the reader to the series of articles [97, 170,
184, 185, 516]. In natural evolution theory, as well as in population model analysis, the absorption
event is often related to an extinction probability. Further details on these applications can be found
in the series of articles [437, 449, 583, 584, 585].
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Absorption and critical type events can also be thought of as network overflows in complex queueing
systems [252] and production systems [495]. Absorbed Markov chain also used in Web engineering [496]
and bio-chemistry [414], as well as in environmental analysis [598], and in many others scientific
disciplines.

This rather extraordinary variety of application domains is not really surprising, since all of these
absorption models can be represented by a Feynman-Kac model. Inversely, we emphasize that any
Feynman-Kac model (4.17) can be interpreted as the distribution of the random trajectories of a
Markov chain evolving in an absorbing environment.

We consider a collection of measurable state spaces F,, and an auxiliary coffin, or cemetery, state
c. We set E, . = E, U {c}. We also denote by G,, some [0, 1]-valued potential functions on E,, and
M,,+1 some Markov transitions from FE,,, into E,, ;. We define an E,, .-valued Markov chain X, with
two separate killing/exploration transitions:

killing Se exploration

XC

n n n+1

(4.21)

These killing/exploration mechanisms are defined as follows:

e Killing: If X = ¢, we set )?fl = c. Otherwise the particle X is still alive. In this case, with
a probability G, (X(), it remains in the same site, so that X$ = X¢; and with a probability
— Gp(XY), it is killed, and we set X = c.

e Exploration: Once a particle has been killed, it cannot be brought back to life; so if X ¢ =c,
then we set X 5 = X, = ¢, for any p > n. Otherwise, the particle X ¢ ¢ E, evolves to a new
location X[ 4 in Ep+1, randomly chosen according to the distribution M,,11(X¢, dzp41).

Definition 4.3.1 The Markov chain X}, defined above is called a Markov chain with the absorption
rates (1 — Gy,), and the free exploration transitions My, on the state spaces E,.

Notice that the Markov chain X, on the augmented state spaces F,. can be interpreted as a
conventional Markov chain, with a single absorbing state {c}, as soon as M, (x,,{z,}) # 1 for any
Ty € Ey. Inversely, any Markov chain with a single absorbing state can be represented in this form.

In branching processes and population dynamics literature, the model X often represents the
number of individuals of a given species [268, 305, 552]. Each individual can die or reproduce. The
state 0 € F, = N is interpreted as a trap, or as a hard obstacle, in the sense that the species
disappears as soon as X hits 0. For a more thorough discussion on particle motions in an absorbing
medium with hard and soft obstacles and their application domains, we refer the reader to the series
of articles [185, 184, 516], the monograph [172], and the more recent lecture notes [195].

We end this section with a Feynman-Kac formulation of particle absorption models. We denote
by X, the Markov chain on E,,, with elementary transitions M,,. In this notation, the Feynman-Kac
measures Q,, associated with the parameters (G,,, M,,), and defined in (4.17), represent the conditional
distributions of the random paths of a nonabsorbed Markov particle. To see this claim, we let T' be
the killing time; that is, the first time at which the particle enters in the cemetery state

—inf{n>0; X¢=c}
By construction, we have
P(T>n) = P(X§€Ey,...,X¢ | €Ep 1)

N /on X Ep_1 mo(do) Gio(o) H (Mp(xp—1,dxy)Gp(zp))

1<p<n
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This shows that the normalizing constants Z,, of the Feynman-Kac measures Q,, represent the prob-
ability for the particle to be alive at time n — 1; that is, we have that

Z,=P(T' 2n)=E H Gp(Xp)
0<p<n

In the above display, X,, stands for a Markov chain on E,,, with initial distribution 79 and elementary
Markov transitions M,,.

In the same vein, in terms of the n-th time marginal Feynman-Kac models we have

E(f(X7) 1r20) = ml(fa) =E | fu(Xa)§ [T G(Xp) (4.22)

0<p<n

E(f(Xp) | T2n) = nu(fn) = n(fn)/1n(1) (4.23)

Z,=PT z2n)=wm)=E( [[ G(Xp) | = [] m(Gp
0<p<n 0<p<n

A More generally, similar arguments yield that is the distribution of a particle conditional
upon being alive at time n — 1 that is defined by the Feynman-Kac model introduced in
(4.17); that is, we have that

Qn(d(zo,...,zn)) =P(XG,...,X;) € d(xo,...,zn) | T >n)

Inversely, any Feynman-Kac model of the form (4.17) associated with some bounded potential
functions G, can be interpreted in terms of a particle absorption model. To prove this claim, we
further assume that |G| < ¢, for some finite constant ¢, < co. We let XS be the Markov chain on
E, . defined in (4.21) with absorption rate (1 — G (xy,)/cy). By construction, we readily check that

Qp :=Law ((X§,..., X)) | T >n)

We end this section with a couple of particle absorption model with hard obstacles:
o If we choose indicator potential functions G,, = 14,, then we have

Z, = P(X,€Ad,,V0<p<n)
Q, = Law((Xo,...,Xn) | Xp €4y, V0<p<n)

e We assume that X, = (X{,..., X)) is the historical process associated with a random walk
evolving in a d-dimensional lattice £ = Z<. In this situation, if we set G, (X,) = lza_(x;. .x1
then we find that

Z, = P(X,#X,,Y0<p<q<n)
Qn = Law ((Xp,....X,) | X, #X;,V0<p<q<n)
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4.3.2 Doob h-processes

We consider the time homogeneous Feynman-Kac model (I'y,Q,,), associated with the parameters
(En, Gp, M,) = (E,G, M) on some measurable state space F, defined in (4.17). We also set

Q(x,dy) := G(x) M (z,dy)

We also assume that G is uniformly bounded above and below by some positive constant, and the
Markov transition M is reversible w.r.t. some probability measure p on E, with M(z,.) ~ u and
dM(z,.)/du € Lo(p). We denote by A the largest eigenvalue of the integral operator @ on Lo(u), and
by h(x) a positive eigenvector

Q(h) = Ah
Under some regularity conditions on (G, M), there exists some constant p > 1 such that
1/p < h(z)/h(y) < p (4.24)
for any z,y € E. For instance, let us suppose that
M(x,dz) > e M(y,dz) and G(x) <g G(y)
for some € €]0, 1] and some g < oco. In this situation, we have

Q(h)(x)/Q(h)(y) = h(z)/h(y) < p with p<g/e

The Doob h-process, corresponding to the ground state eigenfunction h defined above, is a
Markov chain X/, with initial distribution ! = W}, (1), and the Markov transition

M (z,dy)h(y)

h .
Mz, dy) = M) ()

x h 1 (2)Q(z, dy)h(y) =

> =

We also denote by 1/ the distribution of the random state X/ starting with initial distribution ng;
that is, we have that
Law(X}y) = 1y, = ng (M")"

Our next objective is to connect the distribution of the paths of the h-process
P ((Xg, XM e d(xo, . ,:cn)> = 0l (dzo) MM (zo, dz1) . .. MM (21, dy)
with the Feynman-Kac measures I'), and Q,, introduced in (4.17). Firstly, by construction we have
G =\ Xxh/M(h)
and therefore
Tn(d(zo, ... xn)) = no(dxo) H G(xp) p % H M (xp—1,dxp)
0<p<n 1<p<n

M (2p1, day)h(zp) 1
M(h)(2p-1) h(zn)

= A'no(dxo) h(zo) [

1<p<n

We conclude that
To(d(zo, ... zn)) = A" no(h) PR(d(zo, ..., x,))
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where P? stands for the law of the historical process

Xh—(xp,... XM

This clearly implies that

1

Qn(d(zo,...,xy)) = E(1(XT) h =t (zn) PR(d(z0,. .., x0))

with the normalizing constants

4.3.3 Quasi-invariant measures

Under condition (4.24), using the multiplicative formula (4.18) we also have that

1 1 1 _
SlogZy = - Y logny(G) =log A+ log (mo(h) B(h~(X1)))
0<p<n

and therefore

1 1 1 1
log A — - logp < - log Z,, = - 0<Z< log 1,(G) < log A + - log p (4.25)
<p<n

from which we conclude that .
nl1_>ngo - Z log n,(G) = log A

In terms of the h-process, the n-th time marginal v, of the Feynman-Kac measures I';, takes the
following form

() = X" mo(h) nfy (M™)"(f/R) = X" no(h) nlk(f/h)

In terms of particle absorption models we have
1
Law((X§,..., X)) | T°>n) = ————— K1 (X]) dP!
aW(( 0> ) n) ‘ = n) E(hil(X#)) ( n) n
and
Z, =P(T° > n) = A" no(h) E(h~ ' (X}})) —npoo 0 (4.26)

Whenever it exists, the Yaglom limit of the measure 7q is defined as the limiting of measure

M —ntoo Moo (4.27)

of the Feynman-Kac flow 7, when n tends to infinity. We also say that 7 is a quasi-invariant measure
as we have ng = n,, for any time step. When the Feynman-Kac flow 7, is asymptotically stable, in
the sense that it forgets its initial conditions, we also say that the quasi-invariant measure 7., is the
Yaglom measure.

Quantitative convergence estimates of the limiting formulae (4.27) can be derived using the stability
properties of the Feynman-Kac models. For a more thorough discussion on these particle absorption
models, we refer the reader to the series of articles of the author with A. Guionnet [178, 179], L.
Miclo [170, 185] and A. Doucet [184], as well as the monograph [172].
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4.4 Stability properties

4.4.1 Dobrushin ergodic coefficient

A

This section provides a very brief treatise on the regularity properties of Markov semigroups. For
a more thorough discussion, we refer the reader to [455]. We recall that the total variation distance
|le1 — p2lltv between probability measures pg, ug € P(F) is defined by

1 = p2llew = sup |pa(A) — pa(A)]
Ae€&

= 27 sup {a(f) — p2( )5 IS < 13 =sup {|pa(f) = pa()]5 ose(f) <1}

A probability measure 7 on some state space E is invariant w.r.t. some time homogeneous Markov
transition K if we have wK = 7. The measure 7 is reversible w.r.t. K if we have

m(dz) K(z,dy) = m(dy) K(y,dx)

or equivalently, for any pair of functions (f, g) € B(E)?
m(fK(g)) = m(K(f)g)

We recall that the Dobrushin ergodic coefficient S(K) of a Markov transition K from E; into Es,
is the norm of the operator K from My(FE7) into Mq(FE>); that is, we have the equivalent formulations

BK) = supl|K(z,.)— Ky, )ew=sup ||pKlle/|[ple
HEMo(Er)

— sup {ose(K(f)) : osc(f) < 1}

with the first supremum taken over all (z,y) € E?.

We also have the contraction inequalities

K —vK|w < BIK K(f)) < B(K

) osc(f) (4.28)

) llr = vty and osc(

We check these assertions using the fact that

B . - o oy [ M)
lend = Ml = f :OSC(I})SI < M) |l = o) [OSC(M(f))} D
= B(M) x sup (11 — p2)(9)]

g :05C(g)<1

= B(M) x [[p1 — p2lltw

for any Markov transition M.
Several rather crude estimates can be underlined. For instance, we have

(Va,y,z € By K(z,dz) > € K(y,dz)) = B(K) < (1 —€)
In the same vein, we have (K) < (1 — €) as soon as
Ve,y € By K(z,dy) > € u(dy) for some p € P(FEs) (4.29)

The last assertion comes from the fact that the Markov transition

Ky(asdy) = 17— (K (@, dy) — en(dy)
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is such that
(K (2,dz) — K(y,dz)] = (1 — €) [Kyu(x,dz) — Ku(y,d?)]

Given a pair of Markov transitions K from Ej into Eg, and K5 from Fj into E3 , and any f3 € Osc(F3)
we have

osc(K1K2(f3)) < B(K2) osc(Ki(f2)) < B(K1)B(Kz) osc(f1)
with
fo=Ka(f3)/B(K2) € Osc(Ez) and  fi1 = Ki(f2)/B(K1) € Osc(Eh)

This clearly implies that S( K1 K3) < 5(K1)B(K3). Iterating this argument, for any collection of Markov
transitions K, such that 8(K,,) < (1 — €) we have the quantitative contraction estimate

BIEEK,.. . K,) < [] BE,) <(1-¢"

1<p<n

In this situation, in time homogeneous settings we have

[ K™ = po K" ||y < (1= €)" [|p1 — p2lltw —nso0 0 (4.30)

from which we conclude that there exists a unique measure 7 such that 7 = 7K.

4.4.2 Boltzmann-Gibbs transformations

Given a positive and bounded potential function G on F, we denote by V¢ the Boltzmann-
Gibbs mapping from P(FE) into itself, defined for any u € P(E) by

(1) (d) = M(lg) G(x) p(dz) (4.31)

There is no loss of generality to assume that G is a |0, 1]-valued function. For [0, 1]-valued potential
functions, the transformation is only defined on measures p s.t. u(G) > 0. To avoid unnecessary
repetition of technical abstract conditions, and unless otherwise stated, in the further development of
this section we frame the standing assumption that G is chosen so that

g = sup (G(x)/G(y)) < o0 (4.32)

x7y

Next we present a rather strong Lipschitz type estimate. For any pair of measures p and v, and any
bounded positive function G, we have

S L1 I
1(G) vV v(G) v

There is no loss of generality to assume that G is a |0, 1]-valued function. We prove (4.33) using
the fact that the mapping Vg can be expressed in the following form

Ve (p) = pSy (4.34)

[We(p) = Ya(v)|w < (4.33)

with the Markov transitions

Sul@,dy) = () 8,(dy) + (1 G(x)) We(u)(dy) (4.35)
On the other hand, we notice that

Vo) ~Va) = (u—1)Sutv(S,—S)
V(S —S) = (1-u(G) W) — Ta(v)]
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from which we find the formula

Vo) - Va(v) = —— (1 —1)S, (4.36)

In addition, we have

Su(z, ) =2 (L= IGl)) Ya(n) = B(Su) <Gl

The end of the proof of (4.33) is now clear. This ends the proof of (4.33).
We end this section with an interesting contraction property of a Markov transition

M (z,dy)G(y)

Male ) = 3@y

= V(8. M)(dy) (4.37)

associated with a potential function G satisfying (4.32) It is easily checked that

[Ma(f)(x) = Ma(f)(y)| = [Va(dM)(f) = Va(0,M)(f)] < g [0M — 6y M ||t

from which we conclude that
B(Mag)<gpB(M) (4.38)

This estimate is clearly only useful when 5 (M) < 1/g.

4.4.3 Normalized Feynman-Kac semigroups

We return to the Feynman-Kac semigroups discussed in section 4.2.1. We let P, ,, be the normalized
semigroups defined by

Pp,n(f) = Qp,n(f)/@p,n(l)

For any 0 < p < ¢ < n, we have

QP#}(Qq,n(f)) _ Qp,q (Qq,n(l)%)

f Qa@Qun (D)~ Qo @an(D))

p,n(f) =

If we set

Gan P,o (Gyn
G = Qpa(1) and  RUY(P) = QSZ§<5;n{): ?’Zié;n{)

then we find that

— Q ) (G n P,n(f))) _ P, (G ;N Pm(f))) _ p(n)
Ppm(f) a - Qp(,]q(G:n) - prlq G:n) a Rp,q Pq,n(f)

—

In a more synthetic form, we have proved that

Vo<p<q<...<q.<n P,,=R"P, ,=R"MRM  RM

P,q1 P,q17 791,92 : K,

For instance, for ¢ = p + 1 we find that

R L(F) = Qpt1 (Gprin [) _ Mpi1 (Gprin f))

QPH (Gerl,n) B Mp+1 (Gerl,n)

Assuming that
Mpi1(x,dz) > € Mpi1(y,dz)



76 CHAPTER 4. MARKOV CHAIN MODELS

for any non negative function f, we find that

Mpi1 (Gpsin f) (x) S 2 Mpi1 (Gpin f) (y) — R
)

(n) T) = €
Rp’p+1(f)() Mp1(Gprin)(z) — My 1(Gpt1,0)(y p’pH(f)(y)

This implies that

p,p+1(‘r7d'z) > € Rglg+1(y7dz) = £ (Rz(:p)Jrl) <1—é

from which we conclude that

B (Ppn) < 8 (RUD1) B (Prern) < (1= é) 8 (Ppyan) < (1 - )"

4.4.4 Foster-Lyapunov condition

A/ We further assume that E is a topological vector space equipped with the Borel o-field £.
e Dobrushin local contraction property
For any compact subset C' C E, we have

B(C; M) = sup |[[M(x,.)— My, )|, <1 (4.39)
(z,y)€C?

e Foster-Lyapunov condition
There exists some non negative function W on E with compact subset levels, such that

M(W) < eW + ¢ (4.40)

for some € € [0, 1] and some finite constant ¢ < co. The function W is called a Lyapunov function.
Replacing W by W/c in (4.40) there is no loss of generality to assume that ¢ = 1. In addition,
replacing W by W, =1+4+¢€¢ W > 1 we have

MW)=eMW) + 1<eW, + 1
Therefore, there is no loss of generality to replace (4.40) by

MW) < eW 4 1 for some function W > 1. (4.41)

When the Dobrushin local contraction and the Foster-Lyapunov condition are satisfied, for
any R € R, we set

5(R)(M) = 6({W§R}aM): sup HM(.Z‘,)—M(y,)”w§1
(zy) : W()VW (y)<R

We consider a Markov transition M on some complete separable metric space E such that

M(z,dy) > m(z,y) A\(dy) (4.42)

for some some strictly positive Radon measure A(dy) (i.e. nonempty open balls have positive measure).
We further assume that for any compact set A there exists some positive measurable function g4 s.t.

inf m(z,y) 2 qa(y) (4.43)

In this situation, the Dobrushin local contraction condition (4.39) is satisfied. For instance, the mi-
norization condition (4.43) is met when the functions m(z,y) are lower semicontinuous w.r.t. the first
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variable, and upper semicontinuous w.r.t. the second. We recall that a characteristic of Radon mea-
sures is that the measure of a Borel set B is the supremum of the measures A(A) of the compact sets
A C B. Thus, if A is a strictly positive Radon measure on F, one can always find for every open set
B C E a compact A C B such that

AA) = (1/2) A(B) (> 0)

This ensures that A charges all the compact sets.

To check this claim, it is of course tempting to set inf,c 4 m(x,y) = ga(y) but it is well known that
the infimum of an uncountable collection of functions may fails to be measurable. Under the condition
(4.43), we clearly have that

Vre A M(z,dy) > qa(y) Mdy) :=va(dy) with ~a(1) = A(ga) >0
In this situation, the Dobrushin condition (4.39) is clearly met with
Ve e A M(z,dy) > ez va(dy)

with
ea=7v4(1) >0 and va(dy):=~vya(dy)/va(l)
When the density function m(z,y) is lower semicontinuous w.r.t. the first variable and upper
semicontinuous w.r.t. the second variable, there exists some measurable function hgy : y +— ha(y)
such that

inf m(z,y) = m(ha(y),y) == qay) > 0

A proof of this result can be found in [115]. It this situation, the minorization condition (4.43) is
clearly met. This ends the proof of the assertion.

The Foster-Lyapunov condition ensures that the Markov chain X,, with transition probabilities M
has little chances to escape from the level sets {W < w} of the function W. Indeed, we have

(4.40) = M"(W) < @@ WHec(l+e+...+e" )< W+c/(1—e)
from which we prove the uniform estimate

SupE (W(X,)) < " E(W(X0)) +¢/(1 - €) < C = E(W(X0)) +¢/(1 - )

Using Markov inequality, when the level sets of W are compact we have

Vp >0 IHW < C/p}:= A, compact s.t. supP(W(X,) & A, <p

n>0

We let V' be a non negative function V s.t.

MV)<c V+ec

for some c1,co > 0. We equip the set of probability measures P(S) on some state space E with the
V-norm.

The V-Dobrushin ergodic coefficient Sy (M) is defined by

= sup {osc : 0sc = su [M(z,.) = My, )lly
BN = s foser (1) S ¢ osev() < 1} = g IS A

with ||.||y and oscy (.) defined in (12) and (13).
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The r.h.s. formulation in the above display is readily checked using the fact that

o M) E) - M)
BrM) = S o T V@ V()]

Arguing as in the proof of (4.28), for any couple of measures p1, uo € P(S), and any function
f st |Ifllv < oo, and any n € N we have

By (M) oscy (f)
Bv(M) gy — pollv and By (M") < By (M)"  (4.44)

oscy (M (f)

<
lpiM — pa M|y <

When the drift condition (4.40) and the local Dobrushin condition (4.39) are satisfied for some
function W and some parameter € € [0, 1], there exist some positive function V' s.t. Sy (M) < 1.

4.5 Some illustrations

4.5.1 Minorization condition

Let a be a bounded function on £ = R, and let M be the Markov transition associated with the
evolution equation

X, = a(Xn_l) + W,

where W,, stands for a sequence of independent and absolutely continuous r.v. with common density

p(w) = % el In this situation, if we fix a point zg € E, we have

v(dy) = M(xo,dy) < M(x, dy) NW=o@l-w=o@oll < N(z, dy) * =

This implies that
M(z,dy) > ev(dy) with €= exp(—Aosc(a))

We consider a compact set £/ C E = R? and we let p(x,%) some continuous positive function on
(R4 x RY). The Markov transition M (z,dy) o p(z,y) 1l (y) dy on E' satisfies (4.29). We check this
claim using the fact that

/

pay) 1 - PELY)
vest p(z, )<\/E th \['_z,x',yfeS' p(z,y)

These estimates implies (4.29) with v(dx) o M (zo,dy). This indicates that (4.29) is satisfied for any
Markov transitions with a continuous density on some compact space (equipped with some metric).
For instance any regular Markov chain evolving in our galaxy satisfies (4.29).

We assume that there exist some subset A C E and some positive measure 7 s.t. 7(A) > 0 and for
any r € B

>0 (4.45)

M(z,dy) 1a(y) = v(dy) 1a(y) (4.46)
In this case, we have
M(z,dy) = M(x,dy) 1a(y) = v(dy) 1a(y) = € v(dy)

with
e=v(A) and v(dy)= (dy)1a(y)
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For instance, the Gaussian transition on £/ = R defined by
1 ( 1
2mo%(x) 20%(z)

satisfies (4.46) with A = R as soon as

M(z,dy) = (v a<x>>2> dy

0<o2,, <o*(r)<ol,,<oo and |a < oo

We check this claim using the fact that

y=0 = SUI;(:U —a(@))? <y +2yllalla + [lal® = (y + [lal))?
S

y<0 = sup(y—a(2))* <y* —2ylalla+ lla* = (y - |lal)?

€S
and
M(z,dy) > ~v(dy) := 71(dy) + y2(dy)
with
(dy) 1 (- g+ lall?) 1,20 4
= — exp| —— a
le y \/m 20_72)“” y yZO y
1 1
d = ————— exp (— — la 2) 1 d
72( y) \/m 20—727“n(y H ||) y<0 ay
Notice that in this case we have
oo
(1) +12(1) = [P (=llal + ominY = 0) + P (la]l + ominY < 0)]

Omin
= [1=P(Y] < [lall/omin)] >0

where Y stands for a centered Gaussian r.v. with unit variance.

4.5.2 Gaussian transitions

A simple way to check the Dobrushin local contraction condition is to prove that for any compact
subset C' C E, there exists some ec €]0, 1] and some probability measure v¢ on E such that

Ve e C M(x,dy) > ec vo(dy) (4.47)
In this situation, using the same arguments as the ones we used in (4.29) we prove that
BC;M) < (1 —e0)

In the literature on Markov chain stability the subsets C' satisfying the minorization condition (4.47)
are often called "small” sets.

This local contraction condition is satisfied for most of the Markov chain encountered in practice.
For instance, for the Gaussian transition

1 1
2mo?(x) P <_ 20%(x) (y

associated with some locally bounded drift and variance functions ¢ and o2 on E = R we have

M(z,dy) = - a<x>>2) dy

y>0 = sug(y —a())® <y*+2yllalla+ llall% = (y + [la]4)*
TE

y<0 = Sug(y —a(z))? <y* —2yllalla+ |lalli = (v — [la]4)*
TE
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for any bounded subset A C E, with ||la||4 := sup,c4 |a(z)|. We further assume that

Ve e A 0 < 02ina <o’(x) <o?

man, max,

A<OO

This implies that

M(z,dy) > ~(dy)

—1 1
= ly>0 (1/271'0'72nax’A) exp (—202

(v + HallA)2> dy

min,A
[ 2 - 1 2
+1y<0 ( 27ramam’A> exp | —5 5 (y—|lalla)® | dy > 74 v(dy)
Umin,A

with the probability measure v(dy) = v(dy)/~(1) and the |0, 1[ valued constant
S OminA || _ /”GHA/O'mm,A 1 )2 "
O—TTLG,Z,A _”aHA/Umin,A v 27T
This clearly implies that

sup ||M(z,.) = M(y, )l <1 —7a
(z,y)eA?

In the Gaussian model discussed above, we notice that
ja(@)| <€ 2] = E[ [Xa| [Xpo1 = 2] <ela|+0°

In this case, W (x) = |z| satisfies (4.40) with ¢ = o2,
More generally, suppose that X,, and X, are two non necessarily independent copies of the tran-
sition of the chain starting at x and xg; that is, we have that

M(z,dy) = P(X,edy| Xn-1=2)
M(zo,dy) = P(X, €dy| Xy1=m0)
We suppose that the state space F is equipped with some metric d and we have the local contraction

inequality
E (d(Xn7X7,’L) | (Xn—l’X;L—l) = (1’,:60)) <e€ d(ﬂj,xo)

Returning to the Gaussian model discussed above, we can take
Xp=a(@)+cY and X =a(zo)+oY

where Y stands for a centered Gaussian r.v. with unit variance. In this situation, the local contraction
stated above is met for the Euclidian distance d(x,y) = |z — y| as soon as

|a(z) — a(zo)| < € & — w0
We set W (x) := d(z,z¢) for some fixed state xo € E. Using the triangle inequality
d(XTh ZL‘o) - d(Xrlw 1'0) < d(Xna Xrlz)

we prove that
E (d(Xn, z0) — d(X},, %0) | (Xn-1, X7_1) = (2,%0))

= M(W)(xz) — M(W)(z0) < € d(z,x0) =€ W(x)
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This implies that the Foster-Lyapunov condition is met with
MW)(z) <eW(x)+c with c:=MW)(zo)
We end this section with a sufficient condition of the Foster-Lyapunov condition. Suppose there
exists some subset A C FE s.t.

e W(x) forany z€ FE— A

c forany x€ A (4.48)

—
=
3
&

VANVAY

then we have
VeeS MW)(z)< eW(z) lg_a(x) + ¢ la(z) <eW + ¢

Whenever M (W) is continuous the condition (4.48) is met as soon as we can find some compact set
A s.t.
Ve & A MW)(z) < e W(x)

for some € € [0, 1]. In this case (4.48) is satisfied with ¢ = sup,c 4 |W (x)|.

4.5.3 Some quantitative estimates

In the further development of this section, we assume that the condition (4.41) is met and we set
V, = p W, for some p €]0,1]. Notice that

(4.41) = M(V,) < eV, + p

In addition, we have the uniform estimate

(Vo=pW and W=>1) = V,'M(V,) < ¢ + piwgue

We also notice that for any R > 1 we have

V@)t M)(e) < e+ phr<etd
W2k = { ! pr(x) = pW(ﬂﬂv)V(z)pR i (4.49)
and
-1
W) <R = {Vp@:) AZ;VpV)% < ; e o)
We set

M (z,.) = My, )lly,
L+ V() + V,(y)

By definition of the V-norm (12), using the triangle inequality (for the the total variation of the mea-
sures; namely |1 + po| < |p1] + |p2l, for any measures 1, p2), we prove the following decomposition

Ap(x> y)

Ap(‘rv y) =

1
T 14 V,(2) + Vo(y) I, ) = My e,

n Vo(2) M(Vy)(x) Vo(y) M(Vy)(y)
14+ Vy(x)+ V,(y)  Vy(x) 14+ Vy(z)+V,(y)  Vu(y)

||M(:L’, ) - M(y7 ')Htv

1
S TRV, 1 V,0)
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When W (z) AW (y) > R, using (4.49) we find that

| V() + Vo(y) 1
Ap(r,y) < 11 V() + V,(y) + 14+ V,(z) + V,(y) ( )

B 1_<1_1+Vp(w1>+vp<y>> (1_ 6+11%>>

from which we conclude that

sinn - ) (1) =
sup r,y) <1-— - —le+ =
W (z)AW (y)>R g 1+2pR R

for any p €]0, 1]. Using (4.50) we also find that

sp ey < —— g®an+2 L 140

W (2)VW (y)<R 1+2p
< BB(M)+4pR <1

for any p < (1 — BU®)(M))/(4R).
Combining these estimates with (4.44) we readily prove the following result.

When the drift condition (4.40) and the local Dobrushin condition (4.39) are satisfied for
some function W and some parameter € € [0, 1], there exist some positive function V s.t.

Bv(M) <1

In this case there exists an unique invariant measure m = 7 M and we have the exponential
contraction inequality

[l M™ = pp M™ [y < By (M)"™ |lpa — pzllv —ntoc O (4.51)

In exercise 4.7.1 we design a function V such that

1= %I (M)

R112v3) with R :=2/(1—¢€)

Bv(M) <1

By definition of Sy (M™), for any function f such that

f@)] <124+ V(z) (= |fl@z)-fl<1+V(z)+V(y)

and for any (x,y) € F we have
|M™(f)(x) = M"(f)(y)| < Bv(M") (1+V(z)+V(y))

This implies that

[M™(f)(x) = 7(f)]

IN

/ w(dy) [MP(f)(x) — MP(f)(y)
Bu(M™) (14 V(z) +7(V)

IN
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4.6 The ergodic theorem

A

We consider the occupation measures of a Markov chain X, with transition K on some state
space E defined by

V" (& V'=vn+1[r"—n)) (4.52)

U< <n v

We further assume that the Dobrushin ergodic coefficient of K is s.t.
BK") <aetm (4.53)

for some parameters a < oo, and b > 0, and for any n > 0. In this situation, the chain an unique
invariant measure 7 = 7K and we have osc (K"(f)) < a e™® ™, for any f s.t. osc(f) < 1. Using the
fact that

K" (f) = ()l = K" (f) =7 K" ()] < osc(K"(f))
we check that the functional series

=Y K'(f)(z) < P:=[d—K]"'=) K"

n>0 n>0

are well defined bounded functions for any f s.t. 7(f) = 0, and osc (f) < 1. We check this claim using
the fact that

PO <D IK™(f) = K™ ()] <D osc(K™(f)) <a/l —e
n>0 n>0

In addition, they solve the Poisson equation
g=P(f) = —L(g)=f with L=K-1Id (4.54)

for any given function f s.t. 7(f) = 0. We check this claim using the fact that

[Id - K]P =Y K"(f)@) =Y K"(f)(@) = f(x)

n>0 n>1

By construction, we have [Id — K](g) = f — w(f), from which we check that

f(Xp) =m(f) = [d—K](g)(Xp)
= 9(Xp) — K(9)(Xp) = 9(Xp) — E(9(Xp+1) | Xp)
= —(9(Xpt+1) — 9(Xp)) + (9(Xpt1) — E(9(Xp+1) | Xp))
Ag(Xpe1) =AMp11(0)

This yields the decomposition

V() = g (0061) — 9(X0) — s Moale) = =27 4 o1y (459
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A a direct consequence of (4.55), we have |E [V"(f)]| =ntoo 0, and

B(V'(PP) = g E(M@he) +o(1/n) = supE (V'(1) < o0 (156)

<(n+1) osc(g)’

To compute the limiting variance, we notice that

ntE((M(g))n) = E(nl Y. K - K(9)] (Xn1)>

0<p<n
= E(m" (K (9%) — K(9)*) —nee 7 (K(g°) = K(9)%)
Thus, recalling that 7K = 7, we also have the asymptotic result
E ([V”(f)ﬂ) — 00 0'2(f) =T (92) -7 (K(g)2)
Since g satisfies the Poisson equation we have

9=K(g)+(f—7(f)
= 7(g°) = m(K(9)*) + 2 7((f — =(f)) K(9)) + =((f — 7(£))*)

A This implies that

oA (f) = 2a((f —(f)K(9) +7((f —7(f))?)
= 2> a([f = 7 (HIEP[f = (O] +=([f = 7(£)]?)

p>1

4.7 Exercises

Exercise 4.7.1 The aim of this exercise is to quantify more explicitly the geometric drift contraction
inequalities discussed in section 4.4.4. We set Re :=2/(1 —€), ae :=1— BE)N(M), and § := (1 — ¢).

e Choosing R = R in (4.49) and (4.50), check that

1 4p(l—¢)
Vp €]0,1 sup Aj(r,y) <1— = —————
o W (@) AW (y)>Re Pl&9) 2 (1—¢)+4p
and .
Vp €]0, a6 /8] sup Ap(z,y) <1-— (ae S ) <1
W (2)VW ()< Re 1—e

o We setu:=4p/d, and

Check that these two functions intersects at some point

u=1+va?+b—a€l0,b]



4.7. EXERCISES 85

o
— — | <
(1 b+4)_

(%
Vi4+v2>214 ——
- 2v14w

with

N

a:= and b::%
2

N

Prove that for any v > 0 we have

and deduce that
ob

g(u) = h(u) = 11203

e Deduce from the above that for p = ud/4 we have

(1-¢)(1 - pRI(a))
2(1 +2V/3)

By, (M) <1-—

Exercise 4.7.2 We consider a stochastic matriz with positive entries

P11 P12 P13
M= | pa p22 p23
P31 P32 P33

For any x € S = {1,2,3}, we denote by G(i) the set of all the i-graphs. An i-graph is a set of directed
edges without any loops connecting all the states j # i without cycles to i; and with a single edge
starting from the states j # i. For instance, the set 1-graphs G(1) = {91, 92,93} with the directed
graphs defined below

2 3 2<—3 3<—2
1 1 1
g1 92 93 and

Prove that the unique invariant measure of the chain is given by

w(i) =)/ > AG) with (@)= Y ] pr

1<5<3 9€G(3) (k,l)Eg

For instance, for i =1 we have

7(1) = Z H pij = (2131 + P32p21 + p23ps1)
9€6(1) (i.j)€g

Exercise 4.7.3 We consider a Markov transition on some finite state space such that the M™(z,y) >
0, for any x,y € E, for some m > 1. Prove that the unique invariant measure of the chain is given by

n(x) =~(z)/ Y _Ay) with y@z)= > [] M.2)

yeE 9€G() (y,2)€9

where G(x) stands for the set of x-graphs defined in exercise 4.7.2.

Exercise 4.7.4 We consider the stochastic matrix presented in exercise 4.7.2.
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Prove that the characteristic polynomial P(\) = Det(M — XI) is given by
PO =01-)) (P+(1-A4r+0)
with C =1— (A+ B), and

A = pi1+p2+pss
B = paspsz + piapa1 + p13ps1 — (P11p22 + p11pss + pazps3)

Check that
1—A
= 1 —(qi2 + q13 + q23)

with the parameters q; j = (pij + pji)/2.

Check that
B=-34+4 (qi2+qi3+q3)— D
with
D = 4(qi2q13 + q12G23 + q13923) — (p21p23 + P12p13 + P31P32)

Deduce that

(1—2A)2 —C = A(q) + 6(p)

with the parameters

1
Alg) = 3 (@12 — @13)* + (q12 — q23)° + (@13 — 423)°]
d(p) = [p12p13 — Qr2qu3] + [P21p23 — @21G23) + [P31P32 — 431¢32]

Conclude that the eigenvalues of M are given by Ay = 1, and

A2 = (I = (q12 + q13 + q23)) + VA(q) +6(p)
A3 = (1 —(q12 + q13 + q23)) — VA(q) +6(p)

with the convention /—a = i/a, for any a > 0.
In the reversible case, check that 6(p) =0, and

A< <A\ =1



Chapter 5

Continuous time models

5.1 Continuous vs discrete time models

The abstract Markov chain framework introduced in Section 4 encapsulates continuous time evolutions
of nonanticipative processes, as well as cadlag Markov processes (X7)¢>0, taking values on some Polish
state space E (i.e., a separable and completely metrizable topological space).

For instance, given some time mesh (,),>0, the sequence of random variables X,, defined by

Xo=Xi, ., Xo=(XDtust<tu, » andresp. Xy = (Xj)osi<t,

are Markov chains taking values in E,, = E, E,, = D([tn, tn+1], E), and resp. E,, = D([0,t,], E), where
D([a,b], E) stands for the set of cadlag paths from the time interval [a, b] into the set E.

Of course the Monte Carlo simulation of continuous time models (X{);>o often requires to discretize
the time into small time intervals, just like a video is actually discretized into a series of discrete
generation frame sequences.

For instance, let us suppose we are given an R%valued It6 stochastic differential equation

dX| = a}(X]) dt + o}(X]) dW; (5.1)

with some initial random variable X, with distribution 7{ = Law(X])). In the above display, W; is a
standard d-dimensional Wiener process, and for any = € R?, o}(z) = (01(®))1<ij<a and ay(z) =
(ag’i(:r))lggd are, respectively, a symmetric nonnegative definite matrix and a vector with appropriate
dimensions. In the further development of these lectures notes, it is implicitly assumed that the drift
and diffusion functions are sufficiently regular so that the stochastic processes are well defined at all
times.

A Euler type discretization X,, ~ X} of the diffusion (5.1) is given by the Markov chain
X =Xn 1+ an (Xn1) At oy (Xn 1) (Wi, — Wi ,) (5.2)

on the time mesh (t,)n>0 s.t. (tn — th—1) = A > 0, with the drift and diffusion functions
given by

(an7 Jn) = (a;n_l ’ O-I;n_1>

and the initial random variable, X, = X|.

High order or implicit time discretization schemes can also be used to cure the instability of some
evolution models.

In the same vein, suppose we are given a jump type Markov process X that evolves between jump
times T;, as in (5.1).

87
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The jump times 7), are defined in terms of a sequence (e, )n>1 of independent and iden-
tically distributed (abbreviated i.i.d.) exponentially distributed random variables with unit
parameter. The successive jump times are defined sequentially by the following recursion

t
T, = inf {t >Tho1 ¢ / (X)) du > en} (5.3)

Tnfl

with Ty = 0, and some nonnegative function \,,. At jump times T;,, the process at X/ -
jumps to a new location X7, randomly selected with some distribution S5, (X7, _,dy).

In the above discussion, we have implicitly assumed that the parameters (aj, o}, A}) are sufficiently
regular, so that the jump diffusion defined by (5.1) and (5.3) is well defined on the real line R = [0, oo[.

Discretizing the integral in (5.3) on a time mesh ¢, with time step h, we define a sequence of
random times

TV = inflt,>T" | : exp|— Z A (X)) h | < —expen = up
T,«];L_lgtk:<tm
= lnf tm Z TTfLL—l . H G_Atk (th) h S Un

T»,?, 1 <tp<tm

where u,, stands for a sequence of i.i.d. random variables on [0, 1].

This shows that

P (T8 =t | Xpp th < tm) = [I ot (1-e M)

Ty?,l <tp<tm-—1

n

A Thus, a discrete time approximation of the jump-diffusion model on a time mesh t,, is
given by a Markov chain X,, with elementary transitions

Ky (z,dz) = /Mn(x,dy) In(y,dz) (5.4)
where M, stands for the transition of the Markov chain (5.2), and J,, is the geometric jump

type Markov transition defined in terms of the couple (Gy,S,) = (exp (—AX,, ), S; ), by
the following equation

Jn(y,dz) = Gn(y) dy(dz) + (1 — Gn(y)) Sn(y,dz) (5.5)

We refer to the articles by E. Pardoux and D. Talay [486], V. Bally and D. Talay [34], as well as the
seminal articles by P.E. Kloeden, E. Platen, and their co-authors [384, 385, 386, 387], for a detailed
convergence analysis of time discretization schemes.
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5.2 Martingale decomposition

To clarify the presentation, we suppress the index (.)" and we let X; be a jump-diffusion process defined
as in (5.1) and (5.3) replacing (a}, o7, A}, S;) by some parameters (a;, o¢, A, St). For any s € Ry and
x € R we denote by

t€[s,00] = @sr(z) €RY

the solution of the equation (5.1) starting at = at time ¢ = s. The mappings ¢, (x) are called the
stochastic flow of the diffusion process (5.1).

5.2.1 The Ito formula

A In this notation, if T stands for the first jump time after time s, we have

P(T® edt , Xy €dy | Xo, sy (Xs), 7> 5)

— Mlpar(Xs)) exp (— [ Mpurtxa) dr) Lo dt % Silpar(Xa).dy)

]P’(XT(S) €dy | TG)=t, @sr(Xs), 7>5)

P(T(S)edt | Xs, @s,r(Xs), 7“28)

= P(TW e dt ,Xpsar € dy | X¢) = M(Xy) dt Sp(Xy, dy)

(5.6)

Expanding a formal Taylor series, for smooth functions f on Ry x R% we have
af (t, Xy) = f(t+dt, Xy +dXy) — f(t, Xy)

d d
0 1 A .
= Y xpyar + ST Of) dXi+ 5 3 0% dxiax]

ot ; “
=1 1,7=1

+Af(t, X;) — Z 0; f (Xy) AXt+f Z 8;if(X:) AX]AX]

=1 3,0=1
(5.7)

The terminology smooth is used to described functions which can be derived at any order and have
bounded derivatives with compact support. These regularity conditions can be relaxed using appro-
priate domains of definitions; we have chosen here these strong conditions to clarify the presentation
and concentrate on the stochastic modeling rather than on sophisticated analytical considerations.

The r.h.s. term comes from the fact that

dX} = dX{" + AX]
with the jump term AX}, and the increment

dX[" = b(Xy) dt+ Y ol (Xy) dW]
1<5<d

of the continuous process

Xt X0+/ ds—i—Z/ ob J(Xy) AWY
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In this situation, we have

AX{HAXP = Y oh (Xe) of (X)) dWEAW]
1<ki<d

and applying the rules dW} x dW} = 1;—; dt, and dt x dW; = 0, we conclude that

AXFAXP = 3 ok (X0) o, (X0) dt = (ou(00)")] (Xe) dt
1<k<d

In this context, the quadratic term ngng is interpreted as the increment of the covariation
process

dxidX] = (od(o0)7),; (Xe) dt+ AX{AX]
= d[X',X], = d(X, X), + AX]AX]
with
d(X X)y = dX{H X = (O't(at)T); (Xy) dt

Rewritten in terms of the continuous and jump parts of the process, the Doeblin-1t6 formula (5.7)
takes the form

d
Gt.x) = D xga + Y a(x) ax;
=1

d
1 c, c,J
+5 'Zl 0if (Xp) X7 AXPY + Af(H X2)
)=

To take the final step, we use (5.6) to check that
Af(t, Xe) =E(Af(, Xe) | Fo) + Af (1 Xe) —E(Af(E,X) | F)
with the predictable part of the increment
B(AF(X0) | F) =MD dt [ (f(t) = Flt,)) Silody
and the martingale part of the increment

AM{(f) = Af(t, Xy) —E(Af(5 X)) | F)
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A This shows that

df(t, Xt) = |:88t + Lt:| f(t, Xt) dt + th(f) (58)

with the sum L; = L§ + L¢ of the generators

d d
. 1 i
Li(f) = 21 a; Oif + 5 -21 (oe(00)"); Dif
1= 1,]=
1
= Vf+5 T (o0 V?f)  and  L{ =X [S; - Id] (5.9)
and the martingale increments
d . .
dM(f) = dM{(f) +dM(f) with dM{(f) = ) 0:f(Xy) 05,(Xe) dW/
ij=1

We recall that the angle bracket (M),

martingale M; w.r.t. some filtration J; is the predictable stochastic process (M); s.t. M? — (M), is

a martingale. By construction, arguing as in the discrete time case, the angle bracket of M;(f) w.r.t.
the filtration F; = o(Xs, s < t) is the sum

(a.k.a. the predictable quadratic variation) of a given

(M(f))e = (ME(f))e + (M)
of the angle brackets of the martingales Mf(f) and MZ(f) given by

d ¢ d 2
pE@ = 3 [ a@rnr172)=3 [ (Lo a.e) e e
j=1 70 \i=1 7

4,j=1

o = [ E(@o? £) = [ E(@a)? | £)

/Ot E((Af(s, Xs))? | Fo) —/OtAs(Xs) U (f(s,y) — f(s,Xs))? Ss(Xs,dy)] ds

(5.11)

A These angle brackets can be rewritten in a more synthetic form

(M(f)); = /0 T (f(s,), (5, ))(Xs) ds

in terms of the ”carré du champ” operators

Lr.(f. f)(z) = Le((f = f(2))*)(2)
Li(f*)(x) = 2f (2)Le(f) (@) = Trg(f, (@) + Tra(f, ()

The ”carré du champ” is non negative since we have

_ — f(2))? bt — f(x))?
o, (f, )(2) ~n0 [P Id]}E(f f(2)) ](x): P7+h[(fh f(2))7]

(z) =20
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We can also show that
My(f)Mi(g) — (M(f),M(g))¢ is a martingale
with the angle bracket
d(M(f), M(g))r = E(dM,(f)dMi(g) | Xe) =TL(f, 9)(X3) dt

defined in terms of the ”carré du champ” operators

[Prin — Id][(f — f(2))(g — g(x))]

U, (f,9)(@) = Li((f — f(2))(g — 9(2)))(x) =~ny0 . (z)

5.2.2 A local characterization

In this section, we present an alternative, and more intuitive, local characterization of the infinitesimal
generator, and its “carré du champ” operator in terms of limiting predictable averages of the increments
of fi(X:) and the ones of the martingale My(f).

Firstly, using (5.8), we readily show that

B - (X)) | F)

:tisE</j <§+LT> () (X5) d¢|fs>

This implies that

A BOAOD 100 1 X =) = (54 L) ()

On the other hand, using the fact that M;(f) and M;(f)? — (M(f)); are F-martingales, we prove

that
E ([Mi(f) — Mo(£)2] )

=E (M(f)?| Fs) — Ms(f)?

=E (M(f)? = (M(f))e] Fo) = (Ma(f)* = (M(f))s)

=0

FE ((M(f))e = (M(f))s | Fs)

=E((M(f))e = (M(f))s | Fs)

from which we conclude that
t
E((M(f) - My(f)?| Fo) =E ( [ to et 06 dr) Xs)

Arguing as above, we prove that

B (M)~ Mo | F) —hes o (o £3) (X0)
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or alternatively

;Eqﬁ(mﬂ(m/j <§T+LT) (fr)(Xy) dTr \Xs=x>

—ts L, (fs, fs) (7)

We end this section, we an informal derivation of the infinitesimal generator of the jump-diffusion
process (5.3) in terms of the Markov chain with elementary transitions K,.

Infinitesimal generators play a central role in stochastic analysis. They provide a complete analytic
description of continuous time Markov process in terms of integro-differential operators L} acting on
some domain D of sufficiently regular functions f with the following formulae

. [Ps’t—fd
lim | ——

s—t €

} (@) = lim e E((F(X0) — f(@)) | Xs =) = Li(F)(@)

s—t

This yields the first order expansion of the semigroup
P, =1Id+(t—s) Ly +O0((t—s))

The regularity property of the functions depends on the dynamics of the Markov process under study.
The generator of pure jump models are defined on every bounded measurable functions. The one of
R?-valued diffusion processes is a second oder differential operator, only defined on twice differentiable
and bounded functions.

Taking A ~ 0 in (5.5), we find the approximations

Jn—Id=(1—exp(—AN,)) (P, —Id)~ )\, (P —Id)A

In much the same way, for any smooth functions f we have

(My, — 1d)(f)()

12

E(f (af, (@) Atof, (2) (Wi, =Wi)) = fla)
~ L, (f) A

with the operator L) defined by the following formula

d d
1
L,t = Z CLLi 6Z+§ Z (UQ(UQ)T)Lj 8i,j (5.12)
i=1 ij=1

Combining these couple of approximations, we find that

(Ko — 14)(f)(z) = [(Id+ (M, — Id)(Id+ (J — Id)) — Id)(f)(x) (5.13)
~ (M, = 1d)(f) (@) + (Ju = (@) = Lo, , (@) & (5.14)

with the infinitesimal generator of the jump-diffusion model

L)) == L)) + X(x) / () — ()] P, dy) (5.15)

For a more thorough and rigorous discussion on these probabilistic models, we refer the reader to the
seminal books by Daniel Revuz and Marc Yor [506], Ioannis Karatzas and Steven Shreve [372], as well
as the book by Stewart Ethier and Thomas Kurtz [392], the one by Bernt @Qksendal [471], and my
review article with N. Hadjiconstantinou [182].
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5.3 Path space and twisted processes

Continuous time stochastic processes are defined in terms of a sequence of random variables X; with
a time index t taking values in the uncountable continuous time axis Ry. As a result, proving the
existence and the uniqueness of their distribution on the set of trajectories require some sophisticated
probabilistic and analytic tools. In contrast with discrete generation stochastic processes, we don’t
have any explicit description of these probability measures.

Nevertheless, apart from some mathematical technicalities, the analysis of these path space mea-
sures often follows the same construction as in the discrete time case. Furthermore, despite the formal
derivation of our constructions, all the formulae presented in this section are mathematically correct.

Path space measures are not only of pure mathematical interest. They are commonly used in engi-
neering sciences, statistical machine learning, reliability analysis, as well as in mathematical finance.s
Most of these applications rely on Bayesian inference, maximum likelihood estimation, importance
sampling techniques and Girsanov type change of probability measures.

To guide the reader’s intuition we present a rather informal discussion on these path space models
and their application models.

5.3.1 Pure jump models
Path space measures

We start with a pure jump process X; with intensity function A\;(x) and jump amplitude transition
M;(x, dy) on some state space S. In other words, X} is a stochastic process with infinitesimal generator

Lo(f)() = () / W) — f(@)] My(z, dy)

We let (T})r>0 be the sequence of jump times of Xy, with the convention Ty = 0, and we assume that
Xo = wp for some wy € S.
The random trajectories of the process on some time interval [0, ¢] are cadlag paths

w: se0t — wseS

with a finite number, say n, of jump epochs t; € [0,t], k < n, defined by the fact that Aw;, # 0, with
k < n. In addition, between the jumps the trajectory remains constant, in the sense that ws, = wy, , for
any s € [tg, tx—1[. We let D(]0,1],.S) be the set of all the cadlag paths from [0, ] into S, and Dy([0, ], S)
the subset of the cadlag piecewise constant paths, with a finite number of jump times.

By construction, we have

P ((Tk+17XTk+1) € d(tk+1’wtk+l) | (TkvXTk) € d(tkthk))

— )\tk+1 (wtk) exp <_ ftik+1 As(wtk) d8> dthrl X Mtk+1 (wtk,dwtkH)

and

¢
P(Tht1 >t | (Th, X1,) € d(tn,wy,)) = exp (—/ As(wy,) d3>
tn

In the above displayed formula, dt; and dw, stands for an infinitesimal neighborhood of the points
tr € [0,t] and wy, € S.

In the further development of this section, (tx)i<k<n € [0,t]" stands for the jump times or a
trajectory w = (ws)s<t € Do([0,1],5). Recalling that ws = wy,, for any s € [tx,tg+1], we have the
following construction.
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The path space distribution of X = (X;)s<; is defined for any w = (ws)s<¢ € Do([0, 1], S) by

P(X € dw)

=P ((Tl, XTl) S d(tl,wtl), ceey (Tn,XT") S d(tn,wtn) ,Tn+1 > t) (5 16)

~exp <_ / “Aews) d3> 0TI Dlwns) ds M dwy)]

s<t : Aws#0

One direct consequence of this result is the conditional distribution formula
P ((XT)SSTSt € d(WS)SSTSt) | (Xr)0§r<s = (Wr)0§r<5)

=P ((Xy)s<r<t € d(ws)s<r<t) | Xs— = ws—)

~exp <_ / Anlen) dr> < IT el dr Moo duy)]

s<r<t : Aw,#0

There exists a unique path space measure P on D([0, oo[, R) s.t. its restrictions to every time
mesh sequence are given by (5.20). This path space measure is the distribution of the pure
jump process X = (Xs)se(o,4-

Proof :
One strategy is to consider the set of paths sequence indexed by rationals and taking values in the
compact space R =R U {oo}:

Q:=D([0,00[N QR) := [[R = {(ws)scq : ws €R Vs €Q}
teQ

By construction the product space €2 is a compact metrizable state space. Then, we interpret the
measures [P defined in (5.16) as positive linear functionals on the space C'(€2) of real valued continuous
functions over Qg s.t. P(1) = 1. For any F' € C(2) that only depends on the values of w on some mesh
sequence t, € Q we have

P(F) = / Flw) P(X € dw)

with the measure P defined in (5.20). This proves the existence and the consistency of these mea-
sures on the subspace Clinire(§2) of functions that only depends on the values of w on some finite
mesh sequence t, € Q. Since Clinite(Q2) is dense in C(Q), invoking the Stone-Weierstrass theorem,
we conclude that there exists a unique extension to the set C'(€2). This ends the proof of the theorem. m

The Poisson process with time non homogenous intensity A; corresponds to the situation where
Mi(z,dy) = 0z4+1(dy) and () = A
In this situation, for any w € Dy([0,1],S), such that Aw;, =1, with k < n, we have

P(X €dw) = exp(—/ot)\sds>>< IT (A ds)

s<t : Aws#0

t t
= exp (—/ As ds +/ log (As) dw5> dty...dt, (5.17)
0 0
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The corresponding path space measure on w € Dg([0,¢],S) is called the Poisson measure.
For time homogenous models, this formula also reduces to

P(X €dw) = e M dty...dt,

= e MN\ dty . dt,

Likelihood functionals

We let A be some positive valued random variable. Given A = X, we let X = (X;)s<; be a Poisson
process with intensity A. Combining

P(X €dw| A=) =e I\ qty .. .dt,
with Bayes’ rule, we find that the conditional distribution of A given a realization
X = (Xs)sgt = (ws)sgt =w
of the Poisson process is given by the formula
PA€cd\ | X =w]oxexp(L(A]|w)) xP(A € dN)
with the log likelihood function
L(\]w) ==Xt + w logA

We observe that the maximum value of the log-likelihood function is given by

0 1
aL(A‘wt):—t + th:0<:>)\:wt/t

We let © = (@1,@2) be some positive valued random variables. Given © = 0 = (0',60?), we
let X = (X5)s<¢ be a time non homogeneous Poisson process with power law intensity function
At = 016%¢%2~1 In this situation, we have

P(X €dw|A=))

t
:exp(—/)\sds>>< T ». | ... di
0

1<k<n

:exp(—91t92)x(9192)“ [T @ dn...dt
1<k<n

Using Bayes’ rule, we find that the conditional distribution of © given a realization (Xs)s<; =
(ws)s<t of the Poisson process is given by

PO €df | X = w]

xexp|L (0| w)] xP(O € db)
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with the log likelihood function

L(0]w):=—0%"+w, log (0'6%) + (62 — 1) Z log ty,
1<k<w

We observe that the maximum value of the log-likelihood function is given by the point 6 s.t.

%L (9 | (ws)sgt) = _te + 7 91 =0 <= w = 91t62
L (O] (wolos) = —0- 17 ogt+ % +10g (TTcpent) =0

=wt
This implies that
-1
2 e
0% = wy (log ) = wy Z log —
< 1<k<n

and

1
1 — J—
0" = eXp( -1y log b
wi 1<k<w:t logt

Girsanov’s transformations

We let (X¢, X]) be a pair of pure jump process with positive intensity functions (A¢(x), \j(z)), and
jump amplitude transitions (M;(z,dy), M{(z,dy)) on some state space S.

We further assume that M; and M/ have a density m; and m; with respect to some measure v on
S; that is, we have that

My(z,dy) = my(z,y) v(dy) and  Mj(z,dy) = my(z,y) v(dy)

For instance, all the Gaussian transitions on S = R are absolutely continuous w.r.t. the Lebesgue
measure v(dz) = dz.
In this situation, the path space measures of

X = (Xs)sgt and X/ (X )s<t
are defined for any w = (ws)s<¢ € Do([0,1],.5) (with jump times (t;)1<x<n € [0,]") by the formulae

P(X € dw)

—exp (- t/\s(ws_) ds) x  JI = [elwss) ds me(ws—,ws) v(dwy)]
0

s<t : Aws#0

and
P (X' € dw)

= exp <— /O t N, (ws_) ds> o JI ws-) ds mi(ws—, ws) v(dws)]

s<t : Aws#0
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It is readily check that
P (X' € dw) =Z(w) x P(X € dw)

with the function

2 =ew (= [ -2 (o) ds)

% H Ns(ws—) mi(ws—, ws)

)\s (ws—) mg (Ws—y ws)

The above formula is called the Girsanov change of measure, or a Girsanov transformation. It is
often written for any function F' on the path space Dy([0,¢],S) as follows

E (F ((X9)s<t)) = E(F (Xs)s<t) Zt) (5.18)

with the exponential stochastic processes Z; defined by

Zy = exp ( /Ot [N, = As] (Xso) ds)

Exponential martingales

The Poisson processes (X, X{) = (Ny, N/) with time non homogenous intensity (A, A}) corresponds
to the situation where

My(a,dy) = Mj(w,dy) = So1(dy) and  (Ae(@), Xi(2)) = (s N)

In this situation, for any w € Dy([0,t],S), such that Aw;, = 1, with k& <n, we have

Z(w) = exp [_ /O = A ds+ /0 “log (X)) dws]

Sometimes, we also rewrite this function in the following form
t , )\/
Z(w) = — Ay — Ag| d 1 - = Aws
= [onl o) T (o (50) )
0<s<t

We also have that

Z = exp [_ / I A] ds+ / log (\./ ) dNS]
Ot | 0 M
= exp (—/0 [N, = A] ds) Ogst <1+ (As_ ) AN5>
In terms of the martingale
At

)\/
dM} = <A‘; - 1> (AN; — M\dt) = <At - > ANy — (X — \¢) dt

AMP}



5.3. PATH SPACE AND TWISTED PROCESSES 99

we also have the exponential formula

Z =M ] ((1 +AM§) e—AM?)

We also notice that
Tooai— 7 = 7 (e(Mﬁdt—Mt*)—AM? (1 n AMﬁ) - 1)
(em@im 1+ anp| 1)
= 2 (- (N —-x)de] [1+20)] -1)
= 2 (AMtA — (M=) dt) = Z, dM}

This implies that
dZ; = Zy dM}

In this notation, the change of measure formula (5.18) takes the following form.

For any ¢t > 0, and any functional F' on Dy([0,¢],R) we have
E(F ((Ns)sgt) Zt) =E (F ((N;)sgt)) (519)

with the martingale dZ; = Z; dM;* defined by the exponential formula

Zi=exp (M) [T {(1+202)) exp(-an)}

0<s<t

and the martingale increments

dM) = (XA = 1) (AN — N dt)

If we interpret dZ; = Zy — Z;_4, then it is preferable to write dZ; = Z;_ th’\. In our notational
system, we interpret dZy = Zy1qs — Z¢ so that dZ; = Z; th)‘ is well defined infinitesimal increment.
For time homogenous models (A, A}) = (A, \'), this formula also reduces to

Z(W) — 6(}\—)\/)15 % ()\//)\)Wt — Zt — 6()\_)\/)t % ()\l/)\)Nt

5.3.2 Diffusion models

The Wiener measure

The random trajectories of a Brownian process on some time interval [0, ¢] are continuous paths
w: se0,t — wseR

We let C([0,¢],S) be the set the continuous trajectories from [0, ] into R.
We consider a time mesh sequence ¢, = nh, with n € N, and a given time step At := h €]0,1].
By construction, the path space distribution of W = (W, )Jo<k<p is defined for any w = (ws)s<t, €

C([Oatn]7R) by

]P)(WEdw) = ]P)(th Edwtl,..., th detn)
1 1 Aws, \>
= — = At| duwy, ... d 5.20
@ran2 P72 ( At ) e - 00 (520)

1<k<n
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Since the path space measure of W := (Wj)s<; is supported by the set of functions w = (ws)s<t
that are nowhere differentiable we cannot pass in the limit At — 0 in the above formula. Nevertheless,
using the same lines of arguments as in the ones we used on page 95, we have the following result.

There exists a unique path space measure P on C([0,c0[,R) s.t. its restrictions to every
time mesh sequence are given by (5.20) This path space measure is the distribution of the
Brownian motion W = (Ws)s>0, and it is called the Wiener measure on the set of continuous
trajectories Q := C(]0, oo[,R). The set €2 equipped with the Wiener measure P is called the
Wiener space.

Path space diffusions

To simplify the presentation, we restrict ourselves with a 1-dimensional diffusion X; defined by the
SDE

dX, = b(X,) dt + dW, (5.21)

with some regular homogenous function b.
We denote by X& the discrete approximation model on some time mesh defined by

AX] L = XP = XP =b (XP) bt oo (X)) AW, (5.22)

We assume that X{} = wp = X, for some wy € R.
By construction, the the path space distribution of X" = (X[Z)nggn is defined for any w =
(ws)s<t, € C([0,tn], R) by

P(Xhedw> — IP(X;‘1 € dwy,..., XI' edwtn)

_ 1 1 Aws, 2
— W exXp _5 Z |: At — b(Uthil) :| At dwtl . dwtn

1<k<n
It is now readily checked that
i <Xh € dw) = Zh(w) x P(W € dw)
with the density function
Dh(w) = €xp Z blwy,_,) Awy, —% Z b2(wtk_1) At
1<k<n 1<k<n

Choosing t, = h|t/h], and taking the limit h = At — 0, we obtain the path space measure of the
diffusion process X = (Xs)s<¢ on C([0,t],R)

P(X € dw) := D(w) x P(W € dw) (5.23)

with the density function

D) = ([ ) oy =3 [ 900 is)
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Girsanov transformations

The formula (5.23) is called the Cameron Martin formula or the Girsanov’s theorem for diffusion

processes.
As in the pure jump case, this formula is often rewritten as follows.

For any function F' on the path space C([0,t],R) we have

E(F((Xs)s<t)) = E(F (Ws)s<t) D ((Ws)s<t)) (5.24)
with the density function D on the path space C([0,t],R) defined by

Z = D ((Wy)set) = exp </Ot b(W,) dIV,s —;/Ot B2(W,) ds>

Notice that
t 1 t
Z; =¥ with U, ::/ b(Ws) dWS—/ b2 (Wy) ds
0 0

Combining Doeblin-Ito formula with the fact that
1
dU; = b(Wy) dW; — 5b(W,f)2 dt and dUdU; = b(Wy)? dW7? = b(Wy)? dt
we prove that Z; is a martingale with increments given by

1
dZ; = " dU, + 5 & dUU, = Z, (W) dW,

Girsanov Theorem:
We let X; be the diffusion process defined as in (5.21) by replacing b(x) by some regular
function b;(z) and taking o, = 1. For any ¢ > 0, and any functional F' on C([0,t],R) we

have
E(F ((Xs)s<t) Lt) =E(F ((Ws)s<t)) (5.25)

with the martingale
dL; = Ly b(Xy) dWy

given by the exponential formula

L; = exp <— /Ot b(X,) dW, — ;/Ot b’ (X,) ds)

Proof :
We first observe that

exp (— JEb(xy) dw, — 3 [T B (X ds) = exp (— JEB(X,) dXo+ L [T B(X) ds)
We check this claim using the fact that

dX; = b(Xt) dt +dW; — dW;=dX;— b(Xt) dt
— b(Xt) th = b(Xt) dXt — bQ(Xt) dt
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Replacing in (5.24) the function F' ((Xs)s<¢) by the function

F((Xy)s<t) exp ( JEb(Xs) dwy — [ (X ds)
= F((X,)s<t) exp ( JEb(X) dXo+ L B2(X) ds)
we find that
E(F((XS )<t) exp< JEb(X) dwe — 3 [ B (X) dr))
=E (F((Xs )s<t) exp( fo ) dXs+ 5 fo b (Xs) ds))
The end of the proof is now a direct consequence of (5.24). This ends the proof of the theorem. |

The Girsanov theorem stated above and the formula (5.23) can be extended to d-dimensional non

homogeneous diffusions
dX; = by (Xy) dt + dW, (5.26)

where W; is a d-dimensional Brownian motion (i.e. Wy = (VV;)1 <j<q With d independent Brownian

motions W}, 1 < i < d), and b; is a function taking values in R?. In this situation, the formulae (5.23),
(5.24), and (5.25) are valid with

1 t
zt_exp</ NSRS A NCAT, ds)
0
t 1 t
Li=e (= [ sy aw— g [P o)
0 0

5.3.3 Exponential twisted measures

and

We let X; be some Markov process on some state space E with infinitesimal generator L.

We also consider a collection of sufficiently smooth positive functions hs, and we set

M = b (Xo)hy(Xy) exp <_ /Ot (151 (Ds + Ls)hs] (Xs)ds>

with h; ! = 1/h;. Using Doeblin-ItG formula (5.8), we prove that M}" is a positive martingale
with unit mean.

More precisely, we have

aMl = M {(hyt Okt + Li(h)) (Xe) dt + hy ' (Xe)dMy(h)} — M [hy ' Le(he)](Xe) di
= by N(X0) M dM(h) (5.27)

We let X" be the process defined by the change of probability measure

E (F((X:f)sgt) ) =E (F((Xs)sgt) Mth)

The conditional expectations w.r.t. (XTh)Tg s, with s <t are given by the formula

E (B ((XD)r<s) Fo((XDszrz) ) = E(FU((XD)rea) B (Fal(X])asrer) | (X])rss) )
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On the other hand, using the Markov property we have
E (Fi((X))r<s) Fa((X))s<r<t) )

E (F1((Xy)r<s) M E (F((Xy)s<r<e) M /M | X))

E (F((X,)reo) M Py (Fy) ) = E (FL(XD)r<0) Py (F2) )
with the functional

Pho(Fo) = B (Fa((Xo)ssred) MIY/ME | X, = @)
= 0@ B (B M) e (= [ 0 00)0.+ L) (X)ds) | X =)
This implies that
E(Fa((X)srst) | (XMrss) = E(B((X)szrr) | XI) = Py (F)

To get one step further, for any sufficiently regular function f on E, combining (5.27) with Doeblin-
Ito formula (5.8) we prove that

df (Xe) =dM}"
d(f(XOM]") = M (L(f)(Xe)dt + dMy(f)) +f(Xe) hy (X)) M d M, (h)
B (df(X0)AM | (Xo)ust) +df (XM — B (df (XM | (X)zt)

=M

for some martingale M;. On the other hand, we have

E (df (X)dM] | (Xo)st) = E (dMi(f)dM | (Xo)ost)
= by (XM E (dMy(HAM (R | (X.)st)
= hy ()M d(M (h), M(£))e = M{" (hy 'Tr, (e, f) (Xe) dt

This yields
F(Xeae) My qo/MI = f(X0) = (f(Xt+dt)Mth+dt — f(Xt)Mth) /M)
= [Lef) + by 'To, G, )] (Xe)dt + dM;

for some martingale ./Wt. In particular, This implies that

1
dt

1

E(r&ta) | X =2) 1@ = 2 [E(f(Xha) Mia/MP | X =2) - ()]

~ao L{N(P) (@) = Li(f)(@) + by (@)D, (e, £)(2)

This show that X} has infinitesimal generator

LI(f) i= Lo(f) + by 'Tr, (B, f)
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For the diffusion generator L; = L{ defined in (5.9), using (5.10) we have

d
=" al o f

i=1

with the drift functions at " defined for any 1 <i<d by
d
a + Z atot ak log Iy with atat Za "y
k=1

For the jump generator L; = L{ defined in (5.9), using (5.11) we find that

@ = L@ +xe) [ G- 1@) (555 1) St
= M@ [ () - f@) St
with the jump intensity and transition kernels

h . -1 h o
Af =X hy " Si(h) and  SP(z,dy) = S, () (@)

5.4 Evolution semigroups

We return to the jump-diffusion process X; discussed in section 5.2. Its conditional transitions are

given for any 0 < r < s < t, and any bounded Borel function f on R? by the formulae

Pr(f)(x) = E(f(Xe) | Xp =2) =E(pos(2))
=EE(f(Xe) | Xs)| Xr =2) = Pos(Pst(f))(@) & Py = PrsPsy

In probability theory, the r.h.s. semigroup property is also called the Chapman-Kolmogorov formula.
The law of the random states 7, = Law(X}) satisfy the linear evolution equation

Vs <1 e = nsps,t
Using (5.8), we have the local description of the predictable increment

(Prtrar — 1d)(f)(x) = E([f(Xeyar) — F(Xe)] | Xe =)
— L(f)@)dt < Pra=Id+ Ly dt +o(dt)

We quote 2 important consequences of these expansions
d 1 Piyrar — 1d
—P,,=— 1| P. —Psyl=Psy | ————| = Ps4L 5.28
dt s,t dt [ s, t+dt s,t] s,t |: dt s, t4it ( )
=Ps,tP; ¢4 at
d 1 P_yss—1d
%P&t = —7d8 [ Psfds,t _Ps,t] = |:Sj25:| = _LSP&t (529)
= sfds,sPs,t
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For time homogeneous models Ps; = Py s := P, these two formulae reduce to

d
@Pt =PL=LPF (5~30)

The semigroup P, is sometimes written in the exponential form

P =ett (5.31)

For pure jump models on a finite set E, the infinitesimal generator L is given by the matrix

where S(z,y) stands for the (x,y)-entry of a stochastic matrix S.

In this situation (5.31) reduces to the exponential matrix formula
1L "
P=ct=>" L (5.32)
n>0
It is also instructive to notice that
P(Xiyar =y | Xi = x) = Pys(z,y) = "% (z,y)

with

eLdt(

T,Y) Yo la—y + L(z,y)dt
= Loy + A@) (S(2,y) — Lomy) dt = Xa)dt S(z,y) + (1 — Mx)dt) 1o—y

This shows that the discrete time approximation of the continuous time jump process is
defined by an aperiodic Bernoulli type jump Markov chain model.

5.5 Feynman-Kac perturbation semigroups

In the further development of this section X; stands for the jump-diffusion process with jump intensity
At discussed in section 5.2, and ¢, ¢ (z) stands for the stochastic flow of the diffusion process (5.1).
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5.5.1 Feynman-Kac models

We let PS):t be the semigroup defined by

PAD(E) = E | fonste) o (- t Mgt | (5.33)

Notice that Pét is the semigroup of flow of Feynman-Kac measures ~; defined by

) = [ flenaa) e (= [ Mlonatanin)| =2 (PU0) 530

for any s < t. The normalized version of these distributions are given by

ne(f) =7 (f)/7(1)

For the null intensity function A\, = 0, Pgt coincides with the evolution semigroup of the d-
dimensional diffusion without jumps; that is, we have that

P(f)(x) = E[f(ps(2)] = Pas(f)(@)

We emphasize that ¢, and resp. 7;, are the marginal w.r.t. the final time horizon ¢ of the measures
~¢, and resp. M, on the set of cadlag paths E; = D([0,],R?) from the interval [0,¢] into R? defined
for any measurable function f; on D([0,t],R%) by

e(f2) =E(ft(xt> exp (— / tAs(Xs)ds» and mo(fe) = 7o) (1)

with
Xt = (Xs)sgt and At(Xt) = )\t(Xt)

The measures 1 = Q; are sometimes written in terms of the weighted distribution

1 t
Q¢(dz) == - ©xp <—/ )\S(ws)ds> P (dz) (5.35)
t 0
of the random trajectories of the Markov chain P; = Law (X¢), with the normalizing

Z, = (1) = <exp <_ /Ot )\S(Xs)ds>>

In the above display, do = d(xs)s<¢ stands for an infinitesimal neighborhood of the path
= (Ts)s<t-

constants

5.5.2 Partition functions

We underline that the normalizing constants Z; (also termed in physics the partition function or the
free energy), as well as the measures Q;, can be represented in terms of the flow of marginal measures
(ns)o<s<t- More precisely, we have the easily checked multiplicative formulae

Z,=E <exp <— /Ot )\S(Xs)ds)> = exp (— /Ot nS(AS)ds> (5.36)
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We check this claim using the fact that

;lt log Z, = _;t E @(xt) exp <— /0 t As(Xs)ds>> =11t(M)

More generally, using this formula the unnormalized measures ~; := Z; X n; can also be
rewritten in the following form

) =) e (- | t s (537)

Inversely, we also have that

W) = w(f) exp /Otnsus)dszla(ﬂxt) exo (- /Ot[As<Xs>—ns<As>1ds))

= E (f(Xt) exp (— /Ot)\s(Xs)ds)> (5.38)

with the normalized function
At = A — me(Ae)

5.5.3 Evolution semigroups

Using the fact that

%exp ( /: )\u(%,u(x))du> = —M(psi(z)) exp (— /: )\u(%’u(x))du)

we find the integral formula

v (= [ Mutuatanin) = 1= [ Nourte) e (= [ Aoratenin) ar

from which we prove that

PANE) = PO - /:E(E(f«os,t(x»\sos,,(x))xv-(%,r@)) o[- [ulpatenaa] )
= P - [ B v ) dr

Using the above formula, it is readily checked that

Lpy () = P, / (A PO(LD)) dr =P (O f)
= P H(Le(f) =M f)(z

This shows that

d .
Pl = Po Ly with Li(f) = Lu(f) = M f (5.39)
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It is also readily checked that the Feynman-Kac measures 7, defined in (5.34) satisfy the
equation

(6:39) = SulH)=wEN) ad  En() = w0
= ne(Le(f)) = [me(Aef) — me(F)me(Ae)]

(5.40)
with

Lf) = Le(f) = f

For any y € R?, we also have that

d% exp (- /: Au(<po,u(y))dU> = As(0,5(y)) exp <_ /: Au(ﬁpo,u(y))d@

from which we prove that

1-e (- | t Mpoutiia) = [ A (g0r(®)) exp (-] t M) dn

Recalling that
Vs<u<t  pouly) = ¢sulvos(y))

for any x(= ¢o,s(y)) we have

o[- [ t Mputein| =1~ [ A (ar(@)) exp -/ t Mgt i

This implies that

/t Au(@s,u( ))dU>

flpsp(@ / t Ar(@s,r (%)) flpra(psr(2))) exp [— /T t Au(@r,u(@s,r(x)))du} dr

905 t eXp <

and therefore .
AN =PH = [ P (7 P dr

Using the above formula, it is readily checked that

DR = )+ [ 1 (P (3 PAD)) A PAD)

This implies that

d

dfPth =_p}
S 3

s+ st
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We also have the decomposition

Poy(f)(2) =E (f(Xp) Lposy | X =) +E (f(X) Lporo | Xs = 2)

with the first time of the jump after time s. By construction, we have

E(f(Xe) 1pose | Xs=2) = E(f(pst(2)) 1persy | Xs =)

= & (fouste) e (- [ A (e (@) ir)) = PADe)

On the other hand, we have

E(f(X:) Loz | Xo=a) = E (E (FX) 1 T, X)) pog | X = :c>

~~

I
= E| Pro () Xre) lpo | Xs=2

Using (5.6), we prove that

E (f(Xt) lre< | Xs = 35)

-/ 'E (| 8u(nntalan) Pue)0) | Mndal) ex0 |~ [*Atourtaar] 1%, = ) au

/ 2 O Su(Pur())) (@) du

We conclude that

Py(f)(x) = P2y(f)(x) +/ Py (A Su(Pug(f))) () du (5.41)

5.5.4 Discrete time approximations

For time homogeneous models L} = L* we conclude that

d

A A . pA
Ps,t :PO,t—s T Pt—s = %

P} = P} = PLY (5.42)

As in (5.31), the semigroup P, is sometimes written in the exponential form

At
Pl =e

For the pure jump models on a finite set F discussed in (5.32) the Feynman-Kac semigroup (5.42)
associated with some potential function V reduces to the exponential matrix formula
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t’n
B =t =3 (L) with LY (2y) = Lizy) = V(@) Ly
n>0

In this case, we also have
14
M y) a0 laey + LY (2, y)dt = ey + Lz, y)dt — V() 14—y dt

~aj0 (1= V(2)dt) (Lo=y + L(z, y)dt)
~a10  Gar(z) Py(z,y) with G (g) .= V@)t

Thus, a discrete time approximation Pt‘:’6 of the Feynman-Kac semigroup Pt‘; =PV on a
time mesh (¢y)n>0 with (¢, —t,—1) = € >~ 0 is given by the formulae

P (@) =E | f(x5) [[ 65

0<k<n

where X{ stands for a Markov chain with transition probabilities P(z,y)

5.6 Integro-differential equations

Continuous time Markov processes are intimately related to intro-differential linear evolution equa-
tions. To underline the role of Monte Carlo simulation of discrete generation Markov chain models in
the numerical solving of these equations, this section provides a brief description of the continuous
time version of the Markov transport Equation (4.14).

Using elementary manipulations, we can show that the evolution equation of the laws 7, of the
random states X; of the jump diffusion model (5.3) is given by weak integro-differential equation

d

() =m (La(£) (5.43)

for sufficiently regular functions f on E = R? with the integro-differential operator L; defined in
(5.15).

We further assume that Sy(z,dy) = q.(z,y) dy and the law of the random states 7, (dy) = p(y) dy
have a smooth density g;(z,y), and p;(y) w.r.t. the Lebesgue measure dy on RY. In this situation, the
equation (5.43) takes the form

d
N=[ 1@ G de= [ wio) L) dot [ plo) Mo) alen) () - F(2) dody
For smooth functions f with compact support, we have the integration by part formulae
[ w@) L@ do = [ L7 G0(@) £@) do

with the dual differential operator

d d
1
L (p) = E O, (at; pr) 5 E Oz, ((Ug(aé)T)i,j pt)
=1

ij=1

On the other hand, we also have that

/pt(fv) Ai(@) qi(w,y) (f(y) — f(2)) dedy =/ fla) LY (pr) ()



5.7. STABILITY PROPERTIES 111

with
L™ (pr) () = (/pt(y) M (y) ai(y, x) dy) —pi(z) M\e()

This implies that

d Cyx *
/f pt x:/ f(z) Lr(p)(x) dz with LF = L¢* + L%

Since this equation is valid for any smooth functions f, we conclude that

dp
—r @) = Li(p) () (5.44)
Inversely, any equation of the form (5.44) can be interpreted as the probability densities of the
random states of a jump diffusion model of the form (5.3).
The Fokker-Planck type integro-differential equation (5.44) is sometimes rewritten in the following

form
dpy

7t ——(x) +div (a; pt) — *V (Ut(Ut)TPt) —Oi(pt) =0

with the operators

diV(atpt) = Z i atzpt

d

[y

.

V2 (ouon)pr) = i i (oo™, »)

Oi(pt) = pe(y) M) lae(y, z) dy — 6.(dy)]

\

5.7 Stability properties

5.7.1 Invariant measures

A probability measure 7 on some state space E is invariant w.r.t. some time homogeneous
Markov semigroup P; = Py, if we have 7P, = m, for any ¢ > 0. The invariance property is
also characterized in terms of the generator L of the semigroup:

7 is Pi-invariant <= (Vt >0 7P, =m) <= 7L =0

We check this claim using the couple of formulae

P —1 !
T ( L ; d> —0 7L and Pt:Id+/ LP; ds (5.30)
0

The measure 7 is reversible w.r.t. P; if we have
m(dz) Fi(z,dy) = m(dy) Pi(y,dz)

or equivalently, for any pair of functions (f, g) € B(S)?

Vt >0 w(fP(g)) =n(P(f)g) <= 7(fL(g)) = 7(L(f)g)
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5.7.2 Foster-Lyapunov conditions

We start with a general result that allows to apply the V-norm contraction techniques developed in
section 4.4.4.

We consider the sg P, = FPy; of a time homogeneous Markov process on some state space F
satisfying the evolution equations (5.30) for some infinitesimal generator L acting on some domain
D(L) of sufficiently smooth functions.

We assume that there exists some non negative function W € D(L) on E such that
LW)<—aW + ¢ (5.45)

for some parameters a > 0, and ¢ > 0. In this situation, for any ¢ > 0 the Markov transition
P, satisfies the Foster-Lyapunov condition (4.40)

P(W)<e W+c¢ with ¢ = with ¢ =ct (5.46)

1+ at

In addition, if P; satisfies the Dobrushin local contraction condition (4.39) for any ¢ > 0
then there exists an unique invariant measure m = wM.

Furthermore, for any h > 0 there exist some positive function V s.t. By (Py) < 1. In partic-
ular, we have the exponential contraction inequality

ey (@, ) = 7llv < Bu (PP (1+ V(@) + 7(V))

To prove these claims, we first use (5.28) to check that
t
PW) = W +/ Py(L(W)) ds
0
t

t
< W [a R0 +d ds=W et —a [ POVIs
0 0

On the other hand, by an integration by part we have

/OPS(W)dS = s PS(W)]O—/O 5£PS(W) ds

t
= t P(W) —/ s Ps(L(W)) ds >t Py(W) — ct?/2
0 \,—/
<c
This implies that
P(W) < W+ct—al(t P(W)—ct?/)2)
from which we conclude that

1+ at/2 1
< w t <
- 14 at te l4+at — 1+ at

The last assertion is a direct consequence of the theorem 4.51 applied to the Markov transition P,; =
P'. This ends the proof of the desired result.
Replacing in (5.45) W by W + b for some b > 0 we find that

LW +4+b)=L(W)+b L(1)=L(W)<—a (W+b) + (c+ab)
——

=0

Pt(W) W +ct
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This shows that there is no loss of generality to assume that (5.45) is met for some function W > b,
for some b > 0.

On the other hand, using the fact that

(5.45) with ¢>0 = L<W><—aW+l
c

=
there is also no loss of generality to assume that (5.45) is met for some non negative function W > 0,

with ¢ = 1.
Last, but not least it suffices to check that there exists some subset A C E s.t.

Vie E—A W Ha)L(W)(z)< —a and VzeA L(W)x)<c
In this situation, it is readily checked that
LW)=WILWNg_a W 4+ LW)1a=>L(W)< —aW +c (5.47)

For instance, when E is equipped with some norm ||.||, and L(W) is continuous it suffices to find some
sufficiently large radius R s.t.

V|z|| >R W Hz)L(W)(z) < —a (5.48)

We also mention that any s.g. P, on F = R? satisfies the Dobrushin local contraction condition
(4.39) for any t > 0 as soon as the Markov transitions P;(x,dy) = p(z,y) dy have continuous densities
(z,y) — pi(x,y) > 0 w.r.t. the Lebesgue measure dy. Much more is true, rephrasing (4.42) we have
the following result.

We assume that the s.g. P; satisfies some minorization property

Pi(z,dy) > qi(z,y) dy (5.49)

for some function ¢;(z,y) that is lower semicontinuous w.r.t. the first variable, and upper
semicontinuous w.r.t. the second. In this situation the s.g. P, satisfies the Dobrushin local
contraction condition (4.39) for any ¢ > 0.

We consider a d-dimensional jump diffusion process with jump intensity function A(z), jump
amplitude transition M (x, dy) and a stochastic flow o5 (z). We assume that the s.g. P of
the stochastic flow satisfies the minorisation condition (5.49) for some ¢?(x,y). When the
intensity function A is bounded the s.g. P; of the jump-diffusion model satisfies (5.49) with

Py(x,dy) > e Mt (2, y) dy

The proof if a direct consequence of the integral formula (5.41):

) = R+ " P OSP(f) du s PMF) > eIt pO(p)

for any non negative function f. This clearly ends the proof of the desired result. |
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5.8 Some illustrations

It is clearly far beyond the scope of these lecture notes to discuss in full details the absolutely continuity
properties of Markov semigroups. For a more detailed discussion we refer the reader to [150, 330, 372],
and references therein.

In this section we present some examples of Lyapunov functions for some classes of diffusion
processes.

5.8.1 Ornstein-Uhlenbeck process

The infinitesimal generator of the Ornstein-Uhlenbeck process is given by

d d
. 1 ;
be =R wstoy 3 e, o
1= vLJ=

with some deterministic covariance matrix o and a collection of parameters a; < oo. In this situation,
the s.g. Pi(z,dy) = pi(x,y) dy has smooth densities (z,y) — pi(z,y) > 0 w.r.t. the Lebesgue measure
dy [330]. When amin, = A1<i<qa; > 0, we can choose the Lyapunov function

W)= lal? =5 3 @)
1<i<d
In this situation, we have
: 2, L T
LW)(z) = —; a; (z')° + B Trace (o(0)")

< = 2 amin W(z) + Trace (UJT)

5.8.2 Stochastic gradient process

The infinitesimal generator of the stochastic gradient process is given by

d 1 d
L::—Z &V az+§ Z ai,i
i=1 =1

with some smooth function V' behaving as ||z||* with o« > 1 at infinity; that is, there exists some
sufficiently large radius R s.t. for any ||z| > R we have

d d
Y loV@)| <e o) and > OV (2)? = e x|V
i=1

=1

for some constants ¢; < oo and ¢o > 0. In this situation, the s.g. Pi(z,dy) = pi(x,y) dy has smooth
densities (z,y) — pi(z,y) > 0 w.r.t. the Lebesgue measure dy [330]. In addition, we can choose the

Lyapunov functions
W (z) = exp (2¢V)

for any € €]0, 1[. To check this claim, we observe that

WLL(W)
=20, @VP+ 5 Sh (42 07) + 200,V

<2 [a—e|vV|P-1 Av]
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Under our assumptions, for any ||z|| > R > [e1/(2¢2)]"/* we have

1 o c1 o
A=IVVIP =5 AV = (1=ey al D = S ]
_ a—2 a ﬁ

= J2°7? e flall* = 5]

1}>0

_ 0 C
> Raz[czR -2

We conclude that (5.48) holds with a := 2eR*"? [c; R* — 4.

5.8.3 A two dimensional Langevin diffusion

We consider the R2-valued stochastic process X; = (g, p;) defined by the couple of equations
dy = Bt
m

oV 2 (5.50)
dpy = —pf8 (8 (qt) +*J pt) dt + o dWy
q 2 m

with some positive constants 5, m, o, some Brownian motion W;, and some smooth positive function
V on R s.t. for some sufficiently large R we have

ov
=R g (@) 20 (V(g)+ %)
for some positive constant §. This condition is clearly met when V behaves at infinity as ¢>®, for some
a > 1; that is, there exists some sufficiently large radius R s.t. for any |g| > R we have

ov
q g

for some constants ¢; < oo and ¢y > 0.
The generator of the process (5.50) is defined by

0 ov 2 0 o?
nan =62 -5 ( )L+ 2

We let W(q, p) be the function on R? defined by

(@) >c1 ¢* and ¢ ¢** >V(q)

P o*f
0q 2 m Op?

€ 2

1 o2 . o
Wiq,p) = % P>+ Vig) + 3 (2 @+ 2pq> with € < o

Recalling that 2pq < p? + ¢2, we prove that

Wiap) < (L4e) 2+l (T41) #+vig
ep) < Sl —te) Py (5 ¢+ V(g
with

On the other hand, we have

LW) = p
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Under our assumptions, this implies that for any |¢| > R we have

2

Lw) < -p [ (U—e> p’+ed (V(q)+q2)]+02

m \2m 2m
2

< - 24 2 g
< —Cued) P+ + V() + 5~

cton s (3 (5-0)o0)

We conclude that for any |¢| > R we have

with

Cile,8) (PP+*+V(g) — &

(WILW))(g,p) < — W(g.p)
_ _Gled) P+ +V() -
= C*(e) (P*+¢*+ V()
_ Gy o L
- C*(e) 2mC*(e) p®>+¢>+V(q)
<

[ Ciled) o? 1

[ C*(e)  2mC*(e) p* + QJ
< _ [C'*(e, 5) o? 1 }
- Cx(e)  2mC*(e) p*>+ R?

Choosing R sufficiently large s.t.
Pl >R and || >R

Cy(€,9) _ o? 1
C*(e) 2mC*(e) p*+g?

Cy (€,0) 2 1 Ci(€,0)

C*(e) 2mg*(e) R24Rr2 — 2C*(e) >0

=

we conclude that (5.47) is met with the set
A={lp| Algl <RV R}
and the parameter a = Cy(¢,0)/(2C*(€)) > 0; that is, we have that

pl Algl =RV R= (W L(W))(g,p) < —a



Chapter 6

Diffusions on manifolds

6.1 A review of differential geometry

6.1.1 Projection operators

We let V = Vect (Vi,...,V,) C R" be a p-dimensional vector space with a (non necessarily orthonor-
‘/il

mal) basis (V1,...,V,) € (R")P, with the column vectors V; = ¢, with 1 <4 <p <r. We equip
V”"

7

VY with the Euclidian scalar product
gij = (Vi Vi) =ViVi= Y VIV = u(Viv)")
1<k<r

1 of the matrix g = (gij)1<ij<p and we set

V'lT
V=MW,...,V] and VI:.=| : — g=VTV

T
Vo

We let g/ be the entries of the inverse g~

& In this notation, the orthogonal projection my : W € R" — mp(W) € V on V is given
by the matrix

m=Vg VI = mpW)= ) < > gi’jvj,W> Vi

1<i<p

1<j<p

The r.h.s. formula comes from the fact that
Yiciep gV Yicjp g VIW
: — ¢ WVIw = :

g VT = : :
Rvdl i1/ T
> 1<j<p 9™V Yi<i<pIViW

Given a collection of vectors (W;)1<i<k we set

™y ([Wl, cey Wk]) = [TFV(Wl), PN ,Wv(Wk)]

117
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In this notation, for any Wy, Wy € R", we observe that

WAWy = [Wy Wi,... W5 Wi] = mp(WiW5) = [W3 mp(Wh),... Wy mp(Wh)] = mp(Wh) W5

In summary, we have proved that

m(WiW3 ) = mp (W) Wy

If we choose an orthonormal basis (Uy,...,U,) € (R")P we have
Ut
1<j<p — ur
UT
with
(UL, V) oo (U1, V)
<Upa‘/1> e <Up7‘/p>

from which we conclude that
vglvT = vvtv)—avT
= vrP(UPupP)f(urP)' =vuPPTUTUP) N (UP)T
vpP'p)'PTUT =upPP~Y(PT)'PTUT = UUT
This shows that the projection matrix my = <7T67l)1<k - doesn’t depend on the choice of the basis
of the vector field V, and we have that T

Ty =mp and mpmy =mp = V1 <k 1<7 Z 7'('%/7171'%; k= 71']]3’[
1<i<r

6.1.2 First order covariant derivatives

We further assume that we are given a collection of smooth vector functionals (a.k.a. vector fields)
vV .rERTl—)V%(l‘)GRTandV}J‘ : l‘ERTF—)V}J‘(Z‘)ERT,With1§i§pand1§j§q:7“—p
such that

1
Rp+q:Vect(V1,...,V;,)+Vect(V1L,...,Vql) <<:><V;,le>:O V1<i<p and Vlgqu)

-y L
By construction, for any vector field we have
W =mp(W) + mp (W) (6.1)
Notice that 7 := my and 7| := m,1 are smooth matrix functionals and

(W)=} < > gi’jvﬁ,W> Vit (6:2)

1<i<q \1<j<q
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with the entries gjij of the inverse gll of the matrix g1 = (9.1 4)1<i j<p given by

gLy = (Vi VjL>

Wl
Given a smooth function F' and a smooth vector field W = : onR" forany 1 <i<r
wr
we set
0z, F Oy, W1
OF = ; Dy, W = : and OW = [OW',...,0W"]
Ou, F 0, W

The Euclidian gradient operator 0 : F + JF maps smooth functions to vector fields OF : x +—

(OF)(z) that encapsulate information about the change of the function F' w.r.t. infinitesimal variations

of the independent coordinates x; of the state z = (x1,...,z,)7.

We also consider the operators

ow(F)= > W0, (F)=WT0F = (W,0F) and V=m0

1<k<r

Given smooth curve C' : ¢t € [0,1] — C(t) = (C(1),.. .,Cr(t))T € R" starting at some state
C(0) =z € R", with a velocity vector field W, we have

d

ZFC®) = > WHC() 0, (F)(C(1) = (9w (F)) (C (1)) = (W(C(1)), (OF)(C(1)))

1<k<Zr

The function Oy (F') is called the directional derivative of F' w.r.t. the vector field W. The r.h.s.
equation makes clear the dependency of the gradient on the inner product structure on R”". If
A((OF)(x), W (x)) represents the angle between (0F)(z) and W (x) we have

Ow (F)(z) = [[(OF) (@) [W ()]l cos (A((IF)(x), W(z)))

When W (x) is perpendicular to (OF)(z), then the rate of change of (0F)(x) in the direction W (z) is
null. In the reverse angle, the rate of change of (0F)(z) in the direction W (z) is maximal when W (z)
is parallel to (OF)(x).

The covariant derivative
VF :=n(0F)=0F — ) (0F)

expresses the changes of the function F' w.r.t. vectors W € V:

VW eV  (OF,W) = (x (OF),W) = (VE,W)

By construction, we readily check that

IFW)=0F W' + F oW (6.3)
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and

from which we conclude that
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TO(FW)
= 7 (0F WT) +m (F oW)
= 7 (0F) W'+ F 7 (oW)

We also observe that

(6.1)

On the other hand, we have

and therefore

on(W) =

_1§k§r

= Z Wk [om},...,0n;] +

1<k<r

V(FW)=VF WT + F VW

(6.4)

— OW = 0r(W) + dr L (W)
— VW = V(W) + Vi (W)

1 1 1 k
™ w i<k T W

r T r k
T w §:1§k§rﬂk w

Y a(w%W’“)]

1<k<r

= | D wWron,..., Y wh aw;;] +{Z T OWH, Y g oW

1<k<r 1<k<r 1<k<r
1 T 1 T
O, W By, W oo
1 T 1 T
O, W 02, W Ty ... T

= Z Wk ony + [8W1, .. ,GWT] T Z Wk omy + (OW)xT

1<k<r

with the vector field

This yields the formula

1<k<r

T =

mon(W)= Y W* Vm, + noWn"
1<k<r
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with the matrix
1 1 k 1 r k
Z1glgr m Zlgkgr T O WH, .. 721§l§r m Zlgkgr g O W
TOWrl = : : :
r 1 k r r k
Z1§z§r ) Zlgkgr T O W5, ... aZlgzgr m Zlgkgr T On, W

On the other hand, we have

tr (W@WWT) = Z Z mirl | 9, Wk

1<k, lI<r \1<i<r

= Y m o,WEr=te(@oW) =tr (VW) = > 0, W"  (6.6)

1<k, I<r 1<k<r

with

VW = 70W = [x(0W?),...,7(0W")] = [VW!,...,VIW']

ml Oe WL .. 0, W"
= glow = | : | [oW}...,0W"] = : : :
nl Oe WY ... 0, W
In much the same way, we have
Vre = 7m, =t omy
al OryThy ooy Omymh
= : [8#,%,...,8#,2] =
777? &rrwi, , Ormy
We conclude that
r(Ve(W)) = Y Wrea(Vm)+ Y 0, WF
1<k<r 1<k<r
= Z W* oy, 7t + tr (rOW) = Z Wk oy, 7l + tr (VIV)
1<k,I<r 1<k,I<r

Using the fact that

(6.5) = tr (VW) = tr(Va(W))+tr(Vr (W))
= Zlék,lﬁr Wk (97”7r2, +tr (VW) + tr (Vr (W)

we conclude that

tr (Ve (W) == Y W*oqm,

1<k,I<r

6.1.3 Divergence and mean curvature

For ¢ =1, we have g, = HVf‘HQ, gt = HVllez and

—1 —1 =l =T
T (W) = (Vi W) Vi =V 7w =
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In this particular case, we have the formula

tr (Vi (W) = (H, W) (6.7)

with the mean curvature vector H defined by

i (7)) Vi Y (Z amw;) o it div, (V5 = Y o (719)

1<k<r \1<I<r

and the unit vectors e; on C R” defined by

Vi<i<r ei= | 1 | + i-th term

To check this assertion, we use the fact that
o (W) = 0 (<Vf, W>) vt <Vf, W> oV
from which we prove that
Vr (W) = xdr (W)=n (a <Vl W>) Vil 4 <71 ,W> . (avf)
To analyze the r.h.s. term, we observe that
m(ovy) = oVt oV = e (V) m (9777

On the other hand, we have that
tr <7r (a <Vf,w>) Vf’T) - <7T (a <Vf,w>) ,Vf> =0
tr (w (avf)) =Y 0V —w [M (avl“) ..... - (avf”")}

1<i<r

and

Finally, we check that

tr [TU_ (871"1) ..... T (8Vf’r>} = tr [<Vll7avlivl> Vll 7777 <Vll7avll,r> Vﬂ
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This ends the proof of (6.7).

A/ Our next objective is to extend this formula to any dimensional vector spaces V- spanned
by a given basis of vector fields VZ-L, 1 <1 < q. In this general situation, we have

(W) = 2icicq <21§qu 9y Vit W> Vit
= 1L (W) = D cic |0 1cicg 67V WH VT 50 e A1y 97 VW) OV
+ 1<i<q 1<j<q 9L Y5 i 1<i<q \21<j<q 90 V5 f

i T ij
= V“(W):Zlﬁgqﬂ[a <21§j§q9Lj‘/}L’W>} Virh + Xicige <21§j§qgfvf7w> vV
Using the fact that
tr|m 8< > gi’jv%,W> v :<w 8< > gijvﬁ,w> ,w>=o
157<g 157<g

we prove the formula

tr (Vo (W) = > < > gﬁjvjl,w> tr (vvf)

1<i<q \1<j<q

_ <Z 3 g (vvﬁ) V]#,W> (6.8)

1<5<q | 1<i<q

We also observe that
VVE = rovit =ovit — 1 ovit
= [8‘/;L’17 cee 78‘/;J_’Ti| - |:7TL8‘/7;J_71, - ,WLa‘/;J_’T]

with

TVl =)y < gﬁ’leLﬁViM> Vi
151

1<k<q
This yields

w (V) = 3 e Y Y o (vhavt) v
1<m<r 1<m<r 1<k,l<q
and therefore

S (V) = S | Y et Y Y A (vt v

1<i<q 1<i<q 1<m<r 1<m<r 1<k|l<q

We further assume that the vector fields V- satisfy the following condition

Vi<i<q V1<kIl<r 8,V =0,v>"
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This condition is clearly met when for gradient type vector field models V- = d¢p; associated with
some smooth functions ; on R". In this situation, we have

1.jyrL.g
<a$ivkj_7VlL> = Z Ox, ViV
1<5<r
1., 1 1 1
= Y v = o = (o)
1<j<r
and
<8V].leL’VZJ_> - Z Vji<a~’0z‘VkL7VZJ_>
1<i<r
i 1" L i 1 v, L4
= D VoVt Vit = ) Vion Vi,
1<4,i/ <r 1< i/ <r
= > Vo v v = (it vt (6.9)
1<i,i' <r

Using the fact that
81']‘ (gi,k,m) = azj <VkLv an> = <8ijkLv Vn#> + <Vk >a’fg Vri>
we have
Oy (9L km) = <8v.inLa Vn#> + <3v.i Vi VkL> (6.10)
J J J
= (O Vit Vi) + (0 Vi Vi) = (O Vit + 0y Vb Vi)
In addition, for any 1 < k,I,m < g we have

(v it Vi) = > vt (Vi vit) = 30 vt (av vt (6.11)

1<i<r 1<i<r

This yields

IS IEED VD ML S SR DI AR

1<i<q 1<i<q 1<m<r 1<i,k,1<q 1<m<r
_ 2] Lm k.l 1Ly L
D D A T e <8V¢Vi v > (6.12)
1<i<q 1<m<r 1<k,l<q

To get one step further in our discussion, we need to recall some basic facts on the differentiation
Al(e) ... Al(e)
of determinant of invertible matrices. We let € — A(e) = : : : be a smooth (r x r)-
Af(e) ... Ar(e)
invertible matrix functional. The co-factor expansion of the determinant of A(e) along the i-th row is
given by the formula

7 ”L 7 adet(A)
det(A(e)) = Y A% = Ci(e) = A — ()
1<5<r J

where C}(e) stands for the co-factor of the entry A;(e) defined by multiplying by (—1)**/ the deter-
minant of the minor of the entry in the i-th row and the j-th column. We recall that this (4, j)-minor
is the determinant of the sub-matrix deduced from A(e) by deleting the i-th row and j-th column.
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The inverse of the matrix A(e) is defined by

Cle) ... Ci(e)

This leads quickly to the Jacobi formula for the derivative of the detreminant

d ddet(A4),  dA}(e - (dA(e)\"
2 aer(a) = Y P D 53 (07 <d<>>

1<4,5<r J 1<i<r 1<5<r

= tr (C’T(e) dé?)

— det(a) o (49 “GL)

For any smooth vector field W on R" we set

div, (W) =

M 1;@ <\/det(gL) Wm> (6.13)

We have
1 1
0, (Vaetlg) W) = ———0,, (Vaet(g)) W+ 0y, (W)
det(g1) det(g1)
1
= ——— 0, (d W™+ 0
2det(gL) Tm ( et(gL)) + Tm ( )
1 _
= 3 tr (ngaxmgl) W™+ 0y, (W)
1 k,l
- 5 Z gL’ 8~Z‘77L9J—7kvl Wm + amrn (Wm)
1<k,i<q
from which we find that
1
O, (Vasla) W) = 3 (00, V) W, (W)
det(g.) 1<k1<q
On the other hand, we have
Z giz]gj_ =li—x = Z 91,5 zng_ = - Z (aa:mgl,i,j) gﬂik
1<j<q 1<j<q 1<j<q
= Y 0905 0nn gl = Oung = - 9795 Oung1 iy

1<4,5<q 1<4,5<q
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Applying these formulas to W = Zlgqu gjijVjJ- we find that
div, (lem g’ le)

Z g7 gt Z v <amekL»VzL>
1<5,k,1<q 1<m<r
Z Z VLm Z Qikgﬁ Oz 91k + Z Z amef*m

1<j<q1<m<r 1<k,1<q 1<j<q 1<m<r

Using (6.9) we obtain

divy (Zléjﬁq ngvjl)

= Z giij < gil 8VZLVkJ_7VjL> Z g Z gL 8VLgJ_7]l+ Z Z axmvlm
1<k,i<q

1<5<q 1<k,l1<q 1<5<q 1<m<r
Using (6.10) we have
k,l _ k,l 1oy L k,l 1y L
Z 91 aVkL (gJ"j’l) B Z 91 <8VkL‘/} "/l > + < Z 91 avklvz ’V} ) >
1<k,l<q 1<k,l<q 1<k,l<q

Combining this formula with (6.12) we conclude that

divy (Zlgqu g’ Vf)

(6.14)
, 1 ,m k7l 7:7A
Z gi i.J Z 02, Vi7" — Z gy <8V¢VJ'J',VZJ‘> — Z gy tr (VVJ,J.)
1<j<q 1<m<r 1<ki<q 1<j<q
Finally, using (6.8) we conclude that
tr (Vrp (W)) = tr (m0m )W) = (H, W) (6.15)

with the mean curvature vector

H= > divy | Y g7 V| Vit==> | Y onml | e (6.16)

1<i<q 1<j<q 1<k<r \1<I<r

We let div(W) be the divergence of a vector field W defined by

div(W) = tr (VW)

Using (6.5), we have
div(W) = tr (Va(W)) + tr (VL (W))
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Choosing W = Zlgqu gjij ij-, for some 1 <4 < ¢, we have

aiv (S g v mu (V[ v | s | e v = X o aiv (1)
1<5<q 1<5<q 1<j<q 1<5<q

We check this claim using the fact that

(S - S el

1<5<q 1<j<q
= 2 V() Ve X v
1<5<q 1<5<q
so that
div| 3 g vt o= 3 (Vo) )+ 3 e (V) = X o e (Vi)
1<j<q 1<j<q 1<j<q 1<5<q

6.1.4 Laplacian and second order covariant derivatives

By (6.6) we have

div(W) = tr (VW) = > 85, WF =tz (V( ))+<Z divy [ Y g vt V#,W>

1<k<r 1<i<q 1<j<q

If we choose W = OF we find the second covariant derivative

VPF = Y 0., (F) Vrp+ 70*Fr” (6.17)
1<k<r

and the Laplacian formula

AF :=tr (V°F) = tr (x0°F) + > 0u,F Onym, (6.18)

1<k,I<r

with V2F = V(VF), and the Hessian matrix 0°F = (8, 2, F), 1. ;<,- On the other hand, we also have

7T1T On, F
VF=nF =a"0F = | : |0F =]
7rTT Or, F
and
Or 0 F ... 0p,0p F
V?F =V(VF) = [V, F,... Vo, F] = : : :
Or, 0 F ... ;0. F
This shows that
r(VPF)= ) 02F =tr(n0°F)+ > 04 F Onmy,

1<i<r 1<k, i<r
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Using (6.15), we also have

AF =tr (V?°F) = > 02 F =tr (n0°F) — (H,0F) = tr (n0°F) — 0 F (6.19)

1<i<r

with the mean curvature vector H € V* defined in (6.16)

6.2 Stochastic differential calculus on manifolds

6.2.1 Embedded manifolds

In this section we briefly recall some terminology used in geometry and differential calculus. We only
consider submanifolds S of dimension p which are ”smooth subsets” of the ambient Euclidian space
RPT4 for some ¢ > 1. The case ¢ = 1 corresponds to hypersurfaces (a.k.a. hypermanifolds). We let
p: x € R=PT— () = (p1(2),.. ., (pq(w))T € R? be a smooth function with a non empty connected
null-level set S := ¢~1(0) s.t.

Ve e S rank (Op(x)) = (0p1(x),...,0¢q¢(x)) = ¢
We consider a smooth curve C' : ¢ € [0,1] — C(t) = (C'(t),..., C’"(t))T € S starting at some state

C(0) =z € S, with a velocity vector field W, that is we have that

1 T
- (dc = > —W(C(t) = (WHC()),...,wr(C®)"

dt - \odt 7 dt

By construction, we have

V1<i<g

For ¢t = 0, this implies that

(Opi(2), W) = Y (0n,9:) (2) WW(x) =0 = W(z) € ker (dpi(x))

1<j<r

We let T,(S) be the vector space spanned by the kernels ker (0p;(x)) of the gradient vectors dp;(x),
with 1 <14 < ¢; that is
T, (S) = Vect (Ur<i<gker (Op;(x)))

Under our assumptions, we have

R" = T,(S) + T;-(S) with TE(S) = Vect (D1 (z), . .., 0py(x))

This implies that 7,(S) is a p-dimensional vector space, so that S is a p-dimensional manifold
embedded in the ambient space R".
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We let 7(z) be the orthogonal projection from R" into 7,(S), and by H(z) the mean curva-
ture vector given by

H= Z diVJ_ Z gjij ag()j agoi
1<i<q 1<j<q

with

911 = (g’f) and g = (QL,z’,j)lgi’qu = ((0wi, 0vj))1<ij<q

where div, (.) stands for the divergence operator defined in (6.13). We also recall from
(6.16) that

1<i,j<q

ViI<k<r HF = — Z Féaxiﬂ'i:— Z &rjﬂf s HY = - Z (97rj7rj

1<i,j<r 1<j<r 1<j<r

with the vector fields 7; on R" defined by the column vectors

Vi<j<r Ty =

'S
Ty

The r.h.s. formulation comes from the fact that 7 = 7. By construction, we also notice that
Vi<i<g dp; € TH(S) = Vg =7(dp;) =0 (6.20)

In the case of orthogonal constraints

. _ . a(p
(001, 005) = Lizj 094]° = g% = Liey 0| > = H=">_ dm( @3) dp;
1<i<q

In addition, by (6.13) we find the computationally useful formula

. dp1 Oz,, P1 1
g=1= H = div <> op1 = 8xm< - ) 6.21
\logi?) o ; ERIVAREZY (620

In the special case of the sphere S = SP ¢ RPT!, with p = r — 1 we can can take

iL'iL'T

o(2) = llall = 1 = Op(z) = o/llell and 7 (z) = Id— dp(a)dp(@)” =Td— T (6.22)

In this situation, we have

T T - .
Vx 0 H(z) = 893711 =(r—1) — =(r—1) ——
’ " 1<zm:<r (M) Vg Ve
(6.23)

We check this claim using the fact that

T 1 x%n
O = L=
4. 4 a2 4. 422 (x3+...+x2)

: 380 1 Tm 1 l’z r—1
jdle<>: axm<>: <1 m);
18]I [Ed| 2 ]| ]2 2 ]2 ]2

1<m<r 1<m<r
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For p = 2, the projection on the unit sphere can also be represented in terms of the cross product

. o 2oW3(2) — 23W2(2)
m(z)W (x) = T " W, S a2 AW, = | Wha)zy — W2(x)x, (6.24)
o W?2(x) — 2. W(2)

In much the same way the cylinder of unit radius on R? is given ¢(z1, 72, 23) = /2% + 25 —1 = 0.
In this case, we have

2

1 1 . o] _é;ﬁ% ’
dp(x) = ﬁ T2 and 7(z) = Id—0p(z)0p(z)” = | _mz2 2 (6.25)
] + x5 0 zT1+T5 zT1+T5
0 0 1
and
1 1
mZI,Q z? + 23 0
6.2.2 Brownian motion on manifolds
6.2.3 A diffusion model in the ambient space
Xy
We let X; = : be the R"-valued diffusion defined by
Xy
1
dX; = —5 H(Xt) dt + W(Xt) dB; (626)
where B; stands for a standard r-dimensional Brownian motion.

In the special case of the sphere S = SP C RPT! we have

r—1 X X xr
dXy = ——— dt + | Id — dB 6.27
¢ 2 XIX, + ( XX, ! (6:27)
In terms of the cross product (6.24) we have
r—1 Xt Xt
dX =——— —— dt+ ——= AN\dB
' 2 XIX, O JXTX,

The next picture illustrates a realization of a Brownian motion on the unit sphere.
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Using (6.25), the Brownian motion on the cylinder withunit radius is given by
1 1 X} (X7)? 1 X!x? 2
X = =2 e M \ooeioae 4B Xy a5})
2 _ _1 _ 1 2 6.28
AXF = = oy A+ (e 4B+ e 4B7) (629
dX? = dB}

The next picture illustrates a realization of a Brownian motion on the cylinder of unit radius.

6.2.4 The infinitesimal generator
Recalling that 7 = 77, for any 1 < k < r we have

1 .
dxF = -3 H*(Xy) dt+ Y wf(X;) dB]

1<j<r

_ [% O, () (X,) dt + 75 (X,) dB]

1<j<r
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Notice that

dXFax] > wF(X)rh(Xy) dBldB] ~ > (xfxl)(Xy) di = 7 (Xy) dt
1<i,j<r 1<i<r
N e

=(nnT)k

Using Ito formula, for any smooth function F' on R" we have

1<k<r 1<k, i<r

= (OF(Xy),dX;) + %tr (02F(X;) dXdX})

= (OF(Xy),dX;) + %tr (m(X¢)0*F(Xy)) dt = L(F)(Xy) dt + dM(F)

with the infinitesimal generator
1
2 _ 2
[tr(w@ F) —8]HIF] =3 E 0: F
1<5<r

A(F):%tr (V2F) (+== (6.18) & (6.19))

L(F) =

N~ N

and the martingale M;(F") given by

dMy(F) = ((OF)(Xy), m(X¢)dBy) = (m(X:)(OF)(X¢), dB)
= (n(X)OF(Xy),dB;) = (VF)(X,),dB;)

= > 78 0 (F)| (X2) dB] = Y 0n,(F)(Xy) dB]

1<j<r 1<k<r 1<5<r

Using (6.20), we check that X; € S for any ¢, as soon as Xy € S. More precisely, we have

F=p; = VF=0
S dM,(F) = (VF)(X)),dB)) = 0 & L(F)= % tr (V(VE)) = 0
= wi(Xy) = p(Xo) =0

Thus, (6.27) can be rewritten as follows
r—1
Xy = ——— Xy dt + (Id — x;X[") dB;

Monte Carlo simulation

In practice, the sampling of the diffusion process (6.29) requires some discrete time approximation.
For instance, an Euler type approximation on a time mesh (¢,)n>0 with (t, — t,—1) = € ~ 0 is given
by the equation

1 _
an — Xten,l = —5 H(anil) (tn — tn_1) + W(anil) tn —tn_1 Bn
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where B,, stands for a sequence of i.i.d. centered and normalized Gaussian r.v. on R". Unfortunately
any type of these scheme ensure that Xj stay in the Manifold S. As for deterministic dynamical
systems, we often handle this issue by projecting each step on the manifold

. 1 _
Xten = projg (an_l 3 H(an 1) (tn —tn—1) + W(an_l) ty — tn_1 Bn>

Another strategy is to use a description of the stochastic process in some judicious chart space.
Manifold parametrizations and chart spaces are discussed in section 6.3. We also refer the reader to
section 6.4 for an overview of stochastic calculus on chart spaces, with several illustrations.

6.2.5 Stratonovitch differential calculus

We recall that an r-dimensional stochastic differential equation of the form

dXt = b(Xt) dt + O'(Xt) dBt

can be rewritten as a Stratonovitch differential equation

1
0Xi= b= > o, (o))" | (X1) O+ 0(Xy) OBy (6.29)
1<j<r

with the vector fields o; on R" defined by the column vectors

0]1 8%.%1
Vi<j<r o= : = 0,, (0;)" = :
(7; (%j(f;
In other words, we have
Vi<k<r 0X[=|b —7280.70;“ (X)) 0t+ > o¥(X,)0B!
1<5<r 1<5<r

An heuristic but constructive derivation of these formulae is given below. The Stratonovich and the
Ito increments are connected by

1 .
bk(Xt> ot = bk <Xt + 5 dXt> x dt and U (Xt) GB] = O' (Xt + = dXt) X ng

with the middle state of the increment of X; given by

X+ Xitar

1
=X+ = dX
5 t+2 t

Using this rule, we have

12

"Xy ot+ > ok(Xy) 0B} bk <Xt+ dXt> xdt+ Y o} (XH— dXt> x dB}

1<j<r 1<5<r

= (X) xdt+ Y k(X dB’

1<]<T

+ D (x J) X;) x dXidB] + ...

1<j<T‘ 1<i<r

= PG xdt+ Y of(Xy) dBJ+5 3 (agja])(xt) dt

1<j<r 1<5<r



134 CHAPTER 6. DIFFUSIONS ON MANIFOLDS
The last assertion comes from the fact that

dX{dB] = " o}(X,) dBjdB] = o}(X,) dt

1<i<r
Thus, the Stratonovitch formulation of (6.29) is given by

a)Q—IZW()Q) af%

In much the same way, using the fact that

(0r,F) (X;) 0B] = (0.,F) <Xt+; dXt> dB}

1 .
= (0n,F) (X)) dB] + 5 3" O (0x,F) (Xy) dX[dB]
1<i<r

and

> 0w, (0n,F) (Xy) dX]dB] > 0 (0n,F) (X)) > 7 (Xy) dBdB]
1<i<r 1<i<r 1<m<r

— [Z T (Xy) B, (0r,F) (Xy) dt = 92 F(X;) dt

1<I<r

we prove that

(0x,F) (X¢) OB} = (8, F) (X;) dB] +% (af;jF) (Xy) dt

and therefore

(0, F) (X;) dBJ = (0x,F) (X;) OB} f% (872er> (X;) dt

Therefore, the Stratonovitch formulation of the equation

dF(X;) = L(F)(Xy) dt+ > (0n,F) (Xy) dBY

1<j<r

is given by

OF(X,) = (X)) dt+ Y (0n,F) (Xy) 0B]

1<j<r

1
L(F) =5 » o2 F

1<j<r

= Y (0,F) (X)) 0Bl = Y (0,F)(X) Y wh(X:) 0B]

1<j<r 1<k<r 1<j<r

= ) 0 F(X)) 0Xf = ((0F)(Xy),0X)

1<k<r
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6.2.6 Projected diffusions on manifolds

Xy
We let X; = : be the R"-valued diffusion defined by
X{
1
dXt = W(Xt) (b(Xt)dt + O'(Xt) dBt) — 5 HO-(Xt) dt (630)

1
= B(Xe)dt + |F(X,) dBy — 5 Ho(Xy) di

with B
o(z) =m(z)o(z) and b(x)=mn(z)b(x)

where B; stands for a standard r-dimensional Brownian motion and

—1
Yi<j<r 05,05

ol ... ol
o= : : : and H,(z) =—

r =T
oy ... o) > i<j<r 07,07

<

Using (6.29), the Stratonovitch formulation of the above equation is given by
Xy = b(X;) Ot +7(Xy) OB,
In this situation, we have

dXdX{ =5(X,) dBy dBl 5(X)T = (75" ) (X¢)

This yields, for any smooth function F' on R" the Ito formula.

dF(X;) = (OF(Xy),dX;) + %tr (0°F(Xy) dXedX])
= (OF(Xy),dX;) + %tr ((@@") (X1)0*F(Xy)) dt = L(F)(X;) dt + dM(F)

with

L(F) = 0;F + % [tr ((55") 0°F) — 0w, F)

and the martingale

dMy(F) = (OF (Xy),0(X1)dBy) = (VF(Xy), 0(Xy)dBy)
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To get one step further in our discussion, we notice that
tr ((oo7) (2)0*F(z))
= > 1<ki<r Owpa (F)(@) (E(x)ET(x))f = ZlSj,k,lgr 5?(37)53‘(53) Oy (F) ()
=D i<j<r Di<k<r 5?(35) Oz, (21319 55’ ale) (z)
=2 1<i<r {Zlgjgr {nggr 5?(@ Oz, (Eé‘) (x)]} Oy '

= Yi<jer 05, (05, F) (2) + Ou, F(2)

This implies that

LF) = 0(F)+5 >, 8§j(F):<b,VF>+%tr(JTV o'VF) (6.31)

1<yj<r

The r.h.s. formulation comes from the fact that

Zlgkgr Ulfaa:kF
cLOF = :

k
Zlgkg’r Op axkF

— (TOF) = [Lice, 0 (0100 F) o Dicpe, (0500, F)]

Zlgkzgr O, (UlfaxkF) Z1§k§r Oy (UfaxkF)
) D 1<k<r 833; (0100, F) > i<her O, (070, F)
., ., Z1gk,zgr Uiawz (U]faﬂckF) Zlgk,zgr Ullazz (UTkafEkF)
=o' (0(cd'0F)) = : :
( ( )) Z1§k,lgr Uiézz (Ufa:ckF) Zlgk,zgr Ufﬁxz (UfaxkF)

This yields

tr (ETG ETGF) =tr (UTV UTVF) = Z Z oy, (Jfaka) = Z 8%1_ (F)

1<i<r 1<k,I<r 1<j<r
Using (6.20), we check that X; € S for any ¢, as soon as Xy € S. More precisely, we have

dMy(F) = ((VF)(X;),0(X¢)dB;) =0
{ L(F) = (bVF)+35tr(c?VolVF) =0
= @i(Xy) = ¢(Xo) =0
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6.2.7 Brownian motion on orbifolds

We let S = ¢ 1(0) € R"=P*! be some hypersurface, and H be a subgroup of the orthogonal group
O(r) on R", acting on S, such that

VheH VreS hrelS (= ¢(z)=q¢h))

The prototype of model we have in head is the unit sphere

§=5 = {x (@) cier + ol@) = |3 a2 -1 0} c RPH!
1<i<lr

and the group action induced by the subgroup

€1 0 0
0 e ... O

O =<h= L :V1<i<r ¢e{-1,1} (6.32)
0 O €

In the case of the sphere the quotient manifold is isomorphic to the positive orthant S/H = S N R’
(hw,hy) = 2" h"hy = 2"y = (z,y)

Quotient manifolds defined by the orbit space S/H are often called orbifolds.
By construction, we have

on(z) == p(hz) = Oy (pn)(z) = Zlgkgr (akaO) (hz) Oy, (Zlgjgr hi xj)
= Zlgkgr hi (Ozp) (h) = Z1gk§r (hT)? (O, p) (h)

= (9¢n)(z) = h™(9p)(ha) = h' (9p)(h)

= [@en)@)* = ((@en)(), (en)())
= (99)(ha)"hh" (9p)(hx) = (0p)(ha)" (0p) (h)
= [(@¢)(ha)|?

This shows that the unit normal at hx is given by

p (Oen)(z) _ (0p)(ha)
1@en) (@)l [(9p) (ha)|

On the other hand, under our assumptions we have

L (@) 0@
en(e) = elhe) = 0l2) = G SN ~ Te)@)]

This implies that
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from which we prove that

1 09 o)@)"

B 0)
™) =1 = ) tha) | @) @)]

o (9) () (@) (z) \" 6.33
= hm(z)h fd=h 1@ )(m)”( ||(8so)(w)|!> o

(9p)(hz) (9¢)" (hx)

~ M et @R ha)l

hr(x)h! = 7 (hx)

On the other hand, we have

(O¢n) v (Op)(hx)  Op .
1@en ™ =" T@) ol ~ T ™
(0w, ton) (2) m (92,) (ha) -
> Oun [T = Srsseet? one [T) = 0o R @

= S Y 4, { ﬂ (hz) D, ( 3 h;;xi>

1<j<r 1<k<r 1<i<r
= > RPRP D O, [] (hz)
1<5<r 1<k<r

Taking the sum over m, this implies that

=1;on
> !Z h;"(hT)an] 3 amk[ } - ¥ o= @)
1<j<r |1<m<r 1<k<r 1<m<r (6.34)
= 2 O it 00 -2 i@

Combining this result with (6.21) we conclude that

hH() = Z o (1) >] b @)

1<m<

- ) (1| (O)h2) -
R _1;%Tamm<|!8<p\l>(h )] @) (he)] h H(h"z) = H(z)

We let X; be the Brownian motion on S defined in (6.29). Using (6.33) and (6.34), for any h € H
we have

1
Y, = hX; = dY; = hdX; = —3 RH(AT (hX3)) dt + hr(Xy)hT hd By

— L) dt+ =(vi) dB® (6.35)
9 t
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where Bt(h) is a standard r-dimensional Brownian motion. Roughly speaking, this result shows that
all the stochastic processes in the same orbit

OrbH(X) = {(hXt)tzo : he /H}

only differ by changing their driving Brownian motion. This coupling technique allows to define in a
unique way the Brownian motion on the quotient manifold S/H.

6.3 Parametrizations and Charts

We denote by
P 0eSy CRP = (0) = (wl(é?), e ,wT(Q))T eESCR" (6.36)

a given smooth parametrization of S, with a well defined smooth inverse mapping

¢0=97' 1 xS ¢(z) = (d1(x),...,¢y(x))" €55 C R

To clarify the presentation, we further assume that the manifold S can be parametrized by a single
map 7, and thus thus with a single chart coordinate.
By construction, we have

Vi<i<q VOeSy, e1((0)) =0

U
Bps (pro) (0) = D (Buyi01) (1(0)) 9p, 00" (0) = ((Depr) ((6)), Dp,p(6)) = 0
1<k<r
J

VeeS  (Opi(x),(9p9) (¢(x))) =0

To clarify the presentation, we set
(Op)y = w €8 (0,0), (x) := (00,0) (0(x)) € T(S5)

and

(99") s 0 0€Sy—(0¢),(0) = (9¢') (¥(0)) € R

In this notation, we have shown that

T(S) = Veet ((D0,0)-- (90,4),,)

in the sense that

VeeS  Ty(S) = Vect ((aw) o (@), (00,0) (x))
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We let e; be the unit vectors on Sy (C RP) defined by

0

<C
[y
AN
IN
b
D
I
—_

<+ i-th term (6.37)

0

We end this section with an alternative description of the vector fields (9p,1) & For each 1 <4 < p,
we let ¢;(t) = ¢(x) +t e; be a curve in Sy, with starting point ¢(z) and velocity e; and

Ci(t) = (d(z) +t e;)
is the pushed forward curve in the manifold S with velocity
dcC; ;
0= D7 (95,9),(2) ¢ = (90,0), ()

1<j<p

In differential geometry these vector fields in 7,(S) are often denoted using the somehow
misleading notation

0= (O0,0), (@) (6.38)

a6, 1= =

The main reason for this pretty strange notation will become clear in section 6.3.2 (see
formula (6.46)).

6.3.1 Orthogonal projection operators

We let g = (gi,5)1<i,j<p be the (p X p)-matrix field on Sy, defined by

V1<i,j<p ij = (a0, Bg, 1) (Ve Sy gi;0):=(0p,0(0),0,1(0))) (6.39)

We also consider the push-forward matrix fields on S given by

9o = (9¢.ij)1<ij<p = (gij © ¢)1sm§p

By construction, the projection of any vector field W on R" onto T'(S) is given by

1<i<p \1<i<p

in the sense that

m(z)(W(2) = <Z g5 (x) (0a‘j¢)¢(93)7W(1‘)> (0, 0) 4 (z)

1<i<p \1<i<p
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We let Wy, = W o1 be the pull back vector field on the parameter space, and we denote by
my(0) = w((0)) = m(z) the orthonormal projection functional onto T, (S) with x = (6). In this

notation, we have
T (0)(Wy(0)) = < > g"(0) (90,9) (0), W, (9)> (Op,1) (0)
1<i<p \1<i<p
or in a more synthetic form
Ty (W) = Z < Z 9" 59j¢,W¢> Op; 1)
1<i<p \1<i<p
By construction, for any 1 <14, < p we also have that

FWO)=0" = 9o (¢ 0v))O) = Yicpe, (0,9), (8) st (6)
((067),, (6),06,0(0) ) = 1

so that )
vees  {(06%) (@), 00)y (@) = 1iss

This implies that

Vo' =7 (9¢') = > <Z 95" (Ogp ¢,a¢i> (Dpr))

1<k<p 1<l<p
= > g (g, (6.40)
1<k<p

and

D 065 VO = Y D gegi 95 (Ogrd)y = (Bptd),

1<i<p 1<k<p1<i<p

By construction, we have

<(v¢i) (D) ¢> =1i; and (V¢ V') =g/

We check these claims using the fact that

(V") @)y} = 3 05" g0y =

1<k<p

and

(Vo vy = S it gl {(0n),, (00),)

1<k,l<p

= > 0" > & geun=9)

1<k<p 1<I<p
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In summary, the vector fields V¢! form a new basis of T'(S5)
T(S) = Vect (VqSl, ce ngp) with the scalar product <V¢>i, V¢j> = gfb’j

and the change of basis formulae are given by

@)y = D Gpij V&' and Vo' = > gl (91), (6.42)

1<j<p 1<j<p

Expressed in this new basis vector fields, the orthogonal projection operators 7 take the
form

r(W)y= > <Z 9o.irj W',W> 3

1<i<p

1<5<p

Notice that
W= > Vi (0pv), = VI<i<p Vi=(W,V¢)

1<i<p

Rewritten in a slightly different form we have

W) = > (VW) Y g Vo= Y (VW) (9p), (6.43)

1<j<p 1<i<p 1<j<p

6.3.2 Riemannian structures

We consider a smooth curve in the parameter space ¢ : t € [0,1] — c(t) = (c1 (t),... ,cp(t))T € Sy
starting at some parameter state c(0) = 6 € Sy, with a velocity vector field V(€ RP), that is we have
that

" Cl cP T
= (G ) = V) = (el Vel

The function c¢ is called an integral curve of V (a.k.a. V-integral curve). By construction, C(t) :=
¥ (c(t)) is a smooth curve on S and we have

Vi<igq =gl = 3 @) e0) Vie)

dt ,
1<i<p

For ¢t = 0, this implies that
dC i
—o0)= > Vi@) (00.%))

1<i<p

with
z=9(0) & 0=¢(x) and Vi(z)=V'(¢(x))

In other words, C is an integral curve of the vector field

W)= Y Vi(z) 001)um

1<i<p
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For any smooth function F' = f o ¢ on S we have

CZF(C( t)) = KZMW’C ) (0, F)(C(t)) = 0w (F)(C(1))
= 1; Vi(c(t) 1<Zk< (02, F)((e(t))) (0,0 (c(t))
- Z Vi(e(t) (3, (F o) (clt)
= 1_25 V7 (c(t)) (90, f) (C(t>):av(f)(c(t))Z%f(c(t)) (6.44)
<j<p

This shows that

LR(OW) = dw(F)OM) = v (N(e(t) = T7et) =2 owF =@vfos (645

Vector fields can also be interpreted as differential operators
W : F — W(F)=0w(F)=W'oF = (W,0F)
In this interpretation, rewritten in terms of (6.38), we have
9 \" ) )
Op. (F = — 0:.F)=(=,0F )= —(F
O Fo), = 3 () @ar = (ggoor) = g5r)

and therefore

i 0 0

VeeS W)= > Vi) (aa) e W= >V a0 (6.46)
1<i<p v 1<i<p

In this synthetic notation, we have

Z V¢ 89 (F) = Z nga@'(f> with f=Fov¢y & F=fo¢

1<i<p 1<i<p

This induces a one to one linear mapping between the tangent spaces Ty(Sy) of the param-
eter space and the tangent space T g)(S) on the manifold S. This mapping is called the
pushforward of the vector fields on Ty(Sy) into Ty g)(S), and it is given by

(dg) : VeT(Sy)m (dv) (V)= Y V' (9p,0) € Ty(S)

1<i<p

in the sense that

(d)g = V(0) € T(Sy) = (dip)g = D VUO) (95,0)(0) € Ty)(S)

1<i<p
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Alternatively, we have

(dip)y = Vi € Ty(Sy) = () (Vi) i= Y Vi (95,00), €T(S)
1<i<p
in the sense that
(d) gy = V(D) = V() € Ty(a)(Sp) = (dh) iy Vo(@)) := D Vi(x) (99,00),, (z) € Tu(S)
1<i<p

Finally, we notice that
W= (@d)s(Ve) = D Vi @)y = (VoL W) = D7 VI(V, (0ptt)y) = Vi
1<i<p 1<i<p
Thus, for any W € T'(S) we have
(Vo)™
Vo = (dy), (W) = : w
(Vo)™
The parameter space Sy, C RP is free of any constraints and we have
Tp(Sy) = Vect (e1, ..., ep)

with the unit vectors defined in (6.37).
In this notation, (dv¢) maps the basis functions e; of Ty(Sy) into the basis functions (9p,9) of
Ty(9)(S); that is, we have that

(d) (e:) = (Op,%0) and  (dv);' (Fp,1) = e

It is also essential to notice that

((d) (VA), (d = > Vigi,; Vi=VigV

1<i<p

Thus, if we equip the tangent space Tp(S,) with the scalar product

Vi, Va)y = > gij ViV§

1<i<p

the description of T'(S) in the chart ¢ given by

(Wi)y = (d) (Vi) = ((dy) (W), (d = > ViVi gy

1<i<p

In summary, we have

(V1,Va) g = (W), (Wa)y)

More formally, the (linear) push forward mappings (di)y are smooth isomorphisms between
the inner product spaces (Ty(Sy), (-, -)4(0)) and (Ty ) (S), (., "))

The scalar product induced by g on the tangent space T'(Sy) of the parameter space Sy, is
called the Riemannian scalar product.
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6.3.3 First order covariant derivatives

Pushed forward functions

Smooth functions F' on S are the push forward of functions f on Sy, and inversely functions
f on the parameter space are the pull back of functions F' on S using the relations

F=fo¢p and f=Foy

As a rule, we use the letters F and W to denote functions, and vector fields on S and f,V
to denote functions and vector fields on the parameter space Sy.

We also denote by Fy, = F o, resp. Wy, = W o1, and fs = f oo, resp. V5 =V o ¢, the
pull back of W resp. F, and V, resp. f, w.r.t. ¢ and ¢.

In this notation, differential of push forward functions are given by
0o,(Fp) = D (9u,F), 00,0 = (90,0))" (9F)y
1<j<r
In terms of (6.38)

In much the same way, differential of pull back functions are given by the formula

8x1(f¢): Z (30jf)¢ angb] <~ (af¢)w: Z a@jf (8¢])¢

1<j<p 1<j<p

and therefore

(VF)y = mp(0F)y = Y (9,f) 7y (04'),

1<j<p

= Y (95,f) (V)= > | D g7 (95,f)| Opt (6.47)

l<j=<p 1<i<p [1<j<p
= > (Vo) it = di (Vy(f)) (6.48)
1<i<p

with the vector field V, f on Sy given by

Z1§j§pgl’j (89jf)
Vof = : =g 'of (6.49)

Z1§jgp 9" (693' f)

The last assertion comes from the change of basis formula (6.42). It is also instructive to observe that
Vof =Y (> g7 epofyes=> | D g7 0f| e and (Vo)) = (V)
1<i<p 1<j<p 1<i<p |1<i<p
Furthermore, using (6.41) for any

F=foo¢ and W= (dy), (V)
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we have

(VE, W)

In much the same way, we have

(VE)y, Wy) =

CHAPTER 6. DIFFUSIONS ON MANIFOLDS

S Vi (00f), (V. (@00),)

1<4,5<p

3" Vi @0 ) = ()6 Vi)

1<i<p

D (Val)) VI (Dgitp, D)

1<i,j<p

> g (Vo) VI=(Vef, V), = (0f.V)

1<i,j<p

In terms of directional derivatives, we have

Ow (F)) 0t = (VE)y, Wy) = (Vo f, V),

VRV = (90, (Bt (= (@, 08),), )

In particular, for any couple of functions F; = f1 o ¢ and Fy = fs 0 ¢ we have

We consider the r coordinate projection mappings

X'=1"o¢

czeS =X (2)= @ og)(v)=a; €R

Applying the above formula to f = ¢*, using (6.48) we find that

v X= (@) (Ver'),) = 3 (V8)s (00")

On the other hand, by (6.43) we have

1<5<p

aW) = > (VW) (0pv),

1<5<p
Yigjzp (VOLW) (), (v xH)"
- : = : W
21<i<p (V&I W) (9pit"), (v x")*
We also have
A X!
: =-H

A X"

We check this claim using the fact that

X () =2, = 0" X=0= AXF = Y, Onml (= (6.18))

= 0y XF=-HF (< (6.19))

(6.51)

(6.52)

(6.53)
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Pushed forward vector fields

We consider the push forward W, on T,(S) of a vector field V on T'(Sy) given by the formula

W(x) = (d) gy (Vo(@)) = D Vi(x) (90,) 5 ()
1<j<p
We have ' ‘ ‘ ‘
Vi=Vieo =0, (Vi) @)= (@V7) (6(x) (99') ()
1<I<p
and

O ((00,0),) @) = 3 (9.0,0") (0(2)) (00,0') ()

1<i<p

Rewritten in a more synthetic way we have

00,V = Y (0aV7), 0nd
1<i<p
axk (89]1/))(}5 = Z (861,¢9j¢)¢ 8Ikd)l
1<I<p
This implies that
1<i<p
= > @), @v),+ V] (Gnev),| 0
1<5,I<p

In vector form, we have

ow' =3 |(0V), (0v),+ Vi (Oaev),] 06

1<5,l<p

and

ow =" [(aglw) 06! (90,),, + Vi 08" (9,0,0) }

1<5,01<p

This implies that

VW = 7(dW)
= > @), Vo' (90,0)] + ViV (d00,0);)

1<5,1<p

= > @), @), @)+ Vi @), (9000);)

1<j.k,l<p

Taking the trace, we obtain

tr (VW) = Z gfbk [(301Vj)¢ 9o.kj T qu <(89k¢)¢?(86l19j¢)¢>:|

1<j,k,I<p

. 1 )
= > @V, g Do 95tV (06 (Oa000),,

1<j<p 1<j,k,I<p
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This yields

(VW) = > Vit > V”é > " 9,0k

1<j<p 1<j<p 1<k,i<p

Recalling that

Lk -1 1 2
E 97" Op;gky = 1tr (g 0p,9) = 0Oy, (det =
1<k,i<p e (7" 2%,9) det(g) (aet(g)) det(g)

g, ( det(g))

we conclude that

div (W), == tr (VW) = > _

1<j<p V det

Choosing W = VF = (dv) (V4(f)), we also have that

(\/ﬁ Vﬂ) = div, (V) (6.54)

(AF)y = div(VE),:=tr (V’F),

= Z ! ( det(g Z g7 Opi f ) =divy(Vyf) (6.55)

1<i<p

Directional derivatives

We let W1, W3 be a couple of vector fields in T'(.S). We let Vi, Vo their pull back vector fields so that

Wioy = Z Vj69¢

1<5<p

for any k = 1,2. We let C] be a Wi-integral curve, that is

%(t) =Wy (Cy(t)) = jF C1(t 1<Zk<r WE(C(t ) (02, F)(C1(t)) = By, (F)(C1(t))
We recall from (6.44) that
Oy (F)op= Y Vi 8y, (Fou) =0y, (Foi) = (Vy(F o), Vi), (6.56)
1<j<p

Notice that

(Owa Owy(F) ot = (Owy(Fo) oy with Fyop= > V5 Oy, (F o) =, (F o))
1<j<p

6V1(F2 Ow)) = 8V1 (8V2(F Ow))

= Y Vi 05,(V8)Op, (Fow)+ Y. ViV§ dp0, (F o) (6.57)

1<i,j<p 1<i,5<p
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The directional derivative of the vector field W5 along the curve Cy is given by
J &3 (C1®) (0w, W3) (Cr(1))
£W2(Cl(t)) = : = : = Ow, (W2)(Ch(t))
AWI(C1(1) (O, W5) (C1 (1)
with
8W1 VV21 aVl (W21 © ¢)
ow, (Wa) = : = Ow, (Wa) o¢p = :
8VVl W2T 8V1 (W2T © ¢)

Using the fact that

O, (W3 o)) = Vi do | Y Vi 00
1<i<p 1<j<p
= Vi 09,(V3) 0o, 0" + Y ViV 9, 0,0
1<i4,j<p 1<i<p

we conclude that

Oy (Wa) o1p = Z Vli 891(‘/2]) 80jw + Z Vf VQJ 80i79jw

1<i,j<p 1<i<p

The directional covariant derivative is defined by taking the projection on the tangent space T'(S)

Vi, Wa = 7 (0w, (W2)) Z V1 b (89 V2) 06 @ZJ Z V¢1 ¢2 T ((36i79]-1/1)¢>

1<2,5<p 1<i<p

or equivalently

(VwaWa) ot =y (Owa(W2)),) = . Vi (0V) B0+ Y. Vi VE 7 ((00,0,9)

1<4,5<p 1<i<p

with

oy ((6,0,0)) = D < S g 691¢,89i,9j¢> Do), V0 (6.58)

1<k<p \1<I<p

Tk
=L

The coordinate functions Fi-f ; are called the Christoffel symbol.
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In this notation, we have

(VwmWo)ow = S | > W (908)+ Y TV W

1<k<p |1<i<p 1<4,j<p

Op,

(6.59)

O = (di) (V11 V2)

YD I {(agzvg’“)Jr ST, g}

1<k<p |1<i<p 1<j<p

with the Riemannian directional derivative

> 1<i<p vy {(891-‘/21) + D 1<i<p le,j V2j}
VonVa = : (6.60)
doi<i<p vy {(aeiVZP) + 2 1<j<p Ff,j ‘/2]}

This shows that

(V@) ov= 3 Vi oy = (Vg @0),) o0 = 3 T 000

1<i,k<p 1<k<p
On the other hand, we have

A = (i) = & () = dw(6)(C1(D) = Dicje, Vi(e1®) 9, (6 0¥) (cr(t))

=li—j

= Vi(a(®)

Thus, using (6.59), we find that

(Vi Wa) (C1(2))

=3 | a® (W) @m+ Y Tham) & o v;‘<c1<t>>] (90,) (e (1))

1<k<p | 1<i<p 1<i,j<p
= 3 S+ Y ) & o v;‘(«a(t))] (00,) (e1(1)
1<k<p | 1<i,j<p

In differential geometry, the above formula is sometimes written in terms of the linear differential
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operator
TR0 = (VW) €@0)
- 2 §t<Vzk<61<t>>+1Z Chj(ea(t) & (0 v;‘<c1<t>>] (00,) (e2(1))
<k<p | <i,j<p
= X —$<V§<cl<t>>(’o‘ejw) @O+ Vi) 3 o) do <aekw><c1<t>>]
<i<p | <ik<p
- ¥ :;it(ng(cl(t)) (90,9) (1 () + V3 (@2(®) (Vg @0),) (cl(w)}

1<5<p
= (@) (V,,12) (e (®)

We say that the vector field V(t) = Va(ci(t)) is parallel along the curve Cy(t) = C(t) = ¥(c(t)), with
c(t) = c1(t) if we have

V1<k<p (t) = (vg’évZ) () =V () + 3 TE(e@) ¢ ) Vi)=0  (6.61)

1<i,j<p

dt

Note that for any fixed initial vector field V' there always exists a vector field curve V' : ¢ € [0,1] —
V(t) € RP parallel to ¢(t) s.t. V(0) = V. In this case, one says that V(1) = V" is obtained from
V(0) = V' by parallel transport along the curve c. Replacing [0, 1] by [s,t], we obtain the following
definition

parall, ., : V' € TSy — parall, (V') = V(c(t)) € Toi5)S¢ (6.62)

where V(c(7)), T € [s,1], is a unique vector field on (¢(7)), 7 € [s,t], s.t.

Vie(s)) = V' and (vgﬁéx@) (c(r)) =0

6.3.4 Second order covariant derivative
Tangent basis functions

We recall from (6.40) that
(Vo )y = Y g™ Oput)

1<k<p

Notice that
0o, (V6)0) = D2 (90, (9™) Dpeo + g 0, 0,) (6.63)

1<k,I<p
Using the differential rule (6.4) we also prove that
Vit = > |V (6Y) @)+ aiF Y ((0p),)]
1<k<p

Notice that

On (95") = 0 (6 00) = > (aemgiv’f)¢ On™ =0 (g5") = > (aemgi”f)(b o™

1<m<p 1<m<p
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from which we prove that

W) - ()= X (o), v

1<m<p

On the other hand, we have
Oz ((akal)(b) = Zlgz‘gp (89i79kwl)¢ O '
9 ((89k¢l)¢> = Zlgigp (89k76’i7ﬁbl)¢> 8¢Z

v ((89k¢l)¢> = Z1gi§p (80k,9iwl)¢ V¢>i

This implies that

0 ((@0,0),) = [0((@0,01),) -0 (@0,07),)]

V (00,),) = [V ((00.01),) -V (0067),) | = Licmey VO™ (D00,

Using (6.63), we conclude that

Vi = S v agm((Vd)i)z) (6.64)

1<m<p

= 5 [(00.™), V" @000] + 5 V" (O]
1<k,m<p

and
(Vi) = % [(agmgi’k>¢ (Vo™ (D00, ) + 05" <V¢m,<aek,9mw>¢>}

1<k,;m<p

= > <V¢m7 > (aﬁmgi’k> Oot)y+ D 9<z> (Fo.0., ¢>]
1<m<p 1<k<p 1<k<p

Using (6.63) this formula can be rewritten as follows

w(V20), = 3 (V™). 0, (V6)0))

1<m<p

Using the fact that

= > gt @), = (V6" @0),) = Lnek

1<i<p

we also have the following formulae.
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(Ad)y = & (V),

= Z 0o, 9" + Z g Z g™ (Opt, 0a, 0,,0)

1<m<p 1<k<p 1<m,I<p
1 .
- T adiel DY Mo
157 155%p  1<kI<p
1 . 4
—_ 2,7 — o 7
- ¥ — 0, ( det(g) g ) = div (V) (6.65)
1<j<p

The last assertion is a direct consequence of (6.54) applied to the vector field

W=Ve' = > gy’ (0, ¥), (6.66)

1<5<p

We end this section with a formula relating A¢® to the Christoffel symbols introduced in (6.58).
Firstly, we observe that

> 00, (VO™ )y, (VO )y = > 050" (6.67)

1<m<m 1<m<p

On the other hand, we have

> 1<mep 0o (VO™ )g, (Vo))
= Z1§m§p <89m ((V¢m)¢) ) (V¢i)w> + Z1§m§p <(V¢m)w » Op,, ((V¢i>¢)>
=2 1<mizp (on (97" 00 ¥) , (VE')y) + (Ad),,

=2 1<m 1<p90,,9™ ! < g, (V') > + Zlgm,lgp g™t <69m91¢v (V¢i)¢> + (Agbi)u)

Combined with (6.67), this implies that

Z g, g™ = Z 9o, 9™ + Z g™ (9,0, (V¢i)w>+(A¢i)w

1<m<p 1<m<p 1<m,I<p

=T

m,l

Using (6.65), we conclude that

(Ad), == > g™ =div(Ve), = > ! aej( det(g) gw’) (6.68)

1<mil<p 1552y Vdet(9)

Composition formulae

Suppose we are given a function F' = f o ¢ on S. By (6.48) we have

VF=V(fo¢)= Z (aejf)q5 Aol (6.69)

1<j<p
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and
F=(0,f), = 0,f) 00 =V ((05,0),) = > (O00,0), V¢
1<i<p
Using the differential rule (6.4) we find that
viE = S [V(00,0),) (V6) + (0,1, V2

1<j<p

By (6.64), this yields the second covariant derivative formula

Vfod) = Y (o), VO (V) + S (8n,f), VR

1<i,j<p 1<5<p
- > [(aai,ejm Vo' (V) +(95,5), V' [aez.(w)i)u (6.70)
1<i,j<p

We also readily check that

o (V2F) = > (), (VO,VE)+ D (90,1), tr (V)

1<4,5<p 1<j<p
= > 97 One )y + Y (96,1), (V)
1<4,5<p 1<5<p

from which we find the Laplacian formula

A(fed) = w(V(fod) = > ¢ (Dasf)y, + Y (9,0, (6.71)

1<4,5<p 1<j<p

Using (6.68) we also have

1<I,m<p 1<j<p

A(fog) = tr(Vi(foo)= > g" { 000Dy = D T1m (90,) ]

with sz,l,m = I‘im 0 ¢.

Using (6.68), we have a divergence formulation of the Riemannian Laplacian:

(A(fod)y = Y, {Z 97 09,(0, f) + &;@ ( det(g) Y g" ) af%f]

1<i<p | 1<5< 1<5<
p Ji<p <j<p

= > . - ( det(g) Y g7 o, f) = divg (Vg(f)) = Ag(f)

det(g)

1<i<p 1<j<p

For any couple of functions f; and fs we also quote the following formula

Vy(f2)) = f1 divg (Vg(f2)) + (Vg f1, Vgfa)g

dng (f1
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We check this claim using the fact that

b, (x/det(g) fi Yicjcp g™ Gejf2>
= f1 Oy, (\/ det(9) D1<j<p 9™ 80jf2> + 0o, (1) X \/det(9) Do1<;<, 9™ O, f2

and

YO (h) D 97 o= D 9% Oafr Oo,fr = (0f1,0f2)g1 = (Vof1,Vyfa)g

1<i<p 1<i,j<p 1<i,j<p

Hessian operators

We end this section with an Hessian interpretation of the second covariant derivative V2F. We let
W1, W be a couple of vector fields in 7'(S). We let Vi, V5 their pull back vector fields so that

Wiot = (dy) (Vi) = > V" Op,, 0

1<m<p
for any k = 1,2. Using (6.70) we prove that
=1m=i :1m/:j
WEVEEW, = 3 VEVES S (Oee,f), (De,0)5 VO (V) (94,,0),
1<m.m’<p 1<i5<p
> Vv Y (0f), @i Ve [0 ((Ve),)] (@,0),
1<m.m’<p 1<ij<p - d
=hm=i 7
v

The r.h.s. assertion comes from the fact that

0o, | (Vo) (B, 0) | =0= 8, ((V6),,) (9,,0) = = (V&) (D,0,%) = ~T1,,
N—

=l

This yields

W1TV2F Wy = Z Vﬁ‘/g’é (anﬁm/f)(z, - Z Fé7m7m/ (aej f)¢ = quj:l (Hessg(f))¢ Vg2
1<m,m/<p 1<5<p

or equivalently
(WIVEE Wa),, = (W1, V2F Wa) = V' Hessy(f) Va = (Vi, Hessy(f) Vo) = (V1, V3 f Vo)

with the Hessian matrix field Hessy(f) = ((Hessg(f))m,m’) on Sy, with entries

1<m,m’<p

(Hessg(f))m’ml = 89m797n,’f - Z Fin,m’ aejf

1<j<p

and the Riemannian second covariant derivative

Vi =g 'Hessy(f) (= (Vi,Vif Va)g =V g (g "Hessy(f)) Vo= V] Hessy(f) V2)
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In differential calculus literature, the above formulae are sometimes written in the following form
(V2F) (Wi, Wa) i= WIVEF Wa = Vg, (V5f)e Voo = ((V5f) (V1,V2)) 0 6
or using the Hessian symbol
Hess(F) (W1, Wa) := (V?F) (W1,,Wa) = ((Vif) (V1,V2)) 0 ¢ := (Hessy(f)(V1,V2)) 0 ¢

In view of (6.57) and (6.59) we also have

(Ow, (0w, (F))) = Z 241 (aemvzm/)¢ (39m/f)¢+ Z Vﬁvﬁ (99m,9;nf)¢
1<m,m/<p 1<m,m/<p
W = Y | S v (angQW’)¢+ S T VI V| (0,0),
1<m/<p | 1<m<p 1<m,j<p
Since
(D0, )" (OF), = > (00, F), o) = 0o, (F o)) =0y, f
0<i<r
we find that
(ViWa)"oF =S vy (agm%m/>¢(aem, e+ Do VLV > T (9,0,
1<m,m/<p 1<m,m/<p 1<j<p

and therefore
W V2F Wy = (0w, (0w, (F))) — (Vw, Wa)" OF

Last but not least, for any vector fields Wy, Wy, W3 € T'(S) we have
O, (Wa, Wa)) = 3= W [Wion, (Wh) + 0u, (WE) WH| = (0, Wa, Wa) + (Wa, Oy, W)
1<k,l<r

Notice that
W3 e T(S) Ed <8W1W2a W3> = <7T(6W1W2)>W3> = <VW1W2>W3>

so that
Ow, (Wa, W3)) = (Vw, W, W3) + (W2, Vi, W3) (6.74)

On the other hand, we have

Ow, (F) = (W, 0F) = (Wy, VF)

= 8VV1 (aWQ(F)) = aVV1 <W27VF> = <VW1W2>VF> + <W27VW1VF>
and therefore

W V2E Wy = (0w, (9w, (F))) — (Vi Wa)" OF
= (8W1 (8W2 (F))) - <VW1W2a 8F>
= (aVVl (8W2(F))) - <VW1W2a VF> = <W27VW1VF>

We end this section with some comments on the parallel transport technique introduced in (6.61).
By (6.56), for and F' = f o ¢ we have

O (F) o) = (Vo f. Vi), = i (f)
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On the other hand, we have
(Wa, W) = (Va,V3), 0 ¢ = (Ow, (W2, W3)) o tp = v, (Va, V),
and by (6.60) we prove that
(Vi Wa, W) 0 b = ((dy) (Vg1 V2) » (d) (V3)) = (Vg1 V2, V3),
Combining these results with (6.74) we conclude that
Oy (Va, Vi) = (Vg1 V2, Vs), + (V2, Vg1 V3),

We let ¢;(t) be a given curve in Sy with ¢; (t) = Vi(ei(t)), and U; = t € [0,1] = U;(t) = Vi(e1(t)) € RP
two parallel vectors to ¢(t) s.t. U;(0) = Vi(c1(0)), with ¢ = 2, 3. In this situation, using (6.61) we have

% (Va(er (D), Valer D)y = (0w ((V2,18),) ) (e (1)
= ({Vam V. Vil + (V2. Vi Vi), ) (e1(1)) = 0

This shows that the parallel transport is an isometry

(Va(er(0)), Va(e1(0))g(er oy = (Valer (D), Va(er(1))gier )

6.4 Stochastic calculus in chart spaces

6.4.1 Brownian motion in Riemannian manifolds

We let ©; = : be the RP-diffusion on the parameter space Sy defined by

Vi<i<p de; = % (A47),, (©1) dt+(V¢i)£(6t) dB,

= = > GO Tik(©y) dt+ (V') (0)) dB, (<= (6.68))
1<j5,k<p
) (6.76)

where B; stands for a standard r-dimensional Brownian motion.
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Notice that
40,407 — : (1) dBudB] ((Vo'),.....(Vé"),) (€)

(Vo) (Vo) ... (Vol), (Ve),
= : : (61)

(Vo) (Vo) - (V&) (V)
(v6"),. (Ve1),) - {(V6)),. (Vo))

= : : (©1)
((Ver),. (V6h),) - ((Ve), (Vo))

Thus, using Ito formula for any smooth function f on RP we have
df©) = > 9(f)(6r) d@l+f > 09,0,(f)(01) d©;dO]
1<i<p 1<w<p
= L(f)(Or)dt + dM(f)

with the infinitesimal generator £ associated with the diffusion process ©, is given by

L) = 5 | X onf (a6),+ X dna () (V). (Ve),)
| 1<i<p 1<4,j<p
:% Y. S (Ad),+ > g Bt
| 1<i<p 1<i,j<p
1 1
= 3 Ag(f) = 3 divy (V4(f)) (= (6.72)) (6.77)

and the martingale M, (f) defined by

AM(f) = D 95,(f)(6y) w) (©1) dB;

1<i<p

Using (6.69) and (6.71) we find that

3" @h), (V) = V(foo)=

1<i<p

N

L(f)op = A(fo¢p)=A(F) with F=fog¢
Therefore, if we set X; = (0;) = O; = ¢(X;) we find that
4(O0) = d([ 0 )(Xe) = dF (X)) = 3 AGF)(X,)dit + dMy(F)

with the martingale
dMy(F) = (VF)T(X}) dB;
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Choosing f = ¢F = F = ¥ o ¢ =X* (cf. (6.51)) we find that

(VX"

W(Xt) dBt = (Xt) dBt

(VX"
Combining this observation with (6.53) we find that

dXF = dav*(0y) = = AXF) (X)) dt + (V XM T (X;) dB;

N | =

_ _% HE(X) dt+ Y wH(X,) dB] (< (6.52)) (6.78)

1<j<r

6.4.2 Diffusions in chart spaces
Starting from the equation (6.78), if we set O = ¢*(X;) then we find that
(647) = VXF=V(@ros) =i, (agjzpk)¢ V¢
= (VX"'(X) dB: = Y, (89j¢’€)¢ (Vo) T(Xy) dBy

= Zlgjgp (59j¢k)¢ <V¢](Xt) dBt>
and

dXFdx! = (69i¢’“>¢ (agjzp’)¢ (V' (Xy) dB,) (V¢! (X;) dBy)

(89i¢’“)¢ (aejwl)¢ (Vo' (Xy), VoI (X)) dt

1<i,j<p
1<4,5<p
Therefore, using Ito formula we have

W) = 3 (0n0) (X0 |5 AN i+ (7 X (X)) B

1<k<r

+% Z (8961’9%‘#) (X4) Z (89i¢k)¢ (80j¢l)¢ <V¢i(Xt),V¢j(Xt)> dt

1<k,I<r 1<i,j<p

Notice that

Y (0ne) (VXN = (V)" (6.79)

1<k<r 1

™

A

)
J<p [1<kZr

= (90, (6 00)), (V)" = (Vo) (= (¢ 0w)(v) =)

1 D

IA

IN
<.
A
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and using (6.71) we have
AXF) = A@WFog) = zlgi,jgp <v¢iv v¢j> (89i79j¢k)¢ + Zléjép (Ogjwk)¢ Ag)

= 3 @u) A0+ X (@) D (0 (), (V6 VH)

1<k<r 1<k,l<r 1<i,j<p

= 2 (VOVE) | X (@) (nt), + D (Onmd) (900F), (30),

1<i,j<p 1<k<r 1<k,1<r
Y X () (909"), AP

= Y (VL V) (G0, (6T 0w), + Y (95,0 0w)), AY = A

1<i,j<p 1<j<p

This implies that

Vi<i<p d¢'(X) == (A¢) (X)dt+ (Vo)) (X)dB, (6.80)

N | =

Letting ©; := ¢(X;) = X; = ¢(0;) we arrive at the equation

de; = (Aqsi) (©y) dt+(V¢’) (©,) dB;

| =

6.5 Somme illustrations

6.5.1 Brownian motion on spheres
The unit circle S = S' C R?

The unit circle can be described in terms of the polar coordinates mapping

0= )

In this situation, we can check (cf. (6.84) and (6.85)) that

(Vo)y = do = [Cj;(‘éf)} and  (Ag), =

In this situation, we have
(6.76) <« dO; = (V¢),(Or) dB; = —sin (Oy) dB} + cos(0;) dB} := dB,
Notice that B is itself a standard Brownian motion

dB,dB, = (cos® (©;) +sin* (6,)) dt = dt
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The unit sphere S =S? C R3

The 2-sphere can be parametrized by the spherical coordinates mapping

sin(61) cos(62)
P(0) = | sin(61)sin(62)
cos(6)

In this situation, we can check (cf. (6.86) and (6.87))

cos(61) cos(62) 1 — sin(62)
(V(bl)w(O) = cos(07) sin(6) (V¢2)¢(0) = cos(f2)

~sin(6y) sin(01) 0
(Ag')y(8) = cot(6r) (Ag?)y(0) =0

In this situation, we have

(6.76)
1
do! — ; cot(©7) dt + [cos (6}) (cos (03)dB} + sin (67)dB}) — sin (6}) dB;]
1 ' 1 —2
17 = om0 Bl +cos (0]) dB] = o dB,

Notice that L L L,
dB,dB; =0 and dB,dB, =dt=dB,dB,

so that (6.76) can be rewritten as follows

1
e} = 5 cot(O}) dt + dB}
1
A0} = ——— dB?
t sin(@}) '

6.5.2 Brownian motion on the Torus

The 2-Torus is the null level set of the function

2
o(z) = (R— \/a:%—i—x%) + 22 —r?

with r < R. It can be parametrized by the spherical coordinates mapping
(R4 rcos(1)) cos(62)
P (@)= (R+rcos(1))sin(f2)
rsin(6;)

In this situation, we can check (cf. (6.86) and (6.87))

—sin(61) cos(62) —sin(62)
(V(ﬁl)w(H) = ¢ [ —sin(fh;)sin(6o) (V¢2)¢(9) = (R+rcos(fy)) ! cos(62)
cos(f1) 0
B sin(6;) B
(A¢1)w(0) - _T(R + rcos(61)) (A¢2)w(0) =0
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In this situation, we have

(01
a0; = _2r(RS41—n7E ccis?(@,})) dt
(6.76) < +% [—sin (©}) (cos (©7) dB} +sin (07) dB}) + cos (0;) dB}]
de? = R+ rclos(@%)) [—sin (©F) dB} + cos (07) dB}]
We set
dﬁi = —sin(©}) (cos (©?) dB} + sin (©?) dBtQ) + cos (0}) dB}
dﬁf = —sin(0F) dB} + cos (07) dB}

It is readily checked that
dB,dB; =0 and dB,dB, = dt = dB,dB,

so that (6.76) can be rewritten as follows

in(0©}) 1
jo! — . sn® dt + - dB!
(6.76) <= t 2r(Ryreosef)) ©
de? = dB?
K (R+rcos(©})) *

6.5.3 Diffusions on the simplex

We return to the Brownian motion on the orbifold S/H = SP NR'™" *1 discussed in section 6.2.7. The
positive orthant of the sphere is in bijection with the p-simplex

Simplex(p) = {0 = (0i),<;<, € R} : Z 0; =1}

1<i<r
One diffeomorphism is given by the square mapping

T = (:ci)rfgig e SPNRPH = Z(@) = (23, ... ,xz)T € Simplex(p)

T _ =
<\/ 01, \/@) —271(0) e SP AR E— 0= (6:){<;<, € Simplex(p)

Notice that

aa:k,zlEi = ]-k,l:i (681)

N

OpEl =2 1y ' =
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Using (6.22), the projection 7(x) onto T, (SP N Ri:pﬂ) is given by

e 1 (00@) o))
r==2 0= nl) = I e e @]

1— x _z1x2 _zi23 _ Ti®y
fl|? llIl, IE3] [l]]
__T2m] 1— T3 __ Tax3 _ T2y
— [E3] ]2 IE3] [l
_ Zrx1 _ Trx2 1 L%
[E3] [l [l
1— 01 _ V01v0s _ V/01V03 V01V
2i<i<r 5 2<i<r 2a<i<r®i T 2i<i<r 95
_ V0210 1— 02 _ V02103 0210,
—_ Zlgjgr 9]‘ Z1gj9 aj Z1§jgr 9]’ Zlgjgr 9j
LBV BT L= b
2i<ji<r b 2i<j<r b 2i<j<r b

In addition, using (6.23) the curvature vector H on the sphere is given by

—_1 i T \/97
r == 0) = H (x) = D =p
(0) (@) =p_7- S e O

We let X; be the Brownian motion on the positive orthant defined in (6.35). We recall that

dth——f HY(X) dt+ Y 7¥(Xy) dB] = axFdxf = | Y abxl| (X) dt

1<j<r 1<j<r

Applying Ito formula to

we find that
. P 1 _
de; = Y (0:,E) (E7'(6y)) -3 HFETH(O) dt+ Y ak(E1(ey)) dB!
1<k<r 1<j<r
1 i\ S _
+5 D (Onw) (ETNO) | D wym| (E7N(60) dt
1<k, I<r 1<5<r
. 1 . (=" (="
= 24/0! ) HY(Z71(0y)) dt + Z (271(6y)) dB! | + Z mimt | (E7HOy)) dt
1<5<r 1<k<r

The last assertion is a direct consequence of (6.81). To take the final step, we observe that

S o - (gt ) st ¥ et

1<k<r Yagj<r Ui 1<k<r, ki Ygj<r b5
- 1-— 0i + i L
El<]<r Zl<]<r 0.7 1<k< Zl<]<r 0.]
= 1-— 0:

213‘37« 0;
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and

> wi(ET(6y) dB]

7 ) Y /
(1 — Qﬁj) dBj — > \F dB}
Z1<j<r ©

= dB| - \F\/7

J
1<]<7‘ Zl<g<7‘ 6)

1<5<r, j#i Zl<]<r ®t

We conclude that

de! = (—p Lﬂt (1—%)) dt
Elﬁlér ©; Zlgjgr Oy

7
o Yi<j<r OF
1<g<r 1<5<r

dB; — \/@\/7 ]

dBj — ) \/@\/»dB]

J
1<5<r Zl<]<7’ @

= (1—re)tj> dt +2,/01
Zlgjgr@t

It is instructive to notice that

deido]

= 4,/0;0; _<1i=j VoL \/7) <—\/67 \/67 + D 1<k<r 5, of v f)]

2i<i<r © Yi<j<r Of <1<r 9% Y1<1<, ©

e | NCRICA| R o
=4,/0}0] <1i:j_M At =40 \lizj = =y | 0

6.6 Some analytical aspects

6.6.1 Geodesics and the exponential map

The distance between two states z,y € S is defined in a chart coordinate by the formula

b
d(z,y) = inf / &0

where the infimum is taken over all parametric curves ¢ : t € [a,b] — c(t) € Sy s.t.

¢(c(a)) = z, and ¢(c(b)) =y, and

Jta (t)Hz(c(t)) = (E ()€ (0)geqey)
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To better understand this definition, we simply notice that

b
le(t + dt) = () y(e(ry) = Hé(t)Hg dt = Z le(t + dt) = ()]l yee)) dt:/ Hé(t)Hg(c(t)) dt

a<t<b

The energy of a given curve c is given by
b
a

b
Elc) = ;/GHé(t)Hj(c(t)) dt—/ L(c(t), ¢ (1) dt

with the Lagrangian

To find the extremal curves, we let c.(t) = c(t) 4 ec/(t) and e-perturbation of ¢, with some curve ¢/(t)
s.t. d(a) = 0= (b). For any t € [a,b], we have

& Lfedt) b (1)mn = (@L)(elt), & (1), ¢(1) + {(@:L)(elt), & (1), (1)
with the gradients
(0. L) (8&1L)
(0.L) = : and  (9,L) = .
(O L) (0. L)

An integration by part w.r.t. the time parameter yields

/

/ab<(aéL)(c(t),é(t)),é (t)>dt: [<(aéL)(c(t),é(t)),c’(t)>}2—/ab<

This implies that for any perturbation ¢’ we have

d b : d :
et = [ (@D, () - G [O:Delw)é )] 10) ) a
from which we conclude that the extremal curves satisfy the differential Lagrange equation
. d .
(L) (c(t), ¢ (1)) = = [(@:L)(e(t), ¢ (1))] (6.82)
In our context, we have o
dul= 3 (g () & &
1<4,5<p
and

X
aCkLZQ Zlgigp 9ki €

.7

(6) & (6)+2 Y cicy grile(t) ©

7

- (aékL)(c(t),é(t))} =2 Y ziicp (O,080) (c(t) & (1)

Thus, the Lagrange equations take the following form

(682) &VI<k<p Y grile(t)) ¢ (t)
1<i<p

= 5[50 ) - Gnans) )| ) 7 (0

1<4,5<p
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We conclude that

M) = > gmRe(t) grile®) € (@)

1<i,k<p

- Z Z g™ B 90,.9i.5 — Op; 9ni | | (c(t)) ¢ (t) & (t)

1<ij<p \1<k<p

Next, we express this formula in terms of the Christoffel symbol I‘;-f ; introduced in (6.58). Firstly, we
notice that

(09,4, 09,,0,0) = 0, (80,0, 00,0) — (09,6,%,00,1) = 86,915 — (O9,6,0, 6,0)
= Ij; = Tj;
Zlglgp gk’l <59,¢759i,0j¢>

Yicicp 9 00,915 — i<y 97 (G010, 00,9)

Thus, for any symmetric functionals f* = f3 1 <4,j < p, on Sy we have

S e Y Y g XY 0 (nassn)

1<i,5<p 1<i,j<p 1<k<p 1<i,j<p 1<k<p

1 .
S VD M L LR N e

1<i,j<p 1<k<p

We conclude that

Vi<m<p M (t)=— > P @) &)
1<i,5<p

The solution of these equations gives a curve that minimizes the distances between two states ¢(z) and
¢(y) in the parameter space. These curves ¢(t) and their mapping C(t) = ¥ (c(t)) into the manifold S
are called the geodesics.

It is instructive to observe that the velocity vector C(t) = ¢ (c(t)) of a given curve on S is given
by the formula

City= Y @) ) &

1<i<p

Thus, its acceleration takes the form

%(0: S @) (ct) i+ D (y00) (ct) & &

1<i<p 1<i,j<p
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Taking the orthogonal projection on the tangent plane T (S) we have

2 . .
w0 (GE0) = ¥ @) @r ¥ wl0na) @) & d

1<i<p 1<4,5<p

S {-c-;u ST TIe) & & (@0,0) (e() =0

1<m<p 1<i,5<p
from which we find that

Vi<m<p €+ > TP(e(t) & &=0

This shows that the acceleration vector of the geodesics is orthogonal to the tangent place
T(S). In other words, the speed geodesic vector ¢ (t) is parallel to the curve c(t) (cf. (6.61))

By the existence and uniqueness theorem of solutions of ordinary differential equations, given
a tangent vector field W (x) € T,(S), for any x = ¢ (0) € S there exists an unique geodesics
C,(t) with velocity vector W (z) = 5=(0) at the origin. The geodesics Co(z)(t) = 9(Cx(t))
and Cy(t) associated with a given Velomty vector Vg(z) and Wy = (dv))g(z) (Vi) are
denoted in terms of exponential maps

Cy(t) := Ezp,(tW) and c¢y(t) := Ezpy(tV)

6.6.2 A Taylor expansion

Given a smooth function f on the parameter space Sy, we have

%f (Cé(t)) = Z (891f> (ce(t)) %(i)

1<i<p

= > (90,F) (co(t) V(colt)) = v (f) (co(t))

1<i<p
— (V(co(t)) . (OF) (ca®))) = (V (o) (Vo) (o)) yiepio
Thus, for t = 0 we have
F (Bapo(1V )y = (V (0), (Vo) (O
In much the same way, we have

2 2t
% Flea®) = > (9o.6,f) (cot) VV(ca®) V7 (colt)) + > (a,f) (co(t)) Ciltf(t)

1<i,j<p 1<i<p

= D @) (co®) = D Thale®) (Do.f) (ca(t))| VF(ca(t)) V! (co(t))
1<k,l<p 1<i<p
Thus, for t = 0 we have

%f(ExpG(tV))\t:O = VI(0) (V5f) (0) VI(0) = (V(9), (V3f) (0) V(9))g(0)
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For regular vector fields V' this yields the Taylor expansion

f (Bapg(tV) = f(O) +t (V(0),(Vf) (0)) g0 + 5 (V(0), (V3]) (8) V(9))g(0) + Ot)

or equivalently

f(Bzpg(V)) = [(0) +(V (6), (V) (0)) g0) + % (V(0), (Vof) (0) V(©))gee) + O (IVI°)

Letting F' = f o ¢, and using the fact that Expy(V) = ¢ (Exp,(W)) when 6 = ¢(x) and
W = (di)4(Vy), the above formula takes the form

F(Brp,(W)) = F(z) + (W (z), VF (z)) + % (W (x), (V2F)(2)W (z)) + O (W)

6.6.3 Integration on manifolds
The volume measure on the manifold
Heuristically, for manifolds S in dimension
p=1=dim(T%(5)) = dim(Vect((p,4)4(0))

the volume element pg(dz) at some state © = ¥ (6) reduces the length lengthg(1(06)) of the -image
curve 1(d6) of an infinitesimal interval

80 :=[0,0+df) € Sy CR

That is, we have that
¥(60) ~ (0 + dbl) — ¥ (0) ~ (9v) (0) db
so that

ps(de) = lengthg(y(50)) = [l1(6 + d) — (0))|
1@60) (O dO = v/{(9p¥) (6), (Do) (0)) db

12

More rigorously, for any function F' with compact support we have

/S F(z) ps(de) = | £8) V{(@9) (0), @90) (8)) dB with f=Foy

Sy

In larger dimensions, the i-image 1(d6) of a cell §6 = H1gi§p[9i7 6; + db;] € Sy, C RP is given by

$(00) = G(O+df) —p(0) =~ Y (9a9)(0) db;

1<i<p

= (dy) ({ Z € e €€ [O,d@i]}) = (dip) ( H [O,dei])
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with the unit vectors e; in RP, 1 < i < p. We recall that (di)(e;) = 0p,, for any 1 < i < p. On the
other hand, by the change of variables formula

Vol [(d@ ( I1 [O,dé?i])] ~ det (d)(0)) ] db: = det ((dw)(0)) db

1<i<p 1<i<p

=df

Recalling that /det (AT A) = det (A), and A, ; = (Ae;, e;) for any (p x p)-matrix A, we have

Vdet (@) (O)7 (@) (0))

_ \/det (((d)(O)T (dp)(0)eis e4)) 1< i<,

=\ Jdet () (O)es, (A1) (O)e)), <, s,

— \/det(<(89iw) (0), (90,%) (9)>)1§i,j§p: det {9(9))

det ((dv)(0))

In summary, for any function F with compact support we have

/ F dug ::/ F(z) ps(dz) :/ f(0) \/det (g(0)) d0 with f=Fou
s S Sy

If we set
119(d6) = \/det (9(0)) do

the above formulae can be rewritten in a more synthetic form

us(F) = /S Fps = [ 1(6) u(db) = py ()

The divergence theorem

We consider the push forward W = (di)4(V) and F' = fo1) of a smooth vector field V' and a smooth
function f on S with compact support. By construction (cf. (6.45)), we have

W € T(S) = (W,VF) = (W,0F) = OwF = (dvf) 0 ¢ = (V,0f) 0 ¢

and
/S (W.VF) dus = /S (V(0), (01)(8)) /det (4(8)) db
P
= [ WO Th Oy nola)
with

119(d6) = \/det (g(0)) do
Using the fact that

V(). (01)(0) = > V'(6) 3,(f)(6)

1<i<p
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by a simple integration by part formula, we prove that

‘/; (V(8). (0£)(6)) v/det (g(8)) db
b

= Z / Vi det (g()) do
<i Sw

1<i<p
=- > / 1(6) 0y, |/det (g(0)) V() | a0
1<i<p
= — 0 det (g(0)) V(0 det (g(0)) do
J 10 gy X v IR
:div;?\/)(e)
This implies that
| WTF) dus =~ [ 1(0) divy(V)(0) Vet (g(6)) d =~ [ 7(6) divy(V)(6) sy 0)
s Sy Sy

On the other hand, using (6.54) we have

divg(V)(6) = tr (VIV),, = div (W) 0 ¢

from which we conclude that

J

We quote a series of direct consequence of this integration by part formula:

F div (W) dps = /S (W.VF) dus (6.83)

e Choosing F' =1 we have
/ div (W) dus =0
S

e Choosing W = F; VF, and F = F3, we have

/ diV(Fl VF2) F3 d,ug = —/ <F1 VF2,6F3> d,us
S S

== / F1 <VF2,3F3> dMS:/ F1 <VF2,VF3> d/is
S S

The r.h.s. assertion comes from the fact that

VF,; e T(S) — <VF2,6F3> = <VF2,7['(8F3)> = <VF2,VF3>
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e Choosing F; = 1 in the above formula, and combining (6.50) with (6.55), we prove the first
type Green formula; that is, for any smooth functions (Fi, F3) with (at least one with) compact
support

/ A(Fl) FQ d/LS :/ div (VFl) F2 d,ug == —/
S S

<VF1,VF2> d,us :/ F1 A(FQ) d,us
S S

/ ) iy = [y (V) fodig == [ (Vo Vs, diy = [ ) di

P

e Choosing F5 = 1 in the above formula, we find that for any smooth function F' with compact
support

/ A(F) dus =0
s

6.7 Some prototype manifolds
6.7.1 The Circle

The prototype of hypermanifold is the unit circle S = S! C R? 5 z = ( il > described as the null
2

level set S = ¢~1(0) of the function

ox) = (22 +22-1)/2 = Dp)(z) =2 = < T )

T2
The orthogonal projection m, onto the normal axis T;-(S) = Vect ((0p)(x)) at = € S is given by the
formula
) @@O)T @ a1 a nm
HU T 00 @T00) (1)~ Te a3 \ w4

and the orthogonal projection on T3,(5) is defined by n(z) = Id — 7, (x). The (mean) curvature vector
H defined by (6.21) on the circle is simply given by

T, x x
T {% (ﬁ)] AT

We check this claim using the fact that

T 1 x?
Oy - = [1 - 212}
z? + 23 V3 + 13 (z1 + z3)
dp ) < T, > 1
p— a p—
2 Tm
|0¢| 1§ng2 NS Vot +a;

The circle S—{(1,0)} can be parametrized by the polar angle mapping ¢ : 6 €]0,2x[— S—{(1,0)}

2(6) = < Zf;((g; > — (@)(0) = ( }Zisl(lé? )

so that

T,(S) = Vect ((9p9)g(z))  with  (Fpt)g(a) = < —Czlsrgég) )M( - ( —y )

z1
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The Riemannian metric on Sy, = R = T'(Sy) = R = Vect(1) reduces to

9(0) = ((961)(0), (9p)(9)) = 1 = g(0) " = (V) = Oy (6.84)
Using (6.19) and (6.13), for any smooth function F' on S > = we have

divy (9p) = 0z (0z,) + Oy (Ory0p) = 2

and therefore

% AF = tr(n9°F) — (0¢,0F)
In addition, we have
0
(300 (0) = — ( ) ) eTHS) = T, =0 and (Ag), =0 (6.85)

The geodesics ¢y(t) := Expy(tV), with V(0) € R are given by
Co(t)=0 = ¢ (t)=V(0)

= cp(t) =t V(0) + 0 = Cu(t) = ¢(co(t)) = ( cos(t V(6) + 6) )

sin(t V(6) + 0)

6.7.2 The 2-Sphere

z1
The unit sphere S =S? C R? > z = ( 2 ) described as the null level set S = ¢~1(0) of the function
T3

p(a) = (27 + 23 + 25 — 1)/2 = (9¢)(z) =z = ( 2 )

x3

Notice that (9p)(x) is the unit normal at any state z € S. Thus, the orthogonal projection 7, onto
the normal axis T;-(S) = Vect ((0p)(x)) at z € S is given by the formula

Xy T1x2 X1T3
mi(x) = (09) (x) (D9)" () =22 = | mom1 2} wowy
T3x1 X2X9 x%

and the orthogonal projection on 7T,(S) is defined by

1-— l’% —X1Ty —X1X3
m(x)=1Id—m (x) = —mom1 1—23 —xoz3

—r3T1 —T2T2 17$§

The sphere S can be parametrized by the spherical coordinates mapping ¢ : 6 = (01,02) €

(]0, ©[x]0, 27[) > S
( sin(6;) cos(62)

sin(6) sin(0,) ) — (99)u(6)
cos(61)

The first coordinate 6; is called the colatitude angle, and the second one 65 is called the azimuthal
angle. We have

cos(61) cos(62) —sin(6y) sin(62) sin(f2)
g, (0) = | cos(6;)sin(6z) and 0p,00(0) = sin(6;) cos(62) = —sin(f;) | —cos(b2)
—sin(6)) 0 0

() =
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so that
sin(61) cos(62)

0, V(0) N Og,1p(6) = sin(6;) ( sin(@l)(sin)(ﬁg) ) =sin(61) (0p)y(0) € TL(S)
cos(6q

This implies that
T.(S) = Vect ((30,9)g(a)s (D0,9)p(a)) and Ty (S) = Vect ((9y) (z))

The Riemannian metric on Sy = R?) is given by

911(0) = ((09,0)(0), (0, 1)(0)) =
922(0) = ((09,1)(0), (Do,70)(0)) —SIH( 1)
912(0) = g21(0) = ((96,9)(0), (De,9)(0)) =0

Up to the circle S N {x; = 22 = 0} (i.e. for 6; € {0,7}), we have

0= (0 o )

Notice that

—cos(07) sin(62)
0y 0,0(0) = ( c0s(61) cos(02) ) = 20U X 0p,1(0)
0

0
= F%z =0= P%,l and 1“%2(9) = F%,l(g) = Z?jéall))

In much the same way, we have

— sin(6;) cos(#2)
Oov0,0(0) = —sin(eo(sin)(ez) = —(09)y(0) = Vke{1,2} T1; =0
—cos(6
— sin(6;) cos(2) cos(62)
0p,.0,0(0) = - 8111(91) sin(f2) | = —sin(61) sin(62)
0

In addition, it is readily checked that

862,92¢(9) 1 8921/}(9) — (302,921/}(9), 892¢(9)> =0 = F%,Q =0
and
I'32(0) = (9,,0,0(6), 0, (6)) = — sin(61) cos(61)
Using (6.68), we conclude that
T32(0)  cos(th)
sin?(f;)  sin(6;)

(Agh)u(0) = — > Ti;(0) g7 (0) = - = cot (61)

(Ap*)y(0) = 0
and by (6.40) we have

(Vo )u(8) = > ¢"7(8) (95,9) (6) = (9,9) (6)

1<j<2

' 1 1 — sin(62)
(VR0) = 3 0 (00,0) 0) = s O 0) = o | conlr)

1<j<2 sin®(61) 0

173
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1
The geodesics cy(t) := Expy(tV) = ( zg Eg >, with V(0) € R? satisfy the differential equations
0
.1 1 1 .2 .2
<9 (t) = sin(co(t)) 008(619(75)) % (t) ¢ ()
.. cos(cy(t . .
o(t) = —2 53 & () &)

with initial conditions
cg(0) =6 and ¢4 (0)=V(0)

These equations cannot be solved explicitly, and we need to resort to some numerical approximation.
The second equation can be rewritten as follows

9 (& @) swPchn) = € (1) sin’(ch(n) + 2sin(ch(1)) cos(eh(t)) & (1) & ()
= 2 ) ) b 1) 2 1) + +2sin(eble)) cosleh(0) & (1) & (1)
SID(Ce(t))

=0

This shows that ) )
¢y (1) sin®(cy(t)) =¢ (0) sin®(cy(0))

The geodesics Cy(t) := Exp,(tWW) have a more explicit description given by the equations

Bap, (1) = cos (W @) & +sin (W @) o
We readily check that Cy(t) satisfies the required conditions
' = |—sin x)||) = + cos W(z) Wi
Ca (1) = W @) @+ cos (IW @) o753 H)] W ()| =" W(z)

and
Co(t) € 82 =Co (1) = ~|W (@) Calt) € THE?) = 7 (Ca (1)) =0

6.7.3 The Torus

The Torus T can be seen as a surface of revolution obtained by revolving a circle

R r cos(f1)
C(R,r) = 0 |+ 0 01 eR
0 rsin(f;)

of radius r and center x1 = R > r about the symmetry x3-axis. The Cartesian coordinates of the
Torus are parametrized by the function

P (R + rcos(71)) cos(62)
Yo 0= ( 01 > ER* > (0) = | (R+rcos(f))sin(fs)
2 rsin(fy)
Alternatively, 7 = ¢~1(0) can be represented as the null level set of the function
z1

2
o x=| x9 6R3n—><p(x)—<R—\/x%+x%> + 25 —r?

x3
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After some elementary manipulations, we find that

—rsin(61) cos(62) —(R + 7 cos(0)) sin(62)
Op,0(0) = | —rsin(6r)sin(h2) and  Jg, v (0) = (R + rcos(61)) cos(62)

rcos(6r) 0
and —
—VIiTZ z=1(0 —7 Ccos
R x%j_:% 2 T i( ) (R+TCO§?$1))) (R +7r COS(el)) COS(92) = —7r COS(91) COS(GQ)
., FeyEE
x%—ﬁ—x% 2=1(0) 008(91) COS(HQ)
= Op(x) =2 | _, Boyiia =721 | cos(61)sin(6a)
vi+a3 sin(6;)
x3

In addition, we have

391¢(9) 1 392¢(9) (<:> <691¢(9>7592¢(9)>:0)
106, 0(0)| = * and [|9g,2(6)|| = (R + rcos(61))?

and
—(R 4+ rcos(f;)) sin(f2) —rsin(6;) cos(f2)
0p, 0 (0) N\ Og,p(0) = (R + rcos()) cos(62) ANl —r sin(@lg sin ()
0 rcos(fr)

cos(6) cos(62)
= r(R+rcos(f)) [ cos(6r)sin(6y)
sin(6;)

This shows that

900) = ( T02 (R+rc()os(91))2 > andg71(6) = ( 7402 (R+Tcgs(01))_2 )

= /det(g(0)) = r(R + rcos(6;))

Using (6.40) we have

(Vo )y(0) = 72 (00,4)(0)
(Vo*)y(0) = (R+rcos(6r)) (99,)(6)
and
((Voh)y(0), (Vo) y(0)) = 0
(Vo)p(0), (Vo' )p(0)) = 172 and  ((V4*)y(0),(V6*)y(0)) = (R +rcos(fr)) >

By (6.65), we also find that

! = ! T T COS ) = — sin(6)
(AgT)u(0) = r(R 4+ rcos(61)) %, ( (B+ ©1)) ) r(R +rcos(61))
(AG?)u(0) = L 9, (r(R + 1 cos(81)) (R +rcos(61))~2) = 0

r(R 4+ rcos(61))






Chapter 7

Markov Chain Monte Carlo models

7.1 Boltzmann-Gibbs target measures

Markov chain Monte Carlo algorithms are rather standard stochastic simulation methods
for sampling from a given target distribution, say 7 on some state space FE. The prototype
of target measure is given by Boltzmann-Gibbs measures of the following form

r(de) = We(\)(de) = A(lG) G(x) Mdx) (7.1)

where A\ stands for some reference measure and G some potential function on some state
space F.

Boltzmann-Gibbs measures are one of the most central mathematical models of classical statistical
physics. In this context, the main problem is to deduce macroscopic equilibrium behaviors of thermo-
dynamic physical systems, from complex disordered microscopic interacting structures.

As their name indicates, Boltzmann-Gibbs measures were introduced independently in the
early 1900s by Ludwig Boltzmann and Josiah Willard Gibbs in their seminal studies on statisti-
cal entropy theory and micro-macro canonical ensemble theory [60, 287]. In the late 1960s, Roland
Lvovich Dobrushin [231] and Oscar E. Lanford and David Ruelle [396] and also developed a new
theory to design probability measures on finite product spaces, by specification systems of conditional
distributions w.r.t. the complement of finite volume measures, with prescribed boundary conditions.
The two prototypes of physical systems are particles in liquid-vapor models of real gases, interacting
via Van der Waals forces, and atoms’ configurations and their magnetic moments in crystal lattices
of ferromagnetic metals (iron, colbalt, nickel) in thermal equilibrium. In this context, adjacent atoms
and their electronic configurations tend to have the same angular moment (i.e., the same spins).

The central idea behind MCMC methodologies is to design a judicious Markov transition M (z, dy),
with nice stability properties, that has the target probability measure m = wM as its invariant measure.
After a rather large number of runs, and when the chain is sufficiently stable, the ergodic theorem
tells us that the occupation measures of the random states X,, of the chain with Markov transition M
approximate .

177
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In computational physics as well as in stochastic optimization we are interested in computing
Boltzmann-Gibbs distributions associated with an inverse temperature parameter 3. These
distributions have the following form

1 - x
pip(da) = Z - AV() \(dax) (7.2)

where A stands for some distribution on some state space S, and V' some function on E. The
parameter [ is interpreted as an inverse temperature parameter. It is also often important
to compute the normalizing constants (a.k.a. partition functions in physics) Zg = A (e‘ﬁv)

Let us present an example of Boltzmann-Gibbs measure arising in Operation Research. We are
given a finite state space &, = {e1,...,en} equipped with some metric d. We can think of a a finite
number of cities and the distance between them. One typical problem known as the traveling salesman
problem, consists in finding a way to visit all the cities with a minimal travel distance. We can model
a given sequence of visits by a permutation o on the index set {1,...,m}. In this situation, the state
space F is given by the set of these permutations equipped with the uniform probability measure
A(o) = 1/m!, and the energy function V' is defined by

V(o) = Z d(€s(p)s €o(pt1))

p=1
It is not difficult to check that
lim j13(0) = oo (0) == 1= 1y+(0) (7.3)
e A S U R '

where Card(V*) stands for the cardinal of the set V* = {0 € E : V(o) = infg V} of the optimal
traveling strategies. Indeed, we have

Z e PV@=Val = Card (V,) + Z e V=Vl o Card (V,)
ockE o ZFVx
This implies that pg converges to the uniform measure on the set V,; that is, we have that

e—BIV(B)-Vi] 1 )
pa(o) = ZTEE o—BIV(T)—Vi] = Broo Hoo(0) 1= W v.(

)

This result shows that at low temperature (i.e. 8 1 00), the sampling of the distribution p1g amounts
of choosing randomly an unknown optimal solution of the problem.

Boltzmann-Gibbs measures on manifolds arise in global optimization problems with nonlinear
constraints. In this situation, the state space F is given by the g-dimensional null level set S = ¢~1(0) of
some smooth function ¢ : x € R™™PT% s RY s.t. rank(Op(x)) = q, for any x € R". The corresponding
optimization problem is often expressed in the form

argmin{V(z) : z € S} =argmin{V(z) : = € R" s.t. p(x) =0}

The manifold S can be equipped with a Riemannian structure associated with some chart ¢ : = €
S+ ¢(x) € Sy (and some parametric description ¢ = ¢~ : 0 € Sy S).
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In Bayesian inference, Boltzmann-Gibbs measures represent the posterior distribution of
some unknown random parameter © = # given some partial and noisy observations Y = y.
In this context, A represents the prior distribution of ©, and V' the log-likelihood function
of the parameter w.r.t. a given observation; that is, for 3 = 1 we have that

A(d6) =P (© €df) and V(0) = —log Py(y)

where Py(y) = p(y|f) stands for the conditional density of Y = y w.r.t. some reference
measure X' (dy) on the observation space. In this situation, we have the Bayes’ rule

1
fip=1(df) = A e VO \(db) x p(y|0) P(O € df) xP(O cdf | Y =y)

Directed polymer models arising in statistical physics are defined in much the same way. For
instance, the micro-state of a system consists of d particles x; = (p;, r;), with a momentum vector p;
and a position coordinate r; = (r},r2,73), with 1 <4 < d. The energy of the system is given by some

12729 "
function
d

V@)=Y (5 Il + mart )

i=1

where m represents the mass of the particle, ril its height, and g the gravitation constant. The probabil-
ity distribution of the physical system at inverse temperature 3, is again given by the Boltzmann-Gibbs
measures (7.2), with the Lebesgue measure A. For a more thorough discussion on these models, we
refer the reader to [149, 213, 216], and references therein.

More generally, the r.v. X may represent the random paths X = (Xj,..., X)) of a given reference
Markov process X,,, taking values in some state spaces F,. In this situation, the reference measure A
in (7.1) is often given by the distribution of the random path

Adzx) = Ad(xo, ..., zn)) =P ((Xo, ..., Xn) € d(zg,...,Tn))

where d(zg,...,x,) stands for an infinitesimal neighborhood f the path x = (z9,...,z,) € S =
(Eo X ... x Ey). The potential weight functions G(x) are often given by a product formula

G(z) = G(wo,...,xn) = ] Grla)

0<k<n

For instance, for indicator functions Gy, = 14, of some measurable subset A; C Ej, we have

m(dx) = NG G(z) AMdz) o< lagx..xa, (o, xn) P((Xo,...,Xn) € d(zo,...,x))
x P((Xo,...,Xn) €d(zo,...,2n) | (Xoy..., Xn) € (Ap X ... X Ayp))

In probability theory and computational physics, these Boltzmann-Gibbs measures associated with

some Markov chain process are also termed Feynman-Kac measures. Their analysis and their particle
interpretations are discussed in section 9.1.4.

7.2 Metropolis and Hasting models

The Metropolis-Hastings algorithm is the most famous MCMC model of current use in practice.
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Firstly, we choose a Markov transition K to explore randomly the state S. We further assume that
K(x,dy) and the target measure m(dy) have a density with respect to some reference measure A(dy);
that is, we have that

K(z,dy) = k(z,y) Ady) and 7(dy) = h(y) Mdy)
with some density functions k(z,y) and h(y) s.t.
h(y)k(y,z) =0 = h(z)k(z,y) = 0
We set B k(y. 2)
Y)ry,
Gz,y) = ——F7=
U= Rk, y)
with the convention 0/0 = 0. For more general models, we take

_ m(dy)K(y, dx)

G y) = a0 K (2. dy)

(7.4)
For Boltzmann-Gibbs measures 7 of the form (7.1), it is readily checked that the function G' doesn’t
depend on the normalizing constant A\(G), and it is given by the formula

G(y) ,, Ady)K(y,dz)

G(z,y) = G(z)  Adx)K(z,dy)

In addition, when the proposal transition K is reversible w.r.t. the measure A, the function G takes
the simpler form

G(z,y) = Gy)/G(z) (7.5)

The Metropolis-Hastings model is a Markov chain with p-reversible acceptance-rejection
style transitions of the following form

Mz, dy) = K(a.dy) ala,y) + (1~ [ K(e.dz) ala,2) 8.(dy (76)
To guarantee the reversibility property, we often chose one of the following acceptance rates

a=G/(1+Q) or a=1NG (7.7)

When the proposal transition K(z,.) = v is given by some probability measure v, that
doesn’t depends on the current state x, the resulting MCMC sampler is sometimes called
an independent Metropolis Hastings model.

The Metropolis-Hasting transition (7.6) associated with one of the acceptance rates a given
in (7.7) is reversible w.r.t. the target measure m; that is we have that

m(dx) M (z, dy) = 7 (dy) M (y, dx)

When a = 1 A G, for any z # y we have
m(dz)M(z,dy) = w(dx)K(z,dy) a(z,y)

= Mdz) h(zx) k(z,y)\(dy) {1 A
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This formula is clearly symmetric w.r.t.  and y.
When a = G/(1 + G), for any = # y we have

and

r(dr)M (e, dy) = w(d2)K (x.dy) a(z,y)
B (h(y)k(y, 2)(h(x) k(2. )
= MDA ke y) + h(y)k(y. )

This formula is again symmetric w.r.t. x and y.
[

For a detailed discussion on this model, we refer the reader to the pioneering article by N. Metropolis,
A. Rosenbluth, M. Rosenbluth, A. Teller, and E. Teller [454], the more recent review article by N.
Metropolis [453], and the series of articles by P. Diaconis [223, 224, 226].

The mathematical analysis of this Markov chain model is also well developed. We refer the reader
to the series of seminal articles by P. Diaconis and his co-authors [218, 219, 220, 221, 225, 227]. These
works reveals fascinating connexions between the design and the performance analysis of MCMC
model with powerful pure and applied mathematical techniques, ranging from representation theory,
micro-local analysis, log-Sobolev inequalities, and spectral analysis.

Besides the fact that these techniques provide very sharp rates of convergence, it is clearly of course
out of the scope of this book to review these methods. In the end of this section, we content ourselves
with presenting one of the simplest way to analyze the convergence of an MCMC algorithm.

Suppose that K satisfies the minorization condition

K™(z,dy) > € v(dy)

for some interger m > 1, some € €]0, 1] and some probability measure v. In this situation, we clearly
have that
(@, dy) > € v(dy)

with
! .
€=¢ $OWI.I}£~>J?’"L H a(xpa $p+1)
0<p<m
The r.h.s. infimum is taken over all sequences (zo, ..., %) of states in S of length m and s.t.

k(zp, Tpi1) >0

Whenever € > 0, the Dobrushin contraction coefficient of M™ is s.t. S(M"™) < 1. For a more detailed
discussion on MCMC models, and their stochastic analysis we refer the reader to the review articles
by P. Diaconis [217, 222, 227], and references therein.

Our next objective is to sample a centered Gaussian random variable Z with unit variance restricted
to some set A, say A =]a, b[, for some —oco < a < b < co. We let A be the distribution of Z, and we set

(dz) = A(lA) 1a(z) Mdz) = P(Z € dz | Z € A)

Of course, we can use the distribution function F(z) = P(Z < z) of the Gaussian r.v. and set

Zop=F 1 (F(a) +U (F(b) — F(a))) (7.8)
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It is an elementary exercise to check that Law(Z,;) = 7. Nevertheless, the function F' requires to
integrate the Gaussian density from —oo up to any state z, using some kind of numerical approximation
scheme.

Another strategy is to use a rejection simulation technique. In this case, we sample a sequence of
independent copies of Z and we accept the ones that hit the desired set A.

Next, we describe an alternative approach based on Markov chain simulation.

We let Z,, be a sequence of independent copies of Z. Next, we design a Markov chain X,, with
invariant measure .

Suppose, the chain X,, € A at some time step n > 0. Starting from this point, we set

Yn—l—lz\/l_ann"i‘\/aZn

If Y,,+1 we accept the move and we set X,,+1. Otherwise, we stay in the same place X, +1 = X,,. The
Markov transition of the chain X, ~» X, is given by

M (z,dy) = K(x,dy) 1a(z) + (1 — K(14)(x)) 62(dy)

We prove that mM = 7 as follows. Recalling that the transition K (x,dy) is a reversible w.r.t. to the
Gaussian distribution A, for any bounded functions fi, fo on R we have that

mM(f) o< A(LaM(f))
= A(lAK(lA f)) =+ )\(1A(1 — K(lA) fg)
= AME(a)la f2) + A(1af) — A(1a K(La) f2) = A(Laf) < 7(f)

This clearly implies that 7 = 7M.

7.3 Gibbs-Glauber dynamics

We let m be some target measure defined on some product state space S = (S x S2). We
assume that the following disintegration property is satisfied

ﬂ(d(l’l, {L'Q)) = T (da;l)Lljg(xl, dwg) = WQ(dl'Q)LQJ((L’Q, d(L‘l)

with the first, and second marginals, 71 and 7o, and the corresponding conditional proba-
bility measures L1 and Lo 1.
The Gibbs sampler is the Markov chain with the elementary transition

M=K K>
with the transitions K; given for any i € {1,2} by

Ki((x1,22),d(y1,y2)) = 0z,(dy1)L12(y1,dy2)
Ko((x1,22),d(y1,y2)) = Oa(dy2)L21(y2,dyr)

We can alternatively choose the Markov transitions

1 1
M:K2K1 or M:§K1+§K2
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The transitions K7 and K are reversible w.r.t. the measure 7. In addition, the Metropolis
Hasting transitions M;, and resp. Ms, with proposal transition Kj, and resp. Ko, and
acceptance rate a = 1 A G with G given by (7.4) has unit acceptance rate.

Proof :
We check this claim using the fact that

ﬂ-(d(yh y2)> X Kl((yla yQ)v d(xla x?))
= m1(dy1)L1,2(y1, dy2) X 6y, (dz1) L1 2(21, dz2)
= m1(dy1)0y, (dz1) X (L1 2(y1, dy2) L1 2(x1, dxa))
—_—
=m1(dz1)dz, (dy1)

This formula is clearly symmetric w.r.t. x = (21, 22) and y = (y1, y2). Thus, we have

m(d(y1,y2)) X K1((y1,y2), d(x1, 22))
m(d(z1,22)) X K1((21,22), d(y1,92))

G(($1,$2),(y17y2)) = =1

The resulting Markov chain model is often called the Gibbs sampler or the Glauber dynamics.
Example 7.3.1 Suppose we want to select uniformly a point Z = (X,Y) in the unit disk
D:={(z,y) € [-1,1]* : 2®+¢* <1}

Here again, we can use a rejection simulation technique. We sample a sequence of independent
random variables on [—1,1]? and we accept the ones that hit the desired set D. Notice that the invariant
measure ™ on D is defined by

m(d(z,y)) o 1p(z,y) dedy
Ly (@) do 1 g iz (y) dy
= 11(y) dy 1 1_y27+@]($) dx (7.9)
This implies that
P(Xedr|Y=y) « 1[*\/@# 17y2}(a:) dx
Pick any initial point (Xo,Yo) in D. The next state of the chain (X1,Y1) is defined as follows.
Firstly, we choose uniformly a point X1 on [—\/1 - Y3, —i—\/l — YOQ]. Then, we choose uniformly a

state Y1 on [—\/1 — X2, +/1— Xﬂ Iterating these couple of transitions, we construct a Markov
chain evolving inside the the unit disk D

L Xn Xn+1 _ Xn-i—l
n = < ¥, )W ( v, )%=y (7.10)
After some elementary computations, we prove that 7 is the invariant measure of the chain Z,.

These constructions can be extended to product state spaces of any dimension. More formally, we
let 7 be some target measure on some state space S = E!, where I stands for some finite set.
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7.4 The Propp and Wilson sampler

In the further development of this section M (x,y) stands for an aperiodic and irreducible Markov
transition on some finite set S.

A random mapping F is said to be M-compatible as soon as we have for any (z,y) € S?

y) = M(z,y)

The existence of M-compatible mappings is proved as follows:

Up to some change of label, there is no loss of generality to assume that the state space S =
{1,...,d}, with d = Card(S). In this notation, a mapping F' is characterized by a column random
vector F' = (F(1),...,F(d))

We let (U;)1<i<q be a sequence of independent and uniform r.v. on [0, 1], and we set

F(i)= Y G US, o MGE), Scpe; MGk (U (7.11)
1<j<d N o

By construction, the random states (F'(i))1<i<q are independent r.v. and we have

P(Fi)=j)=P| > M@k <U< Y M3k)|=MC(,j)
1<k<j 1<k<j

From the above construction, we notice that F' is not necessarily a one to one mapping.
In this notation, the Markov chain with elementary transition M is defined for any n > 0 by the
recursion

Xn+1 = Fn<Xn) = Fn(Fn—l(Xn—l)) =...= (Fn ©0...0 Fl o) F()) (X())

where F),, with n € N, stands for a sequence of independent copies of the mapping F'.

Given a sequence of independent copies (F},)n>0 of the mapping F', we let

_>
F. —FyoFo.. oF, “F o oFoF —F,

We also let ? and ? be the forward and backward coalescent times
T = inf{n : Card(E(S) ) :1}
T = inf{n : Card(F—>n(S)> zl}l(gj?

The backward mapping Fn is better interpreted as running the chain forward from some random
state X_, up to the state X;

X1 = FO(X()) = Fo(Ffl(Xfl)) =...= (FO ©) F,1 ©0...0 F,n) (X,n) (712)

where F,,, with n € Z, stands for independent copies of F'. In this situation, the initial condition is
X_, and X is the terminal state of the chain after (n 4 1) forward interactions.
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We further assume that the M-compatible mapping F' is chosen so that

P<?<oo):1:1@<?<oo) (7.13)

In this situation, the value of ﬁj—,(x) :=Y doesn’t depend on the state variable z and it is
distributed according to the invariant measure of the chain m = wM.

Proof :
By construction the value F&—,, and a fortiori the one of E(a:) :=Y doesn’t depends on the variable
x. This implies that

T<n
= (FpoFio...0F,)(x)=(FyoFio...oFp)o(Fryi10...0F,(z)) =Y

We conclude that

This ends the proof of the theorem. |

The coalescent condition is not satisfied for any M-compatible mappings. For instance when S =
{1,2} and M(i,j) = 1/2 for any i,j € S it is readily checked that the mapping F' defined by

P((F(1), F(2) = (1,2)) =1/2 =P((F(1), F(2)) = (2,1))
is M-compatible but the above condition is not met. Indeed, we have that
P(F(1)=1)=1/2=P(F(1)=2) and P(F(2)=1)=1/2=P(F(2) =2)
but Fn and F_‘,: are random permutations of the states {1,2}.

Nevertheless the mappings defined in (7.11) satisfy the desired condition. To check this claim, we
notice that

P((F(1),F(2)=(1,2) = P(FQ1),F(2)=(11))
In this situation, we have

In addition, we have

P(‘f <1) > P(Card(F({1,2})) = 1) = 1/2 > 0:»]?(? >1)<1/2<1



186 CHAPTER 7. MARKOV CHAIN MONTE CARLO MODELS

Recalling that

P(T>n|T>wm-1)
xE (IP’ (Card (Fu—y 0 Fu(9)) > 1| Fus ) 1Card(m<s>)>1>

=E P(Card (ﬁ(S)) > 1| E)

<1/2

Fo=F, 1 1Card(ﬁ(5‘)) >1

This implies that

]P((T>n):19>(?>n|‘f>(n—1)) xp(?>(n—1)>g1/2”

from which we conclude that P ? < oo) =1.

Notice that the Propp and Wilson scheme requires to store all the values of the functions F},. This
drawback reflects the main limitation of applying the Propp and Wilson sampler in large state spaces.

Nevertheless, we can overcome this difficulty when the state space S is equipped with a partial
order with a minimal and a maximal state, Z,uin < T < Tinae, for any z € S. In this case, the strategy
is to find a judicious monotone M-compatible mapping F'. Combining the interpretation (7.12) with
the fact that

Card (FpoF_10...0F _,)(5)=1
<~
(FooF_j10...0F ) (Tmin) = (Foo F-10...0F_) (Tmaz)

we only need to store the values of two chains starting at x;,, and Z.. This also shows that the
coalescence property (7.13) of monotone mapping F' is granted as soon as the chain is ergodic.

The drawback is that the desired coalescence may not appear after some initially chosen number
n steps. In this case, we need to restart the simulation with a larger number of steps. In practice we
often choose these numbers of the form 2%, with k > 1.

For a more detailed discussion on this simulation technique, we refer the reader to the book of S.
Asmussen, P. W. Glynn [20]. The website of D.B. Wilson on perfect sampling with Markov chain also
contains a rather complete list of references on this subject.

We end this section with some examples of monotone M-compatible mappings.

Example 7.4.1 (The ladder chain) We consider the ladder Markov chain X,, defined by the fol-
lowing transition diagram

1/2 1/2 1/2
12(1< e (d=1)__—=d_ )1
1/2 1/2 1/2

and
1 for z=

F—(‘T):{ x—1 for ze€{2,...,d—1}


http://research.microsoft.com/en-us/um/people/dbwilson/exact/
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Given some uniform r.v. U on [0, 1], we set
F=1019(U) F- + 113/91(U) Fy

It is a simple exercise to check that this random mapping is monotone and compatible w.r.t. the Markov
transition M of the ladder chain.

7.5 Multilevel annealing type models

7.5.1 Simulated annealing model

We suppose that we are given a sequence of target measures m, defined in terms of a sequence of
Boltzmann-Gibbs measures

1
Tn(dz) = pg, (dz) = % e PV \(da) (7.14)

associated with some inverse temperature parameter (5, T co, some non negative potential function V'
and some reference measure A on some state space S. Several examples of Boltzmann-Gibbs measures
are discussed in section 7.1, including the Ising model and the traveling salesman problem.

For finite state spaces equipped with the counting measure A, we have seen in (7.3) that these
measures converge to the uniform measure on the subset of all global minima of the potential function
V', as (B, tends to oo. This shows that the sampling of these measure at low temperature is equivalent
to that of sampling uniformly a state with minimal energy. Since most of the time these minimal
energy states are unknown, it is impossible to sample Boltzmann-Gibbs measures at low temperature.

One strategy is to consider a sequence of Metropolis-Hastings transition M,, such that for any time
n we have

MBnMn = Mg, <~ TnMp = T,

We recall that the Markov transition M,, associated with a A-reversible proposition transition K, is
given by

M, (z,dy) = K, (z,dy) an(z,y) + {1 - /Kn(x, dz) an(x,z)| d.(dy) (7.15)

with the acceptance rate

tnlz,y) = LA e B V@—V@) — =Bn (V)-V(@)s

To simplify the presentation, with start with a null inverse temperature parameter 5y = 0, and a
r.v. Xy with distribution 79 = pug, = A. We run a series of m; MCMC moves with Markov transition
M,

M
XO _— Xm1

If m; is sufficiently large, we expect X,,, to be approximately distributed according to the invariant
measure m; = pg, of the transition M;. Nevertheless, when 3, is too large the acceptance rate a;(z,y) =
e P V®)=V() i5 almost null for any V(z) < V(y). In other words, the the sequence of M;-MCMC
moves are almost equivalent to a series of gradient-descent-type transitions. Thus, for large values of
B1 we cannot expect to have Law(X,,,) ~ w1 but for very large values of the parameter m;.
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Thus, the natural idea is to find a judicious schedule (/3,,, m,,) such that the time inhomoge-
nous model

M M2 M3
Xo Xml Xm1+m2 — Xm1+m2+m3 — -

explores randomly the state space with

vn e N Law (X, 4. +m,) =~ Tn

One natural idea is to introduce an intermediate acceptance-rejection mechanism every time we
change the temperature parameter. For instance, initially we set

o Xy with probability e~ (#1—50)V(Xo)
0~ ¢ with probability 1 — e~ (A1—=50)V(Xo)

where ¢ stands for some auxiliary cemetery state. Notice that for any function f on S we have
E(f(X0)| Xo#c) o E(E(F(X0) g | Xo))
= E <f(X0) 67(617,80)‘/()(0))
~ / @ V() (~BoV(®) ()
This implies that
B (£(Xo) | Ko £ ¢) o [ fa) eV M) (1)

In much the same way, recalling that 5y = 0 we prove that
P(Ro # ¢) = A (e V@) /x (e AV @) = x (e 2V @)

If }?0 = ¢ then the algorithm stops. Otherwise, starting from )?0 = X, as before we run m;y
transitions M; up to some random state X,,,. Notice that

Law()/(\'o | 5(:0 #c)=m = VYmp2>1 LaW(Xml) =T
Then, we accept-reject this state as follows

T X, with probability e~ (B2=B)V (Xm,y)
me ¢ with probability 1 — e~ (B2=F1)V(Xm,)

Arguing as above, we find that
Law(Xp, | X, # ¢, Xo #¢) =7
Similarly, we also prove that
P(Xpn, # ¢ | Xo #¢) = A (e V@) /X (e PV @) = 1y (e~ B2V (@)
- P()?ml #c)=A (e_fBQV(”C))

as well as
Vmg > 1 Law (X, +my) = T2
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where Xy, m, stands for the random states of the model after my iterations of the transition My,
starting from Xml = X, (# ¢). As before, when Xm1 = ¢ the algorithm is stopped. Iterating this
algorithm we obtain a sequence of perfect random samples w.r.t. the target measures m,, as soon as
the states are accepted at every acceptance-rejection transitions.

The sequential simulated annealing developed above is based on an acceptance-rejection interpre-
tation of the product formula

pp,(dr) o $ ] () ¢ Mda) = e V) X(da) (7.16)
0<k<n
with the potential functions

hi(z) = e~ Br=Be-1)V(=) " and the conventions By =0= S_,

The main drawback of this perfect sampling algorithm comes from the fact that the accep-
tance rate decreases exponentially fast to 0; that is, we have that

]P)()?m1+...+mn #c)=A (e—ﬁn\/(x)) Intoc 0

In section 9.1.5, we design an alternative interpretation of the product representation (7.16)
in terms of recycling mechanisms.

7.5.2 Sequential multilevel model

We suppose that we are given a sequence of target measures m, defined in terms of a sequence of
Boltzmann-Gibbs measures

n(dz) = pa. (dz) = Zi L () A(dz) (7.17)

associated with sequence of non increasing subsets A,,, and some reference measure A on some state
space S. We let K(x,dy) be some Markov transition such that

Adx) K (z, dy) ~ Mdy)K (y, dx)
We consider the acceptance-rejection Markov transition M, (z, dy) defined by

Vo € Ay, M, (z,dy) = K(z,dy) an(x,y) + [1 - /Kn(az,dz) an(a:,z)] dz(dy) (7.18)

with the acceptance rate

Ady)K (y, dz) 1An(y)) =1A (Z

d (dy) K (y, dw))
MNdx)K (z, dy)

d
Vo e A, an(z,y) = 1A ( (dz)K (x,dy)

When = & A, we set M, (x,dy) = K(z,dy). By construction, M, is m,-reversible so that m, M,, = 7.
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7.6 Extended Markov chain Monte Carlo models

We let S = (S1 x S2) be a product space, and we let 7 be the Boltzmann-Gibbs measure on S defined
by (7.1) with a reference measure A on S of the following form

)\(d(ul, UQ)) = Al (dul) )\172(U1, dUQ) == )\Q(dUQ) )\271(U2, dul) (719)
for some probability measures \; € P(S;) and some Markov transitions A;; from S; into Sj, with

i,7 €4{1,2}.

In this situation, we clearly have the disintegration formulae

W(d(ul,UQ)) = T (dul) 7T172(U1,dUQ) == 7T2(dU2) 7T2’1(U2, dul) (720)

with the potential functions
Gl(ul) :/ /\172(U1,d’u,2) G(ul,uQ) and GQ(UQ) :/ )\2,1(U2,du1) G(ul,uQ)

and the marginal measures m; = Ug, ()\;) and the conditional distributions

m2(ur, duz) = Gi(ur)™' Aa(ur, dug) G(ur,us)
mo1(ug,dur) = Ga(ua)™ Ao (ua, dur) G(ur,us)

When we know how to sample the conditional probability measures 72 and w1 we can use the
Gibbs-Glauber model to design an MCMC model with the invariant measure 7 (cf. section 7.3). In
other instance, the conditional probability measures can be sample using auxiliary MCMC models.

To describe these models, we consider a Markov transition from S into itself given by
M((u1, uz), d(v1,v2)) = Kuy 1 (uz, dvz) Ko, 2(u1, dvy)
with a collection of MCMC transitions K, ; from S; into itself such that
7T1’2(U1, dUQ) = / Wl,g(ul,dvg) Kul’l(vg, d’LLQ) (7.21)

7r271(u2,du1) = /Wg,l(UQ,dvl) Ku272(1}1,dul) (722)

Next, we check that 7 is an invariant measure of M.

By construction, we have

/ m1(dur) m12(ur, dug) Ky, 1(ug, dvg) Ky, 2(u1, doy)
ul,u2

= / Wl(dul) leg(ul,dvg) Kv2,2(u1,dvl) (by (721))
uy

_ / a(dvs) a1 (va, dur) Koy o(ur, dvy) (by (7.20))
ul

= 7T2(d’[)2)7T271(U2,d’01) (by (721))
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7.7 Continuous time embeddings

We consider a time homogeneous jump process X; with generator

with some bounded intensity function A(z) < Apge for some finite A\ < oo, and some Markov
transition M. We set

A(z)

)\ma:r:

) 5x(dy) = L = Az [M)\ - Id]

By construction, the sg of X; is given by

P(f)@) = E(f(X) | Xo=2)
= Y E(A(X0) Iyeen | Xo=2)

n>0

= et 37 el gy

n>0

where NV is a Poisson process with intensity Aqz.

For the unit rate function A(z) = 1, the Markov chain X; is the continuous time embedding of
the Markov chain X, with elementary transition M. These embedding techniques allow to define the
continuous time version of the Metropolis-Hasting model and the Gibbs-Glauber dynamics discussed
in section 7.2 and in section 7.3.

There are also several ways to transfer the stability properties of the embedded discrete generation
Markov chain Xr){ with transition M) to the stability of the continuous time model Xj;.

Next, we present three possible routes. The first one is expressed in terms of stands for the Do-
brushin ergodic coefficient S(K) of a Markov transition K introduced in section 4.4.1. The second
one is expressed in terms of the V-Dobrushin local contraction coefficient By (M) presented in defi-
nition 4.4.4. The third one is related to coupling techniques.
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Whenever they exist, the invariant measures 7, resp. my, of the Markov transitions M, resp.
M), and connected for any f € B(S) by the formula

m(f) =7n(f/A) and mL(f)=0 (7.23)

1. We assume that there exists some m > 1 s.t. f(M}") < 1. In this situation, for any
t > 0, we have the exponential estimate

B(P) < 1171/m exp [—mmam (1 - ﬁ(MQL)%)] (7.24)

BMY")
2. We assume that Sy (M]*) < 1 for some m > 1 and some function V' > 0. In this
situation, for any ¢ > 0, we have the exponential estimate

By (P) < W exp [—t)\mam (1 — 5V(M§”)%)] (7.25)

We further assume that 0 < Apin < A < Aoz, and M satisfies the Foster-Lyapunov
condition (4.40) for some € € [0, 1], some finite ¢ < 0o, and some function W > 0. In
this situation, M) satisfies the Foster-Lyapunov condition (4.40) with

My(W) < (1 _ Amin (1— e)> W+e (7.26)

)\max

In addition, if M) satisfies the Dobrushin local contraction condition (4.39) then there
exists some function V' s.t. By (M) < 1.

3. We let Tg"y be a coupling time of two copies X and Y of the Markov chain with
Markov transition M) starting at X' = 2 and Y, = y. We assume that

P (Tgﬁy > n) < ax(z,y) exp(—ban)

for some finite function ay(z,y) < oo and some positive constant by €]0,1[. In this
situation, we have

[Law (X | Xo = ) — Law(X; | Xo = y)ll,,
(7.27)

< a)\(a:, y) €xp (_)‘mamt(l - e_b)\))

Proof :
The r.h.s. of (7.23) is immediate, and the l.s.d. come from the following observations:

oM == (SOMU)+ (=) = "M+ (/D) ()
= (/N =m()

and

My =mx = mAM(f)) = m(Ma(f)) —ma((1 = A)(f))
= m(Af)

Now, we come to the proof of (7.24). For any function f s.t. osc(f) < 1 using theorem ?? we have

ose (MI™P(f)) < BT ose(ME(f)) < BIMT)"
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osc (P(f)) < m‘”tz Ama) OSC(Mf(f))

n>0
= et 30 3 T o (3
nm+ p)! A
n>00<p<m
< et 3 37 Ol gy
B (nm + p)! A
n>00<p<m

When B(M3") = 0 the result is obvious, When S(M{*) > 0, we observe that

(FAmaz)™ e (P B )P 1
7,5(]\4,\ ) | m\p/
(nm + p)! (nm + p)! B(M)p/m
_ (DaBY)
: (nm Pl BL
This implies that
*t)\maz n
0sC (Pt(f)) < 6 Mm 1— 1/m Z (t)\mamﬁ M)‘ ) )
1

g o [t (1 075

This ends the proof of (7.24).
To prove (7.25) we use theorem 4.51 to check that

1P (x,.) = Py, )lly < _A"“““tz Amas) |M>\( ) = My, lly

n>0

maq;t Z max BV M)\) Hdw _52:”‘/

n>0

IN

et 3 ) gy (14 V(@) + V()

n>0
This implies that
6 ( mamt Z ma:c BV M}\)

n>0
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The end of the proof of (7.25) follows the same arguments as the ones we used in the proof of (7.24).

The proof of (7.26) comes from the fact that

A A
M\(W) = \ M(W)—i—(l—)\ ) w
A A A
< e +(1-— W + c
|: )\mar < Amaz) :| Amam
)\min
< [1 — (1- e)} W+c

)\ma:p

The last assertion is a consequence of theorem 4.51.
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The proof of (7.27) is a direct consequence of the fact that

[Law(X¢ | Xo =) — Law(X; | Xo =y)l,, = Szlfli [P (f) () = P (f) ()]
osc(f)<1

and

B () () = B (f) ()]

<ehmast Y (maz)” | M f) () — MP(S)(y)|

—_ tAmaz "
= emast 30 o o) L (X2 | Xp = 2) — Law(V} | Yo =),

n!

The third result is now a direct consequence of the fact that
HLaW(X,)L‘ | Xo = ) — Law(Y> | Yy = y)” <P (X}L £YM | Xo =, Yo = y)
tv

for any coupling of the chains X} and Y;}. This ends the proof of the theorem. ]

We illustrate the continuous coupling inequality (7.27) with the Markov transition M (z,y) = 1/d
on a finite and complete graph with d vertices S := {1,...,d}. In this context, the coupling time T of
two independent chains with transition M is a geometric random variable

This implies that

P (T >n) = (1 — ;)n > <1 - ;)pn %: <1— ;)" < e m/d (7.28)

p>n

Next, we assume that Ay = Az = A (so that My = M). Combining (7.27) with (7.28), we readily
check that

Law(X, | Xo = 2) — Law(X, | Xy = < e M—em V) e~tMd
t 0 t 0 =Yty =

dtoo

7.8 Gradient flow models

7.8.1 Steepest descent model

As their name indicates stochastic gradient flow models are the stochastic version of the well known
steepest descent dynamical systems. Suppose we are given some manifold S. The steepest descent
evolution equation in a chart ¢ : x € S+ ¢(z) € S, C RP is given by

0i=—(VgV)(0:)

with the Riemannian vector field gradient defined in (6.49). For Euclidian state spaces S = RP the
chart reduces to the identity mapping ¢(z) = 0 = = = ¢~ (0), and V,V = 9V is the traditional
gradient.

We further assume that the manifold S = ¢~1(0) is the null level set of some smooth function
@ x € R™=PT 5 RY s.t. rank(dp(z)) = ¢, for any z € R". In this situation, for any 1 <1 < ¢ we



7.8. GRADIENT FLOW MODELS 195

have
Calwo)) = Y @nlerow)) () b
1<i<p
= = 0 0 Y e (W(8) (90,07) (0) (94,V) (01)
1<4,j<p 1<k<r
= — 3 Y6 () ((6,)). (0,0) (6) (96,V) (6)
1<4,j<p

=0

This shows that the gradient flow keeps the state x; in the constraint manifold at any time ¢ as soon
as we start in the desired manifold. More formally, we have

$0:1[J(90)ES:>VtZO $t:¢(0t)€5’

We also notice that

V) = 3 6 @V) (0 (3,V) (0
1<i<p
= (VWO (TN O gy =~ (Bbe) =[], = VBIL

7.8.2 Euclidian state spaces

We start with an elementary example. The distribution

12
w(dr) x e 202 dx

on R is reversible w.r.t. the Ornstein-Uhlenbeck semigroup P; associated with the generator
x
L(f)(@) = =2 B (@) + 021 (2)

A simple way to check this claim is to rewrite the generator as follows
L(f)(x) = e2% O, <e_ﬁ 8zf) (x)
By a simple integration by part, we have

[ e# i@ o a = [ swo. ( amg) (2) da

22

— —/ O:f(w) e 202 Opg(z) do

- [a (af) (x) g(a) do
= [ ¢ U@ o) do
More generally, we let S be a finite set,
V i x=(x)ies € E=R% = V(z) € [0,00]

a sufficiently smooth function that tends to infinity sufficiently fast when one of the coordinates of x
tends to infinity, and «, 8 €]0, oo some given parameters.
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A The Boltzmann Gibbs measure
B
7(dw) o eor V@ A(dzx)

where A stands for the Lebesgue measure on F, is reversible w.r.t. the semigroup P; associ-
ated with the generator

L:—BVV~V+ ot A = L) (@) =5 02D 02 f(x) = B 0., V(x) O f ()

€S €S

A Here again, a natural way to check this claim is to rewrite the generator as follows
28
L)) =5 0% e 'O 3 0, (e VD b, f) (a)

€S

and use an integration by part to check the desired reversibility property. The stochastic
gradient diffusion with generator L is given by

dXt = —5 VV(Xt) dt+o dBt

where B; = (B});cs stands for a sequence of independent Brownian motions on R.

We consider a function a sufficiently smooth function of the form
Wt 2= (2, yi)ies € E = (R = V(2) = U(z) + V(y) € [0, 0]
and we set
1,10, U(7) + 04(1,2)5%‘/(?4)] O,

Ly: = 3; - [04(2,1)3in(95) + a(2,2)8yiv(y)] Oy,

The Boltzmann Gibbs measure
m(d(w,y)) oc e MUEI=BRVW N (da) A(dy)

is an invariant measure of the semigroup associated with the generator L = Lj 4+ Lo as soon
as the following conditions are met

. 1
Vi=1,2 Qi) = B O’ZQ,BZ and [ Q12) + Ba Q2,1) = 0

Proof:
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We check this claim using the fact that

Li(f)

s 1
::/ € AU@) |:2 U% agz - [a(l,l)aain(x) +a(l,2)8yiv(y>] azz:| (f)(.%') dx

= [ 1) [ oo (P) @)+ g 0 (00 V) () + aay 0,V B, () (0)]

8%' (6751U) (:C) = _Bla:ciU eiﬁlU
O, (0,0 € MV) = =31 (8, U) eV 4 U e Y
o2, (efﬂlU ) = B Oy (a%U e AU ) = B2 (0, U)? e PV — gy 2U AU

This implies that

) = [ PO ) |5 ot (#0075 2]
taun [~B1 @ U + 2U] 81 oy 9,V | da
= / e~ PrU(2) f(x) |:<,31 (ain)Z — 89231U> (; 0'%/31 — a(l,l)) - B Q(1,2) 5yiV(y)8in(I):|

By symmetry arguments, we also have

Ix(f)

_ 1
;:/ e B2V (y) |:2 0‘% 8331 - [06(272)8%‘/(:1/) +Oé(271)8x1U(JU)] 8yz:| (f)(y) dy

= [ 0 1) {(52 @ - 87) (5 o3 - ) — B2 g 0T @0,V ()

The end of the proof is now clear. This completes the proof of the proposition.

7.8.3 Langevin diffusions on manifolds

We consider the projected diffusion model (6.30) associated with a gradient b = 9V of some smooth
function V' : R" — R.
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When o = Id, we have H, = H and 7(z)0V (x) = VV(z) so that (6.30) can be interpreted

as the projection on the manifold of the Langevin diffusion; that is, we have that
1
dXt = W(Xt) (—E)V(Xt)dt + dBt) - 5 H(Xt) dt

1
= —VV(Xy) dt+ |7(X;) dB — 3 H(X) dt (7.29)
In this particular situation, the generator (6.31) of X, is given by
L(F) = - AF—(VV,VF) ( with AF =t (V*F))

2V div (e*w VF)

1
2
1
2

The divergence formulation given above is checked using the fact that
Ve VF] =V [e?] [VF|" + 2 V[VF]
and
Ve =-2e?" VvV
so that
div(e™? VF) = tr(V][e? VF|)
= 2w (W [VE)) + e tr( V[VF)
= 22V (VV,VF) +e % AF

The end of the proof is now clear.
For any smooth function F' with compact support and any smooth vector field W € T'(.S), we have

/ F div (W) dusz—/ (W,VF) dus
S S

where pg stands for the volume measure on S. This integration by part divergence theorem (6.83) is
proved in section 6.6.3. We let n be the Bolzmann-Gibbs measure on S defined by
1

dn = = e 2V dug

where Z stands for some normalizing constant. Here we have implicitly assumed that e =2V dug €]0, col.
In this notation, we have

2 Z / Py L(F) dy = / Fy eV div(e™® VE) e dug
S S
= / Fy div (e VE) dusg
S

— _/ (e7?V VF,,VF) dus = —/ (VF,VF) e 2V dug
S S

A This implies the reversibility property of L w.r.t. . More precisely, we have the following

/5 Py L(Fy) dn =~ /S

formula

<VF1,VF2> dn:/ L(Fl) F2 d?]
S
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7.8.4 Riemannian Langevin diffusions

We consider the projected Langevin diffusion model (7.29), and we set ¢(X;) = O;. In this situation,
we have

dXF = —(V X1 (X)oV (Xy) dt + % ANXF)(Xe) dt + (V X5)T(Xy) dBy

Arguing as in the proof of (6.80), using Ito formula we have

A6(X) = = 3 (@) (X XOT(X0) V(X dt+ 5 (M) (Xt + (Vo) (Xp)aBy
1<k<r

= (Vo) (X)@V)(X) dt + 5 (M) (Xt + (Vo) (X) dB. (= (6.79))
Using the fact that X; = ¢(©,), we arrive at the equation

VISisq dof= |- (Vo] (00 V)6 + 5 (A4), (6] dt+ (V)] (@) aB

Using (6.65) and (6.66) the expression of these Riemannian Langevin equation in terms of the
Riemannian inner product g is given by

(A¢'), = > e 891( det(g) g”)
1<5<p
(Vo'), (V)e = > g™ ((9,0).(0V)y)
1<j<p

d6ide] = (V¢'), (0r) dBidBf (Ve) w(et):<(v¢i) 2 (©0), (V) w(@,g)>dt
= ¢(O,) dt = <Zﬁk@td3t,z\ﬁ@t >
1<k<p 1<I<p

with

(D0,8),@V)s®)) = > (85,9%) (0) (@2,V)0(6)

1<k<r
= g, (Vor)(0) = (0p,U) (0) with U=Vouq

A This yields

de; = — Y g¥ ) (©) dt

1<5<p

Vo ,(©y) dBF +
lgzkgp ! 1<]z:< \/ det @t

= —(V,U)!(©,) dt+dB,

S~

( det(g) g™ ) (©) d

with the d-dimensional Brownian motion B; on the Riemannian manifold defined for any
1<i<pby

dB. = Vo 1,.(0,) dBF +
! 13%13 k ! 1<Z]:< \/det @t

0, (Vaeilg) g ) (©r) dt
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Notice that
% Z1§jgp m Op; ( det(g) gm)

=3 > 1<i<p 9, (9%7) + 1 > 1<j<p gt tr (9_189j9)
This shows that
dO; = — (V4U) (0y) dt + dB, (7.30)

Alternatively, in terms of the potential function U’ defined by

e — o faer(g) = U = U — ilog det(g(0))

we have
:_(VQU/)
1 > _
0y = | = (VU) + ; > gt (97 9,9) | (©)dt
1<j<p (7.31)
+5 37 0, (99) (©) dt+ > VgL(6y) dBf
1<5<p 1<k<p

Arguing as in (6.77), and recalling that
<8f, ng> = <vgf7 ng>g
the infinitesimal generator £ of ©; is given by
1
'C(f) = - <vgfv ng>g + ) Ag(f)
..
= —(Vof,VoU), + 5 leg (Vq(f))

= (Ve V),
g 1;<p\/det

1 — i
S Ty 00 (P Vaso) (V1))

b (Vaalg) (Vof)')  (+ (6:72))

A This formula can be rewritten in the more synthetic form

L(f)=5 e*V divg (e_zU vg(f))

We consider the Riemannian volume measure py and the Boltzmann-Gibbs measure 1 on Sy
defined by

= /det(g(0)) d0 and n(df) = % e 2U(0) f1g(dB) = % e=2U'(0) 49

with the normalizing constant

Z = / e 2VO) 1y, (dO) = / e 2V qp



7.9. METROPOLIS-ADJUSTED LANGEVIN MODELS 201

For any smooth functions fi, fo with compact support, using a simple integration by part we have

[ 5100) £(2(0) O it = —5 3 [0 () (Vora) () O i at)
1<i<p
= 5 X [ (TaIO (T 00 ()
1<:i<p

A This shows that L is reversible w.r.t. i; that is we have that

[ £:® £22)0) @) = -5 Z [ (T00)(6). (T £2)(0)) 0 n(a)
= / L(£1)(6) £2(6) n(do)

7.9 Metropolis-adjusted Langevin models

The choice of the time discretization schemes is extremely important. For instance, a simple Euler
type discretization model may fail to transfer the desired regularity properties of the continuous model
to the discrete time one.

We illustrate this assertion with a discussion on an overdamped Langevin diffusion, on an energy
landscape associated with a given energy function V € C?(R%,Ry) on E = R?, for some d > 1. This
model is defined by the following diffusion equation

dX; = —B VV(X;) + V2 dW, (7.32)

where VV denotes the gradient of V', 8 an inverse temperature parameter, and W; a standard Brownian
motion on R%. The infinitesimal generator associated with this continuous time process is given by the

second order differential operator
Lg=-BVV -V+A

Under some regularity conditions on V, the diffusion X] is geometrically ergodic with an invariant
measure given by
1
drg = — e PV dx
B 2
where A stands for the Lebesgue measure on R?, and Zg is a normalizing constant.
As usual, in the continuous time framework, to get some feasible solution we need to introduce a
time discretization scheme. To this end, we let W,, 11 be a sequence of centered and reduced Gaussian
variables on R

A Firstly, starting from some random state X,,, we propose a random state ), 1 using
the Euler scheme

Vi1 =X, — B VV(X,)/m+ /2/m Wy (7.33)
Then, we accept this state X, 1 = Vy4+1 with probability

A (emvwnvm» y IWHX))
D (X, Vng1)

Otherwise, we stay in the same location X,+1 = A&,.
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In the above display, the function p,, stands for the probability density of the Fuler scheme
proposition

Pl ) = 7z o0 (= ly =2+ 8 YV (@)/m]?)

(47 /m)
The resulting Markov chain model X,, is often referred to as the Metropolis-adjusted Langevin al-
gorithm (abbreviated (MALA)). One of the main advantages of the above construction is that the
Markov chain X, is reversible w.r.t. to mg, and it has the same fixed point 7g as the continuous time
model. Without the acceptance-rejection rate, the Markov chain (7.33) reduces to the standard Euler
approximation of the Langevin diffusion model (7.32). In this situation, the Markov chain may even
fail to be ergodic, when the vector field VV is not globally Lipschitz [512, 438]. We refer the reader
to [72, 295, 512, 513, 590] for further details on the stochastic analysis of these Langevin diffusion
models. We also mention that the Euler scheme diverges in many situations, even for uniformly convex
functions V. At the cost of some additional computational effort, a better idea is to replace (7.33) by
the implicit backward Euler scheme given by

Vi1 + B VV(Vny1)/m = X + /2/m Wi



Chapter 8

Some illustrations

8.1 Bayesian inference

8.1.1 Disintegration formulae and Gibbs sampling

A We consider a couple of random variables (0, X)) on some state space S = (2 x E) with
some distribution of the form

m(d(8,x)) = m(df) L12(8,dx) = ma(dx) Lo 1(z,db) (8.1)

The first marginal measure 7 is called the prior distribution, and the distribution Lo 1(p,df) is
called the posterior distribution of © given the observation X = z. Note that L;2(6,dx) coincides
with the conditional distribution of the r.v. X given © = 6.

A When Lj 2(0, dz) has some density x — [;(0) o« Gz(0) w.r.t. some reference measure
A(dx) on E, the posterior distribution takes the form

Loa(z,df) = U, (m1)(d6) (8.2)

for A-almost every « € E. The function G, is called the likelihood function of the observation
variable X = x given the value of the parameter ©® = . In these settings, the Boltzmann-
Gibbs transformation is also called the Bayes’ rule.

In Bayesian literature the disintegration formula (8.1) and the Boltzmann-Gibbs transformation (8.2)
are often written with some abusive notation in the following form

p(0,z) = p(z]) p(6) = p(b|z) p(z)
and

1
p(f|z) = @) p(0|z) p(#) with the normalizing constant p(z) := /p(:z]@) p(0) db
p(x

In this notation, we have
m1(d0) = p(8)do mo(dz) = p(z)dx Ly 2(0,dx) = p(x|@)de and Lo i(z,dd) = p(f|x)dd

with some hypothetic reference measures dff and dz, and of course for different functions p(.) and
p(. | .) depending on the arguments = and 6 used in the formulae.

203
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A The Gibbs sampler associated with the disintegration formulae (8.1) is defined by a
Markov chain &}, = (O, Xj) € S = (0 x E) with transitions

P (O, Xi) € d(0k, x) | (Og—1,Xk—1)) = Lo1(Xp—1,d0k) L1 2(0, dX}) (8.3)

We illustrate these Bayesian models with an elementary example. We let 71 be the Beta distribution

with parameter (a,b) € [1,00[% on = := [0, 1], and L; 2 be the Binomial type Markov transition with
parameters (n, ) from = = [0, 1] into {0,...,n} C E = R; more formally, we have
m1(df) o< 671 (1 —6)>1 loy(0) df and Lip(0,dx) = > <)<y < Z >9p (1—60)""P p(dx)

o 091 (1—0)1 pu(do) = 6 (1—6)"* \dx)
(8.4)

with the reference measures
u(df) =1p11(0) d9 and Adz)= > ( Z )(Sk(dx)

By construction, we have that

m(d,z)) o 07T (1 — )T (dh) A(dx)
o< 90T (1 — 9P+ D=L (dh) X (m Ly o) (da)

This implies that m1L1 2 = m and Lo is the Beta type Markov transition given by
YO<p<n  Lyi(p,df) o< 0°7P~1 (1 — g)bT=P)=1 1 (4g)
In other words, in terms of Bayes’ rule we have
Ly i(z,df) = Vg, (m1)(df) with the likelihood function G(0) :=6" (1 —60)""*

The prior Beta distribution with parameter (a,b) is sometimes written m; = Beta(a,b), and the
Binomial conditional observation distribution Lj 2(f, .) = Binomial(n, ). The Bayesian learning model
is often written in the more synthetic form

{ © ~ Beta(a,b) (8.5)

X |© ~ Binomial(n,®) = ©|X ~ Betala+X,b+ (n— X))

In some instances, the desired prior distributions Law(© | X') have an explicit form and the desired
estimator of © given the observation X, such as the E(© | X) for one dimensional problems, can be
computed directly. In more general situations, another level of approximation is needed. One natural
strategy is to use the MCMC methodologies.

For instance, in the elementary example discussed above, the Gibbs transition (8.3) reduces to
the sampling of a Beta r.v. ©y with paramaters ((a + X;—1),b+ (n — X;—1)) and a Binomial r.v. X
with parameters (n,©y). It is important to notice that it is not essential to determine the marginal
distribution m = m1 L1 2 of the random variable X to define and to run the Gibbs sampler.

Next, we discuss the parameter inference problem associated with this Bayesian model. For n = 1,
it is readily checked that L 2 is the Bernoulli type Markov transition from Z € [0, 1] into {0, 1} given
by
L(0,dz) = (1 — 0) 5o(dz) + 0 61(dw) (8.6)

)
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and the corresponding posterior distribution Lg% is the Beta type Markov transition given by

Vee {0,1}  L{Y(e,db) = T, (m)(df) with gc(0) :=6° (1—0)'~

)

The learning process associated with a sequence of observations € := (ex)1<x<n € {0,1}" is represented
by a successive application of the Bayes’ rule

(\I'gen o... \Ilgq) (m) = \Ifgpn(e) (m1)

with the potential function G, () given by

n

pn<€) = Z € —> Gpn(e)(e) = H gek(g) — gpn(e) (1 _ H)nfpn(e)

1<k<n 1<k<n

Given © = 6, we let B := (By)i1<kr<n be a sequence of conditionally independent Bernoulli r.v.
with common distribution (8.6). We have shown that

P(Ocdi|B=e =g . (m)d0)=Loi(pale),dd) =P (O € df | X = pu(e))

8.1.2 Conjugate priors, likelihood and posteriors

The examples discussed above show that the prior distribution 71 (df) and the posterior distribution
Ly (z,df) = Vg, (m1)(db), resp. Lg%(e, df) = ¥, (m1)(df), are in the same class of Beta distributions.
In Bayesian statistics, this property is interpreted as a conjugacy relation between distributions w.r.t.
some class of likelihood functions.

We often say that a class of prior distributions P is conjugate to a class of likelihood functions G
if we have

VGeG Us(P)CP (8.7)

A

To be more precise, we equip the set E with a reference measure A\, and we suppose we are
given a set of prior distributions of the following form

P = {v,eP(E) : heH}
where H stands for a set of indexes, and a class of likelihood functions

G={G : (2,0)—~ G,(0) : V€= [ AMdz) G(0) =1 and

VheH LM (x,df) := g, (v,)(df) is Markov operator from E into = }
(8.8)
The state H is often called the set of (prior) hyper-parameters to avoid confusions with the
parameters we want to make inference about.

A We say that P is conjugate to the class of likelihood functions G if there exists some
conjugacy mapping

H : (hyz) e (Hx E)— Hy(h)eH st. YVheH VGeG Ve, (Vh) = via,m) (8.9)
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In this notation, the disintegration formula (8.1) takes the form

mh(d(0,x)) = vp(df) Gz(0) A(dx) = vp(Gy) AMdx) Vq, (vh)(dO)

=m1(d0)

Ly,2(0,dx) =ma(dz) =L3 1(z,dd)

For instance, the example discussed above show that the Beta distribution is conjugate to itself
w.r.t. the Binomial likelihood function G, resp. w.r.t. the Bernoulli function g..

Vh=(a,b) € H=[1,00%  v(df) x 6" (1—0)""" 1;9(0) db € P(E) = P([0,1])

and
Vexe{0,....,n} CE=R Gz(0)=6*(1-0)""

In this situation, the conjugacy mapping is given by
Hy(a,b) = (a+z,b+ (n—2x)) = (a,b) + (z,n — z)
and (8.5) takes the following form

{ © ~ Beta(h)

X |©® ~ Binomialn,®) = © | X ~ Beta(Hx(h)) (8.10)

The class of Gaussian prior distributions is also conjugate to itself w.r.t. Gaussian likelihood
functions with known covariance matrices.

To be more precise, we denote by N (m, R) the Gaussian distribution on a d-dimensional
space R? with mean column vector m € R? and covariance matrix R € R4*¢

N(m, R)(dx) = g(m,p)(z) dx (8.11)

with
@)=
g(m,R) ' (27T)d/2 ‘R’

exp [-27 (. — m)' R~z — m))

where |R| stands for the determinant of R.

We assume that R is in the set X, of invertible covariance matrices. In the above display, dx stands
for the Lebesgue measure on R%. In this notation, we have

\I]g(mo,Ro) (N (ma, Rr)) = N (m2, Ra)
with

my = Ri(Ro+ Ri) 'mo+ Ro(Ro+ Ry)"'my
(Ry' + R 'Ry'e + (Ry' + Ry 'R'my and Ry' = Ry'+ Ry?

We check this claim using the fact that

(x — mo)/R61($ —my) + (z — ml)'Rfl(:ﬁ —mq)
= 2'Ry'w — 22/ Ry (R2Ralm0 + Rnglml) + some function of (m;, R;)i=0,1

=(z— m2)/ R;l (x — mg) + some function of (m;, R;)i=o.1
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The last assertion comes from the fact that
(o' + Ry 7Ry = (Bo(Ry + By) ™t = (I + RoRy") ™! = (Ro+ R)Ry )™ = By (Ro+ Ry) ™!
and by symmetry arguments we conclude that
RyRy'mo + RyRy'my = Ri(Ro + R1)™'mo + Ro(Ro + R1)"'my
For any fixed precision matrix Py = R, L€ %) the set of prior distributions is given by
Vh = (my, R{Y) := (m1, 1) € H= (R x Zy) v :=N(mi,R) € P(E) =P(RY)
and the likelihood functions are defined by the Gaussian densities

Vee E=R?"  Gu(0) = gz.r,)(0) (8.12)

In this notation, if we set N(m, R~1) = N'(m, R), then we have
Ve, (vn) = vu,m) < Y6, (N(mi, Pr)) = N(Hz(ma, Pr))

with the conjugacy mapping (8.9) is given by

Hx(mh Pl) = ((P() + Pl)flpo x + (Po + P1)71P1 my, Py + Pl)

The corresponding Bayesian learning model (8.5) is given by

© ~ N(mq,P)
{ X0 ~ N©,PR) — ©|X ~ N(Hx(m,P)) (8.13)
It is now readily check that
Hy,(Hy (m1, P)) = ((2Py+ P) 'Ry (21 + 22) + (2P + P1) ' Pi my, 2Py + Py)
Iterating the argument, we find that
(Vg, o...0 \I[Gml) (N(m1,P1)) = N((Hg, ©...0 Hy, )(my, P1)) (8.14)
with the composition conjugacy mappings
(Hyp,o...0Hy)(mi, Pt) = |(nPo+P) 'Py > ap+ (nPy+P) 'Prmy, nPy+ Py

1<k<n
In a more synthetic form, we have proved that

© ~ N(my,P)
(X1,...,X,) conditional i.i.d. | @ ~ N(O,F)

— @|(X1,,Xn) NN((HXnO---OHXl)(thl))

The class of inverse Wishart distributions is conjugate to Gaussian likelihood functions with known
mean vector.
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We recall that the distribution of a (d x d)-Wishart random matrix A ~ W;y(v, V'), with parameter
v > d and some (d x d) covariance matrix V, is given by

(v—d)—1

1
P(A e€da) x|a| 2 exp <—2 tr (V! a)> da

where da = [[,<;<;<4da;; stands for the infinitesimal neighborhood of a positive definite symmetric

matrix a = (a;)1<i j<d- One can also show that A law Y 1<k<y XX}, with v independent Gaussian

random vectors Xy ~ N(0, V). Notice that for d = 1 and V = 1 the Wishart reduces to the Chi-square
distribution on |0, o[ given by

P(A € da) x a2~ exp (—%) da

The inverse B = A~! is distributed with the inverse Wishart distribution ZWy(v, W) with W =
V1, given by

(v4+d+1)

1
P(Bedb) x|b|” 2  exp <—2 tr (W b‘1)> db

where db = H1§i§ j<a dbi j stands for the infinitesimal neighborhood of a positive definite symmetric
matrix b = (b;j)1<i j<d- We check this claim, using the fact that the Jacobian of the transformation a
b= a"!is given by |0b/da| = |a|~(@*1). Further details on these multivariate Gaussian distributions
can be found in [9]. Notice that for d = 1 and (a, §) = (v/2,W/2), the inverse Wishart reduces to the
inverse Gamma distribution on ]0, co| given by

P(B € db) x

1 p
patl exp <_b> db

For any fixed mean vector mg € R? the set of prior distributions is given by
Vh = (’U, W) eEH= (Nd X Ed) vy = IWd(V, W) S P(E) = P(Ed)

with Ny = {m € N : m > d}. and the likelihood functions are defined by the centered Gaussian

densities
Ve e E=R"  G,(b) = g () (8.15)

In this notation, we have
Ve, (IWe(v, W) = IWy(H, (v, W)) (8.16)

with the conjugacy mapping (8.9) is given by
Hy(v,W) = (v+1,W +z2') = (v,IW) + (1, 22")

We check this claim using the fact that 2’b~ 'z = tr (xx’ b1 ) The corresponding Bayesian learning
model (8.5) is now given by

0 ~ IWy(v,W) (8.17)
X ‘ 0 ~ N(mo,@) = © ‘ X ~ IWd(H)((U,W)) '
Iterating the argument, we find that
(¥a,, 0...0¥g, ) (@W4(v,W)) = IW4((Hz, ©...0 Hy,) (v, W)) (8.18)

with the composition conjugacy mapping

(Hy, 0.0 Hy)(0,W) = (v,W)+(n, Y apa})
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8.1.3 Exponential family of distributions

A One natural way to design conjugate priors is to consider the exponential family of
distributions
L12(0,dz) = exp { A(0)'T(z) — B(0)} A(dx (8.19)

with some given functions T : z € E — R4 A : 0 € 2 — RY, for some d > 1,
B : 6 € E~ [0,00[, and some reference positive measure A(dz).

The measure \ is sometimes called the base distribution (and it is usually not important), the
function A(0) is termed the canonical parameter (often denoted by 7(#)) the function B(0)
coincides with the logarithm of the normalizing constant (a.k.a. the log-partition function),
and the function T'(x) which encapsulates the data in the conditional distribution is called
a sufficient statistic.

In this situation, there always exists conjugate priors w.r.t. the likelihood function G,(0) =
exp {A(9) T(x) - B(9)}.

To see this claim, it suffices to choose a prior distribution of the form

m1(df) o< exp {A(0)'c — BB(6) } pu(db) (8.20)

for some parameters (,3) € (R? x R) and some reference measure u on Z, s.t. the above
probability measure is well defined. This class of measures is often called the minimal con-
jugate family for the likelihood functions in (8.19).

In this situation, we have

7(d(0,2)) o exp{A®0)(T(x)+a)—(1+B)B(O)} u(dd) Adx)
x exp {A(0)(T(x) +a) — (1+A)B(6)} u(d6) (m L1 o)(de)

A from which we conclude that
Lo (2,d9) o exp {A(9) a(z) — B(x) B(©O)} p(d6)

with

a(r) = (T'(r) + o) and [lz) =1+p

In the example (8.4) discussed above, we have

A0) =log(0/(1 —0)) T(x)=x B(#)=nlog(l—0) and A(dx)= Z < Z ) ok (dx)

0<k<n

and the prior distribution 7 defined in (8.4) has the form (8.20) with (a, 8) = (a — 1, —(a + b)/n).
The single observation model (8.6) corresponds to the case n = 1.
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For multiple conditional observations with distribution (8.19), we have

(8.19) = L12(0,dx) = exp{ A(6) Y T(a*) —nB(6) p A\*"(dx)

1<k<n

where dr = dx! x ... x dz™ stands for an infinitesimal neighborhood of the state x = (z!,...,2"). In
this situation, we have

(8.20) = m(d(0,z)) = ma(dz) Las(z,dd)

with the posterior distribution
£2,1(2,d6) o exp {A(9) an(w) — fu(w) B(O)} u(d0)

and the parameters

ap(z) = Z T*)+a and Bu(z)=n+p

1<k<n

Hierarchical Bayesian models consists with introducing another level of prior distributions on the
parameters (o, 3).

8.2 Riemannian manifolds and Information theory

8.2.1 Nash embedding theorem

In differential geometry, a (smooth) Riemannian manifold (S, g) is a real state space S equipped with
a smooth inner product g on the tangent space T'(S); that is, for any # € S, and any vector fields
0 — Vi(0) € Ty(S) the mapping

0 — (Vi(0),V2(0)) 40

is a smooth function. This geometric Riemannian structure allows to define various geometric notions
such as angles, lengths of curves, volumes, curvature, gradients of functions and divergence of vector
fields.

The Nash embedding theorem state that every Riemannian manifold with dimension p can be
(locally) isometrically embedded into some Euclidean ambient space with sufficiently high r-dimension
( but r < 2p+ 1). The isometric embedding problem amounts to find some some function ¢ : 6 €
S — 9(0) € R" such that

gi,j(e) = <89i1/}769jw> = Z 89zwk(0)893¢k(9>

1<k<r

8.2.2 Distribution manifolds

When S = Sy = ¢(5) is the parameter space of a given manifold S discussed in (6.36) the natural
Riemannian inner product is given by the matrix field (6.39).

The space of discrete distributions S := P(F) on a finite set £ = {1,...,r} is represented by the
p = (r — 1)-dimensional simplex

Simplex(p) = {z = (2i);<;<, ERL : ¢(2) := Z zi — 1}
1<i<r
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The tangent space T5(S) at each point z is given by

1
dp=| 1 | =T(S)={W(i)eR" : 2F=0=WFr)=0

and  (W(z),00(2)) = > 1<k, Wh(z) = 0}

The Fisher information metric on 7,(5) is defined by the inner product

> Wi (2) W5 (2)

VIV (2), Wa(2) € To(S) (Wi (2), Wa(2))nz) = Lt2) B

1<k<r
For instance, for r = 3 we have

T.(S) := Vect | e1(z) := 0 vea(z) == 1

In this case, for any z = (2x)1<k<3 s.t. zx > 0 for any k£ = 1,2, 3, we have

hii(z) = (e1(2),e1(2))p) = ;,«11 + 213 h1,2(2) = h2,1(2) = (e1(2), e2(2))p o) = 213
h272(z) = <€2<2), eZ(z»h(z) = 212 + 213

More generally, let E be some measurable space equipped with some reference measure \.
The tangent space T}, (PA(E)) of the set of probability measures

PNE):={pnePE) : p<A}>pu
given by
A dv 2
Tu(P (E))z veP(E) : v<pust. i dpu<oo and v(1)=0
is equipped with the Fisher inner product

AWi(p) AVa) 4 (g01)

YW () Wa) € Tu(PAE) - W0 Walihniy = |

du du

8.2.3 Bayesian statistical manifolds

Riemannian manifolds also arise in a natural way in Bayesian statistics and Information theory. To
describe with some precision these statistical models, we let

po(dy) := Po(y) A(dy) (8.22)
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be a collection of distributions on some state space E, equipped with some reference measure A(dy),
and indexed by some parameter 6 on some space S C RP of dimension p. We assume that S is equipped
with some probability measure of the form

p'(d6) = P'(6) X'(df)

where \'(df) stands for some reference measure on S. The probability measure u' can be seen as
the prior distribution of some unknown random parameter ©. Given © = 0, ug(dy) stands for the
distribution of some partial and noisy random observation Y of the parameter ©. In this interpretation,
the function

P(6,y) = P'(0) Po(y)
represents the density of the random variable (©,Y") w.r.t. the reference measure A® X on S x E. We
consider the parametrization mapping

Y 2 0eS—P(0) =y € Ps(E) ={ug € P(E) : 0 €S} CPNE)

and we equip Ps(F) with the Fisher metric (8.21) induced by P*(E). Notice that for any 1 <14 < p
we have
(891¢)(0) = 891'”9
with the signed measure
Do, 1o (dy) == 0, Py(y) A(dy)

on F with null mass
/Pg Mdy) =1=V1<i<p /%Pg y) AMdy) =0

The tangent space

Ty (S) = Vect (e;, i=1,...,p) with ¢; = +— 1 — th coordinate

S = O

0
is mapped on the tangent space T}, (Ps(E)) using the push forward mapping

(dv)o = > VH0) ei(0) € Ty (S) = (dp), = > VUO) (9,0)(0) € Ty, (Ps(E))

1<i<p 1<i<p

The Fisher information metric ¢ on the parameter space & induced by the metric h on
Ps(E) is defined for any 1 <1i,7 < p by

99, Po(y) T, F(y) Py(y) Mdy)

9:5(0) = {@00)O): @0, 0) )y = | "B Brw)

/ 0o, log Py(y) O, log Py(y) Po(y) A(dy)
= E (g, log Po(Y) dg;log Po(Y) | © =0 )
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The Fisher metric can alternatively be defined by
/Pe(y) Ady) =1 = /891. log Fy(y) Py(y) A(dy) =0

= gi(0) = /aeilogmy) 9y, log Po(y) Po(y) Mdy)

_ / (30,0, 108 Pa(y)) Poly) Mdy)

= —E(8p,9,l0gPo(Y)|©=10)

We end this section with a connection between the Fisher metric and the relative Boltzmann
entropy. We fix some parameter 8* € S and we consider the Boltzmann entropy

Py(y)
Po+(y)

Bor(0) = Bt (uor | o) = — [ og % Por(y) My

We have

1
O, log Py(y) = maeipe(y)
1

89]-,91- log Pg(y) = T 5/ aejpe(y)GHiPQ(y) +

09, 0. P,
B (o)’ 0.0, F0(y)

o
Py(y)
from which we conclude that

(O0.50)(0%) = = [ s 00 Pora) P ) Aldy) = = [ 00, Poe0) Ay) =0

and
1
(30, 0.50:) (0%) = / Bt 00 000 Pyr () P () \() / 3o, 0, P+ (4)\(dy)

_ /aejPe*(y) Do, Po+(y)

Bl Py A= 0l

This shows that

Bt (o | we) = 5 30 95(6%) (6~ 03)(0; — 65) +O(I0 — %))
1<i,j<p
= 5 00960~ 6%) + O (6 — "))

The above formula shows that the Fisher matrix g(6) encapsulate the infinitesimal changes
of the model distribution py w.r.t. an infinitesimal fluctuation of the model parameter 6.

8.2.4 The Cramer-Rao lower bound

~

Suppose we are given an unbias estimate © = (¢*(Y))1<i<p of the parameter § = (6°)1<;<, associated
with an observation r.v. Y with distribution (8.22); that is we have that

Vi<i<p E(cp’(Y)) = ¢
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The score function is defined by the gradient function
Scoreé(Y) = 892‘ log Py (Y)
Recalling that
E (Scorefg(Y)) =0

using Cauchy-Schwartz inequality, we find that
, 1/2 , : . : :
E ([scoreg(Y)]Q) P Var(F (V)2 > E ([Scorel) (V) — E (Score) (V)] [/ (V) — E (¢7(Y))])

= E (Scoreé (Y)(,Dj(Y))
= [ ¢ (y) o, log Py(y) Py(y) Mdy)
= [¢/(y) 3o, Pa(y) Mdy) = 06, E(7(Y)) = 0,6 = 1i—;

This implies that

Var(¢’(Y)) > 1/g;,;(6)
8.2.5 Some illustrations

Boltzmann-Gibbs measures

We consider a collection of Boltzmann-Gibbs measures associated with some potential function V on
some state space F, and indexed by some real valued parameter 6:
1

Ho(dy) = e VW \(dy)

In this situation, we have

1
89P9(y) = 7? 39(20) e—GV(y)+ ?9 39(6_9V(y))
0

= (V) = V(y)) Po(y) = Oglog Py = pg(V) = V)

1

from which we conclude that

9(0) = g1.1(0) = / [o(V) = VW)I* po(dy) = pe(V?) — pg(V)?

Multivariate normal distributions

We consider the collection of distributions py index by some parameter § € S C RP and given by

o(dy) = ! b (—1 (g — m(8)TC(0) "y — mw))) dy

NN G RS

where dy = [ [, <;<4v dy; stands for an infinitesimal neighborhood of the point y = (y;)1<;<qv € R
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In this situation, we have

9i,5(0%)

891,9jEnt (MQ* ‘ :ue)
T By, m(07)C0%) g, m(07) + % tr (95, C(6%) C(6%) " (06,C(67) C(6%) )
(8.23)

In particular, for d¥ = 1, and p = 2 with m(6) = 6; € R and C() = 0 €]0, 00| we have

1
9 = —
91,1(0) %
1
g12(0) = 921(0) =0 and g22(0) = -5

The corresponding Riemannian gradient compensates the fact that a infinitesimal change of parameter
in a Gaussian model pg with small variance 63 has more pronounced effects:

(ng)(@) = 92 a91f + 29% aezf

To check (8.23), we observe that

Ent (ug« | o) = = [logdet (C(6%)71C(6))

N

+/ {((y=m(0))"CO) "y —m(8))) — (y —m(6%))TC(0") " (y — m(67)) } po-(dy)

= 1 [logdet (C(6*)71C(0))

=3
FE{((Y =m(0))"CO)" (Y = m(9))) — (Y = m(6%))" C(0*) (Y —m(6"))}]

with
Y =m(0*) +C(0")? Z where Z ~ N(0,Idgy,zv)

E(ZAZT) = > E(Z'Ai; Z)= Y Ai;i=tr(A)

1<i,j<d¥ 1<i,j<d¥

We recall that for any invertible symmetric positive definite matrix A, the square root A2 =
(U VvV DUT, for some orthonormal diagonalizing matrix U s.t. A = UDUT with D diagonal) is sym-

metric and invertible, and we have
ATY2AVE =g AAY? = AYV2A and AY2ATIAY? =14
We also recall that for any couple of matrices A and B, we have
tr(AB) = tr(BA)

so that
tr(AY2(BAY?)) = tr(BA) = tr(AB)

Using these formula, it is readily checked that

E((Y — m(0*)TCO0") (Y —m(6*)) = E (ZT C6*) Y2 C(0%)LC ()12 Z) —E(272) =d”
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and
E ((Y —m(0))"C(0)" (Y —m(0)))

=FE ({(m(e*) —m(0)) + C(e*)1/2z]TC(9>_1 [(m(&*) —m(0) + C(G*)I/QZD

— (m(6%) —m(6))7C(6) " (m( )+E(27C(07)2C(0) " c(6)*2)
— (m(8%) — m(8))TC(0) " (m( ) + tr (0 (020 (0)"1 0 ( 9*)1/2)
= (m(6*) —m(9))T'C(6) "L (m( )+ tr (C(E")CH)™)

We conclude that

2 Ent (o~ | po)
= logdet (C(60*)1C(0)) + (m(6*) —m(0))C(0) " (m(6*) — m(0)) + [tr (C(6*)C(O)™") —d]

For any index 1 < i < p, we have

dp; logdet (C(0)71C(9)) = e 9*1)_10(9)) , log det (C(6*)71C(0))

(
0)7c0)” nc) 1 00)
= ftr (0(9)_10910(0))

o that 9y, (log det (C(6%)-1C(9)) + [tx (C(6%)C(0)~1) — d])

= tr (C(6)195,C(0) — C(6*)C(0) " (95,C(0)) C(6) ) "= 0
The second term in the trace formula comes from the fact that

DA™ = —A(e)™" (9.A(e)) A(e)!

for any smooth functional € — A(€) in the space of invertible matrices. We check this claim using the
fact that

0> Aij(e) A (e)=0 = ZA” )OAT* (€) ZaA” (€)A7*(¢)

= ZA“( )Aij(€)0 AT () = ZAZ’I(E)@A@'J(E)AJ”“(E)

where A(e)™1 = (Ai’j(e))ij and A(€) = (Ai;(c)), ;-
We also have that 7

Dp,.0, (log det (C(6%)1C(0)) + [tx (C(6%)C(0)1) — d])
=tr { [(ang(G)_l) 8giC’(9) + 0(9)_1891.79].0(9)]
—C(6%) [(ang(a)—l) (0p,C(0)) C(O) L +C(0)~1 (691.7%0(9)) C(0)~L+C(0)71 (8p,C(0)) ang’(@)_l]}

"= _tr (C(6%) (95,C(0%) 1) (86,C(6%)) C(6%)72) = tr (3, C(6%) C(6%) 7 (35,C(6%)) C(6%)7)
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In much the same way, we have
g, ((m(0%) —m(0))"C(0)~ (m(6*) — m(0)))

= —205,m(0)TC(0) "L (m(6%) = m(0)) + ((m(0%) — m(8)) 7y, C(0) " (m(6%) — m(6))) "= 0

and therefore

Bo,.0, ((m(6%) —m(60))TC(0) " (m(6") — m(6)))
=2 9p,m(0)" C(0) " 9p,m(0)

=2 [(90.0,m(6)) C(O)™" + (30,m(8))" 95, C(6) ™ + 9, m(8)" 0y, C(6) "
—§<m<e*> —m(0))"0p,0,C(0)"" | (m(6*) — m(9))

=" 2 09, m(0%)TC(6%) " 0p,m(6%)

We conclude that oo
99, Ent (g | pg) = 0

This ends the proof of the desired formula.

8.3 Signal processing and filtering

This section is dedicated to linear-Gaussian filtering models and the derivation of the traditional
forward-backward Kalman filters. The origins of these optimal filters starts with the seminal article
by R. E. Kalman [370] and the earlier pioneering works by R. L. Startonovich [554, 555, 556, 557].

The first historical application of the Kalman filter was developed by S. F. Schmidt [528], in
the Apollo program of NASA Ames Research Center, to solve nonlinear navigation equations of the
manned lunar mission. The Kalman filter has been applied in the design of a variety of defense
navigation and guidance systems, including ballistic submarines and the U.S. Navy’s Tomahawk as
well as in the U.S. Air Force’s air launched cruise missiles. It is also used in the NASA Space Shuttle,
as well as in the attitude control systems of the International Space Station.

Originally developed for spacecraft navigation systems, the Kalman filter and its extended version
are one of the most commonly and routinely used tools to remove noise from partially observed
sequences of random variables. Its range of application has been extended to almost every scientific
discipline, including in financial mathematics, econometrics, and computational biology, as well as in
Bayesian statistics and in various branches of engineering sciences.

8.3.1 Forward Kalman filters

We consider a RPT%-valued Markov chain (X,,Y,,) defined by the recursive relations

{ X, = Ay, Xp1+4an+B,W,, n>1 (8.24)

Y, = Cp Xp+cen+Dy Vy, n>0

for some R% and R%-valued independent random sequences W, and V,,, independent of Xy, some
matrices Ay, By, Cy, D,, with appropriate dimensions and finally some (p + ¢)-dimensional vector
(an, cn). We further assume that W, and V,, centered Gaussian random sequences with covariance
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matrices R}, R and X/ is a Gaussian random variable in R?” with a mean and covariance matrix
denoted by

X; = E(Xo) and By =E((Xo—E(Xo)) (Xo — E(X)))

The one-step predictors and the optimal filters are given by

M = Law(X, | (Yo,..., Y1) = N(X;, Py)
i = Law(Xy | (Yo,...,Yno1,Ya)) = N (X, Py) (8.25)

In the above display, N(.,.) stands for the Gaussian distributions discussed in (8.11).

For the linear-Gaussian models discussed above, the synthesis of the conditional mean and
covariance matrices is carried out using the traditional Kalman-Bucy recursive updating-
prediction equations

~ _ updating ~ prediction ~ _
(X” b ) (X"’ P”) / (Xn+1’ Pn+1) (8.26)

To derive with some precision these recursions, we let M, be the Gaussian transition on R?

defined by

My (2, d2") = g(nx (2),R,)(¢") d2’  with mX(z)=A, z4+a, and R, :=B,RYB,

(8.27)
We also consider the likelihood functions
IV —n,@n) (Cn) = Gy (@),0,) (Yn)  with mY(z)=Cp z4+¢, and Q,:=D,R’D)
(8.28)

with the Gaussian densities g(,,, r)() associated with a mean and covariance matrix (m, R)
introduced in (8.11).

To find the prediction step we simply observe that

557? - E(Aan—l + an + Ban | (YE)7 ceey Yn—l)) - An )?n—l + an

~

P- = E ((/1n()(n_1 — X1) + Ban> (An(Xn_l — Xo1) + Ban>/> = AuP, 1A, + R,

This yields

X, = mf ()?nfl) = A, )?nfl + an
P- = AP AL+ R,
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The updating step is partly based on the fact that the }Y-martingale difference ()?n — )/(:n_ ) has the
representation property with respect to the innovation process; that is, we have

Xo— X- = Gain, (Y, — V) with Y =E(Ya|Yo,..., Ve 1) = mY (Ag)

for some gain matrix Gain,,. Since we have E((X,, — X,)(Y, — f’n_)’) =0, and
(Yo = Y,) = Cu(Xp — X)) + DyVi
we find that R R R R
E((Xn — X)) (Ve =Y, )) = Gain, E((Y, =Y, ) (Y, — Y, )))

We conclude that
Gain,, = P, C' (C, P, C!, + Q)"

Finally, using the decomposition

Xn_)?n:(Xn_)?;)‘i‘()?;_)?n)

and by symmetry argument, we conclude that

P, = Py —E((X; - X)X, - X,))
= P, — Gain, E((Y,, - Y, ) (Y, — Y, ))Gain], = P, — Gain,,C,,P,

In summary, we have proved the following updating formula.

For any (r, R) € (RP x RP*P) and n > 0 the updating transition is given by the Boltzmann-
Gibbs transformation

Uy o N R)) = N (i, (7, R), S (R)) (8.29)

with the functionals

My, n(r,R) = r+ RC,E, (R (Y, — (Cur +¢2))

~

Y.(R) = (I-RC.%,(R)'C,)R and X,(R):=C,RC! + Qn

It is also useful to observe that
Law(Yy, | Yo,..., Y1) =N (Cn)?; + e, 2n(P;))
We prove this claim using the fact that, given (Yp,...,Y,—_1), the current observation takes the form

Y, = CpXpn + DyV, with Law (Xn | Yo,. .. ,Yn_l) =N(X7,P)

The density py(yo, ..., yn) of the sequence of observation (Yp,...,Y,) evaluated at the ran-
dom observation path (Yp,...,Y},) is given by

n

pn(}/(b s 7Yn) = H g(ck)’f;+ck’gk(p];))(yk) (8'30)
k=0
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In Bayesian inference literature, this formula is sometimes written in the following form
pn(yby R Yn) = pn—l,n(Yn |YE)7 R Yn—l) X pn—l(Yba s 7Yn—1)
n
= ] pe-16(%% Y0, ..., Y1)
k=0

where pr—10(Yn |Y0,---,Yn—1) stands for the density (w.r.t. the Lebesgue measure dy,, on RY) of the
conditional distribution of the random variable Y;, given the observations Y, = y,,, for 0 < p < n.

8.3.2 Backward Kalman smoother
With a slight abuse of the notation, we denote by

p((zos- -y xn) | (Yo, -3 Yn—1))

the density (w.r.t. the Lebesgue measure dzg x ... x dx,, on (RP)"*1) of the conditional distribution
of the random variable (Xo, ..., X)) given the observations Y, = y,, for 0 < p < n. We also denote by

p(@k | Tht1, (Yo, -+, Yk))

the density (w.r.t. the Lebesgue measure dxj on RP) of the conditional distribution of the random
variable X}, given the observations Y, =y, for 0 < p < k, and the random state Xj 1 = xp41.

In these Bayesian notation, we have the conditional density formulae
p((l.O? e ?xn) | (y07 R yn—l))

=p(@n | (Yo, Yn—-1)) P(@n-1 | Tn, (Yo, -, Yn—-1)) (8.31)

Xp(n—2 | Tn-1, (Y0, Yn—2))-..p(x1 | 22, (Y0, y1)) p(z0 | Z1,%0)

A This shows that

P((Xo,...,Xn) € d(zo, ..., 75) | Yp=1yp, p< n) = nu(dry) H Mk‘vnkfl(xk7dxk*1)
1<k<n
(8.32)
with the Markov transitions

My, (g, deg—1) = p(p—1 | Tk, (Yo, - - -, Yk—1)) dTr—1

Our next objective is to provide an analytic expression of these Markov transitions. To this end, we
observe that

p(@p—1 | ks (Yo, - - yk—1)) o< p(zg | 2k—1) P(@k—1 | (Yo, .- Yk-1))
and
Mk—1(drp—1) = p(xr—1 | (Mo, Yk-1)) dTp—1
In terms of Boltzmann-Gibbs transformation, we have the Bayes’ formula
My (@, dop-1) = ¥a,, , () (dog—1) with  Go k(wk-1) = p(@k | 2k-1)
with the optimal filter distribution 7 introduced in (8.25). We recall that

P | wp—1) dog = N (Apzr—1 + ag, Ri) (dxk) = 9(nx @, _,) Ry (Tk) dTk
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A Using the Gaussian-updating formula (8.29) we have

Mgy (Thy ) = Yo (A (N (Xk—l,Pk—l)) =N (ﬁlmkk ()A(k—17Pk—1) aik(Pk—l))

with the parameters

Mk (Th—1, Po1) = @1 + Poo1 AL(P) ™Y (2 — (Apzp—1 + ag))
Sk(Peo1) = (I — Poq AL(P7) P Ap) Pey

A This shows that (8.32) is the distribution of the backward random trajectories

X )Nfr(ﬁ)l S )an) — Xén)

defined by the equations

) ~ N
X' = M1+ (XP) +Wp
~ -1 - N
= Xp+ DAy, (Pp11) (ng+)1 — [Ap1 Xy + apH]) +Wp (8.33)

XM o N()?,j,P;)

with a sequence W), of i.i.d. centered Gaussian variables with covariance matrices

-1
Yip 1= <I — BpAyi (Pp_+1) Ap+1> By

The conditional mean and covariance matrices of this Gaussian linear model

X)) = (X (. Yaor)

satisfy the backward recursive formula
—(n) R —~
XP = MX,p+l (Xp)
-1 -1
= P4 BAlL (Pp—+1> (zl()’jr)l - Pp_+1> <Pp_+1> Apir P,

with final time horizon condition (Y(n) Z%n)) = ()/(\'77 , P )

n

8.4 Hidden Markov chain models

8.4.1 Boltzmann posterior and Metropolis-Hastings models

Suppose we are given a signal-observation model (8.24) with kinetic parameters

(an, An, By cny Cny D) = (an(0), An(©), Bp(0), cn(0), Cr(0), Dy (0))
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that depend on some random variable © with a given distribution v on some state space =.

The posterior distributions of the signal trajectories given the observation sequence and the pa-
rameter © can be computed using the forward Kalman filter and the backward smoother presented in
section 8.3.1 and in section 8.3.2.

A In addition, using (8.30) we have

P((Y0,...,Yn) €d(yo,-- - yn) | ©=0) = pn(yo,.--,yn | 0) dyo...dyn

= {H Q(Ck(a))?(;kﬂk(9),Zk(P9jk))(?/k)} dyo ... dyn
k=0

where ()A(; w» Py ) stands for the conditional expectation and the conditional covariance
matrix

LaW(Xk ’ <Y07 o 7Yk*1) = (y07 o 7yk71)7 @ = 0) = N (ngkupgjk>

computed using the Kalman recursions.

A

Using Bayes’ rule, we prove that the posterior distribution of © given a fixed sequence
of observations Y, = (Yo,...,Yn) = (Yo,...,Yn) = Yn is given by the Boltzmann-Gibbs
measure

P(O©€di|Yn=1yn) x {ﬁ hk(ﬁ)} v(do)

k=0

with the likelihood potential functions

hk(e) = g(Ck(B))?;k+Ck(9),Ek(P9Tk))(yk)

The sampling of these target measures can be performed using the Metropolis-Hasting al-
gorithms developed in section 7.2. An alternative and more powerful particle simulation
technique based on Metropolis-Hasting sampling schemes equipped with recycling mecha-
nisms is provided in section 9.1.5.

8.4.2 Conjugate priors and Gibbs samplers

We start with a simple calibration model in which the parameters a, in the linear Gaussian model
(8.24) is a fixed and unknown parameters in RP. To simplify the presentation, we further assume
that (B, D,,) = (Id, Id) and (W, V,,) are centered independent Gaussian random variables with time
homogeneous covariance matrices (R, RY) = (Q, R). In this situation, given some random variable ©
with distribution v on R? the signal model (8.24) is now given by

Xn=A4, X1 +0+W, (8.34)
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A We fix a final time horizon n and a random path X := (Xo,...,X,) = = . Using Bayes’
rule, the conditional distribution of © given is given by the formula

POcd)| X=x)ocq [[ mal0)p v(d0) x (Tp,o...0y)(v)(d0)
1<k<n

with the collection of likelihood functions hy defined by

—~

cf.(8.12 .
hi(0) = G(ap—Arar_1,R)(0) ( (8.12) Gag,(0) with Azp =z — Agxp—; and Ry = R)

In the above displayed formula, we recall that g, r) are the Gaussian density functions
defined in (8.11).

A

We further assume that the prior distribution v = N (mq, Py) this model has the same form
as the one discussed in (8.14). We let 7 be the conditional distribution

7= Law ((6,X) | Y = y)
By construction, we have
m(d(8,x)) = m(df) L12(6,dx) = ma(dz) Li2(x,db)

with the marginal measures (m,m2) = (Law (OY =y),Law (X|Y =y)), and the condi-
tional distributions

Lis(0,dr) = P(Xedr|O=0,Y =y)
Lyi(z,df) = POe€d) | X=2,Y=y) =POcdl| X =n2)

The Gibbs sampler (8.3) associated with these disintegration models is based on sampling
sequentially the conditional distributions (L2, L2 1):
e The sampling of L1 can be performed using the backward Kalman smoothers devel-
oped in section 8.3.2.

e The transition Ly can be sampled using the conjugate mappings presented in (8.14).

The same analysis can be developed when the parameters a,, are known and the covariance matrix
parameter © = @ of the signal Gaussian perturbation W,, = Wg ~ N(0,6) are unknown. In this
situation, given ©, the signal model (8.24) is given by

X, =Ay Xpo1 +an+ WP
Arguing as above, we have

POcd)|X=0)x{ [[ Carw(® p v(df) (‘IIGMI) o...0 \IJGAM) (v)(d6)

1<k<n
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with the collection of likelihood functions

(8.12)

of
I(Apzr_1+ar,0) (Tk) = g(0,6)(Ak(T)) Gay(2)(0)

with

Ak(a:) = Tk — Ak:ck_l — ag and RQ =46
Assuming that the prior distribution v = ZW;(v, W) this model has the same form as the one discussed
in (8.16) and (8.18).

In more general situations, the pair signal-observation model &,, = (X,,Y,,) depend on some un-
known parameter. These hidden Markov chain problems are better described in an abstract framework.
We fix the time horizon n € N, and we let E = (Ey x ... x E,) be the state space of the random
trajectories X = (Ap, ..., &,) of some conditional Markov chain X} evolving in some state spaces Ej
w.r.t. some random parameter © with some distribution 71(df) on some state space =.

We further assume that given © = 6 the elementary Markov transitions Mg i, (zx—1, dzy), and the
initial distribution 7y o(dzo), have some density mg (zk—1, k), and mgo(xo), w.r.t. some reference
distributions A\ (dzy) on the state spaces Ey. We consider the likelihood functions

Gouo(0) = mpo(ro) and VI <k<n Gpg(8) =myr(xr_1,xr)

For instance, let us suppose that the parameters (an,c,) = (a,¢) = 6 = (01V,02)) € RPHe in
the signal observation model X,, = (X,,Y,,) discussed above are unknown. In this situation, given
0 = (0, 0()) the Markov transition of the chain X are given by the equations

X, = A, X, 1+6W +w,
Y, = C, X, +6®4+v,

To describe with some precision the elementary transitions of this chain, we observe that

90y (01 90.0)(0P) = g5,5) (9)

with the parameters

In this notation, we have

P((men) € d($nayn) | (anlaynfl) a@)

- g(Aan_l—i-@(l),R) (xn) X g(yn_@(Z),Q)(Cnxn) dzy, dyn

M (Xn-1.Yn1).(n.wn)
Recalling that with

g(yk,9(2)’Q) (Ck.'L'k) = g(yk_ck$kuQ) (0(2)) and g(Ak$k71+9(l),R) (':Uk') = g(af:k—Ak.Ik_l,R) (0(1))

we find that

; xp — Apxp—
G (o) (0) = 9(an(w),9)(0)  with Ak(aj,y):< k= Ari 1)

yr — Crxp

To get one step further in our discussion, we fix the time parameter n, and we let m be a target
distribution on S = (© x E) of the form

w(d(0,x)) = m1(df) L12(0,dx) = mo(dx) Lo (x,db)
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with

Lyi(z,df) o< | [[ Gral0)| m(d) < Vg, , 0¥, ,, 0...0Pg,, (m)(d0)
0<k<n

We further assume that m; = v, € P belongs to some class of prior distributions P indexed by
some (prior) hyper-parameter set H > h, which are conjugate to some classes of likelihood functions
Gr 2 Gy : (2,0) = G 4(8). In this case, there exists some conjugacy mapping

H (h, :L‘) S (7‘[ X E) — Hkﬂ;(h) eH
such that

ey, (Vh) = Vi) = Yar. (Yo, (Vh) = Vi, (How () = Loa(z,d0) = vy, )

with the composition semigroup

HO,n,x = Hn,az ©...0 HO,J:

8.5 Computational physics

8.5.1 Molecular dynamics

Molecular dynamics simulation is concerned with the analysis of the fluctuations, and the conformal
changes of proteins and nucleic acids in biological molecules. The central problem is to understand
the macroscopic properties of a molecule through the simulation of a microscopic system of atomic
interacting particles in a given force field model. More formally, we consider the microscopic evolution
of a many-body system formed by k atomic particles in the Euclidian space E = R3 with possibly k
different masses m = (m;)1<i<x. Their spatial positions, and their velocities are denoted by the letters
q = (¢i)1<i<k, and p = (p;)1<i<k. These particles moves under the influence of some external forces
F;(q) according to the Newton’s second law

(8.35)

The velocity vector

P, | i,
pi = p? =m; —- =My v
3

is called the particle momenta of the system, and the couple z = (g, p) is called the phase vector.
We further assume that the force field is conservative, in the sense that

P =YV = (@)

for some interparticle potential function V : EF — R.
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A In this situation, we can reformulate the evolution equations (8.35) in terms of the
Hamiltonian or energy functional

k 2
with the following equations
doi _ p O )
dt N m; N api ’
B~ R =g @) =5 (@) o
a1 q) = 9qi q) = 9qi q,p

We notice that these evolution equations are time reversible, in the sense that they have the same
form if we consider the time transformation 7(¢) = —t. In other words, the microscopic physics doesn’t
depends on the time flow direction. We also notice the conservation property

k

d oH dg; O0H dp;
—H — | =0 8.38
i H(a.p) = ;[aq(Q)dtJra (4:7)—, (8.38)
In the above display we have used the conventions
dql1
OH (0H OH OH da i,
=\21 53753 ) and dai _ | da; (8.39)
dq; dq;  9q; " Oq; dt dt,
dg?
dt
and
dp}
OH OH 0OH OH dp; dr,
=\ 5 1°9.2' 9.3 nd == dpz (8.40)
Ip; dp; Op; Op; dt dt,
dp3
dt
We also mention that for k =1 and V(q) = % q?, for some k > 0, the system (8.37) reduces to the
linearized pendulum
dgq p
_ = q/ = — d2 k
% m dt2+wq—0 with w=14/—
I — p/ — —kq m
The solution of this system takes the form
/
0
q(t) = ¢q(0) cos (wt) + 70 sin (wt)

w

Solid and liquid states of rare-gas elements with closed shell configurations only involves particle
interacting with weak van de Waals bonds in terms of the pair-potential function

Vig, . oae) = >, Visla —al)

1<i<j<k



8.5. COMPUTATIONAL PHYSICS 227

with the Lennard Jones potential functions

ViL(r) = 4e [(7)12 — (T>6] (8.41)

r r

The parameter € represents the depth of the potential well, and 7 the finite distance at which the
interaction potential becomes null. Notice that

inf Vi (r) = Vi (2%7) = —¢

This shows that for » > 21/67 the potential is attractive, and repulsive for r < 21/67.

The term (7'/7“)12 describes the short range Pauli repulsion forces due to overlapping electron
orbitals, while the term (7/ r)6 represents the attraction and the van der Waals dispersion forces at
long range distances.

The repulsion term has no real theoretical foundations, it is sometimes replaced by the Buckingham
exponential-6 potential exp (—r/7). To avoid the degeneracy of the Lennard Jones potential at short
range distances, we often use cut-off techniques. For instance, we can replace V7, ;(r) by

Vii(r) = (Voa(r) = Vis(re) lr<r,

or by
V() = (VLJ(T) = Vi(re) — Vl/,J(TC)(T - 7"c)) Lr<r.
for some well chosen cut-off radius r.. For instance, the Wayne-Chandler-Anderson potential is given
by
re =257 = Viea(r) =Vis(r) = (Vig(r) +€) Lgi,

We associate with the Hamiltonian function (8.36), the canonical measures on the phase

space
1
pp(de) = = e PH@ gy (8.42)
Zs

where Zg is a normalizing constant, and dz = d(q,p) = dg x dp stands for the Lebesgue
measure on R**3% and x = (¢, p) stands for a given point in the phase space.

We also consider the g-marginal measures

1 _
ig(dg) = = =7V dg (8.43)

B

where Zj is a normalizing constant, and dq stands for the the Lebesgue measure on the

position space R3¥.

In this notation, the measure ug is given by the product formula

1 _gri
peldap) = | [ ———= Pomi dp; | Tig(dg)

e
1<i<k \/27Tmi/5
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The Boltzmann-Gibbs measures 5, and respectively fig, can be interpreted as the invariant
measure of the Langevin type stochastic dynamics
pi/my
OH
dgg = B ——(qp) dt
o OH OH (8.44)
dp; = -8 |ZT2(q,p) + o2 : ]dt+g\/§dwi '
pi B o (¢:p) o (¢,p) ¢
=%(Q)+02 pi/mi
and respectively
oV ’
dg; = _53(14 (q) dt + /2 dW} (8.45)
7
where (W})1<i<k stands for k independent Brownian motions W} = (Wti’j ) 1<ics OO0 R3.
<<

The additional external Brownian forces represent the fluctuations of the many-body system,
balanced by dissipative and viscous damping forces. In both cases, one can show that the Markov
evolution semigroups of these diffusions have a density w.r.t. the Lebesgue measure on R3* or on
R3*+3k The fact that these density are smooth relies on more sophisticated stochastic analysis tools,
including Malliavin Calculus and differential geometry [150, 330, 372].

We check that g, and fiz are the invariant measures of these diffusion models using the infinitesimal
generators of the diffusion processes (8.44) and (8.45), given respectively on the set of smooth function
f on R3*+3k by the formulae

OH Of (0H  ,0H F 92y
Bz[ﬁpzaqz (aQi+U 8pi>8pz] z_:i

and for any smooth function ¢ on R3* by

- OV 9y N~ _ sv —ov 09
__526% a% ;aq Za% < >

9qi

In the above display we slightly abuse the notation dropping the transposition operator (.)" in the
differential of the functions f and g¢. For instance, using the conventions (8.39) and (8.40), we have
that

OHOf  OH (0f oOH 8f oOH 8f o0H 8f
Opi 0g;  Opi \dq;) — Oplogl | op2og2 | opP o}

To simplify the presentation, we have also denoted by 572 the Laplacian operator on R3; that is, we

have that
0% f 0% f 0% f 0% f
2 2 T o T 3)2
8pi 8(1% ) a(pi ) 8(]91' )

0 dg 0 _ 0g 0 _ dg 0 _ dg
9 ([ -pv _ 9 (v 99\, 9 ( pv 99\ 9 ( _gv 99
dq; ( 8%) "~ Oq} <e 8%1) * dq? (6 8q3> * g3 (e g3

In this stochastic framework, the conservation properties (8.38) takes the following form.

and
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A For any 8 € R, we have
pugLlg =0 and ﬁﬁfﬁ =0

In addition fi4 is Lg-reversible, in the sense that for any smooth couple of functions (g, h)

with compact support on R3* we have

I (9 La(h))) = I (Ls(g) h)

Proof :
By a simple integration by part formula, for any smooth function f with compact support on
we check that

R3k+3k

fe_ﬂH(r) Lg(f)(x) dx

—-BYh [ @) g (¢ ) (@) do

HE [ @) g (P (52403 )) () d

+o? 30 [ f(x) ( ~AH) () da
This implies that

1g (La(f))
=S {1 [(P9292 - sl ) - 57 B (3 + %42}

2
S w1 |0 (it + o258) - oot o (51)] } =0

In much the same way, for any smooth functions (g, h) with compact support on R3* we find that

[ 9gt0) Ta @) da- - Z [ oto) gy (7 55 @
= —Z/ @ 292 ) dg
- Z [ 10 5, <€_W o) ) da

This clearly ends the proof of the lemma. |

The stability properties of the Langevin models (8.44) and (8.45) can be analyzed using the tools
developped in section 5.7, section 5.8. More precisely, we first check that the semigroup P; of these
diffusion models have a smooth density w.r.t. the Lebesgue measure. This will ensure that P; satisfies
the Dobrushin local contraction condition (4.39) for any ¢ > 0. The second step is to find a judicious
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Lyapunov function satisfying the condition (5.45). By (5.46), these two properties ensure that the law
of the random states of the Langevin models (8.44) and (8.45) converge exponentially fast, as the
time parameter tends to infinity, to the invariant measures (8.42) and (8.43). Nevertheless, up to our
knowledge most of the Lyapunov functions developed in the literature on Langevin diffusions require
that the potential functions behave as polynomials at infinity. These techniques cannot be used to
analyze the Lennard-Jones potential functions presented in (8.41). The only work in this direction
seems to be the article by B. Cooke, J.C. Mattingly, S.A. McKinley, and S.C. Schmidler [150] on a
reduced two-dimensional Langevin diffusion model.

8.5.2 The Schrodinger equation
A physical derivation

The Schrodinger equation is the quantum mechanics version of the Newton’s second law of motion of
classical mechanics (the mass times the acceleration is the sum of the forces). This equation represent
the wave function (a.k.a. the quantum state) evolution of some physical system, including molecular,
atomic of subatomic systems, as well as macroscopic systems like the universe [532].

In 1924 de Broglie made the hypothesis that if light waves of frequency w behave as a population
of particles of energy E = hw, then massive particles with energy E can also behave like waves of
frequency w = E/h. More precisely, the wave function of a free particle of momentum p = hk and

energy ) - )
k“h
m m m

has the following form
1/’(@ 1,) = 1 ez(kxfwt)
This wave function is the result of two traveling waves in the x and ¢ directions.
An elementary computation shows that

oy _ oy o, B p?
= -0 o=k =Y =F
oz V= 2m  Ox 2m 2m v v
and oL
from which we conclude that 1 6% A
“omow PYVT G
and
Y _ W%
8t 2m Ox

Extending these wave functions to particles motions in a potential energy V(z) the energy F is
the sum of the kinetic and the potential energies

p2 v
2m ( )

Assuming that the above equations are valid in this case, we obtain the time dependent Schrédinger
wave equation

8¢ h? aZw
— =F¢p=—— __ oYy
Moy E V= 1,!) TV =g o VY
Rewritten in a slightly different form, the Schrodlnger wave equation equation takes the following
form -
ﬁaif LV(i/J) with the Schrédinger operator LY = % % v
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A formal change of time coordinate ¢t = —iTh and u(7, x) = ¥ (—ith, ) transforms the above
equation into a the heat type equation

ou

5;__LVOQ (8.46)

In physics, this change of coordinate is sometimes called a Wick rotation of the time axis,
and the resulting equation is often referred as the Schrédinger equation in imaginary time.

Notice that the formal change of time coordinate ¢ = —i7 and
(T, x) = Y(—ir,x) = u(r/h, x)

transforms the above equation into

I ) — %V(m)v(ﬂ z) (8.47)

Feynman-Kac formulae

We consider a time homogeneous stochastic process X, on some state space S with infinitesimal
generator L acting on some domain of functions D(L).

We denote by @, the integral operator defined for any bounded function f on S by the
formula

Q1)) = (1) e {~ ["vixash | % =) (5.48)

We also consider the Feynman-Kac measures 7; and 7; defined by

() = w(F)/w(1) and (f) :E(fom exp{— / Tv<Xs>ds}) (8.49)

In the further development of this section we implicitly assume that Q.(D(L)) and L(D(L)) are
subsets of D(L). This condition depends on the regularity property of the generator L. For jump type
infinitesimal generators this condition holds for any bounded potential function with D(L) = B(.S).
For diffusion type infinitesimal generators on S = R? this condition holds for twice differentiable
functions D(L) = CZ(S) and bounded smooth potential functions.

We have the sg property

Vs, t >0 Qs+t = QsQ¢ and Qo= Id (8.50)
In addition, the following evolution are satisfied for any f € D(L)
0
5,0 (f) = Q-(LY(f)) = L (Q-(f)) (8.51)

A In particular, the function u(r,x) := Q,(f)(z) satisfies the equation

ou _
or

LV(u) with LV =L-V (8.52)
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These properties of Feynman-Kac semigroups have been proved in section 5.5. Next, we provide an
alternative formal derivation of the evolution equations (8.51) and (8.52). For any s < 7, using the
Markov property, we prove that

Qr(f)(m) —F|E (f(XT) e [T V(Xy)dr | Xs) - Io V(Xr)dr| Xo=2x

:Q‘rfs(f)(Xs)

This yields the sg property (8.50). Now we come to the proof of (8.51). We use the decomposition

Qr+ar(f)(x) — Q7 (f)(2)

=B (f(Xrsar) (7T VEMS _ om [TVOXIE) | g = o)

+E ((f(XT-‘rdT) - f(XT)) e fOT V(Xa)ds ‘ XO = .75)
The first term is given by

E (f(Xrear) (e 577V _om TV | X = o)

E (f(XT—i-dT) e~ Jo V(Xs) (e_ [THTV(Xe)ds 1) | Xo = x)

~E ((-V)(X,) f(Xp) e WV | Xo =) dr = Qr(-V)f) dr

and the second one is given by

E ((F(Xr4ar) = F(X7)) e 5 VX
=E(<E<f<XT+dT>|XT>—f<XT>>e Ji vixads)

=B (L(H)(X;) e VD) ar = Qu(L(f)) dr

This ends the proof of the first assertion. The r.h.s. of formula (8.51) comes from the fact that
QT+dT = QdTQT — QT+dT - QT = [QdT - Id] QT
A
~ LV dr

This ends the proof of the desired evolution equations.
The integral operators ) can be made more explicit using the following formulae

o () 5980 50
=B (E (e 7V | X, X,) F(X0) | Xo=2)

= / E (e VD | Xy =, X; = y) P(X, € dy | Xo=2) [(y)

=Qr (z,dy)
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Using the sg property (8.50), the function u(t, z) := Q:(f)(z) satisfies the transport equation

u(s+t,x):= /Qs(a:,dy) u(t,y)

In physics, the Feynman-Kac sg is also called the Green function, or the Feynman-Kac
propagator.

Notice that

n

2
550 = 520) =1 (@0 = C Q) =21 20D = @)

Thus, formally we can write the evolution semigroup
Q: = e~ with the Hamiltonian operator H = —LY = —-L+V (8.53)

in the sense that

tLV " n —t
QN =e" f=> = (LV)"(f)=e""f

n>0

8.5.3 The Ising model

The Ising model currently used in electromagnetism, statistical mechanics, as well as image process-
ing is associated with the state space

S={-1,+1}F E={1,...,L}yx{1,...,L}.

equipped with the uniform measure \(z) = 2-L? The lattice E is equipped with the following graph
structure

gt =(in,ie+1), 2= (i1+ 1), P =(,ia—1),  j*= (i1 —1,ia)

around some state (i1,72) € E. Two neighbors i,j € E are denoted by i ~ ¢'.

The energy of a configuration x € S is given by the Hamiltonian function

V(z)=h>_ (i) —J Y x(i)x()), (8.54)

i€E i~j

The parameter h € R represents the strength of an external magnetic field, and J € R
reflects the interaction degree between the sites.

In the Sherrington-Kirkpatrick model introduced in 1975 in their seminal article [535], the potential

function is given by
d

V(0,z):= Y 0 (i) 2(j) +h Y (i)

1<i<j<d i=1

where ©; ; are assumed to be i.i.d. centered gaussian random variables. More general disordered models
can be defined in terms of random mappings © : (i,5) € {1,...,d}* — O, ;.
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Another way to extend the Ising model is to replace the spin state {—1, 41} by some finite set of
colors C' = {c1,...,c,}, for some ¢ > 1. In this situation, the energy of a configuration z € S := C¥
is given by the Hamiltonian function

Viz)=hY_ o) =J > L) (8.55)

icE inj

This model was introduced by Renfrey Potts in his 1951 PhD thesis [498]. A more physical model is
given by the planar Potts model, also called the clock model suggested to him by his advisor Cyril
Domb. In this model, the spins are replaced by angles

Vi<k<g O = 2mq/k

and the energy of a configuration z € S := {1,...,q}¥ is given by

V(z)=—J > cos (Oy) — Ougjy)

invj

The four-state clock model is sometimes termed the Ashkin-Teller model was introduced by in 1943
by Julius Ashkin and Edward Teller in [16]. The Boltzmann-Gibbs measures associated with these

models are defined by
1

— = BV )
w(@) = 2o e A
where 3 stands for some inverse temperature parameter, and Zg some normalizing constant.
In the Gibbs model, for any fixed ¢ € I we have
x 6*5]1 z(i)—BJ (i) ;. =()
X e*ﬁh Yier—i =B Xk, jrer—i z(G)z(k)

m(x)

This yields the disintegration formulae
Viel 7T(.%') = WZ(:BZ) L]_m‘(iL'[_i; .%'z)

with the i-th marginal of m; of 7, and the conditional distribution

Liii(vr—i;2;) < exp | —Bh x; — BJ x; ij

g

More precisely, we have the following spin-site updates
Li_ii(xr—i;{1}) = 1—Li_ii(xr—;{-1})
e—ﬁh—ﬁj ZJ‘Ni Ty
¢ Ph=BT T, iwj | HBh BT T

— 1 (1 +62,8[h+J ijixj])

We associate with these models the Markov transitions K; given for any ¢ € I by

Ki(xz,dy) = 0z, ,(dyr—i) Lr—ii(yr—s, dy;) (8.56)
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The corresponding Gibbs sampler is the Markov chain with the elementary transition

M = H K; in any order (8.57)
i€l

We can alternatively choose the Markov transitions
M = o 5 5
~ Card(J) = ‘

Arguing as in section 7.3, one checks that M is reversible w.r.t. 7, so that 7 M = .
To sample the transition x ~» y w.r.t. the Markov transition K; given in (8.56), we sample a
uniform r.v. U on [0, 1] and we set

y=F)
with the random function F®) : z € § — F(z) € S defined by
viel—i  FO@)() = ()

and
FO(2)(3) = 19, ()((U) = Lpy(a). 1y (U) (8.58)

with
pi(z) =1/ (1 + 2Bh+s me(ﬂ]) (8.59)

When J < 0, the chance to pick the spin 41 increases as the number j ~ ¢ have the spin +1. This
model is called an attractive spin system.
We equip the state space S = {—1,+1}/, with I = {1,..., L}? with the partial order

r<y = Viel x(i) < y(7)
The minimal and maximal states x, and x4, are clearly given by
Viel Tmin(i) = =1 and Ty (i) = +1
We also observe that

e<y = viel Y a(G) <Y y)

i~ j~i

Thus, when .J < 0 the functions F) and p;(z) defined in (8.58) and (8.59) are such that

<y = Viel piz):=1/ (1 + 21 ij-x(i)]> < pi(y)

= Viel FO@)<FO@y)

Given a sequence of independent functions F(?), with ¢ € I, the functions

. 1 ,
— o0, FO (i - (#)
F =o;cF (in any order) and F = Card(]) ZGZI F

and monotone and compatible w.r.t. the Gibbs Markov transitions. These functions can be used to
sample the Ising model using the Propp and Wilson technique.
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8.5.4 Graph coloring models

We let E = {1,...,d} can be the set of colors on the vertices of some graph I = (V,&). When
E = {0,1} the color 0 can be interpreted as an empty site, and the color 1 as an occupied site. In this
situation, a given configuration x = (x(i));c; can be interpreted as a collection of particles placed on
the vertices i € I s.t. (i) = 1.

We let X = (X;)ier be some r.v. with distribution 7 on E!. For any fixed i € I, and any z € E'
we set

wri = (¥))jer iy with IT—i:={j€l : j#i}

We assume that the following desintegration property is satisfied
m(de) = mr—i(der—i)Li—ii(xr—, dz;)
with the i-th marginals 7; of m and the conditional probability measure
Li_ii(xr—i,dr;) =P (X; €da; | Xi—i = x1—3)

In the above displayed formula, dz, resp. dz; and dz;_;, stand for an infinitesimal neighborhood of
the point « € E', resp. x; € E and z;_; € EI7.

In the graph coloring model discussed above, we let A be the set of graph coloring such that two
neighbor vertices have different colors.

When E = {0,1} the set A can be chosen so that to represent the configurations where no two
occupied sites are adjacent (that is i ~ j = x(i)x(j) # 1). In statistical physics, this model is often
referred as the hard-core model.

In this context, I — i represents the set of all vertices that differs from the vertex i € I. Given
some coloring x7_; of these vertices I — i, the set A;(z7_;) coincides with the set of colors k € E not
appearing in the neighborhood of the vertex 1.

When the reference measure A is given by the product counting measure on the set of colors,
the Markov transition L;_;;(z7—;,dz;) amounts in choosing uniformly at random some color k that
doesn’t appear in the neighborhood of the vertex i and set x; = k.

The Gibbs sampler associated with the Markov transition (8.57) is defined by a Markov chain
X, = (Xn(i))ier € S = E!: At time n, we choose randomly a vertex i € I and we set X,,11(j) = X (j)
for any j € I —i. Finally X,,(7) is an uniform r.v. on the set £ — X,,(IN (7)), where N (i) stands for the
set of all neighbors j of i (that is the vertices j s.t. (z,7) € £).

8.5.5 Subset sampling

We let \ be a reference probability measure on the set S = E! discussed in section 8.5.4. We assume
that A satisfies the desintegration property

Adx) = A—i(dwr—) Pr—ii(vr—;,dx;)

for some Markov transitions Pr_;; from EI=" into E. For finite state spaces E, we can consider the
product counting measures

M) = [[Nil@) with Ni(@i) = Car(lj(E)
i€l

In this situation, we have

)\[_i(dl’[_i) = H)\j(xj) and P[_m'(l’[_i,dxi) = /\z(xz)
jel
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We let 7 be the Boltzmann-Gibbs measure associated with some subset A € S = FE! and defined

by
1

A(4)
For each i € I, we let A;_; be the projection of the set A into the set E/~¢ defined by the set of

mappings z7_; € E17% that can be extended to some mapping € A by choosing some k € E and
setting x (i) = k. In this slightly abusive notation, we let

7(dx) = 1a(z) A(dx)

Ai(xr—))={keE : z € A}
By construction, we have
La(z) =14, ,(z1—i) % 1A1—i(x1—i)(mi)
and therefore

m(dr) oc 1a,_ (w1—4) A—i(dwr—g) X Pr—ii(vr—i,dzi) 1a, (2, (Ti)

o< mr—i(dxr—i) o< Ly i(wr—s,dx;)

The Gibbs sampler associated with the Markov transition (8.57) is defined by a Markov chain
X, = (X, (i))ier € S = E.

At time n, we choose randomly a vertex i € I and we set X,,11(j) = X,(j) for any j € I —i.
Finally X,,(7) is a r.v. with the distribution Pr_; ;(x;—;, dz;) restricted to the set A;_;(z1—;).
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Nonlinear Monte Carlo methods
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Chapter 9

Nonlinear Markov processes

9.1 Discrete time models

9.1.1 Markov-McKean models

In Section 4 and Section 5, we have presented a class of Markov chain models, with a linear evolution
of the distributions of the random states. In more general situations, the law of the random states
nn, = Law(X,,) of the stochastic process satisfies a nonlinear evolution equation of the following form

Tin = (I)n(nn—l) (91)

for some nonnecessarily linear one step mapping ®,, from P(FE,,_1) into P(E,,). Notice that the Markov
chain model discussed in (4.14) is associated with the linear mapping

b, : neP(Ey—1) — Du(n) =nK, € P(E,)

Inversely, any evolution equation of the form (9.1) can be interpreted as the evolution of the
distributions of the random states of a Markov chain taking values in some state spaces FE,. More
precisely, there always exists some (non unique) collection of Markov transition K, indexed by the
time parameter n € N, and the set of probability measures n on E,_1, such that

M = Mn—1Knn, (9.2)

For instance, we can take K, ,(zn—1,.) = ®n(n). In this situation, the random states X, form
a sequence of independent random variables with distributions 7, satisfying the evolution Equation
(9.1). We refer the reader to Section 11.2.3, for applications of these models in the context of linear
Gaussian filtering models, and their mean field ensemble Kalman filters.

By construction, the random states X,, of the system can again be interpreted as the distribution
of “memoryless” Markov processes with elementary transitions

Kn,nnfl(xn—ladxn) = P(Xn € dxy, ’ Xp—1= xn—l)

that depend on the distribution 7,—1 = Law(X,,_1) of the current state X,,_; of the system. These
stochastic processes are called the McKean interpretations of the nonlinear equation in distribution
space (9.1). The distributions of the random trajectories (Xp)o<p<n of the chain are given by the
McKean distributions

P((Xo,...,Xn) €d(z0,...,2n)) = mo(dxo) [] Kpmp_i(zp-1,dap) (9.3)
1<p<n
The existence of an overall distribution PP on the set of trajectories 2 := [], 54 Ey of the McKean-

Markov chain is granted by the Ionescu-Tulcea’s theorem (cf. for instance the theorem on page 249,
in the textbook by A. Shiryaev [539]).

241
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In computational physics, and more particularly in fluid mechanics, nonlinear stochastic processes
of the form (9.3) represent the evolution of complex stochastic systems with so many particles that they
can be treated as a continuum. In this interpretation, a single particle interacts with the distribution
of the whole population of individuals.

Another central idea, commonly used in this stochastic modeling, is to express the evolution of
macroscopic quantities in terms of averages w.r.t. the distribution of microscopic variables. In kinetic
theory, these stochastic models are used to represent the evolutions of various physical systems, such
as gases, macroscopic fluid models, and molecular chaotic systems.

The foundations of kinetic theory were laid down by J.C. Maxwell [440, 441, 442]. Further details
on these models can be found in the series of articles [119, 120, 121, 136, 308, 419, 576] and in the
more probabilistic treatments [309, 445, 446, 447, 559, 566].

More recently, these Vlasov type equations have also come to play an important role in mathe-
matical biology, as well as in socio-economics and stochastic games theory.

In biology, they are used to model animal competitions as well as bacteria dynamics with group
interactions, or complex cell motions [46, 47, 459, 494]. In stochastic games theory, McKean-Vlasov
models represent competing multiple class agents weakly coupled w.r.t. their dynamics and their
performance [85, 157, 301, 325, 346, 443, 418, 398, 399, 400, 401].

We quote recent applications of Markov-McKean models in filtering problems arising in turbulent
fluid mechanics and weather forecasting prediction developed by Ch. Baehr and his co-authors in a
series of articles [27, 28, 30, 31, 407, 505, 558].

The time evolution of these stochastic kinetic models can be defined in terms of discrete generation
nonlinear Markov chains discussed in Section 9.1, or in terms of the integro-differential equations
presented in Section 9.2. In this connection, we also quote the series of articles [14, 64, 65, 66, 389]
in the late 1990s on the rate of convergence of some time discretization schemes of McKean-Vlasov
diffusions.

9.1.2 McKean-Vlasov type models

Prototypes of discrete generation and nonlinear Markov-McKean models are given by McKean-Vlasov-
Fokker-Planck diffusion type models arising in fluid mechanics, as well as in mean field game theory.
These models are also used in advanced signal processing, and more particularly in forecasting data
assimilation problems. We refer the reader to Section 11.2.3, dedicated to a McKean diffusion type
interpretation of the Kalman filter, and their mean field ensemble Kalman filters.

In dimension d = 1, these nonhomogeneous Markov models are given by an R-valued stochastic
process defined by the recursive equation

Xn - Xn—l = an(Xn—lann—l) + a'n(Xn—lv nn—l) Wn (94)

with n,—1 := Law(X,_1). In the above displayed formula, Xy is a r.v. (Wy),>0 is a collection of
i.i.d. centered Gaussian random variables with unit variance, and the drift and diffusion functions are
defined by

an<Xn—1a77n—1) = /an(Xn—laxn—l) nn—l(dxn—l)

o'n(anlannfl) = /Jn(ana$n1) nnfl(dxnfl) (95)

for some regular mappings a,, and o,,. Whenever o, (x,y) > €, for some € > 0, the laws of the random
states 7, = Law(X,,) satisfy the evolution Equation (9.2), with the McKean transitions given by

T I ex 21 (y — =) — an(z,n) i
Hnle, ) = 2no (. 1) p{ 2< on(@;n) > }dy
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9.1.3 Nonlinear state space models

A more general class of McKean-Markov chain models on some measurable state spaces E,, are given
by the recursive formulae

Xn = Fo(Xn-1,M-1, W) with n,_1 := Law(X,,—1) (9.6)

In the above display, W), is a collection of independent, (and independent of (Xp)o<p<n) r.v. taking
values in some state space W, and F,, is some measurable mapping from (E,_1 X P(E,—1) X W,)
into E,,.

Here again, we easily check that the laws of the random states 1, = Law(X,,) satisfy the evolution
Equation (9.2), with the McKean transitions

Knn(f)(x) = E[f(Fa(z,m, Wn))]

More general discrete time generation Markov-McKean models of the form (9.6) are discussed in the
series of articles [153, 158, 161, 177, 170, 208].
9.1.4 Feynman-Kac models

We consider the Feynman-Kac measures (v, 7,) discussed in section 4.2.1 and for any f,, € By(Ey)
defined by

Mn(fn) = W (fu) /(1) with 3 (fn) == E | fu(Xn) H Gp(Xp) (9.7)
0<p<n
We recall that
’7n+1(fn+1) = Vn(GnMnJrl (fﬂ+1)) = 77n+1(fn+1) = ’yn(Gni\fy(Lé;()fn+l)) = 'Yn(Gn’]Y\f?é;()];zzl()l))/'yn(l)
1

— n"(G"é\f?én()f”H)) = Ve, () (Mns1(fat1))

This shows that the flow of measures 7, satisfies a nonlinear evolution equation of the form (9.1), with
the one step mappings

pt1(n) = ¥a, (M) Mt (9.8)

In the above displayed formula, ¥¢, (1) stands for the Boltzmann-Gibbs measures defined in (7). We
recall from (8) that ¥¢, (1) can be interpreted as a nonlinear Markov transport model

Ve, () =156, (9.9)

for some Markov transitions S, g, from E, into itself. In this situation, the one step mapping ®,, 1
can be rewritten as follows

Qpr1(n) =Ya,( MMpy1 = K1,y with Ky, = Sy.a6, Mnt1
For instance, for [0, 1]-valued potential functions G, and any € € [0, 1], we can choose
Sn,G.(z,dy) = € G(x) 5:(dy) + (1 — € G(x)) Vg, (n)(dy)
In this situation, K, 1, takes the form

Knyi(2,dy) = €Gn(x) Mni1(z,dy) + (1 = eGn(z)) Ve, (1) Mny1(dy) (9.10)
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In continuation to the remarks we made in the beginning of Section 5, discrete time Feynman-Kac
models also encapsulate without further work continuous time models. More precisely, let us consider
a continuous time Markov process (X[);>o taking values in some Polish state space F, and a sequence
of measurable and bounded functions

Vi (t,x) e Ry x E)— Vi(x) eR

As in Section 5, we consider a time mesh (t,)n>0, With 9 = 0, and we let E, = D([tn, tnt+1], E) be
the set of cadlag paths from the interval [t,,, t,+1] into E. We consider the Feynman-Kac model (4.17)
associated with the sequence of random variables X,,, and the potential functions G,, on E,, defined
by

tn+1
X, = (Xt,)tnStSt’rH»l and Gp(X,) =exp </ V(X)) dt) (9.11)
tn

By construction, it is readily checked that

tn
Qn(dx) = Zi exp {/0 Vi(xs) ds} IP’;nH(dx)

where P} is the distribution of (X{)o<t<t, ., on D([0,ts+1], £). In the above display, dz = d(xs)s<t
stands for an infinitesimal neighborhood of the path x = (z5)s<t, € D([0,t541], E).

9.1.5 Markov chain Monte Carlo with recycling

We consider a collection of Boltzmann-Gibbs measures p, are defined in terms of some reference
measure A on some abstract measurable state space, say E, weighted by some product of potential
functions h, : E ~ [0,00[, with p < n. More formally, these measures are defined, up to some
normalizing constant Z,, by the following formulae

pin(dz) = — { T hole) § Ada) (9.12)

Z
"\ o<p<n

for some normalizing constant Z,, > 0.

For instance, let us consider a nondecreasing sequence of inverse temperature parameters 3,, with
Bo = 0 = B_1, and a given energy type function V', on some state space E, equipped with some
reference distribution A.

hn(x) = exp (= (Bn = Bn-1) V(2))
in (9.12), then we find that

1
pn (dz) = = exp (—6,V(x)) AM(dx) with Z, = /A(dx) exp (—B,V (x))

If we choose the indicator functions h,, := 14,, with nonincreasing sequence of subsets A, C E,
take the following simple form

i (d) = Zi Lo () AN(dz) and 2, i= A(An) (9.13)

n
These measure restriction models arise in a variety of application domains, including in rare event
simulation and stochastic optimization models. In this section, we illustrate these models in the con-
text of calibration problems and uncertainty propagations in complex numerical codes (or in numerical
meta-models). These problems are often formulated in terms of a classical input-output transformation
I — O = C(I). The inputs I have some distribution . They represent the sources of randomness, some
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tuning parameters, or unknown kinetic parameters of the code. The output variable O can be inter-
preted as the outputs of a numerical approximation of some partial differential equation representing
a given physical, chemical, or some biological phenomenon.

The prototype of questions arising in practice is the following: We are given a decreasing sequence
of unlikely critical domains, say O,, in the space of the outputs, and we want to estimate both the
probability that the outputs fall into these sets, as well as the distribution of the inputs leading to
these critical events. More formally, if we set A, := C~1(0,) these probabilistic objects coincide with
the normalizing constants Z,,, and the conditional distributions p,, introduced in (9.13).

We further assume that we have a dedicated MCMC elementary transition M,, with the target
measure i, = i, My, at any time n > 0.

For instance, In the example (9.13) discussed above, we can choose in (9.14) the MCMC transition

Mp(z,dy) = K(x,dy) 14,(y) + (1 — K(z, Ay)) 62(dy)

for any A-reversible Markov transition K. In engineering and scientific computing literature, the mean
field models associated with these restriction models are also called subset simulation algorithms [22,
23, 24, 413, 416].

By construction, it is now readily checked that

Hn = MnMn
Hn = ‘Ilhn (:unfl) } a FinHin fin (,Un 1) " ( )

In other words, if we set G,, = hy11, in the Feynman-Kac model (4.17), then we have p, = n,. In
other words, the Boltzmann-Gibbs measures u, can also be interpreted as the n-th time marginals
of the Feynman-Kac measures Q,,, with the potential functions G,, = h,,+1 and the reference Markov
chain X, associated with the Markov chain Monte Carlo elementary transition M,. It is also easily
checked that

Zy = pin-1(hn) X Zno1 = 20/ Z20=E | ] Gp(Xp) (9.15)

0<p<n

In the above display, X, stands for a reference Markov chain with initial distribution po and elementary
transition probabilities M,,.

9.2 Continuous time models

To underline the role of mean field simulation in the numerical solving of nonlinear integro-differential
equations, we provide a description of some continuous time versions of the Markov transport Equation
(9.2). The discrete time approximation of these models are presented in section 9.2.5.

9.2.1 Nonlinear jump-diffusion models

We consider the general jump-diffusion processes (5.3) discussed in the end of Section 4. Continuous
time McKean processes X, are defined as in (5.1) and (5.3) by replacing the parameters (a}, o}, A}, P/)
by some collection of functional parameters

(ag('7n£)>o'1lf('a 771?)7 )\:‘/”772’ Pt/,né)

that depend on the distribution flow 1, = Law(X/) of the random states X/. To avoid unnecessary
technical discussion, it is implicitly assumed that the model parameters are sufficiently regular, so
that the corresponding nonlinear jump diffusion process is well defined on the real line R .
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In this situation, the corresponding integro-differential Equation (5.43) takes the following form

(5 =t (L (1) (9.16)

with the collection of integro-differential operators, indexed by the time parameter ¢, and the set of
probability distributions 7 on R¢, given by

Lin()@) = Lhy(D)@) + Ny (2) / ) — F(@)] Pl (. dy)

d d
1
L:‘,,n = Z a;ﬁ,i(xan) 0 + 9 Z (Ué(xaﬁ)(aé(ﬂcyﬁ))T)i,j i

i=1 i,j=1
(9.17)

We notice that the second order differential operator Lj ,, defined in (9.17) is the infinitesimal generator
of the nonlinear diffusion process

dXi = ay(X{,m;) dt + of(X{, ;) dW; (9-18)

The corresponding nonlinear diffusion jump process X, evolves between jumps times T, as in
(9.18). As in (5.3), the jump times T,, are defined by the recursion

t
T,, = inf {t >Tho1 - / fum/ (X)) du > en} (9.19)
Tn—l “

At jump times T, the process at X’Tn_ jumps to a new location X’Tn randomly chosen with a distri-
bution P, o (X7. _,dy) that depends on the distribution 7/, _ of the random state X/, _ of the
n =M, — n n n

process before the jump.

9.2.2 Nonlinear integro-differential equations

We further assume that the jump transition P/ n,(:c, dy) = Gty (v,y) dy and the law of the random
2t ’

states n;(dy) = pt(y) dy of the jump-diffusion process (9.18) have a smooth density g,/ (z,y), and p:(y)

w.r.t. the Lebesgue measure dy on R%. To simplify the presentation, with a slight abuse of notation

we set (af(.,pe), 01 (-, Pt), Gtpus My Lt p,) instead of (a£(~,né),ai(-,ni),qt,n;, /\Q,nZ,L;%)-
In this notation, the equation (9.16) takes the form

i) = [ 1@ Bw @
_ / px) Ly, (f)() da
T / () Ny, (2) dupe(,y) () — F(z)) dudy

from which we conclude that

%(x) = Ly, (pe) () + (/pt(y) Atpy (Y) Gepy (Y, ) dy) — pe(x) Ny() (9.20)

with the dual differential operator

Lgpt (pt)

= =30 0 (aCap) pe) + 3 X 00 (0P @i p)T), 1)
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Inversely, any equation of the form (9.20) can be interpreted as the probability densities of the
random states of a jump diffusion model of the form (9.19).

The mean field particle methods developped in Section 9.3.2, and in Section 9.3 allow to reduce
the numerical solving of nonlinear integro-differential equations of the form (9.20) to the stochastic
simulation of the jump-diffusion process (9.18). The nonlinear equations (9.16) and (9.20), and their
probabilistic interpretations where introduced in the early 1950s in [368] by M. Kac to analyze the
Vlasov kinetic equation of plasma [395]. These lines of ideas were further developed by H. P. McKean
in [445].

For a more thorough and rigorous discussion on these nonlinear models, and their mean field
particle interpretations we refer the reader to the series of articles by C. Graham [316, 317, 318], and
the ones by C. Graham and S. Méléard [309, 311, 313, 314, 315].

9.2.3 Normalized Feynman-Kac flows

When the functions a; ;(z,1) = a; ;(x) and o}(z,n) = o;(z) doesn’t depend on the parameter 7, the
operator Lj , = Ly defined in (9.17) coincides with the infinitesimal generator of the diffusion process
defined in (5.1). We also consider the parameters

Aty = Vi(z) and Py, (z,dy) :=n(dy) (9.21)

In this situation, the Equation (9.16) is given by the following quadratic evolution model

Dt f) = (LA + m (Vi f) = i (FVA) =t (LY () (9.22)
with the “normalized” Schrédinger operator
Liy =Ly = (Ve = (V)
Using (5.40) the solution of this equation is given by
1:(f) =2 ()/7(1)

where v, is the unnormalized Feynman-Kac measure defined by

W) = E [f(Xg) exp ( /Ot Vu(X{L)dUH
_ / 1 (dwo) E [f(xg) exp (— /: Vu(X;)du> | X0 Zwo}
— [ ubtdeo) B (D) = [ 2ifde) PL())

with the Feynman-Kac semigroup defined in (5.33) given by

PL( () =B [ 10 e (- ) | X -]

In the above displayed formulae, X/ stands for the diffusion process defined in (5.1) with infinitesimal
generator Lj.

These continuous time models are discussed in [170, 185, 187, 188, 194], as well as in [309, 445,
446, 447, 448].

Returning to the McKean interpretation models discussed in Section 9.2.1, the flow of measures
7, = Law(X}) can be interpreted as the distributions of the random states X; of a jump type Markov
process.

Between the jumps, X; follows the diffusion Equation (5.1). At jump times 7}, occurring with the
stochastic rate V;(X;), the process X7, ~» X7, jumps to a new location, randomly chosen with the
distribution P:’Fn_ani (z,dy) == n7, _(dy).



248 CHAPTER 9. NONLINEAR MARKOV PROCESSES

9.2.4 A jump type Langevin model

We consider an non homogeneous overdamped Langevin diffusion, on an energy landscape associated
with a given energy function V € C?(R%,R,) on F = RY, for some d > 1. This model is defined by
the following diffusion equation

dX{ = —p VV(X}) + V2 dB,

where VV denotes the gradient of V', 8 an inverse temperature parameter, and B; a standard Brow-
nian motion on RY (also called a Wiener process). The infinitesimal generator associated with this
continuous time process is given by the second order differential operator

Ly =B VV-V+A

Under some regularity conditions on V, for any fixed 8; = § the diffusion X] is geometrically ergodic
with an invariant measure given by
1
drg = — e PV dx (9.23)
Zp
where A stands for the Lebesgue measure on R?, and Zg is a normalizing constant. When the inverse
temperature parameter 3; depends on the time parameter ¢, the time inhomogeneous diffusion X| has
a time inhomogeneous generator L/Bt‘

We further assume that 75, = Law(X]), and we set 3 := %

d
%W&(f) = /8£ (ﬂ'ﬁt (V)ﬂ-ﬁt(f) - Trﬂt(fv)) and ﬂ-ﬁtL,Bt =0

Using these observations, we readily check that mg, satisfies the Feynman-Kac evolution equation
defined as in (9.22) by replacing V; by S;V. More formally, we have that

D () =7, (L (1)) + B (w8, (V) (F) — 3, (FV)

from which we conclude that

malD) = w0 with ()= (5D e (- [ 7 vixpas) )

. By construction, we have

It is also easily checked that

(1)=& (e (- [ gy vixps) ) —eo (- [ gy 0(V)ds) = 25,/ 23

This formula is known as the Jarzinsky equality [137, 138, 359, 360]. In statistical physics, the weight
functions

t
Vi(X) = /0 B V(X?) ds

represent the out of equilibrium virtual work of the system on the time horizon .

In summary, we have described a McKean interpretation of Boltzmann-Gibbs measures (9.23)
associated with some nondecreasing inverse cooling schedule. Returning to the McKean interpretations
of the Feynman-Kac models discussed in Section 9.2.3, the flow of measures

ne := mg, = Law(Xy)

can be interpreted as the distributions of the random states X; of a jump type Markov process.
Between the jumps, X; follows the Langevin diffusion Equation (7.32). At jump times T,,, with the
stochastic rate B;V;(X¢), the process X7, ~» X jumps to a new site randomly chosen with the
distribution ng, —(dy).
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9.2.5 Time discretization schemes

Using the same reasoning as in the end of Section 5, a discrete time approximation on a time mesh ¢,
of the jump-diffusion model discussed in Section 9.2.1 is given by a Markov chain X,, with elementary
transitions

K (2, dz) = / M1, (2,dy) Jnsrg. (. d2) (9.24)

with the probability measures 7,, given by
T =0n 08 Ty = Mg,
In the above displayed integral formula, M, 1 ,, stands for the transition of the Markov chain
Xnt1=Xn+an1 (Xn, ) A4 oni (Xn,m) (Wi, —Wa,)

with (an41,041) = (aén, aén), and 7, = Law(X,,), The geometric jump type Markov transition Jy, 41
is now defined in terms of the parameters

(Gn+1,n7 Pn+1,77) = (exp (_A)\tn+177])’PtIn+lﬂ7>
by the following equation

Jn-i—l,n(yz dZ) = Gn+l,r](y) 6y(dz) + (1 - Gn+l,r](y)) Pn-l—l,n(yz dZ)

In this situation, the discrete generation model (9.2), associated with the Markov transitions (9.24),
can be seen as an approximation of the jump type Markov process with infinitesimal generator (9.16).
Therefore, using the same line of arguments as the ones given in Section 5.6, the distribution flow 7,
of the random states of the discrete generation process given in (9.2) approximates the solution 7;
of the continuous time integro-differential Equation (9.16). More precisely, taking A ~ 0 in (9.24), we
have the approximation
Jn+17ﬁn - Id = (1 - eXp (_AAt”"'l?ﬁn)) (Pt,nJrl:ﬁn B Id)
= )\tn+17ﬁn (Pt/n+1,ﬁn - Id) = Atn+177]n (Plf/n+1,7]n - Id) A

and for any smooth functions f we also have that

(Mys1,, = 1d)(f)(2)
~E (f (.’L‘ + aén (%,nn> A+ Jén (xa 7771) (th+1 - th)) - f(x))

~ Li, g, (F)(2) A

with the second order differential operator L, defined in (9.17). As in (5.14), we conclude that

Kni1p, ~1Id+ Ly, p, A~ 1Id+ Ltnﬂ?én (9.25)

with the infinitesimal generator L;,, defined in (9.17).
If we choose 7,, = Ny Myy1,y, in (9.24), then the elementary transitions of the McKean-Markov
chain X,, ~ X,,4+1 are decomposed into two steps

Mnt1,nn — In+1.7,

X, Xn Xny1 with Law (X,) =7,

If we set X, 1172 := Xy, and 1, 11/2 := 7),,, then the corresponding discrete generation McKean model
is defined in terms of the slightly different equations

T~ Mnt1/2 = Mndnt1/20, ~ M1 = Mng1/2B8n4 1,40 (9.26)
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with the McKean transitions

(Kn+1/2,777 Kn+1,17) = (Mn—l—l,na Jn+1,n)

Up to a change of time, the discrete evolution model described above has exactly the same form as the
one discussed in (9.2). To the best of our knowledge, the refined analysis of the couple of discrete time
approximation schemes discussed above has not been covered in the literature of McKean diffusions
with jumps.

9.3 Mean field particle methods

9.3.1 Discrete time models

With the exception of some very special cases, the evolution Equations (9.1) and their continuous time
versions (9.16) cannot be solved explicitly. For instance, in the context of the Feynman-Kac models
presented in (9.8), it can be shown that the measures 7,, or their continuous time versions (5.34)
discussed in section 5.5, cannot be represented in a closed form on some finite dimensional state-
space. A proof of this result can be found in the article by M. Chaleyat-Maurel and D. Michel [135],
in the context of nonlinear filtering problems. In addition, conventional harmonic type approximation
schemes, or related linearization style techniques, such as the extended Kalman filter, often provide
poor estimation results for highly nonlinear models.

On the other hand, more traditional numerical techniques for solving evolution equations of the
form (9.2) using deterministic type grid approximations require extensive calculations, and they rarely
cope with nonlinear distribution flows with strongly varying probability masses, or with high dimen-
sional problems. In contrast with these conventional numerical techniques, the mean field IPS tech-
nology presented in this section provides an accurate stochastic grid approximation scheme, equipped
with an interacting mechanism tracking the probability mass variations of the distribution flow. In
other words, these advanced Monte Carlo methods take advantage of the nonlinearities of the model,
to drive the particle populations in regions with high probability mass.

To design a mean field IPS model associated with a given collection of McKean transitions K, ),
we further assume that we have a dedicated Monte Carlo simulation tool to draw independent random
samples of the elementary transitions

Kn,m(y) (xnfla d$n) (927)

for any empirical measure associated with N given states (y')1<i<n € ET]L\Ql given by the formula

m(y) ::% Z dyi

1<i<N

When the transitions (9.27) are easy to simulate, we design an N-particle approximation model
by evolving a Markov chain &, := (ﬁﬁl) € EN with elementary transitions

1<i<N
N . .
P €drnn 160) = [T Kupray (€N, daty) (9.28)
1<i<N
where dxn41 = dxl,; x ... x dzlY,; stands for an infinitesimal neighborhood of a point @,i1 =

(z¢, 41)1<i<N € Efzv 1, and nY stands fo the empirical measures defined by

1 N
B imm (6) = 4 St
=1
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The initial system &y = ({éN’i))lgiS ~ consists of N i.i.d. random variables with common law 7.

To simplify the presentation, with a slight abuse of notation, when there is no possible confusion
we often suppress the index parameter (.)(N) so that we write &, and & instead of f,(IN’Z) and §£LN’1).

The N-particle model &, approximates the target probability distributions 7, by the occupation
measures 7Y of a large cloud of interacting particles; that is, we have that

N
U *N—oo Tn

More is true, we can also prove that the occupation measure of the random trajectories of the particles
converges, as N — 0o, to the McKean measures defined in (9.3); that is, we have that

N

1

N D Oteh ey (@0, 20) —Nosoo o(dz0) [ Kpmyoi (2p-1,day) (9.29)
=1

1<p<n

In the context of Feynman-Kac models, the analysis of the McKean particle measures described
above is discussed in some detail in the book [172]. To our knowledge, their analysis for general discrete
generation mean field models is still an open research subject.

The local sampling errors induced by the mean field particle model are expressed in terms of the
empirical random field sequence V.V defined by

Vn]Yi-l = \/N [777];[4-1 - (I)n+1 (777]:[)]
Notice that V,fYH is alternatively defined by the following stochastic perturbation formulae

1

For n = 0, we also set

1
V' =VN [név—no]@névznoJrﬁ%N

In this interpretation, the N-particle model can also be interpreted as a stochastic perturbation of
the limiting system
Nn+1 = Pnt1 (n)

It is rather elementary to check that
2
EOLGPI6) = [ Kuoy ([f - Bram(D@)]) @) < osc(?

9.3.2 Continuous time models

The continuous time mean field particle model associated with the integro-differential equations dis-
cussed in Section 9.2.1, Section 9.2.2, and Section 9.2.3, is a Markov chain §§N) = (gt(N’i))lgiSN on
the product state space (R?)", with infinitesimal generator defined, for sufficiently regular functions
F on (R*)Y, by the following formulae

Pt 2Ny = Y L () (9.31)
1<i<N
In the above display, m(x) := % > 1<i<n 0z stands for the occupation measure of the population

r = (2')1<;<y € EN; and for any n € P(R?) Lg% stands for the operator L, defined in (9.16),
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acting on the function 2? — F(z!,... 2% ..., 2"). In other words, every individual §t(N’i) is a jump-

diffusion model defined as in (9.18) and (9.19) by replacing the unknown measures 7; by their particle
approximations 7" = % Zﬁvzl o V)
t
For instance, using (9.21), the generator of the Feynman-Kac model (9.17) is given for any suffi-
ciently regular function F' by the formula

LY ()t )

=3 LOFE)E. N+ Y V()

1<i<N 1<i<N
X / [F(acl,...,xi_l,y,x”l,...,mN) —F(ml,...,xi,...,xN)] m(z)(dy)
Between jumps, the particles evolve independently as the diffusion process defined in (5.1). At rate

V', the particles jump to a new location randomly selected in the current population.
Using Ito’s formula we have that

dF(&) = L(F)(&) dt + dM(F)
for some martingale M, (F') with predictable increasing process defined by
t
(M(F))si= [ T, (F.F) (&) ds
0
We recall that the “carré du champ” operator I'z, associated to Ly is defined by
Lo, (FF) (2) i= £, [(F = F(2))*] (2) = £,(F?)(x) = 2F(2)£,(F)(x)

For empirical test functions of the following form

1L
F(z) =m(2)(f) = § Zf(xl)

with f € D(L), we find that

Ls(F)(x) = m(z)(Lsm@)(f))

1

e (BF) (@) =~ m@) (To,,0 (1) (9.32)

From this discussion, it should be clear that

1 1
no= o D O = dn (f) =i (L () dt + N dM (f) (9.33)
1<i<N
with the martingale

MY (f) = VN My(F) (9.34)

The predictable angle bracket is given by

Ay = [ (v p () s
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From the r.h.s. perturbation formulae (9.33), we conclude that 7;' “almost solve,” as N 71 oo, the
nonlinear evolution Equation (9.16). For a more thorough discussion on these continuous time models,
we refer the reader to the review article [182], and the references therein.

As for the linear type jump-diffusion models, continuous time mean field models are far from being
related to a concrete Monte Carlo simulation technique, since most of the time the resulting interacting
jump diffusion processes cannot be sampled perfectly. One natural way to solve this problem is to
consider the time discretization schemes presented in Section 9.2.5, and the discrete generation mean
field models discussed in Section 9.3.

We end this section with a discussion on the connections between these discrete generation mean
field models and their continuous time version discussed in Section 9.3.2. For time homogeneous state
spaces B, = E = R? the Markov transition M1 of the discrete generation mean field model (9.28)
on EV is defined for any sufficiently regular function F on EV by

Mn-l—l(F)(w) :_/ H Kn-&—Lm(z‘)(xvdyi) F(ylv cee 7yN)

N
£ 1<i<N

When the collection of transitions K41, are given by (9.24), using the approximation formula (9.25)
with A ~ 0 we find that

Mygs = 1d) (F) (@) = Ticsen (Td+ A Ly ) P, 2t 2N) = F()

~ i B e (F) @t ot aN) A = L4, (F)(2) A

In the above display, £; and L, stands for the generators defined in (9.31) and (9.16); and
(Id+ A Ltmm(x))(z) stands for the operator (Id—i—Ltmm(x) A) acting on the function z'

F(zt, ... 2t ... N ). This shows that the discrete generation mean field model can be interpreted as

an Euler type approximation on a time mesh ¢, of the continuous time particle model introduced in
Section 9.3.2.

9.4 Some illustrations

9.4.1 McKean-Vlasov diffusion models

The effective sampling condition stated in (9.27) is clearly satisfied for the McKean-Vlasov models
(1.24) introduced in Section 1.4.1.1. In this case (9.27) is the distribution of the random variable

1 : 1 7
Tp—1+ N Z an(wn—hy ) + N Z O'n(l'n—lvy ) Wa (9'35)

1<i<N 1<i<N

In this situation, using the formula (9.35) we find that the N-particle model defined in (9.28) can be
rewritten in the following form

gy = & tan (& nd) + onga (€L nd) Wi,

; 1 ;s 1 S )
= §Z+N Z an+1(§;uf%)+ﬁ Z on+1(&ns&0) Wi

1<j<N I<j<N

In the above displayed formulae, ¥ = % Zf\i 1 55% is the occupation measure of the population at time

n; and (W}, )1<i<n stands for N independent copies of the random variables W;,41. Illustrations of

these Gaussian mean field models in the context of filtering problems are discussed in some detail in
Section 11.2.3, dedicated to ensemble Kalman filters.
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9.4.2 General state space models

The effective sampling condition (9.27) is also met for the general state space models presented
in (9.6), as soon as we have a dedicated Monte Carlo technique to sample the random variables
Fo(zn—1,m(y), W,). In this case (9.27) is given by

Ky ) (Tn-1,dry) = P (Fy(2n-1,m(y), Wp) € dz,)

In this situation, we find that the N-particle model defined in (9.28) can be rewritten in the following
form

N
) i i . 1
gn—i—l = Fn+1 (5717 7]1]1\[7 Wn+1) with T#LV = N Z 55% (936)
i=1

where (W}

n+1)1§i§N stands for N independent copies of the r.v. W, 11.

9.4.3 Interacting jump-diffusion models

We return to the Euler type approximation models discussed in Section 9.2.5. In this context, if we
choose 7,, = 1y, in (9.24), then the mean field IPS model &, = (&},)i1<i<n is defined by sampling N
random transitions

N

_ A A . 1

gjz ~ 5}14—1 ~ (MnJer]y n+1,7]£’) (E?Zw) with Ug:NZQ;
=1

If we choose 7,, := npMyy1,, in (9.24), then the mean field IPS model &, = (€8)1<i<n associated
with the distribution flow (9.26) is now defined in terms of the two step transitions

& ~ 711+1/2 ~ Mn+1,n,fj(§%’-)wgz+1 ~ Jn+17n71:7+1/2(§7lz+1/27')

with the occupation measures at the intermediate time steps defined by

1 N 1 N

N N

o=y 20 and il => G
i=1 =1

9.4.4 Feynman-Kac particle models

Condition (9.27) is also met for the Feynman-Kac model discussed in (9.10), as soon as the potential
functions G, (x) can be evaluated at any state x, and as soon as we can draw independent random
samples of the elementary transitions M,. In this situation, the McKean transitions (9.27) are given
by the following formulae

Kn,m(y) (xn—lv d$n)
(9.37)
= Eanl(ivnfl) Mn(ajnfla dwn) + (1 - Eanl(ZEnfl)) \I]Gn,1 (m(y)) Mn(d$n)

with the weighted empirical measure

Gn—l (yz)
1Gizn 2asisn Gro1(y)

Vg, (m(y)) My = Ma(y', )

In the above display, ¥ _, stands for the Boltzmann-Gibbs transformations defined in (7).

n—1



9.5. FLOWS OF POSITIVE MEASURES 255

In this situation, we use formula (9.37) to check that the N-particle model defined in (9.28) can
be interpreted in terms of an interacting jump type genetic type particle model with a two step
selection-mutation transition.

During the selection stage, each particle £ ; evaluates its potential value G,,_1( ZFI). With a
probability €G,,—1(£%_;) it remains in the same location. Otherwise, it jumps to a fresh new location
52—1 randomly chosen with a probability proportional to Gn,l(ﬁi_l). During the mutation stage, each
particle evolves randomly according to the Markov transition M,,.

From the statistical, or from the stochastic, point of view, these interacting particle systems can be
interpreted as a sophisticated acceptance-rejection sampling technique, equipped with an interacting
recycling mechanism.

This mean field stochastic algorithm can also be interpreted as a population of individuals mim-
icking natural evolution mechanisms. During a mutation stage, the particles evolve independently of
one another, according to the same probability transitions M,. During the selection stage, particles
with small relative values are killed, while the ones with high relative values are multiplied.

9.5 Flows of positive measures

We consider a sequence of measurable state spaces E, and some (nonnecessarily linear) one step
mapping =, from My (E,_1) into M4 (E,). We associate with these objects the evolution equations

Yn = En(%z—l)

starting from some initial nonnegative measure 79 € M (Ep). These abstract models are natural
extensions of the P(FE,)-valued equations discussed in Section 9.1, to evolutions equations in the
space of nonnegative measures. We observe that these evolutions equations can always be rewritten
in the following form

Yn = Vn—1CQnym 1 (9.38)

for some collection of bounded integral operators @~ from By(E,) into By(E,—1), indexed by the
time parameter n > 1 and the set of measures v € M (E,). As in (9.2), the choice of these operators
is not unique; for instance, we can take Qy ., (z,.) < Zp(Yn-1)-

As usual, we let 1, € P(E,,) be the normalized distributions given by

M (f) = (f)/m(1) and we set Gy, = Qni1,4,(1)

for any f € By(E,). In Section 12.2.1, we shall see that the mass-probability process (7, (1), n,) satisfies
the following measure valued equations

Yn1(1) = 0u(Gnpy,) (1)
(9.39)

Th+1 = \IjGn,’Yn (nn) M”H’L’Yn

with the Markov transitions M, , defined for any f € By(E,) and v € M (E,_1) by the following
equation

Mn,w(f) = Qn,w(f)/Qn,v(l)

In the above displayed formula, ¥V stands for the Boltzmann-Gibbs transformations associated with
a given potential function G defined in (7).

To describe with some precision the mean field particle interpretation of these models, we consider
a collection of Markov transitions .S, ,,, satisfying the compatibility condition

nnsn,'yn = ‘IIGn,'yn (nn)
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Several examples of such transitions are provided in (8). In this situation, we can rewrite the evolution
equation of the normalized measures as follows:

In+1 = nnKn—i—l,'yn with Kn—&-l,’m = Sn,'ynMn+1,'Yn
The mean field particle interpretation of the evolution Equations (9.38) is the Markov chain
(G (1),60) € (R, x E) defined by
77]1\/_’_1(1) = 7711\7(1) né\](Gn,'\fﬁ(l)nﬁy)

N o (9.40)
P <£n+1 € dw ‘ gn,'yﬁy(l)) = H KnJrl,'y{zV(l)nrfy( :m dl‘z)
i=1



Chapter 10

Feynman-Kac path integration

10.1 Particle unnormalized measures

We return to the Feynman-Kac models discussed in section 4.2 and in section 9.1.4. We let K, ,, be some
McKean interpretation of the flow of Feynman-Kac measures (9.8). We denote by nY the empirical
measures of the mean field N-particle model &, associated with the transitions K, ;. Mimicking the
product formula (4.18), the normalizing constants and the unnormalized distributions (5.37) in the

Feynman-Kac model (4.17) can be computed using the following unbias estimates

zN .= H néV(Gp) —FN—ooo Zn = H p(Gp)
0<p<n 0<p<n

as well as

’ijzv(fn) = nfzv(fn) X H U]];V(Gp)

0<p<n

Next, we give a simple proof of the unbiasedness properties of these particle models.
By construction, we have

E (77]1\[(]071) ‘ 507 <o 7§n—1> = (I)n (777]1\[—1) (fn) H ngjav(Gp)

0<p<n

Notice that

o, (777];[—1) (fn) = ¥y (777127—1) (My(fn))
ng—l(Gn—an(fn)) _ 1
ny 1 (Gho1) 1 (Gn-1)

777]2/—1 (Qn(fn))

with the integral operator @, defined in (4.15) and given by
Qn(fn) = Gn—an(fn)
This shows that

E ('77]zv(fn) | €0, - afnfl) = 777]2[_1(Qn(fn)) H U;JV(GP) = '7711\[—1(Qn(fn))

0<p<(n—1)
Iterating the argument, we find that
Vp<n B (v (fa) [ €0s6) = (Qun(fa)) = E (v () = mlfn)

257

(10.1)

(10.2)

(10.3)

(10.4)
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10.2 Genealogical tree occupation measures

The mean field particle interpretation (52"1)195 n of the Feynman-Kac models in path space discussed
in (4.16) coincides with the genealogical tree evolution of the particle model discussed above.
More precisely, if we interpret the updating-selection transition as a birth and death process,
Qlen arises‘the important notion of theA ancestral line of an/\individual. More preqisely, when a particle
11 — &, evolves to a new location &, we can interpret £, _; as the parent of £!,. Looking backwards
in time and recalling that the particle g’%l has selected a site 52_1 in the configuration at time (n—1),
we can interpret this site gﬁ_l as the parent of E;_l and therefore as the ancestor denoted ffl_l’n at

level (n — 1) of &. Running backwards in time we may trace the whole ancestral line
g(i),n — gi,n A gi—l,n A fvll,n = gil, (105)

An illustration of the genealogical tree model associated with IV = 3 particles and a time horizon
n =5 is given below

5875 5%,5 55,5 * ® °
° \ ° / ° §§,5 — fis 55,5

Each parent node has a certain random number of children or offspring.

The ancestral line of the i-th individual in the mean field Feynman-Kac population at time n is
given by a path-valued particle

&= (& bln - &) € Bni=(Eg % ... x Ep)

and the occupation measure of the genealogical tree is the empirical measure on path space given by

N
1
nh =D Gt —Nioo Tn (10.6)

with the Feynman-Kac measures 1, = Q,, in path space discussed in (4.16)

In contrast to the genealogical tree models discussed above, the complete ancestral tree incorpo-
rates all the ancestral lineages of the individuals during their evolutions. More formally, the complete
ancestral tree model is defined by the set of all the population of individuals &, = (52)195 N, from the
origin p = 0 up to a given final time horizon p = n.

An illustration of the complete ancestral tree model associated with N = 3 particles, and a time
horizon n = 4, is given by the following diagram.
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(n=0) (n=1) (n=2) (n=23) (n=4)
3 & & & &
& <> & / & &3 < &
& §——& & &

v v v v v
' Y ) s ny
\ \ \ \ \
N—oo N—o0 N—oo N—o0 N—00
v | v | v
Tlo m T2 n3 N4
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Mimicking the backward Markov chain formula (4.20), the measure Q,, can alternatively be approxi-

mated (under the assumption (4.19)) using the backward particle measures

ery(d(:]b? R 'rn)) = n?jlv(dxn) H Mq,n£1<xQ7 dwq—l)
qg=1

with the collection of Markov transitions

ng(dl‘n) Hyp1(2n, Tpy1)
ﬁr]y (Hn+l(-7$n+1))

_ j{: }{n+l(§%axn+l) 5 '(d$ )
N > Hpiq( J 3 n
1<i<N 1<j<N In+1 $n, Tnyl)

mdn+1mﬁ(xn+l7dxn)

For any function F;, on E, we have the unbias property

E(QY(F) [ nV(Gp)| =E|Fu(Xo,....Xn) [ Gp(Xp) | :=Tu(Fn)

0<p<n 0<p<n

We set
DY (F) =Q) (Fn) [ 5/(Gy)

0<p<n

Arguing as in the proof of (10.3), we have

E (Filv(Fn) | 50)' .- 7571—1)

= /_}/7];[(1) / @, (77711\7—1) (dwn) H Mq,névil(xlp dxq—l) Fo(xo,...,n)
q=1

n—1

= 77];[—1(1) / (nrjy—lQn)(dxn) Mn,mf:’fl(xna dzn—1) H Mq,nf][l(mt;{v dzg—1) ¢ Fu(o,...

q=1

(10.7)

(10.8)

(10.9)

, Tp)
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Notice that

(ng—lQn)(dxn) = nr]z\[—l(Hn(wwn)) An(dzn)

= (nyjy—lQn)(dl‘n) Mn,nﬁ’_l (:Ena dl'nfl) = 77711\7_1(d$n71)Qn($n71, dxn)
This implies that

E (Y (F) | €0, e s6nmr)

= aa (1) / mi(dea) ¢ [ M, n , (@q,dzg1) o Faoin(@o,- - 2n1) = Ty (Fooin)

Fn—l,n(:UOa Ce ,xn_l) = / Qn(fvn—la d.ﬁlfn) Fn(l'o, ceey I’n)
%
Iterating the argument, we prove that
Vp<n  ETN(F) &, &) =10 (Fpn) = E()(Fn)) =Tn(F)

with the collection of functions

Fp,n(x07 cee ’xp) = / Qp—i—l (.Ip, dmp-i—l) cee Qn(ﬂjn—ly dJUn) Fn($0’ s »xn)
Epi1x..xEp

10.4 A random particle matrix model

The computation of integrals w.r.t. the particle measures QY are reduced to summations over the

particle locations &. It is therefore natural to identify a population of individuals (£},... ,5711\7 ) at
time n to the ordered set of indexes {1,..., N}. In this framework, the occupation measures and the
functions are identified with the following line and column vectors
ful&h)
1 1 )
N, = N, .y N and fn = : N
and the matrices M, ~ by the (N x N) matrices
Mn,nfy_l (gflzv rlL—l) e Mn,nﬁ’_l (51117 r]LV—l)
M, = E : ; (10.10)
Mn,nﬁf_l (f?J’LV7 5711—1) U Mn,nfy_l( 7]1V7 57]1\]—1)

with the (7, j)-entries

. . Gn—l( j_l)Hn( j_lvég)
Mn N giw izf = - - )
m b)) =S e T e
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For instance, the Q,-integration of normalized additive linear functionals of the form

LS ha) (10.11)

n—+1
TS

fo(zo,...,zpn) =

is given by the particle matrix approximation model

1
n—+1

QnN(fn) = Z ngMn,ng_an—lmﬁf_Q s Mp-i—l,nzl,v (fp)

0<p<n

This Markov interpretation allows computing complex Feynman-Kac path integrals using sim-
ple random matrix operations on finite sets. Roughly speaking, this methodology allows reducing
Feynman-Kac path integration problems on general state spaces to Markov path integration on finite
state spaces, with cardinality N.

Nevertheless, the computational cost N? of these particle random matrix models can be prohibitive
in some applications. In this case, we can replace the full matrix averaging technique on the finite sets
of N individuals, by some judicious sampling approximation scheme. In this connection, we quote a
rejection sampling method, recently proposed in [232].

10.5 Many-body Feynman-Kac models

10.5.1 Feynman-Kac particle models

We write M,, for the Markov transitions of the particle model X,,:= &, viewed now as a Markov chain
on &, == E,]lv , and introduce the potential functions

Gn(Xn) = m(Xn)(Gn)

In the further development of this section we use calligraphic letters such as z,, and y, = (¥},)1<i<n
to denote states in the product spaces &, and slanted roman letters such as x,, y,, 2, to denote
states in F,. The path sequences in the product spaces &, := Hogpgn & and E,, = HOSpSn E, are
denoted by bold letters such as @, = (2p)o<p<n € Spn and Xn = (Xp)o<p<n € Sp. Finally, we also

denote by dz,, = d(x,...,xY), resp. d&,, = d(zo, ..., x,), the infinitesimal neighborhoods of a point

) tn
Tn = (X,)1<i<N € En, TeSP. Ty = (Tp)o<p<n € En = [o<pen Ep-
We let (I, Ay,) be the Feynman-Kac measures on &, defined for any F,, € B(&,) by

I (Fn) = An(F)/Tn(1) with An(F) =E | Fa(Xa) [ Go(Xp) (10.12)
0<p<n

Notice that the unbiasedness properties of unnormalized particle measures ensures that A, (1) = v,(1).
It is also readily checked that

Apy1 = AN Qny1 and 144 := Vg, (I1,) M1 (10.13)
with the integral operators
Qn1(Tn, drni1) = Gn(2n) Mnj1(2n, dinir)
We denote by (I1,,, Ay) the Feynman-Kac measures associated with the historical process

Xn: (X()a cee 7Xn)
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and the potential functions Gy, (X)) := Gn(X») on the path space £, = (& % ... x &,). More formally,
these measures are defined for any F,, € B(E,) by

I, (Fn) i= An(Fn)/An(1) with An(Fp) =E | Fu(Xn) [ Go(Xp) (10.14)

0<p<n

Whenever the integral operators (J,, have some densities H,, w.r.t. some reference distributions A,
on E,, given X, we let X, := (X,)o<p<n be a random path with conditional distribution

Kon(Xon, dxn) := m(Xn)(dx0) ] My, %% dXk-1) (10.15)

1<k<n

In the above displayed formula dx,, stands for an infinitesimal neighborhood of the path x, =
(xp)o<p<n € En, and My, (5, ) are the Markov transitions defined in (10.8).

The unbiasedness properties of unnormalized particle measures are equivalent to the fact that for
any (fn, fn) € (B(En) x B(E,)), we have

El fn(Xp) H gp(Xp) = E| fu(Xn) H Gp(Xp)

0<p<n 0<p<n
E | fn(Xn) H Gp(Xp) = E | fu(Xn) H Gp(Xp) (10.16)
0<p<n 0<p<n

We emphasize that (10.16) holds true for general Feynman-Kac models (i.e. without any regularity on
Qr). In this setting, (10.16) is satisfied with a r.v. X,, with conditional distribution given X, defined
by

K (X, dxn) = m(Xn)(dxn) (10.17)

The measures (II,,, A;,) and their path space versions (Il,,, A,,) are called the many body Feynman-
Kac measures associated with the mean field N-particle interpretation of the measures (7, v,). As
the name “many-body” suggests, these Feynman-Kac models encode properly the collective motion
under mean field constraints of the system of particles associated to a standard Feynman-Kac particle
System.

From an abstract point of view, all of these measures are of course essentially equivalent to the
abstract Feynman-Kac model introduced in section 4.2.1.

10.5.2 Conditional particle Markov chains

We return to the Feynman-Kac models and their many-body versions discussed in section 4.2 and in
section 10.5. We only consider the mean field particle model (9.37) with € = 0.
We start the section with a pivotal duality formula between the Feynman-Kac integral operators

(Qn, Qn).
Lemma 10.5.1 We have the duality formula between integral operators on &€, X Ey,

On(xn—1,dxy) m(x,)(dx,) = (m(zp—1)Qn)(dxn) Mx, n(Tn—1,dzy) (10.18)

and
n$N (dzo) m(zo)(dxo) = no(dxo) pix, (dzo)
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with the collection of Markov transitions

N-1

> @ (m(zn-1))®Y @ by, @ <I>n<m<xn_1>>®<N“>] (dzy,)
=0

1
Mxn,n(xn—la dxn) = N

and the distribution

=

1 ®( ®(N—i-1
HXOZZNA <n0()®5x0®770( ))

(2

I
=)

Proof :
To check (10.18) we use the symmetry properties of the Markov transitions M,, to check that for any
function H, € B(E, x &,), we have

| On(@n—1,dzn) m(zy)(dz,) Hp(2n, zy)
=Gn-1(Tn-1) f @n(m(xn_l))®N(dxn) Hn(X}uxn)

=m(zn-1)(Gn-1) f (I’n(m(xn—l))(dX}L) [5;(1 ® q)n(m@n—l))@(]vil)] (dyn) Hn(X}wyn>

n

The end of the proof comes from the fact that
m(2-1)(Gn-1) Pn(m(zn—1))(dx,) = (m(n-1)Qn)(dx;,)

The proof of the lemma is now completed. (]

Definition 10.5.2 Given a random path X = (X,)n>0 we let X} = (Xﬁ’i)l-:17,,_,]v € S,, be the Markov
chain with the transitions Mx, n, and the initial distribution px, introduced in lemma 10.5.1. We
denote by M (Xy,, dxy) the conditional distributions of the random path X} = (XP*)O<p<n on En.

The process X is called the dual mean field model associated with the Feynman-Kac particle model
Xn and the frozen path X.

The justification of the ”duality” terminology between the processes X and X, is discussed in
the end of the section. The Feynman-Kac measures (7yn,N,) and their many body version (A, IT,)
are connected by the following duality theorem which can be seen as an extended version of the
unbiasedness properties (10.16).

Theorem 10.5.3 For any F,, € B(E,) by the following equations
E|FuXn) [ G0 | =E|Fu(x)) [ Gp(Xp) (10.19)
0<p<n 0<p<n

When the integral operators @y, have some densities H, w.r.t. some reference distributions Ay, for
any Fy, € B(Ey, X &) by the duality formula

E Fn(Xann) H gp(xp) =E Fn(Xanf;) H Gp(Xp) (10-20)
0<p<n 0<p<n
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Proof :
The proof of (10.19) is a direct consequence of (10.18). Indeed, using this formula, we find that

Qulen-ridn) = [ m(ra1)Qul (dan) My, nin1,d)
= / m($n71)(dznfl) Qn(znfladzn) Mzn,n($n71>d$n)
and therefore
Qn—l(xn—% dxn—l)gn (mn—lv d$n)

:/ m(xan)(dZn72) anl(znf%dznfl) Qn(znflydzn)

><-/\/lzn_l,nfl (man, dfxnfl)Mzn,n (xnfla dxn)

Iterating backward in time we prove (10.19). This ends the proof of the first assertion.
The proof of (10.20) is a also direct consequence of (10.18). To check this claim, first we notice
that

(10.18) & m(zp—1)(Gn-1)Mp(Tn-1,dzy) m(zy)(dxy) = (M(zp—1)Qn)(dxn) Mx, n(Tn-1,dz,)
& Mp(xp_1,dzy) m(z,)(dx,) = P (m(zp-1)) (dx) Mx, n(Tn—1,dxy)

Using this formula, we find that

An(dzy) H0§p§n m(xp)(dxp)
— {Mopen M) (Gy) } 1™ (d0) m{w0)(dx0) {TT1cpcn Mplp-1,day) miw,)(dxy) }
= {Topen @) (G} {m0(dx0) Ticper Ppml@y-1))(dx,) | MK (X, don)

= {UO(dXO) H1§p§n m(zp—1)(Hp(.,%p)) )‘p(dxp)} M3, (Xr, dzr)
The last assertion comes from the fact that
m@p—l)(Gp—l) (I)p(m(xp—l))(dxp) = m(xp—l)(Hp(-va)) )‘p(dxp)

On the other hand, we have we have

— m(z - m(xp—1)(dxp—1) Hp(Xp—1,%p)
P ! Srreany 7 roveen)

where dxy, stands for an infinitesimal neighborhood of the path x,, = (x,)0<p<n € Ep. Recalling that
Qp(xp-1,dxp) = Gp(xp—1) Mp(xp—1,dxp) = Hp(xp-1,%p) Ap(dxp)
This implies that

Ap(dxy) Kn(xn, dxn)

= {nO(dXO) ngpgn Qp(Xp—thp)} M, (Xn, d&rn) = Yn(dxn) My (Xp, dTy,)
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The proof of (10.20) is now completed. This ends the proof of the Theorem. |

The following Corollary is a direct consequence of (10.16) and (10.20). It provides a interpretation
of the conditional distribution of the dual process X, w.r.t. a given frozen trajectory as a conditional
many body Feynman-Kac model w.r.t. a random path X, sampled with the backward distribution
(10.15).

Corollary 10.5.4 For any F,, € B(E,), and for nn,-almost every path x, we have

E(Fa(X2) | Xp =) = ¢ (Fn(Xn) Hogpen Gp(Xp) | X0 = Xn) (10.21)

E (Mocpen o (Xp) | X = x0)

We end this section with an analytic description of the duality formulae (10.19) and (10.20) in
terms of the conditional distributions IM and /C,, introduced in definition 10.5.2 and in (10.15). Using
(10.19) we have

Vx, € E,, M} (Xp, .) < n, M =11,

Thus, we can define the dual operator M:L,'r]n of M from L;(ny) into L;(II,) given for any f, €
Li(nn) by

d nn,an:L d nﬂ,an; .
M:lmn('f") = C'([(nnM:l)) = ( drI,, ) with nn,fn(dxn) =N (dTn) fn(zn)

In addition, for any conjugate integers + + % =1, with 1 < p,q < oo, and any pair of functions
(fn, Fn) € (Lp(nn) x Ly (IL,)) we have

T, (Fo MG, (fa) ) = nn (M3(Fn) fn) (10.22)

These constructions shows that formula (10.20) holds true for general models (i.e. even if the integral
operators @), don’t have a density) where X,, stands for a random path with conditional distribution

:z,nn (X, -) given the historical process X,. In the reverse angle, we have

an S Sn ]Cn(mn, ) < Hn]cn =TMn

Thus (10.20) also implies that IMy coincides with the dual operator /C}, ;= of Ky, from Ly (I1,,) into
L1 (1n); that is, we have that

(10.20) = I, Kp=0n = 0n (fn K;,Hn(Fn)) = I, (Fr KKn(fn))

with K )
T, -
IC, 11, (Zn, dzyn) = I, (dzy) ﬁ

These formulations underline the duality between the random paths XY and X,, under the Feynman-
Kac measures 7,, and their many-body version II,,.

(2n) = M}, (2n, dy,) (10.23)

10.5.3 Historical processes

Let us suppose that (7, ¥n, &) is the historical version of an auxiliary Feynman-Kac model (v],,7.,, &)
associated with some potential functions G, and some Markov chain X transitions M/, on some state
spaces E! . In this situation, the reference Markov chain of the Feynman-Kac models (1, ,) coincides
with the historical process X, = (X{,..., X)) of the chain X],. We also recall that the particle model
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Xn:= &, represents the evolution of the genealogical tree model associated with the particle model
Xo= &p-

The same property holds true at the level of the dual processes. More precisely, the dual mean field
model X associated with pair (&, X,,) represents the evolution of the genealogical tree model of the
dual particle model X;’/ associated with the pair (&), X/ ). To be more precise, we observe that the
i-th path space particle

X (X()n?‘Xln?’Xy?’n)eEn:(EéxXE;I)

of the particle model &7 can be interpreted as the line of ancestors X; 7;’ of the i-th individual Xﬁjﬁ
at time n, at every level 0 < p < n, with 1 < ¢ < N. This shows that the particle model X =

(X;’”) coincides with the evolution of the individuals X,’{;L = (X,ﬂf ) .
1<i<N 1<i<N

It is also important to observe that the dual process X,, is defined in terms of frozen historical paths
X, = (X{,...,X]). Therefore, for any function F,, € B(E,), we have the ny-almost sure conditional
expectation formula

E (Fa(X}) | Xn) = E(Fa(X}) | Xn) = M} (Fn)(Xn) (10.24)

In the further development of this section, we denote by G/, the potential function of the many-
body model associated with the Feynman-Kac model (v/,,7),&)); that is, we have that G/ (X]) =
m(X},)(G),). In this notation, formula (10.19) takes the form

II 600 | =E(Fa(x)) ] Go(X}) (10.25)

0<p<n 0<p<n
Choosing a function Fj, that only depends on the marginal populations we find that

Fr(Xo,---yXn) == Fn(X0, -, X0)

=E|F.(X,) [ o) | =E|Fu(x)) [ Go(X;

O<p<n 0<p<n

Notice that X/, and X} are ] = Hogpgn & valued random paths with &/ := EWN , for any n > 0.
In much the same way, when the integral operators @/, have some densities H] w.r.t. some reference
distributions A/, on EJ,, the formula (10.20) takes the following form

E|F(X,x5) [ G60G) | =E | FuXa, &%) ] Go(X (10.26)

0<p<n 0<p<n
where X/, := (X;)Ofpgn stands for a random path in F,, with distribution
Ko (X, dxn) == m(X0)(dxy) [T M, o (K dxiy)
1<k<n

The following Corollary shows that the transport equations imply an interpretation of mean field
particle models with frozen trajectories as conditional many body Feynman-Kac models w.r.t. an
random ancestral path X,, of the process XJ,.

Corollary 10.5.5 For anyn >0, F,, € B(E, x E,) we have
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E [ Fr(Xn-1,X H G (X)) | =E | Fa(X}_,, X H GL(X (10.27)

0<p<n 0<p<n

where X,, stands for a random path with conditional distribution m(Xy), given Xnp. In addition,
for any F,, € B(&,) and ny-almost every x,, € E, we have that

E (Fu(Xn-1) Tlocpen Gy(Xp) | X = 2a)
E (Tocpen G5(Xp) | X = 22

) (Fn(xg_l) | X, = xn>

Proof :
Using (10.20), for any function F,, € B(€,—1 x E,) we check that

E (f m(Xn)(dxn) Fn(Xn—1,%n) [lo<pen gP(XP))

E (f 1 (Mm(Xn—1))(dxn) Fn(Xn—1,%0) [lo<pen gp(Xp))
—E(J @01 (m(31))(dxn) FalXi_1, %) Tocyen Gp(Xp))

=F (f m(&X))(dxy) Fr(X)_1,Xn) H0§p<n GT’(XT’))

On the other hand, we have
E(f m(X)(dx) Fa(X:_y,%0) Tocpen G(Xp))
= % E( (X; 1’ n) H0§p<n Gp(Xp))

(1= %) E(f @u(m(Xi))(dxn) Fa(Xi_y %) Tocpen Gp(Xp))

This implies that

/ m(Xn)(dxn) Frn(Xn—1,%n) H gp(xp) =E [ Fa( X'r: 1 X H G
0<p<n 0<p<n
The end of the proof of (10.27) is now clear. (]

The next result provides a new interpretation of the backward Markov transition /C], in terms of
the conditional distribution of a genealogical line given the complete ancestral tree.

Corollary 10.5.6 When the integral operators Q) have some densities H] w.r.t. some reference dis-

tributions v], on S),, we have

E (Fn(x;_l, Xn)) ) (Fn(x;_l, X;)) (10.28)
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with the random paths X,, and X, on E, defined in (10.27) and (10.26). In particular, for any
fn € B(E,,) this implies that

B (m()(fa) | Xy )

— [ Batm ) § T My () § falshee %)

1<k<n

Proof :
Using (10.27) we have

B ([ miun) B0 ) =B | R, %) [T @06)/6,6)

0<p<n

On the other hand, using (10.26) we also have that

E (Fu(Xfo1. X)) =B | (X020, X0 [T (GolX,)/G(7)

0<p<n

This clearly ends the proof of the Corollary. ]

10.5.4 Genealogy and backward sampling models

Definition 10.5.7 When the integral operators QQ,, have some densities Hy, w.r.t. some distributions
An, we consider the Markov transition from Sy into itself defined by Ky, := M} IC,,, with the couple
of operators (M., ICy,) introduced in definition 10.5.2 and in (10.15).

When (0, V) is the historical version of an auxiliary Feynman-Kac model (), n.,), we consider the
Markov transition from Sy, into itself defined by K,, := M}IC,,, with the couple of operators (M}, K,,)
introduced in (10.24) and in (10.17).

Proposition 10.5.8 The Markov transitions K,,, resp. Ky, are reversible w.r.t. the probability mea-
SUTES My, T€SP. Np,

Three elementary proofs of these regularity properties can be underlined:

e Using (10.20), for any couple of functions f1, fo € B(Ey) we have

E <Icn(f1)(Xn) Kn(f2)(Xn) Tlo<pen gP(XP))
) (fl (Xn) Kn(f2)(Xn) o<pen gP(X”))

= E (£1(Xn) Kn(f2)(X2) Tocpen Gp(Xp) ) % E (f1(Xn) Kn(f2)(Xn) [Tppen Go(Xp))

Recalling that K, (xy,.) and K, (x,,.) are the E,-marginal of the measures ICp(xy,.) and
Kn(Xn, .), (for any m,,-p.s., trajectory xn = (xp)o<p<n € En), for any (f1, f2) € B(E,)? the
above result implies that

E (m(Xa)(f1) m(X)(£2) Tlogpen Gp(Xp)) < E (f1(Xn) Kon(£2)(Xn) [ospen Gol( X))

By symmetry arguments the reversibility follows.
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e Combining the unbiasedness properties of the unnormalized particle measures with the transport
equation (10.19) we have

(7771 =1II,K,, and II, = nnM:,,) = Mn = nnM:,,’Cn = nnKn

In much the same way, using the unbiasedness properties of the unnormalized particle measures
we check that

(nn =I,K, and II, = %MZ) = Np = nnM:LKn = K,

e The reversibility of K,, = ’C;,Hn’Cn is also a direct consequence of the the duality formula
(10.22). Indeed, for any (f1, f2) € L3(n,) we have that

(10.23) = N ( f1 Kn(f2)) = n ( Kn(f1) Kn(f2) ) = 0 (Kn(f1) F2) (10.29)
Since K, (xp, .) is the Sy,-marginal of the measures Ky, (xy,, .), we also have

(10.29) = Y (f1, f2) € L3(m) 1 (Kn(f1) f2) =1 ( f1 Ku(f2))

Next, we present an elementary proof of the ergodicity of the couple of conditional PMCMC
transitions discussed above.

Proposition 10.5.9 The measure n, and n, are the unique invariant measures of the Markov tran-
sitions K,, and K,,. In addition, we have the estimates

n+1
B(Kn)VE(Ky) <1—1, <1 — ;f) (10.30)

for some
> [[ 9 with  gu:=sup(Gu(2)/Guly))

0<p<n Yy

The estimates (10.30) are direct consequence of the following rather crude uniform estimate

alten) 270 (1) )

for any non negative function f, on E,, and any path sequence z, = (2,)o<p<n. These lower bounds
are easily checked by using the fact that

T’n_l Kn(fn)(xn)
> E ({ocpen M) Go/mp(Gp)) | Kon(Fa)(X2) 1Xn = %0 ) = (1= %)™ 11 (fin)

For a more thorough discussion on these particle Markov chain Monte Carlo methodologies, we refer
the reader to the recent article [197].
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10.6 Structural stability properties

10.6.1 Change of reference process

We consider a Feynman-Kac model on the set of paths E,, = (Egx...x E,,) defined for any measurable
function f, on E, by

’Yn(fn)ZE fn(Xn) H Gp(Xp) and nn(fn):'Yn(fn)/'Yn(l)

0<p<n
In the above display, X,, stands for the random paths
X =(Xo,...,X5)

of some Markov chain X, evolving in the state spaces E,,. We further assume that X, = (X, X/, ;)
is the Markov chain in transition space of an auxiliary Markov chain model X/ evolving in some state
spaces E! with Markov transitions

n—1>

M (z)_y,dxl) =P (X;L edx, | X, = :c%,l)

and some initial condition 7.
We let K] be the Markov transitions of some Markov chain Y, on E,

K (1, dz) =P (Y, eda), | Y,_| =2|,_;)

n—1 n—1
with initial condition yf. We further assume that nj < 1, and for any n > 1
M, (zp-1,.) < K} (Tn-1,.)

and we set
Y,=(Y,,Y, ) and Y,=(Yp,...,Y,)

n) - n

In this situation, we have
E f'n,(X'n,) H Gn(Xn) =K ,f'n,(Yn) H Hn(Yn)
0<p<n 0<p<n

with the initial potential functions

> (o)

Vxg € Eg = Ey = E(l) X Ei H()(X()) = G()(Xo) X dn/
0

and for any 1 < p < n and any path sequence
Xp = (z0,...,2p) € Ep:=(Eox...xE,) with VO<k<p zp = (2}, 2y ) € By = (B < Ej )

the potential functions

dM], (), .)
Hy(xp) =G B
p(Xp) p(Xp) X dKI’)H(:U;,.)(po)

This change of probability Feynman-Kac formula shows that there exists an infinite number of ways
to describe a given Feynman-Kac model in terms of a reference Markov chain model. The choice of
the reference Markov chain model depends on the problem at hand. We emphasize that the mean
field particle model associated with a given Feynman-Kac model strongly depends on the choice of
reference exploration Markov chain model.
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10.6.2 Quenched and annealed models

We consider a Markov chain model (0,,, X,,) on some state spaces (Z,, x E,) with Markov transitions
of the form

P((@n7Xn) € d(enyxn) | (@n—laxn—l) - (en—lymn—l)) = Kn(en—lvden) Men,n(xn—lvdxn) (1031)

and an initial condition of the form p(dfo)ng,(dzo). By construction, ©,, is a Markov chain on Z,, with
transitions K, and initial distribution po. In addition, given some path sequence © = 0 = (0,,),,~0,
the stochastic process X,, is a Markov chain with transitions My, , and initial condition 7y, .

We consider the Feynman-Kac model on the set of paths

(En X Ep)=(Epx...xE,) X (Eyx...x Ep)

defined for any measurable function F,, on (E,, x E,) by

Tn(Fp) =E | Fo(©n,Xn) [[ Gp(©p,Xp) | and Qn(Fn) =Tn(Fn)/Tn(l)  (10.32)
0<p<n

In the above display, ®,, and X,, stands for the random paths
®n:(®07---7@n) and Xn:(Xo,...,Xn)

and G, is a collection of non negative potential functions on (E,, x E,). We denote by I‘f , Tesp. I‘f?

the marginal of I';, w.r.t the variable X,,, resp. ©,,. We also let QnX , TEsp. Q,(?, the marginal of Q,

w.r.t the variable X,,, resp. O,.
We consider the quenched Feynman-Kac model on the set of paths E,, = (Ey X ... X E,) defined
for any measurable function f,, on E,, and for any ©,, = 8,, € E,, by

70n,n(fn) =E fn(Xn) H Gﬂn,n(Xn) ’ ®, =0, and n@n,n(fn) = '70n,n(.fn)/70n,n(1)

p<g<n
(10.33)
In the above display, G, n stands for the potential functions defined for any 6,, € =, by

GGn,n(Xn) = Gn(ena Xn)
We recall that
E H Go,p(Xp) | On =0, | = H N6,,p (GHp,p) = H hp(0p)
0<p<n 0<p<n 0<p<n

with the potential functions
hp(0p) = no,,.,p (Go,.p)

When, the potential functions only depend on the terminal state of the historical process;
Gn(On, Xy) = Go,,,n(Xn) = Gn(On, Xpn) = Go,, n(Xn) (10.34)
the measures (10.32) reduce to

Tn(Fn) =E | Fu(®n, Xn) [ Gu(6).X,) (10.35)
0<p<n
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but the potential functions hy(6p) still depend on the full historical process 8, = (04)o<q<p With the
formula

hp(0p) == N6,.p (GGp,p)
We let (v, pn) be the Feynman-Kac measures on Z,, defined for any F,, € B(Z,,) by

Un(Fp) =E | Fr(©y) H hp(©p) and  pn (Fpn) = vn(Fn)/vn(1) (10.36)
0<p<n
For any F,, € B(E,) we have that

E | Fn(©n) H Gp(Op, Xp) = E|Fu(On) E H Gp(Op, Xp) | On

0<p<n 0<p<n

= E| Fn(On) H hp(®p)

0<p<n

In the same vein, for any f, € B(Ey), we have that

E (£2(Xn) Tlocpen Go(©p: Xp))

E(fn(Xn Gp(©,,X,)| O,
(#20) Tozyen Go(@p Xp) | O ) [T 6,05, 00
E (Io<pen Go(@p Xp) | On ) 05pen (10.37)

=E | ne,,n(fr) H hp(©p) | =E | Fy,,(On) H hp(©p)

0<p<n 0<p<n

with the function
Fy, (0n) :=ne,,,n(fn)

In summary, the annealed measures I‘f , Tesp. 1"7(? can be expressed in terms of the v,, with the
formulae

I®=v, QP =pn and TX(fn) =vn(Fr)  QX(fn) = un(Fy,) (10.38)

We further assume that the potential functions Gg,,,,, only depend on the terminal state of the
historical process; that is, we have that

ng,”l(Xn) = Gen,n(Xn) (1039)

for some functions G, , on E,,. In this situation, using (10.37) we have

Fa(@o, .. 2n) = fu(wn) = B fu(Xn) [] Gewr(Xk) | =E | Fr(®n) J] hp(®p) | (10.40)
0<k<n 0<p<n

with the function
Ivﬁ(en):::nenﬂxjh)

where 7g,, n, stands for the n-th time marginal of ng,, 1.
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We further assume that Markov transitions My, , are absolutely continuous with respect to some

measures A\, on E,, and for any (z,_1,2,) € (En—1 X E,) we have
= HOH,n(wn—h xn) )\n(dxn)

Gﬂn_l,nfl(xn—ﬁ MBn,n(xn—h dxn) -

for some density function Hg,, ,,. In this situation, by (4.20) we have

n
Qo,, n(d(z0, ..., 2n)) = Nopn(d(zo, ..., 2n)) = No,, n(dxs) H 410,_1.0-1 (xq,dzg—1) (10.41)
q=1
with the collection of Markov transitions
N0,,.n(dxn) Ho, \y nt1(Tn, Tni1) (10.42)

Mot100,, ., (Tn+1, dn) =
e n R N0y ,n (0n+1,n+1(-7xn+1))

In this situation, we conclude that

E | fn(Xn) H Gp(Op, Xp) | =E [ Ff,(On) H hp(©p) :Ff(fn)—Vn(F#)

0<p<n 0<p<n

with the function
F}i (On) == Qo,,n(fn)

10.6.3 Particle quenched and annealed models
Given O, we let &, be an N-mean field particle interpretation of the conditional Feynman-Kac

measures 1g,, ,n Ol ETJLV defined in (10.33). We set

O = (0n, Xn) EE, = | Ep X H EIJ)V with  Xp:= (€o,...,&n)

We let (U, fi,,) be the Feynman-Kac measures on E,, defined for any F,, € B(E,,) by

Fn (gn) H EP (617)

0<p<n

with .
[ — N = — Z G@p,p(éé)

hp(gp) = n(-)p,p (G@p,p) N
1<i<N

and I, (Fn) = Un(Fp)/Un(1) (10.43)

Un(Fp) =

Using the unbiasedness property of the unnormalized particle measures (10.2), for any 6,, € Ey,
n), we have

(so that 8, = (6o, ...,0p) for any p < n) and any f, € B(E
E (Ugn,n(fn) H0§p<n ngp,p (G@p,p) | On = 6y )
= nﬂn,n(fn) H0§p<n N6y,p (Gepap)

=E (fn(Xn) H0§p<n G@p,p(Xp) | ©n = 6, )
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In much the same way, for any F,, € B(E,) and f, € B(E,) we find that

E(Fn(®n) [] Gp(@p,Xp)| = E|Fu(®n) [] Pp(©)p) (10.44)

0<p<n 0<p<n
and
E [ fn(Xn) H Gp(Op, Xp) | =E an(én) H Hp(ép)
0<p<n 0<p<n

with the function
an (8n) = nomn(.fn)

In summary, the annealed measures FX , Tesp. I‘g can be expressed in terms of the v,, with the
formulae

Frn(©n) = F(0,) = T (F,) =Un(Fp) and QP (F,) = fi,(Fy) (10.45)
as well as
Fr,(0n) =035, .(fn) = TX(fn) =0n(Fy,) and QX (fn) =@, (Fy,)

We further assume that the potential functions G, ,n only depend on the terminal state of the
historical process; that is, we have that

Gen,n(Xn) = Gen,n(Xn) (10.46)

for some functions Gg,, , on E,. In this situation, we recall that the measures (10.32) reduce to (10.35)
but the potential functions hy,(6) still depend on the full historical process 8, = (6,)o<q<p With the
formula

hp(6p) = 16,p (G(?p,p)
Nevertheless, in this case we have

frn(zo, ... xn) = fn(zn)
E(fn(Xn) H0§k<n G@k,k(Xk)> = E(an(en) H0§p<n hp(®p)> (10.47)

= (an( n) Tlo<pen ”(61’))

with the functions o
an(@n) = 77®n,n(fn) and an(@n) = ngn,n(fn)

where 7g,, n, stands for the n-th time marginal of ng,, 1.
In much the same way, under the assumptions (10.39) and (4.19) using the unbiasedness property
of the unnormalized version of the backward particle measures

q—1-971

(@]gvn,n(d(aro, ceyTy)) = né\i’n(d(azo, ceyTp)) = ngmn (dxy,) ﬁ qng (xq,dxq—1)
(with the backward transitions ]1\/Iq,,79q_1yqf1 defined in (10.42)) we have
E (@gn,n(fn) [To<p<n "gp,p (Gepp) | On =0, )
= Qopn(fn) To<pen M0pp (Goypop)

=K (fn(Xn) H0§p<n G@p,p(Xp) ’ 0, =260, )
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We conclude that
TX(fn) =Vn(Fy,) and QX(fn) =, (F},) with FF (Bn) = Qf, .(fn)

10.6.4 Noncommutative models

We consider a Markov chain X,, taking values in some measurable state spaces F,. We equip the
space R? with some norm ||.||, and we let S~! C R be the unit sphere associated with this norm.
We consider a collection of potential functions taking values in the space of matrices

Gn @ x € By Go(z) € R? such that  [|Gy(x).ul| >0

for any u € S¥1, and any x € E,. We let By(E,,R?) be Banach space of all bounded measurable
function f, from E, into R%. We consider the d-dimensional vector Feynman-Kac measures ~,, defined
for any f, € By(E,,R%), and any ug € S¥! by

Yo (frn) uo = E | fu(Xn). H Gp(Xp) .UQ

0<p<n

with the directed product of noncommutative matrices

I Go(Xp) = Gn1(Xn1)... G1(X1)Go(Xo)
0<p<n

One natural way to turn these vector measure models into the Feynman-Kac models presented in (9.7)
is to consider the random walk on the sphere S¢~! defined by the recursion

Uns1:= Gn(Xn).Un/[|Gn(Xn). Un|
with the initial condition Uy = ug. In this situation, we have
H Gp(Xp) | -uo|l = H Gp(Xp)
0<p<n 0<p<n
with the Markov chain X,,, and the potential functions G,, defined by
X = (X,,Up) € By i= (B, x STY  and  Gr(Xn) = ||Gn(X,).Unll

In this notation, we readily check that

lfn)uo = | fa(Xn) ] Gp(Xp) | :=vn(fn)

0<p<n

with the function f,, € By(Ey,) defined by frn(Xy) = fn(Xy).Us.

10.7 Feynman-Kac sensitivity measures

This section is dedicated to the design of Feynman-Kac sensitivity measures. The analysis of these
quantities arises in a variety of application domains. To name a few, in nonlinear filtering, they are
used to estimate filter derivatives, as well as the gradient of log-likelihood functions in hidden Markov
chain models [203, 204, 205, 232]. In financial mathematics, they are also used to compute option
price type sensitivities [82, 102, 103, 274]. In this context, sensitivity measures allow the traders to
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determine how sensitive the values of options are to small changes in the set of parameters on which
they depend. These parameters include the initial price of assets, the volatility parameter, or the risk
free rates.

In financial mathematics literature, these risk measures are often named “Greeks” mainly because
they are denoted by Greek letters: the delta is the first derivative of the option value w.r.t. to the un-
derlying price. This quantity can be computed using the mean field simulation schemes associated with
the Feynman-Kac representations of the gradients of Markov semigroups developed in Section 10.7.2.

10.7.1 Parametric models

We let § € RY be some parameter that may represent some kinetic type parameters related to the
free evolution model or to adaptive potential functions. We also consider a collection of functions Gy,
that depend on 6.

We assume that the free evolution model Xy(f) associated to some value of the parameter 6 is given
by a one-step probability transition Mpy ,(x,dz’) so that

Qon(z,dz') = Gop1(x) My (z,dz’) = Hyp(z,2") Ny (da')

for some positive density functions Hy, and some reference probability measures \,. To simplify the
presentation, we assume that the initial distribution 79 = Ag.

We also assume that the gradient, and the Hessian of the logarithms of these functions, w.r.t. the
parameter 6, are well defined.

We let (I'g ,, Qp,n) be the Feynman-Kac measure associated with a given value of ¢, and defined
for any bounded measurable function f, on the path space En = (Ep % ... x E,) by Qpn(fn) =
ngn(fn)/rg,n(l), with

Tpn(tn) =E [ fa(X",.... X T Goyp (ng‘”) (10.48)

0<p<n

We also denote by (79,5, 70,5), the n-th time marginal measures of (I'g ,, Qg ).
We observe that

Fg’n(fn) = An (fn exp (]Lg’n) ) with A\, = ®O§p§n)\p

and the additive functional

L@,n(xO) L) l‘n) = Z log (HQ,P($p—1) xp)) (1049)
p=1

By using simple derivation calculations, we prove that the first order derivative of the option value
w.r.t. 6 is given by

Vrg’n (fn) = Fé,n<an9,n) with Agm = V]Lgm (10.50)

VTon(fa) = Ton [fa(Aon)Ap, + EaVLo,0] (10.51)

Next, we illustrate the above discussion with the sensitivity to changes in the diffusion coefficient of

the stochastic Equation (5.2), with d = 1. We consider a Markov chain XT(LG) that satisfies the following
equation

n n—1

X0 - x =p(x2) A+ o (x2) 400 (xX2)] (W1, - W)
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for some o’ s.t. 0 4+ 60 ¢’ > 0 for any 6 € [0, 1]. In this situation, we have

2 Zlog Hpp(wp-1,2p))

p=1
(10.52)

B n o' (xp—1) ( (zp — xp-1) — b(zp-1)A >2 -1
) | \ (o) + 00" (2, 1) VA

To consider sensitivity to changes in the drift of the stochastic Equation (5.2), with d = 1, we assume
that XT(LG) satisfies equation

x® - x0 - [b (X( ) ) +9b’( (21)} Ato (Xffjl) (W, — We, )

for some function ¢'. In this situation, we have

Do Zlog (Hop(zp—1,2p))

p=1
= [(wp = wp1) = [bp1) + OV (wp1)] A] X ¥ (wp1)/0* (wp1)
p=1

Now, suppose that changes in potential energy functions are given by log G,, = [V, + 0V,!], for
some nonnegative functions V,, and V,.. In this situation, we have that

Op Z log (Go p(zp)) Z Vy(xp) (10.53)

0<p<n 0<p<n

We illustrate these models with a Feynman-Kac model associated with a reference Markov chain
Xﬁe) = X,,, whose values do not depend on 6

You(fn) =B | fn(Xn) expq — > Vpu(X
0<g<n

for some smooth functions 6 +— Vjp ,,. Then, using the backward Markov chain model we have

V7€n fn = - Z Yo,n fn n,me,n—1 " * ‘Mp+1,779,p (VV9,P))

0<p<n
10.7.2 Gradient of semigroups
We consider a Markov chain model given by an iterated R%valued random process
Xnt1:=Fpo(Xy) = (Fpo Fp_10---0 Fy)(Xo) (10.54)
starting at some random state Xy, with a sequence of random smooth functions of the form
Fy(x) = Fplx, W) (10.55)

In the above display, W,, is a collection of independent r.v. taking values in Rd/, for some d’ > 1; and
F, are some smooth functions, from R*? into R
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The semigroup of the Markov chain X, is the expectation operator defined for any regular function
fn and any state x by

Poi1(far1) (@) = E (for1(Xnta) | Xo = 2) = E(f(Xnt1(2)))

with the random flows (X, (z)),,>, defined for any n > 0 by the following equation
Xpt1(x) = F(Xp(z)) with the initial condition Xo(z) = =

By construction, for any 1 <4, 7 < d we have the first variational equation

ox: OF! oxk
Tj“(:v)z > ok (An(2)) 57 (@) (10.56)
1<k<d

On the other hand, we have that

oalD iy~ g Y2 2 xun) B2 (10.57)

1<i<d

We denote by V,, = (Vn(i’j))lg,jgd and A, = (Ag’j))lgngd the random (d x d)-matrices with the
i-th line and j-th column entries

oXi

(4,5) -
V@) = o)

g OF! OFL (., W) g

(7/7.7) — n — n ) — (7/7.7)
A (@) = ST @) = SR () i A, 1V,)

We mention that the matrix V;, coincides with the Jacobian matrix J(X,,)(x) = %(:B) of the function

X, zeRY— X, (z) € R
In this notation, the Equation (10.56) can be rewritten in terms of the following random matrix
formulae

Vari(z) = An(Xa(2)) Vale) = [ ] 4p(Xp(2)) (10.58)

In the above display, HZ:O A, stands for the noncommutative product of the random matrices A,
taken in the order A, A,_1,..., Ao.
In the same way, the Equation (10.57) can be rewritten as

VP (fot1)(@) = E(V fot1(Xnt+1) Vayr | Xo =12) (10.59)
with Vi1 := [[o<p<, Ap(Xp). For instance, for one dimensional models of the form
X1 = Fn(Xn, Wo) = X+ b(Xn) A+0(Xn) VAW, , (10.60)

with some A > 0, and some sequence of independent and centered Gaussian random variables W, it
is readily checked that

An(z) = Az, W) = (1 + gi(x) A+ gi(az) VA Wn>
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and therefore

Voti(z) = II(1+SZ( )A+4—( )¢LV>
p=0

~Al exp Y ( 833( )fw)

0<p<n

In this context (10.59) has the same form as the Feynman-Kac models (9.7).
In the multidimensional case, we proceed as follows. We equip the space R? with some norm | |.
We assume that for any state Uy in the unit sphere S € R, we have

Vit Uoll >0

In this situation, we have the multiplicative formulae

Va1 (Xnt1) Va1 Uo = (Vi1 (Xng1) Unia] - [ 1140(X0) G

0<p<n
with the well defined S~ !-valued Markov chain defined by
Unt1 = An(Xn)Un/HAn(Xn)UnH (<= Uns1="Vos1 Uo / HVn-i-l Uoll )

If we choose Uy = ug, then we obtain the following Feynman-Kac interpretation of the gradient of a
semigroup

VPi1(far)(@) uo =B | Fop1(Xo1) ] 6o (X (10.61)

0<p<n

In the above display, X, is the Markov chain sequence X,, := (X, U,, W,,), starting at (x, ug, Wp);
and the functions Fj, 1 and G, are defined by

Foga (2, u,w) := Vinpa(z) v and Gy (2,u,w) = || An(z, w) ull

We quote the interpolation formula

1
Prir(F)(y) — Pasa(f)(@) = /0 VB i1 (fasr)(ty + (1~ t)2) (y — ) dt

= E(vixE) | T Axe)| (v —2)

0<p<n

Y)

where X" stands for Markov chain (10.54) starting at some random state Xéw’ uniformly chosen
in the line segment between x and y.

We end this section with some rather crude upper bound that can be estimated, uniformly w.r.t.
the time parameter, under appropriate regularity conditions on the reduced Markov chain model

(Xn, Wy). To this end, firstly we notice that

Gn (x7u7w) = HAn(x,w) u” < Gn(a:,w) = HAn(wi)H
— suppesit [ An(z,w) ul

This implies that

0
IV o1 (frs) (@) = sup ﬁpn+l(fn+1)(l‘)
1<i<d | O
< Faall x E H Gp (Xp, Wp)

0<p<n
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We end this section with a Feynman-Kac model associated with extremal Lyapunov trajectories.
Firstly, in terms of the Jacobian matrices J,,(X,,), we notice that

T 6% = T 145 Ul = TT ¥ woll _ysex )

0<psn 0<psn ozpsn 11 Xp) uol
Replacing vector norms ||J(Xy,) uo|| by matrix norms ||J(X,)||, and setting
X = (Xu, Xai1) and Gu(Xn) = [Jac (X i0)]|*/Fac (X,)"

for some a € R, the Feynman-Kac model described above reduces to the Lyapunov weighted dynamics
model

1
dQn = 5~ |[ac(X,)|* dPy

where P,, stands for the law of the random trajectories (Xo,..., Xy). When a < 0, the measure Qy,
favors low Lyapunov trajectories, while for o« > 0, the @, favors high Lyapunov trajectories. This
Feynman-Kac model coincides with the rare event stochastic models developed in [180], and presented
in Section 11.4.1. The mean field particle models associated with these Feynman-Kac formula have
been used in the series of articles [394, 561, 562, 567] to sample atypical rare event trajectories in
nonlinear stochastic processes.

We notice that all these Feynman-Kac models we have discussed have exactly the same form as
the matrix models discussed in Section 10.6.4. In addition, using the same analysis as above, we easily
design mean field estimates of E (||V,]|%), for any reasonably large ¢ > 0, just replacing the potential
functions ||Aul|| by the functions || Aul|¢. We also mention that in physics literature, the mean field IPS
simulation models are sometimes called “Resampled Monte Carlo methods” [578].

10.7.3 Malliavin derivatives

We return to the one dimensional model (10.60). For nonsmooth functions f,11 we can use the
following Gaussian regularization kernel

Prst.c(fai) (@) = E (far1 (Xns1 () + €1)) (10.62)

for some auxiliary Gaussian variable, independent of the process X,,. From the statistical viewpoint,
this approximation procedure is interpreted as a Gaussian kernel density estimation of the distribution
of X, 1+1(x). Combining (10.59) with (10.62), we end up with the following approximation formula

%Pn—l-l,e(fn—&-l)(x)

=E (571 [frt1(Xnga(z) +€Y) = frp1(Xng1(2))] YV Vn+1($))

From a more probabilistic point of view, the Gaussian regularization formula (10.62) can also be
interpreted as the addition of an additional Gaussian move in the evolution of the chain X, 1(x).
This suggests that we can alternatively use the last transition to regularize the semigroup

Poy1(fat1)(z) = E(E<fn+1(Xn+1(x))‘X"($)))
= E [/ for1(Zni1) P(Xny1 () € dep g ’Xn(x))]

Letting Hy41(zp, zp+1) be the density of the Markov transition X,, ~» X,;1 w.r.t. the Lebesgue
measure, we find that

Poy1(for1)(z) =E [/ Jnt1 (mn—i—l) Hy1(Xn(2), Tpy1) dxn-i-l]
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Arguing as above we find that
9
ox

with the weight function

Po1(fre1)(2) = E (for1(Xnt1(2)) dHn1(Xn(2), Xng1(2)) Va(z))

0
dHp11(Tn, Tny1) = 55— log Hyy1(Tn, Tn1)

Oxyp
B Tpa1 — :cn —b(xn)A 2 B 2
= (( A 1 e log o(zy)

(xn-&-l —an) = b(zn)AY 1+ 895 2 (zn)A
i ( o () VA ) o () VA

In the context of financial mathematics, these formulae, and the corresponding weighted conven-
tional Monte Carlo approximations, have been recently proposed by N. Chen and P. Glasserman [139].
This framework is an alternative to the Malliavin Greeks derivative calculus introduced in the pio-
neering articles by E. Fournié, J.M. Lasry, J. Lebuchoux, P.L. Lions, and N. Touzi [274, 275].

In this connection, we briefly recall some foundations of Malliavin derivatives. We let P ; be the
semigroup associated with the diffusion stochastic equation (5.1), with d = 1; that is, we have that

Ps,t(f)(Xs) =E (f(Xt) ’ Xs)

Using elementary backward calculations, for any 0 < s <t we find that

5 8P7‘,t(f)
Oz

Poa(£)(Xs) = Pos(f)(Xo) + /0 (X,) o(X,) dW,

If we set s =t in the above equation, then we find that

LOX,,
B e) [ ) o7 () aw]

—| [ 2D 0 G o

as soon as o is a regular positive function. Recalling that

0 0
- Poi(Dle) = S E Pl (Xe(a))] = E|

(10.63)

0P, (f) 0Xs
S () G )

and using (10.63) we find that

b oX,
0 8.%'

E [f(Xt(w)) (z) o H(Xs(2))) dWs] =t gPo,t(f)(l‘)

ox

This yields the Malliavin formulation of the semigroup derivatives

0

SeRul D) =B 1) 1 [ o o) G

ox

(x) dWs}

A more rigorous derivation of the above equations is provided in [274, 275].
Using an Euler type time discretization model

Xnrna — Xna = b(Xpa) A+0(Xpn) VAY, (10.64)
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with a sequence of independent and centered Gaussian random variables Y,,, we have the Feynman-Kac
approximation model

(%PO,(n—f—l)A(f)(x) ~AL0 W Z E (f(X(n-i-l)A(x))Zp(x)) (10.65)
0<p<n

with the random weight function

Zp(x) = o (Xpa(z),Yp) H Gq(Xqa (), Yy)

0<q<p

o) =0 @)y and Gyley) =1+ o) A+ () VA y

The ratio 1/+/A in the r.h.s. of (10.65) may induce degenerative numerical estimates. One way to
remove this term in the numerical scheme is to use the following formula

E (f(X(n1)a(®)Zp(@)) = E(Tpr1n41(f) [Xpa(a), Yp] x Zp(x))
with the function

Tp+1,n+l(f) [SC, y} = P(p+1)A,(n+l)A(f) ('T + b(l‘)A + U(ﬂf)\/ﬁy)
—Ppina,mena (f) (z+0b(z) A)

Under some appropriate regularity conditions, we notice that

Ypt1n+1(f)[7, ]
~a10 Poaina(f) (2 +b@)A + 0(@)VAY) = Pa na () (@ + b(a)A)

OPA (1
~AL0 pA’(a;I)A(f) (z) o(z)VA y

This implies that the gradient of the Markov semigroup is approximated by
I Poa(N@) a0 T 3 Upnl(h(a)
ax 0,(7'L+1)A —AJ/O (n + 1) p,n

0<p<n

with the Feynman-Kac formulae

Upn(f)(z) = E(appA’(g;”A(f) (Xpa(@) V7 ] Gq(XqA(CC)aY;J))

0<g<p



Chapter 11

Some illustrations

11.1 Ground states of quantum systems

This section is concerned with applications of nonlinear Monte Carlo methods in computational
physics. We return to the Feynman-Kac models discussed in section 8.5.2.

11.1.1 Spectral decompositions

We further assume that the infinitesimal generator L of the reference process Xt in (8.48) is a self
adjoint operator on Lo (R?) (equipped with the scalar product (f, g) = [ f(= ) defined on some
proper domain of functions D(L); that is, we have that

(f; L(9)) = (L(f), 9)

for any f,g € D(L). In this situation, the Schrédinger operator LY sometimes written in terms of the

Hamiltonian operator
H:=-L'=—-L+V

is again a self adjoint operator on Lo(R?) (under appropriate regularity conditions on V).

An important consequence of the self-adjoint property of H is that there exists a sequence

of non negative eigenvalues 0 < Ey < E; < ... and a corresponding set of orthonormal

eigenfunctions ©i, 1 > 0 (with ¢o > 0) such that the integral Feynman-Kac operator Qy =
M introduced in (8.48) and (8.53) has the following spectral representation

Qu(x,dy) = e pi(x)pily) dy
>0

Therefore, we find that

Q@) = Y e (f,01) pil)

i>0

By (8.51), we also have that

tht(f) = =Y EeFi(f,0) @i
>0
= 3 B (f0) LV (0i) = LY (Qu(f))
1>0

283
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Choosing f = ¢;, we conclude that for any ¢ > 0

H(pi) =E; o< LY (05) = —Ei o5 = (i, LY (¢:)) = —E;

For simplicity, we further assume that Ey < Fjp. In this case we have

Qi(f) ~troo e "0 (f,0) @0

This implies that for any starting point x we have

f%mthu)(x) 100 Fo and gt({)((””)~ {f, o) (11.1)

Notice that

Zizo e~ B (f, i) pi(z)  (f,00) po() + 2121 e~ HEi~Eo) (fs i) pilz)

>iso € (L) gi() (1,00) wo(z) > i1 e~tEi=Eo) (1, ;) pi(x)
This implies that

Q:(f)(x) _ ([, o)

Q:(1)(z) (1, 0)

= BB § t(E B (L, 1) pi() [(f, wi)  (fipo)
=1 (1,00) po(z) + 3oy e !HmF0) (1,45) ¢i(x)

<17 %’> <17 900>
We conclude that

Q(D)(z)  (1,¢0)

11.1.2 The harmonic oscillator

Q:«(f)(x)  (f,%0) O<67t(E17E0)>

The harmonic oscillator is defined by choosing the quadratic energy function

Vi)=kaz?/2=> LV = B & ka2

Whenever they exist, we let ¢,, be an eigenfunction of LY associated with the eigenvalue

1 omE, [(®\Y? 2E,
E,=h <n+2> w = 2 (mkz) — (2n+1)

mk 2mkE,
(== ) et

Notice that
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We set

We have

This shows that

n(@) = (2% = (20 +1)) Pn(2)

n

Our next objective is to express these eigenfunctions in terms of the Hermite polynomials.

We recall that the Hermite polynomials can be defined using the Rodrigues’ formula

2 d" 2

dm"e

Notice that

dH 2 dn 2 2 dn+l 2
/ o n _ ] —1 —
H, (z) := Ir () =2x(—-1)" €* e T4 (=) e” e v
= 2zH,(z) — Hyt1(z) & Hypq(z) = 22H,(z) — H, () (11.2)
This formula shows that H,is a polynomial of degree n with a leading coefficient 2" so that dgﬁﬁ (x) =
2" nl. In addition, combining (3.24) with an integration by part we find that
2 dr — n d" 7x2d . d" 7w2d .
Vm <n e U Hp(z)Hy(x) doe = (—1) H,, (x) e x = dx—nHm(x) e =0
| —

=0

and for m=n
—z2772 d" —z2 n —z2 n
e VH; (z) do = d—an(az) e dr=2"n! | e dx=2"n\\7
<«

=2nn!
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Working a little more, one deduces that the set of functions

H,(z) := (2"nly/m) Y2 e /2H,,(x)

forms an orthonormal basis of L2(R).

We recall the Leibniz’ formula

C;%(fg) =(fg)™ =Y < . ) FE g(n=h)

0<k<n

This formula is proved by induction w.r.t. the parameter n.

(fg)(n+1) _ Z <Z> f(k+1)g((n+1)—(k+1))+ Z <7ll> f(l)g(n+1—l)
0<i<n

0<k<n <i<

— n n (D) 4(n+1=0) n n+1) n n+1)
= G0 ) ()] soamene (5 ) et (5 ) o
[ n+1
B l

Applying this formula to f(z) = —2x and g(x) = e~ we find that

dntt dr g2
it T g 2e)
n v _ .2 n =t
= ( 0 ) (—2x) et + ( 1 >(—2) g
m 2 dn_l 2
= -2 pri i 2nme = Hpt1(z) = 22H,(z) — 2nH,—1(z) (11.3)

Combining (11.2) and (11.3), we have

!/

22H, (z) — 2nH,—1 (z) = 2oH,(x) — H, (z) = H, = 2nH,,_y = H,, = 2nH,_,

and therefore

2H,, (x) + 22H;, (z) — H, ; (x) (11.4)
= 2H,(z) + 22H, (z) — 2(n + 1)H,(x)
= 2zH (z) — 2nH,(x)

H)(2) = 20H,(¢) — Hyii(2) = H)(x)

We set

Using the fact that
H, (z) = e/ [xﬁn(a:) + ﬁ;(m)]
Hy(z) = 2 ([Hu@) + oM, (2) + H(@)| + 2 2, (2) + H,(2)] )

= 22 [(1 + o) H, (z) + 22H, (x) +E;;(x)}
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we check that

(114) < 0 = H!(x)—2zH),(x) + 2nH,(z)
/2 [(1 + 22)H, (z) + 22H, () + ﬁg(:c)} p» [xﬁn(x) n ﬁ;(x)} n Qan(az)]

= 2 [H.(z)+ ((2n+1) — xz)ﬁn(az)}

and
1/

H,(z) = (2° = (2n + 1)) Ha(2)

This shows that ¢, () = H, () and therefore
T 22 mw
e ) ) )

Finally, we obtain the orthornormal basis of eigenfunctions by setting

enl@) = gmirm (o

11.1.3 Trial ground state energies

We notice that
LY (p0) = L(po) — Vo = Eopo = V = ¢y " L(po) — Eo

Using the exponential change of probability measures discussed in section 5.3.3, this implies that
W) = B(f(X) el VOOE) = B B (f(X,) e il M)

v0(Xo)
= " (o) E (9 ' (X70) FIXP0))

and
%(f)  E(p (X)) F(XP))

w(@)  E (e (X))

where 19 = Law(Xy), and X° stands for the Markov process with initial distribution 77([]@0] =W, (1)
and infinitesimal generator

ne(f) =

Ll(f) = L(f) + 05 'T 100, f)

These stochastic models are the continuous time version of the discrete time Doob h-processes discussed
in section 4.3.2. We also refer the reader to the end of section 5.3.3 for some work out examples of
jump-diffusion processes with generator Lleol,

The ground state g is usually unknown and we often use the @r-process X7 associated with a
trial energy function (a.k.a. guiding wave function) denoted by ¢7. In this case, we have

w(f) = E ( F(Xy) e fgwa)ds) —E ( F(X) e~ Jo(V=ler Lier])(Xa)ds - fg[sa;luw)](xs)ds)

= no(e7) E (w}l(XfT) FXPT) e fJ(Vf[go;lL(w)])(XfT)ds)
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The above formula is sometimes written as follows
_ _qt T
() = moler) B (97" (XFT) J(XFT) e do Vi)
with the trial ground state energy (a.k.a. local energy) Vi given by

Vr(z) := V(2) - [o7' L(¢7)] (2) = [p7 H(e7)] (2)

In the above display, X;7 stands for the p7-twisted process with initial distribution n([)WT] =

U, (no) and infinitesimal generator

LPTI(f) = L(f) + 7' TLleT, f)

11.2 Signal Processing

11.2.1 Nonlinear filtering models

Suppose that at every time step the state of the Markov chain X, taking values in some state spaces
EX is partially observed according to the following schematic picture

X0—>X1—>X2—>

i\ { {
Yo Y1 Y,

The typical model is given by a reference Markov chain model X,, and some partial and noisy obser-
vation Y,,. We denote by M, the elementary Markov transitions of the Markov chain X,,. The pair
process (X,,Y,) usually forms a Markov chain on some product measurable state space (E,)f X E}f )
with elementary transitions given

P((Xnﬁy'ﬂ) S d(l‘,y) ‘ (X'ﬂ—an—l)) - M'ﬂ(X’ﬂ—lvdx) gn(x,y) /\n(dy) (115)

for some positive likelihood function g,, and some reference probability measure A\, on EY. In the
further development of this section, we fix the observation sequence Y, = y,, for n > 0. As traditional
in nonlinear filtering literature, when there is no possible confusion, we slightly abuse the notation
and we suppress as much as we can the dependence on the observation sequence. For any n > 0, we
set

Gn(n) = gn(Tn, yYn) (11.6)

With a slight abuse of notation, sometimes we denote by p(yn) := p(yo, - - -, yn) the density of the
historical observation sequence

Y, = (Yp,...,Y,) w.r.t. the product measure Ap(dyn) = Qo<p<nAp(dyp)

that is, we have that
P (Yn € dyn) = p(yn) An(dyn)

By construction, the conditional distribution of the historical process of the signal
X, = (Xoy..., Xn)

given the sequence of observations Y,,_1 := (Yp,...,Y,_1) coincides with the Feynman-Kac measures
(4.17) associated with the pair (G, M,,); that is, we have that

Mn = Law(Xy, | Yn—1) (11.7)
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In addition, the normalizing constants defined in (4.17) take the following form

Zopr=plyn) =E | ] Gr(zx)
0<k<n

To underline the dependence on the observation sequence, sometimes we write Z,41(y), the normal-
izing constants associated with a given sequence of observations y = (yp)o<p<n-

In this context, the optimal one step predictor 7, and the optimal filter 7),, are given by the n-th
time marginal distribution defined by

M = Law(Xy | Yn_1) = ¥a, (1) = Law (Xp | Yn_1) (11.8)

11.2.2 Regulation problems

This section is concerned with the estimation of the conditional distributions of the signal-noise given
the observations in terms of a genealogical tree based model. These mathematical objects are closely
related to optimal regulation problems. In this situation, we have a dedicated controlled complex
system and a given reference trajectory. The problem is to compute the optimal sequence of controls
that minimizes some energy cost function and drives the system as close as possible to some reference
trajectory.

These regulation problems can be interpreted in terms of the maximum likelihood of a dual filtering
problem. Inversely, the logarithm of the conditional distributions of a filtering model in path space can
be interpreted in terms of the cost associated with a given optimal regulation model. In this context
the mean field IPS genealogical tree model can be interpreted as a genealogical tree based decision
tree algorithm.

For a detailed discussion on these models, we refer the reader to the appendix of the book [390].
Several real-world application of these decision tree models to optimal thermal processing, w.r.t.
specified temperature trajectories, and robotic optimal control problems, can be found in the series of
articles [354, 355, 464].

We further assume the signal process given by recursive equations on some spaces FE, of the
following form

X, = Fp(Xn_1,Up) (11.9)

In the above display, U, stands for a sequence of independent, and independent of Xy, random variables
with distribution v, on some state spaces U,,. We also assume that F}, is a measurable function from
(Epn—1 X Uy) into E,. For n =0, we set Xg = Uy € Ey = Up.
We denote by
Xy = UYn(Uo, ..., Uy)

the stochastic semigroup associated with the random system (11.9).
We let Q,, be the Feynman-Kac model (4.17) associated with the reference Markov chain X, and
the potential functions G,

X, = Uo,...,U,) and G, :=G,oy,
By construction, we have
Qn = Law (Uo, (Uo, U1), ..., Uo, ..., U)) | YO<p<n Y,=1y,)
Thus, the n-th time marginal measures 7,, are given by

nn = Law (U, ..., Up) |[YO<p<n Y,=1y,)
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These conditional distributions can be estimated using the genealogical tree based particle measures

N
1 ) A . . .
My =D 0 with &= (€081 )
i=1

discussed in Section 10.2. The occupation measures of these ancestral trees are illustrated below for
(N,n) = (4,5), for any ig € {1,2,3,4}, iy € {2,3,4}, i3 € {2,3}, and any i4 € {2,3}:

55,5 5%,5 @},5 55,5
/
(i)(,)s - 52115 ;,35 %5 55%,5
s €55 €is &5
\
&5

The ancestral lines represent the conditional distribution of the sequence (Uy, Uy, Us, Us, Uy, Us)
w.r.t. the sequence of observations (Yp, Y7, Y2, Y3, Yy), in terms of a likely initial condition 56?5, and 4

likely signal-noise sequences (535, 53757 5@,57 5375, %'75)2':1,273,4.
We further assume the random variables U,, have a density hy(u) w.r.t. to some reference distri-
bution u, on U,, and we set pn, = o<p<niip- By construction, we have 7, < py, and

dnn
dﬂin(uo,...,un) o H hp(up) p X H p(p(uo, ... up), yp)

0<p<n 0<p<n

The log-likelihood function

dnp
Vo(ug, ..., uy) :== —log <dZ (uo,...,un)>
n

can be rewritten as follows

Vn(u()a ) un) = Z CP(UP) + Z CP (¢P(u07 ) up)vyp)

0<p<n 0<p<n

with the local logarithmic cost functions (c,,C,) = (—loghy, —loggy,). The function —¢, can be
interpreted as an energy type function on the control sequence u,, and the energy function —C), mea-
sures the difference between the controlled semigroup of the system ), (ug, ..., u,) and the reference
observation state y,.

The optimal sequence of control that maximizes the log-likelihood function can be computed using
the genealogical tree occupation measure. The estimate is defined by

NN — ess inf V, := 1£ni<nN Vn(f(i),n? fin, e ,5%,71) —Nooo Mn —essinf V,,  (in probability)
<i<

11.2.3 Ensemble Kalman filters

We return to the linear Gaussian signal-observation model (8.24) discussed in section 8.3.1.
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Given some probability measure 7 on R?, whenever they exist, we denote by m,, and P, the mean
value and the covariance matrix defined by

my = /«P(w) n(dz) and P, :=n(l¢—nle)] ¢ —nle))

with the column identity vector ¢(z) = x € RP. Using (8.27) and (8.28), and using the Gaussian-
updating formula (8.29), the Kalman recursion (8.26) can alternatively be written as follows

e-updating prediction
N ———— Tin 1= U(0y) ——— N1 = M1 (11.10)

where \Tl(nn) = 7y, stands for the distribution of the random variable
X, := X, + Gain, (Y — Cn X, —D,V,,)
with o
Gain,,, = P,,C)(C,P,,Ch + D,RED,) ™ and  Law(X,,) =1y, -

In the above display formulae, V,, stands for a sequence of independent centered Gaussian random
sequences with covariance matrices Ry,. In other words, we have that

B(m)(f) = / F o+ Gaingy, (4n — Coz — Dav)] nn(da) N(0, B2)(do)

For linear-Gaussian models, the evolution equations (11.10) and (8.26) are equivalent. Indeed, using
the Gaussian-updating formula (8.29), if we consider the Gaussian likelihood functions
Gn() = 9(Cpaten,Dnre D) (Yn)
discussed in (8.28), then we have
M =N (M, Py) = Y, () = N(mi,, Py,) = ()

with  mz, =my, + Gain,,, (yn — Cpmy, —c,) and Py, = (Id — Gain,,,,Cp) Py, .

Clearly for non Gaussian models, the e-updating transition is not equivalent to the Bayes’ rule.
We consider the two step Markov chain model on RP defined by the following synthetic diagram

X, = X, = X, + Gain,, ;. (yn — Cn X, — DnVy) = Xyt = Api1 X + an + Byt Wast

with the initial condition Xy = Xj, and the same Gaussian r.v. (Xo, V;,, W) as the ones defined in
(8.24). The elementary transition X,, — X, is given by

S (s dFn) = P (X € dy | X =20
so that B )

77” = \IJ(U”) = nnSn,nn
This yields the McKean interpretation of the Kalman filter

M+l = MKni1y, with  Knpig, = S, Mny

These discrete generation McKean models are discussed in Section 9.1. The mean field particle model
(9.28) associated with this McKean model is defined by evolving an (RP)"-valued and two step Markov
chain model

i Sn 7]711,V fvz Mn+1 i
§n 1= (fn)lgigN ? fn = (gn)1<i<N > Ent1 1= (£n+1)1§i§N
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with )’ = & > 1<i<n Ogi - More formally, the elementary transitions (9.28) are decomposed into the
following steps

f; - g;z = g;z + Gain,, ;v (Yn — Cng;z —Cn — Dnvrﬁ) - §7i1+1 = An—&-lg; +an + Bn—&-lWriL-i-l

for any i € {1,..., N}, with i.i.d. copies (V;{, W} )1<j<n of (Vi, Wy,), and the empirical approximation
of the covariance function

Py =1l ([so —nh ()] [p— 775(90)]/)

The main advantage of this mean field formulation of the Kalman filter comes from the fact that
for large dimension signals intractable covariance prediction error matrices P, are now computed
using the sampled mean field particle empirical matrices Py.

Mimicking (8.30), the density py,(yo,- - -, yn) of the sequence of observation (Y, ...,Y,) evaluated

at the random observation path (Yp,...,Y,) can be approximated by
- 1
N : vN,— i
P VoY) =L o/ on. (Vo) with XY == 3 g (11.11)
k=0 (CkX*]fV e (Pmiv )) N S2v

These mean field approximations are widely used in meteorological forecasting problems, where
the signal process comes from a grid type approximation of Navier-Stokes’ partial different equations
arising in fluid mechanics.

Further details of these mean field particle filters, and their performance analysis, can be found
in the recent articles by F. Le Gland, V. Monbet, and V. D. Tran [405, 406], as well as in the Ph.D.
thesis of V. D. Tran [573] in 2009, and the one by Ch. Baehr [29] in 2008. We also refer the reader
to the pioneering work by G. Evensen on ensemble Kalman filters [259, 260, 261], and a series of
articles [11, 91, 341] on the numerical performance of these models in forecasting data assimilation
problems.

11.2.4 Approximate Bayesian computation

As their name indicates, Approximate Bayesian Computation (abbreviated ABC) are Bayesian infer-
ence methods used to evaluate posterior distributions without having to calculate likelihoods. For
instance, in biology applications and more particularly in predictive bacteriology and food risk analy-
sis, the observations of a kinetic biological complex system are given by counting bacteria individuals
after successive dilutions of a food sample coming from an in vitro culture [256, 257, 281, 282]. Of
course, this experimental observation process is often modeled by a series of Poisson type dependent
random variables but the computation of the likelihood function often requires successive summations
over the set of all the integers. In this situation likelihood functions are computationally intractable,
or too costly to estimate in a reasonable time.

One of the central ideas of ABC methods is to replace the evaluation of the likelihood function
by a simulation-based procedure of the observation process coupled with a numerical comparison
between the observed and simulated data. This strategy is rather well known in particle filtering
literature; see for instance [163, 164, 165]. In the same vein, these additional levels of simulation-based
approximations can also be extended to compute the posterior distribution of fixed parameters in
hidden Markov chain models. In signal processing literature, these ABC type mean field IPS models
are sometimes called convolution particle filters; see for instance [95, 96, 515, 580].

More formally, in some instance the likelihood functions x,, — gn(Zn,y,) in (11.6) are computa-
tionally intractable, or too expensive to evaluate in a reasonable computational time. To solve this
problem, a natural solution is to sample pseudo-observations. The central idea is to sample the signal-
observation Markov chain X,, = (X,,Y,) € EX = (EX x EY), and compare the values of the sampled
observations with the real observations sequence.
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To describe with some conciseness these approximate filtering models, we notice that the transitions
of X, are given by

Mn(yn—h d(xmyn)) = Mn(Xn—lu dwn) gn(xmyn) An(dyn)

To simplify the presentation, we further assume that EY = R? for some d > 1, and we let g be a
Borel bounded nonnegative function on R such that

/ g(u) du=1 /u g(u) du=0 and /|u|3 g(u) du < oo
Then, we set for any € > 0, any T = (z,y) € Eny, and z € R?

9en (T, 2) = gen((@,y),2) = € 1 g ((y — 2) /e)

Finally, we consider a Markov chain (X,,Y,S) on the augmented state space (En? x EY ) with

transitions given
P ((Yn,YnE) € d(Tn,yn) | (Yn_l,Y;ffl)) = M, (Xn—1,dTy) gen(Tnsyn) dyn (11.12)

This approximated filtering problem has exactly the same form as the one introduced in (11.5). In
this situation, the mean field particle model is defined in terms of signal-observation valued particles,
and the selection potential function is given by the pseudo-likelihood functions ge (., yn), where yj,
stands for the value of the observation sequence at time n.

11.2.5 Quenched and annealed filters

Suppose that at every time step the state of a Markov chain with two coordinates (0,,, X,,) is partially
observed according to the following schematic picture

@0—)@1—)@2—)

\ 3 1
XO — X1 — X2 — ... (1113)
\ 3 1
Yo Y Ys

We assume that the Markov chain model (6,,, X,,) evolves on some state spaces (Z,, x E;) with Markov
transitions of the form (10.31). Given a realization of the Markov chain ©,, = 6,, and the random
state X,, = x,,, the observation Y, is a random variable taking values on some finite state space E}L/ ,
with distribution

P (Y, € dyn | X0 = 2n,0n =0p) := g0, n(Tn,Yn) An(dyn) (11.14)

for some reference positive measure A, on EY . We fix a sequence of observations y = (y)n>0, and for
any realization 6 = (6,,)p>0 of the chain © = (0,,),>0 we set

G9n,n($n) = gl%,n(xmyn) (11.15)

This model coincides with the quenched and annealed Feynman-Kac models (10.34) discussed in
section 10.6.2.

More precisely, the normalized version Qp, of the measure I';, defined in (10.35) coincides with the
conditional distribution of the historical process of the signal X,, := (X, ..., X,) given the sequence
of observations Y, 1. More formally, we have that

MNn = Qn = LaW(Xn | Y, 1= yn—l)
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In addition, for any realization of the historical process

On = (Op)o<p<n = (Op)o<p<n = On € Bn = H Sp

0<p<n
the quenched Feynman-Kac distributions (10.33) coincide with the quenched conditional distributions

Qen,n = LaW(Xn | Y, 1= Yn—1, ®n = On)
Non,n = LaW(Xn | Y1 = Yn—1, Gn = en)
Nopn = \I}Gen,n(m)n,n) = Law(Xy, | Yn = yn, ©On = 6,) (11.16)

In this situation, the normalizing constants of the Feynman-Kac measures Qg,, ,, are given by

Pyn | 0n) = [ he(Ox) with he(0k) = ng,k (Go,.r) (11.17)
0<k<n

where p(yn | 0y) stands for the conditional density of the historical observation sequence Y,, w.r.t.
the product measure Ay, given a realization of the historical process ©,, = 6,,. Finally, using Bayes’
rule we show that the posterior distribution of ®,, given Y,,_1 = y,—1 coincides with the annealed
measure py, defined in (10.36); that is, we have that

pn =Law(®y, | Y1 = Yn—1) (11.18)
By (10.40), we also have that

Fn(a’n) = 779n7n(fn) = “n(Fn) = E(fn(Xn) | Y1 = yn—l)

Finally, when the Markov transitions My, ,, are absolutely continuous with respect to some measures
Ap on E,, we have

Fjﬁ(an) = Qen,n(fn) = n@n,n(.fn) = Nn(Fn) = E(f(Xn) ’ Y, 1= yn_1)

In the above displayed formula, Qg,, , stands for the backward Markov chain measure (10.41)

We illustrate the abstract models presented in (11.13) with a class of mean field type interacting
Kalman filter. In signal processing literature, and Bayesian inference, these particle approximations
are often referred to as particle methods in path space, or as Rao-Blackwellized particle filters (see for
instance [172, 186, 234], and references therein).

We consider a Markov chain ©,, taking values in some measurable state space =, and a collection
of matrices

An(0), Bn(0), Cn(0), Dn(0) (11.19)

and vectors ay(6),b,(0), indexed by 6 € E,,, of the same dimension as the matrices (A,,, By, Cy, D)
and the vectors (an,by,) introduced in (8.24). We let (0,,, X,,,Y,,) be the (E x RPt9)-valued Markov
chain defined by the same recursive relations as in (8.24) by replacing (A,,, By, Cy, Dy,) and (an, ;)
by (An(©n), Bn(04),Cr(0y), Dy(0,)) and (ay(04), cn(©r)).

We let g(m,g)(7), be the Gaussian densities associated with a mean and covariance matrix (m, R)
introduced in (8.11). In this notation, the likelihood functions given in (11.15) and (11.14) are given
by

Gnﬁn ("17) = g(mgn,n(x),Rgn,n)(yn)
with
mg, n(t) := Cp(0y) z+c,(0,) and Ry, ., := Dy(6,) Ry D, (60,)

In addition, given a realization of the historical process ® = (0,,),>0 we have

Nonn =N (X8, Pf»7) and Vg, . (1o,n) =N (X, PO)
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with some parameters (X, Xon— ,Pg"’f) and ()?S”, P9 that can be computed using the same Kalman
recursions (8.26) by replacing (A, an, Bn, Cn, ¢ny Dp) by (A (0n), an(0r), Bn(0n), Cr(01), cn(0r), Dn(6y)).
Using (8.30), we also easily check the following multiplicative formula

n

P(Yn| On) = Hg(mek,k()A(Z’“’_),Eek,k(P,f’“’_))(yk) (11.20)

k=0
with
Sop k(PP i= Cy(0k) P~ C}(0x) + Dy(0x) RLD},(6)

In a more synthetic form, we have

P(Yn| On) Hhk(ek)

with the functions
hk(ak) =

Using (11.18), the posterior distribution of @,, given Y;,_1 = yn—1 is given for any F,, € B(E,) by
the Feynman-Kac formula

g(mek,k()?,f’“‘*),zok,k(za,fk’*))(yk) € Ry (11.21)

pn(Fn) = E(Fn(On) | Yn1 =yn—1) XE | Fn(On) H hp(©p)

0<p<n

By (10.40), we also have that

Fn(0n) := 110, (fn) = pn(Frn) = E(fu(Xn) | Yn—1 = Yn-1)

The mean field particle approximation of these Feynman-Kac measures can be interpreted as
a sequence of interacting Kalman filters. The model obtained by replacing the Kalman integration
by particle filter integration coincides with the particle quenched and annealed models discussed in
section 10.6.3.

11.3 Bayesian statistical inference

11.3.1 Hidden Markov chain models

We return to the quenched and annealed filtering models (11.13) discussed in section 11.2.5. We
further assume that ©,, = ©, for any n > 0, where © stands for a r.v. with distribution A on some
measurable state space Z. In this situation, the measures Qg,, ,,, and ng,, ,, defined in (11.16) reduce
to

Qpn =Law(Xy, | Yn—1 = Yn—1, ©=6) and mng, =Law(X, | Yn—1 = yn—1, © =0) (11.22)
In addition, the normalizing constants of the Feynman-Kac measures Qg , are now given by
yn ’ 9 H hk with hk(a) =N,k (GG,k)
0<k<n
so that
pn(d0) :=P(O €df | Yn_1 = yn—1) x [ he(0) 3 A\db) := v, (d6) (11.23)
0<k<n

For the linear Gaussian models discussed in (11.19), the functions hy () coincides with the functions
(11.21) and they are computed using the Kalman recursions associated with a given parameter 6.
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11.3.2 Extended posterior distributions

For nonlinear models, we use the particle quenched and annealed models developed in section 10.6.3.
To be more precise, we let

@n = (@7Xn) (S En = = X H EIJ,V with XTL = (50) s 7571)

0<p<n

where &, stands for the conditional N-mean field particle model given the parameter ©. We denote
by P (0, dx,) the conditional distribution of the N-particle model X,, given a realization © = 6 of
the parameter; that is

PU(0,dx,) =P (X, € dx, | © = 0)

We also set o
hn(On) = ng,n(GG,n)

In this notation, the formula (10.44) reduces to

E(F©) [[ GorXp)| =E[F(©) [[ m(6r) | =vwn(Fe1)

0<k<n 0<k<n

for any F € B(Z), with the measures 7,, on Z,, defined for any F,, € B(Z,) by

Un(Fn) =E | Fn(©n) [] m(®%) | and 7, (Fa) = 7a(Fn)/7a(1) (11.24)

0<k<n
Using Bayes’ rule we conclude that
n(F®1) =E(F(O) | Yn-1=Yn-1)

In other words, the ©@-marginal of 7,, coincides with the posterior distribution of © given the sequence
of observations Yy, —1 = yn—1 (also given by (11.23)).
In much the same way, equation (10.47) takes the form

E (fn(Xn) [To<k<n G@v’“(Xk))

E (F,(0) ocren hi(©)) (11.25)

= E (an( n) o<pen fp (@P)) = Va(Fy,)

with the functions o
Fr(0) :=non(fn) and Fy, (0,) :=ng ,(fn)

11.3.3 Particle Metropolis-Hasting model
We fix a time horizon n and we set

Vo<k<n hy(0,X,) = 16 1(Go k)
In this notation, for any 0 < k < n we have

FYO,X) =Fr@.X) = w(F)=E|F©.x) [[ ©.x) | =2 (F)

0<i<k



11.3. BAYESIAN STATISTICAL INFERENCE 297

with the product measures v ( ) defined by

{ H hk 5 } n)(dﬁ) with the reference measure A" = Law (©,Xn)
0<i<k

We consider a Markov transition P(6,d6f’) on the parameter space s.t.
NdO)P(0,d0") ~ X(do")P(0',db)

We associate with this exploration model the collection Markov chain transitions K lin), 1<k<n,on
=, defined by

V0= (0,x%,), 0 = (0,x,) €€ Z,  K.(,df) := P(6,d8") P™)(¢, dx,)
By construction, we have
7o'y KM@, do) ~ v\(df) K (8,dd)

with the Radon Nikodym derivatives

P (d) K@, dB) {Hogl<kﬁ,§”)(§’)} N (dg'y P(o, dg) P(8, dx;)
7" (df) K™ (@, d0) {H0§l<k5$)(5>} N (dg) P(9,do) PM(@', dx,)

-1 (@)  Ade) P(¢',db)
0<i<k E;&") 9) A(d@) P(6,do")
The last assertion comes from the fact that

N (dg) = A(df) P™(8, dx,)
= X" (dB) P(0,d6’) PO, dx,) = A(d9) P(0,de") [P0, dx,) PO, dx,)]

11.3.4 Particle Gibbs samplers

We return to the HMM model discussed in section 11.3.1. We fix the time horizon n. In view of (11.22)
and (11.23) we have

(d(0,3) = P((6,Xn) € d(6,) | Yn1 = yn_1) = in(d0) x Qyp(dan)
This disintegration property can be rewritten as follows
m(d(8,xz)) = m(df) m12(6,dx)
with

m1(d0) = pp(df) =P(O cdf | Yn—1 = Yn—1)
7T172(9, d$) = ngn(da}) = P(Xn € dx | Y,._1= Yn—1, O = 0)
We further assume that
V(H,G’) € EQ QQ,n ~ @9’,n

This rather weak condition is satisfied as soon as 19 ~ ngr o and My, (zn—1,.) ~ My pn(Tn—1,.),
for any (6,0') € 22 and any z,_1 € E,,_1.
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In this situation, we have the dual disintegration property
w(d(0,x)) = mo(dx) m 1 (x,db)
with
= nQyn =Law(Xy | Y1 = Yn—1)

dQg
mo1(x,df) = pu,(do) dMQ&@(w) =POcdl| Xpn=2,Yn-1="Yn-1)

The design of MCMC samplers of these models have been discussed in section 7.6. For instance, let
us choose a couple of Markov transitions

Kypi(x,dz’) and Ky 5(0,d9")
such that
7T172(9,d:13) = /7T172(9,d.’1}/) Kg,l(a:’,dw) (11.26)

71 (x,d8) — / 7a1(x,d0) Kas(6),dO) (11.27)

In this situation, 7 is an invariant distribution of the Markov transition
K((0,),d(0,2"))) := Ky (2, dx") Ky 5(0,d0")

For filtering problems with conjugate priors, the target measure 7 1 (x, df) can be sampled directly
using the conditional formulae developed in section 8.1.2. On the other hand, we can use the particle
MCMC transition Ky ;(x, dz’) with frozen trajectory « developed in section 10.5.2.

11.3.5 Expected maximization models

We consider some parameter 6 € R% a Markov chain X,,, with elementary transitions M,, ¢ on some
measurable state spaces F, with initial distribution 79 . We also consider a sequence of positive and
bounded potential functions G, 9 on the set E,,. We denote by Q,, 9 the Feynman-Kac path measures
(4.17) associated with the pairs (M, 9, Gr ).

We further assume that 19 g < Ao, and M, g(x,.) < Ay, for some A, € M (E,) and we have

Ho,g =Gy X d’l?oj@/d)\o >0 and Hnﬁ(a}, ) = Gn_l(m) X dMnjg(SU, )/Cl)\n >0

By construction, we have Q, 9 < Ap, 1= ®o<p<nAp and the Radon-Nikodym derivates are given by
the multiplicative formula

dQ,.e 1
d)\: (0, .-y 2n) == Hyg(zo,...,2n) = » H Hyp(xp—1,2p)

0<p<n

for some normalizing constant Z, g, with the convention Hg(x_1,20) = Hpg(xo), for n = 0.

These models arise in various scientific disciplines. The prototype of model we have in mind is the
parameter estimation in Hidden Markov chain problem discussed in Section 11.3.1. In this situation,
we are given a pair of signal-observation processes that depend on some random parameter ©. The
distributions Q,, o represent the conditional distribution of the random states, given a realization of
the parameter © = 0, and their normalizing constants Z, s coincide with the distribution of the
observations given © = f. In this context, we are given a series of observation data related to some
unknown 6 and we want to maximize the mapping ¢ — Z, so that to find the parameter 6 that
“explains” these data.
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One way to solve this problem is to use the celebrated expected maximization model. This sta-
tistical search model is a recursive gradient type algorithm that improves sequentially its solution
computing the parameter that maximizes the expected log-likelihood function.

We briefly recall the principle of this gradient based approach. For any pair of parameters (6,6")
we find that

Ent (Qn,9| Qn,e’ ) > 0= Qnﬂ (log Hn,@) > Qnﬁ (log Hn,@’)

Also observe that
log Hn,@ = - lOg Zn,& + Ln,@

with the additive functional

n
Lpo(xo,...,zpn) == Z log Hy ,(xp—1,zp)
p=0

One concludes that for any pair of parameters (6, 6")

Qn,@ (log H@’,n) = log Zn,@’ + Qn,@ (]Ln,e’) < - IOg Zn,& + Qn,@ (Lnﬂ)

and therefore
Qn,& (]Ln,@) - @n,@ (]Ln,@’) > log (Zn,G/Zn,G’)

In other words, we have
@n,@ (Ln,9> < Qn,G (Ln,é’) = Zn,& < Zn,@’
We denote by (0)r>0 a sequence of parameters starting at some state #y and defined by the
following recursion

Ok == rng%XQnﬂkfl (]L‘n,@’) = Znop = Znoi

If Qnp is in the exponential family, then the maximization step is usually straightforward. More

precisely, there exists a collection of functions ( fy(fé)iez, indexed by some finite set Z, on F,, and some
Fhp : RZ — R% such that

_ (1)
Hk - Fn,9k71 <|:Qn,9k,1 (fn’9k71>:| zGZ) (1128)
The set of functions ( fni’e)),-ez is sometimes referred to as sufficient statistics in the literature.

As shown in [204], one way to approximate the recursive Equation (11.28) consists of replacing the
measures Q, g, , by the backward particle measures QT]X 9,_,» Or by the genealogical tree occupation

measures 1771: 0,_, defined in (10.6). The corresponding mean field IPS approximation models are

deﬁned b’
N n, I]C\, L <|: 7]7,\/: k—1 <f’l’(L1;)£V 1>:| >
9 F ) 7] 0,._ i€

= ey, ([, ()] )
1€

For a more thorough discussion on these stochastic algorithms and their convergence analysis, we refer
the reader to the article [204].

or by
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11.3.6 Stochastic gradient algorithms

We come back to parametrized models presented in Section 11.3.5. One alternative way of computing
the maximum value of the mapping 6 — Z, ¢ is to introduce a more conventional gradient type
steepest descent model

O =01+ 7 Viog Z,0,

with a positive real sequence of parameters 7, such that >, 7 = 0o and Y, 72 < co. Using (10.50),
we have

\% IOg Zn,@ = Qn,@ (An,e)
with the additive functional

n

A g(o, - an) =Y Viog Hyp(ap-1,2p)
p=0

We can approximate these equations using the following equations

0]19\[ = Hliv_l + Tk vN 1Og Znﬁk_l = el]fv—l + 7k QnNﬂk—l(Anve{c\’,l)

with the particle derivatives associated with the backward particle measures Qfx 9,_,- We can alterna-
tively use the recursion

O =0l + 7 Vv1og Zne, = 001 + Tk g, (Mg )

with the genealogical tree occupation measures 77?]1\{ 0,1 defined in (10.6). For a more thorough discus-
sion on these particle steepest descent algorithms and their connections with filter derivative models,
we refer the reader to the article [205]. The convergence analysis of these models can be developed
using the stochastic analysis techniques presented in the textbook [39].
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11.4 Risk analysis and rare event simulation

The analysis of rare events arises in various scientific areas including physics, biology, engineering
science, and financial mathematics.

For instance, in nuclear physics, we might be interested in computing the probability that some
radiation escapes from some containment before being absorbed by some obstacle. In biology, these
rare events may be related to extinction probabilities of some population evolution model. In en-
gineering sciences, these critical events are often related to a catastrophic failure, such as a buffer
overflows in communication networks. Finally, in financial mathematics, they arise in the analysis
of portfolio credit risk models. In this context, the critical events represent ruin processes, or credit
payment default probabilities. Importance sampling techniques are perhaps one of the most widely
used alternative to crude Monte Carlo simulation of unlikely events. The idea is to generate samples
from a different judiciously chosen distribution, rather than from the distribution of interest. These
statistical techniques have two main drawbacks. Very often, the twisted distribution cannot be cho-
sen as we would like, since we need to have a dedicated technique to sample random variables w.r.t.
these measures. On the other hand, these importance sampling techniques are intrusive in the sense
that we need to twist the reference random process, so that to produce unphysical trajectories. In
Section 11.4.1, we present a nonintrusive mean field IPS technique for the simulation of importance
sampling distributions without altering the nature of the reference process. Further details on these
models, including applications in fiber optics communication and financial risk analysis, can also be
found in a couple of articles [104, 180, 181].

Section 11.4.2 is dedicated to mean field multilevel simulation. These techniques are often termed
multilevel splitting particle methods or sequential Monte Carlo samplers in the literature on rare event
simulation, Further detail on these IPS models can be found in the review article [193], as well as in
the series of articles [132, 133, 363].

The final section, Section 11.4.3, is concerned with the mean field IPS computation of Dirichlet
problems with boundary conditions. These problems arise in a variety of application areas of physics,
including fluid mechnanics and plasma dynamics, as well as in optics and traffic engineering. For a
detailed discussion on these problems in the context of elliptic-hypebolic equations of Keldysh type
we refer the reader to the monograph [473].

11.4.1 Importance sampling and twisted measures

Computing the probability of some events of the form {V,(X,) > a}, for some energy like function
V,, and some threshold a, is often performed using the importance sampling distribution of the state
variable X,, with some multiplicative Boltzmann weight function exp (5V,, (X)), associated with some
inverse temperature parameter 3. These twisted measures can be described by a Feynman-Kac model
in transition space by setting

Gn(Xn—h Xn) = exp {B[Vn(Xn) - Vn—l(Xn—l)]}
For instance, it is easily checked that
P(Va(Xn) 2 a) = E|fa(X;) H Gp(Xp)
0<p<n

with the function f,,(X,) = 1y, (x,)>a e BVn(Xn) "and the potential function and the reference Markov
chain

Xpn = (Xpn, Xnt1) and  Gn(Xy) = exp {B(Vat1(Xns1) — Va (X))}
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We let Q,, be the Feynman-Kac model (4.17) associated with the reference Markov chain X,, and the
potential function G,. In the same vein, we have the Feynman-Kac formulae
E (¢on(Xo,..., Xn) | Va(Xn) > a) = @n(Fn,@n)/Qn(Fn,l)

with the function F e, (Xo,...,Xn) = on(Xo,.... Xn) Ly, (x50 € ?V»X7). The mean field IPS
simulation of these Feynman-Kac distributions is defined in Section 9.3.

11.4.2 Multilevel splitting simulation

We consider some Markov chain (X ),>0 taking values in some finite state space E’. We assume that
the chain X, starts in some given subset X, € A C E’ with a given distribution 1. We also let (B, C)
be a pair of subsets (B, ) such that ANC = () = BN C. We also assume that the triplet (A, B,C)
is chosen so that for any initial state x € A the chain X, hits one of the sets B, or C in finite time.

We let T4 be the entrance time of X’ into a given subset A. One would like to estimate the
probability that the chain hits B before C

P(Tpuc < To) =P(X7y, . € B) =E(1p(X7,, )
and the law of the excursions given the fact that it reached B before C
Law(X{ ; 0<t <Tghuc | Teuc < Tc)

Of course we have implicitly assumed that P(Tguc < T¢) > 0 so that the conditional distributions
are well defined. During its excursion from A to B, the process eventually visits a decreasing sequence
of level sets (By)n=0,....m

A=By>B1D>...0B,=B (11.29)

This decomposition reflects the successive gateways the stochastic process needs to cross before enter-
ing into the relevant rare event.

To simplify the presentation, we slightly abuse the notation, and we write 7;, instead of T, uc.
In this simplified notation, to capture the behavior of X between the different levels we introduce the
excursion-valued Markov chain

Xo = (T, (X] 5 Tuot <t < Tp)) € B = Upeg({a} x (E)@7+D) (11.30)
Under our assumptions, these entrance times are finite and

(Teue < To) = (Tm <Tc)= [ (T, < Tc)
1<p<m

To check whether or not the n-th excursion has reached the desired n-th level, we consider the potential
functions on E defined for each n € {0,...,m} and = = (z,)p<q<r € (ENTPH) by G (r,z) =
1, (x,). In this notation we have for each n < m

(Tn <Tc) = Mi<pen(Tp < Tc) = Ni<pen(Gp(Xp) = 1)
(Xoy..., Xn)

=((0,X0), (T1, (X; 5 0<t <T1))s ey (T, (X5 To1 <t < Th)))

If we write [X, ; 0 <t < T,] instead of (Xo,...,X,), the sequence of excursions of X’ between the
levels, then for any n < m and any function f,, on the product space E"*! we have the Feynman-Kac
formulae

Euo | foXor .. X0) T]Col(X0) | = Eup (ful[X}: 0< < T)) 1rcr) (11.31)
p=1

The mean field IPS simulation of these Feynman-Kac distributions is defined in Section 9.3.
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11.4.3 Dirichlet problems with hard boundary conditions

We consider the same excursion model discussed in Section 11.4.2 but we replace the potential function
by the function G,, on E defined for any n € {0,...,m}, 0 < p <r, and z = (z4)p<q<r € (E/) 7P+
by
Gp(r,x) () H G'(z4) (11.32)
p<q<r
with some nonnegative functions G’ on the finite set E’. In this situation, the r.h.s. expectation in
(11.31) is given by

E | fu([X); 0 <t <T,)) 1p,(X]) HG/

We recall that these Feynman-Kac formulae can be computed using mean field IPS simulation. Next,
we examine the excursion-valued models (11.29 ) when A = E' — C, and (B, N C) = ). For vy = 0,
with x € A, n = m, and any function f on E’, the above expectations are given by the following
function

T
h(z) = E. | f(Xp)1s(X7) []G'(X]
p=1

with the first time T(= T,,) the process X’ hits the domain D := (B U C). Using the fact that
x € D = T = 0, we extend the function h on C by setting h(z) = f(z)lg(x). By a conditioning
argument, for any x € D, we have

T
hz) =B, | G'(X]) Exy | f(XP)16(XT) [T GL(X)) | | = Es (G'(X])A(XT))

p=1

From the above discussion, if M’(z,y) is the Markov transition of the chain X', then we see that the
function h satisfies the following Dirichlet problem with hard boundary conditions

{M’(G'h)(x) = h(x) for = ¢ D
h(z) = f(z)lp(z) for ze€ D

For a more thorough discussion on the Dirichlet problem for more general models, we refer the reader
to the book [172].






Chapter 12

Nonlinear evolutions of intensity
measures

12.1 Intensity of spatial branching processes

The Feynman-Kac models presented in section 9.1.4 were defined in terms of Markov chain distribu-
tions, weighted by some potential functions. This description is particularly useful to model conditional
distributions of Markov chains w.r.t. a collection of conditioning events. In this section, we present a
natural and alternative interpretation of these models in terms of spatial branching processes. We also
extend the Feynman-Kac methodology to branching models, equipped with spontaneous birth rates.

For a more detailed discussion on spatial branching processes, and their connections with Feynman-
Kac models, we also refer the reader to [21, 335, 358]. Section 12.3 and the more recent studies [110, 172]
also provide applications of these models to multiple object nonlinear filtering problems.

12.1.1 Spatial branching processes

Assume that, at a given time n, there are N, individuals (X?)1<;<n,, , taking values in some measurable
state space E,, enlarged with an auxiliary cemetery point c. As usual, we extend the measures 7, on
E,, and the bounded measurable functions f,, on E, by setting v,({c}) = 0 and f,(c) = 0.

We emphasize that the state space E, depends on the problem at hand. It may vary with the
time parameter, and it can include all the characteristics of an individual, such as its type, its kinetic
parameters as well as its complete path from the origin.

Each individual X! has a survival probability, say e,(X:) € [0,1]. When it dies, it goes instantly
to the cemetery point c¢. We also use the convention e, (c) = 0, so that a dead particle can only stay
in the cemetery state.

Survival particles give birth to a random strictly positive number of individuals h%(X?:) where
(hﬁl(azn))l <i<N, stands for a collection of independent random variables such that

for any z,, € E,, where H, is a given collection of bounded nonnegative functions.

Notice that H, (z,) > 1 for any x,, € E,, since h},(x,) > 1. This branching transition is sometimes
called spawning in signal processing and multi-target tracking literature.

After this branching transition, the system consists of a random number Nn of individuals

()?;L)l <i<R," Each of them evolves randomly, and independently, from state space to the next

A~ .

X, =xn € By~ Xp 1 =opq1 € B

305
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according to a Markov transition My, 1(xy,,dx,41) from E, into E, ;1. Here again, we use the con-
vention M,,1+1(c,{c}) =1, so that any dead particle remains in the cemetery state.

At the same time, an independent collection of new individuals is added to the current configura-
tion.

We further assume that this additional spatial point process is modeled by a spatial Poisson process,
with a prescribed intensity measure p,4+1 on Fpy1. It is used to model new particles entering the state
space.

At the end of this transition, we obtain

Npy1=No+ N, 4

individuals (X7, ;)1<i<n,.,, where N, is a Poisson random variable with parameters given by the

total mass pp+1(1) of the positive measure g, 41, and (X 7]1\;7}14“ ¢

distributed random variables with common distribution

J1<i< NI, are independent and identically

P41 = Pn+1/Hn+1(1)  where  pini1(1) = /E fint1(dz) =E (Np 1) (12.1)
n+1

For a more thorough discussion on spatial Poisson point processes, we refer the reader to Sec-
tion 12.3.3.

We end this section with some definitions, some conventions, and a few regularity conditions that
will implicitly be assumed in the further development of this chapter.

Firstly, to simplify the presentation, we shall further assume that the initial configuration of the
spatial branching process (X(i))lgig N, 1s given by a spatial Poisson process, with a prescribed intensity
measure fo on Ej.

We denote by G,, the potential functions defined by

Tn € Ep— Gu(xy) = en(xn)Hy ()

To avoid unnecessary technical details, we further assume that the potential functions G,, are chosen
so that for any = € F,
0< gn— <Gp(x) < gnt <00 (12.2)

for any time parameter n > 0.

Note that this assumption is satisfied in most realistic spatial branching scenarios. Indeed, as
H, (z) > 1, the condition g, < Gy(z) essentially states that there exists e, — > 0 such that
en () > ey, — for any x € E,,. Loosely speaking, this condition ensures that every particle always has
a small chance to survive.

On the other hand, the condition G,(x) < g+ states that there exists H, ; < oo such that
H, (z) < Hy 4 for any x € E,,. Loosely speaking, this condition allows controlling the total size of the
branching process by some rather crude, but bounded finite constants.

In the unlikely scenario where (12.2) is not satisfied, the forthcoming analysis can be extended to
more general models with general nonnegative potential functions, using the techniques developed in
Section 4.4 in the monograph [172].

12.1.2 Intensity distribution flows

In this section we discuss the evolution equation of the intensity measures associated with the spatial
branching model presented in Section 12.1.1.

Definition 12.1.1 We denote by X, the occupation measure of the branching particle model

Nn
=1
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The intensity measure v, associated with this point process is given for any bounded measurable func-
tion fn on E, .= E,U{c} by the following formula:

W) =BG with Xalh) = [ Xalden) Salen)

To simplify the presentation, we suppose that the initial configuration of the particles is a spatial
Poisson process with intensity measure g on the state space Ej.

Given the construction defined in Section 12.1.1, it follows almost straightforwardly that the in-
tensity measures v, on FE, satisfy the following recursive equation.

Lemma 12.1.2 For any n > 0, we have

Y1 = Yn@nt1 + Hnt1 (12.3)

with the initial condition vo = pg. In the above displayed formulae, pny1 is the intensity measure of
the spatial point process associated to the birth of new individuals at time n + 1, while Qn11 is the
bounded and positive integral operator from E, into Fpny1

Qnt1(xn, drpi1) = Gu(xn) Mpt1(zn, dxni1) (12.4)

Proof:
For any bounded measurable function f on E,; U {c}, we have

No+N!

n+1
%H_l Z f n+1 +E Z f n+1
= Nn+1
Thanks to the Poisson assumption, we have
N"+Nn+1
E Z F(X00) | = g1 (D) By (F) = pnga (f)
i= Nn—i-l

with the normalized measures fi,,, | defined in (12.1).

We let F,, be the o-field generated by ()?,i)KKA and F, the o-field generated by (XZ)

Nn ].<7,<N
In this notation, we have that

Zf n+1 =E|E Zf nt1 ‘

from which we conclude that

> (Xi) | = entluMass (7)) = (GuMss (1)
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and therefore

Yn+1 () = Y (Qnt1 (f)) + tnt1(f)

This ends the proof of the lemma. ]

The flow of intensity measures 7, is clearly more complex that the Feynman-Kac distribution flows
(9.7) discussed in Section 9.1.4. Thus, we typically do not expect to find any closed-form expression to
solve these equations. A natural way to approximate them numerically is to use a mean field particle
interpretation of the associated sequence of normalized probability distributions.

Definition 12.1.3 The normalized probability distributions associated with the intensity distributions
Yn are the probability measures n, € P(Ey,) defined for any f, € By(Ey) by

M (fr) = n(fn) /10 (1)

We end this section, with a couple of remarks. When p,, = 0, the distributions (v, 7n,) coincide
with the Feynman-Kac models (9.7) discussed in Section 9.1.4. On the other hand, we notice that

Nn
E(Np) =m(1) and na(fn) = E(IN) E (Z fn(sz)>
" i=1

12.1.3 Nonlinear evolution equations

In this section, we discuss the evolution equations of the normalized probability measures 7,, intro-
duced in Definition 12.1.3. In contrast with conventional Feynman-Kac models, these extended models
are expressed in terms of updating-prediction transitions that depend on the total mass 7, (1) of the
intensity measures .

To describe with some conciseness these models, we need another round of notation. In subsequent
pages of this section, we identify the measures v, with a couple of parameters (y,(1),7n,). The first
component 7, (1) represents the total mass of v, and 7, the normalized probability measure.

Definition 12.1.4 We consider the collection of Markov transitions M, 1 (m, ) indexed by the param-
eters m € Ry and the probability measures n € P(E,,) defined by

Mn+1,(m,n) (a:, dy) = Qn (m, 77) Mt (557 dy) + (1 — Qp (mv "7)) Ft1 (dy) (12'5)
with the collection of [0, 1]-valued functions

mU(Gn)
mn(Gn) + Hn+1 (1)

an : (m,n) € (Ry X P(Ey)) = an(m,n) =

Definition 12.1.5 We let Ap41 be the mapping from Ry x P(Ey,) into Ry x P(Ep4+1) given by

An-&-l(mvn) = (Ak—kl(mvn)v‘/\%—kl(mvn)) (12'6)

with the pair of transformations:

71”L+1(ma n) = mn(Gn)+ png1(1)

2

A
An+1(m777) = \IlGn(n)Mn—&—l,(m,n)

In the above display, V¢, stands for the Boltzmann-Gibbs transformation associated with a potential
function Gy, defined in (0.2).
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The semigroup of the flow v,, or equivalently (v,,(1),7,), is now expressed in terms of the mathe-
matical objects defined above.

Proposition 12.1.6 For any n > 0, we have the evolution equations

(1), ) = An(Yn—1(1), Mn—1) (12.7)

Proof:
Observe that for any function f € B(E,+1), we have that

N 1<f) — fyn(GnMn-‘rl(f)) + Hn+1 (f) _ ’Yn(l) nn(GnMn-i-l(f)) + Mn—f—l(f)
i ’Yn(GN) + Mn-l—l(l) "Yn(l) nn(Gn) + /~Ln+1(1)

from which we find that

Mn+1 = OGn ('Yn(l)vnn) \I’Gn (nn)MnJrl =+ (1 — Qn (%(1)7%)) ﬁn+1

From these observations, we prove (12.7). This ends the proof of the proposition. ]

12.1.4 McKean interpretations

In this section, we design a McKean interpretation of the measure valued process (v,(1),7,) € (R4 X
P(E,)) introduced in Section 12.1.3.

In Proposition 12.1.6, we have shown that the evolution Equation (12.7) of the sequence of prob-
ability measures 7, ~> 7,41 is a combination of an updating type transition 7, ~» ¥¢, (1,), and an
integral transformation w.r.t. a Markov transition M, 1 (4,(1),) that depends on the current total
mass v, (1), as well as on the current probability distribution 7.

The integral operator M, 1 (v, (1)n,) defined in (12.5) is a mixture of the Markov transition M,
and the spontaneous birth normalized measure 71, , ;. Notice that for null spontaneous birth measures,
this Markov transition reduces to the one of the free exploration of the particles; that is, we have that

pnt1 =0 = My11 (v, (1)) = Mn+1

We let S, ,, be any Markov transition from F,, into itself satisfying the following compatibility
condition
Ve, (1) = MnSn,n,
Several examples of transitions S, ,, are discussed in (8).
By construction, we have the recursive formula

Tn+1 = nnKn+1,('yn(1),nn) (128)

with the Markov transitions

K1, (0)0) = S M1, (3, (1) m0)

The sequence of probability distributions 7, can be interpreted as the distributions of the random
states X,, of a process defined, conditional upon (y,(1),n,), by the elementary transitions

P (Ym-l € dz | Yn) = Ky (ya(1),1m) (Yn,dx) with 7, = Law(X,)
and the auxiliary total mass evolution equation

Ynt1(1) = (1) 9 (Gn) + ping1(1) (12.9)

The transport formula presented in (12.8) provides a natural interpretation of the probability

distributions 7,, as the laws of a process X, whose elementary transitions X, ~ X,+1 depend on the
distribution 7, = Law(X,) as well as on the current mass v, (1).

In contrast to the more traditional McKean type nonlinear Markov chains discussed in Section 9,
the dependency on the mass process induces a dependency on the whole sequence of measures 7, from

the origin p = 0 up to the current time p = n.
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12.1.5 Mean field particle interpretation

In this section, we design a mean field interpretation of the McKean models developed in Section 12.1.4.
From now on, we will always assume that the mappings

(m, ($i)1§i§N) S (R+ X E,iv) — Kn—l—l,(m,% SN 5 (mijAn-i-l)

=1 z])

are measurable w.r.t. the product o-fields on (R4 x Eév), forany n >0, N >1,and 1 <¢ < N, and
any measurable subset A,11 C Fp41.
In this situation, the mean field particle interpretation of (12.8) and (12.9) is the Markov chain

O (1),60) € Ry x BY)  with & = () ey € En
and with elementary transitions
P (£n+1 €dz ‘ (77];[(1)’511) ) = H'f\il Kn—&-l('y{f(l),nﬁ)(fgudxi)
(12.10)
(1) = Q) 1) (G) + bnga (1)

with the infinitesimal neighborhood dz = da' x ... x dz™¥ of a point 2 = (z',...,2") € EY ;. In
the above displayed formula, (yflv ,név ) stand for the couple of occupation measures defined for any

fn S Bb(En) by

N
1
=5 D0 and o (fa) = (1) ) (£)
=1

The initial system & consists of NV independent and identically distributed random variables with
common law 79, and we assume that the initial mass 7' (1) = 7o(1) = po(1) is explicitly known. In
this connection, we mention that the particle total mass model is also given by the following formula

n

=3 m) I %Gy

p=0 p<g<n
By definition of the two step McKean transitions (12.8), the mean particle evolution described by
(12.10) is a “simple” combination of a selection and a mutation genetic type transition

En€EN s £ =(E)i1<ich EEY ~ & € E7JLV+1

During the selection transitions &, ~ En, each particle & ~ E,g evolves according to the selection
type transition S, ,~ (&,,dx). During the mutation stage, each of the selected particles &, ~ & 4
evolves according to the transition

Mn+1,(771y(1),n71y)(x7dy) = Qp (71]1\[(1)7%\[) Mn+1($’dy) + (1 — Qn (’Yrjzv(l)?nrjzv)) ﬁnJrl(dy)

12.2 Nonlinear equations of positive measures

12.2.1 Measure valued evolution equations

We consider a general class of measure-valued processes v, € M (E,) defined by the following
nonlinear equations

Tn = En('ynfl) = 'Ynlen,'Yn—l (12-11)
with initial measure y9 € M (Ep). In the above display, @, stands for a collection of positive and
bounded integral operators from F,_1 into E,, indexed by the time parameter n > 1, and the set of
measures 7 € My (Ep_1).
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One natural way to solve the nonlinear integral Equation (12.11) is to use a judicious probabilistic
interpretation of the normalized distributions flow given for any f,, € By(E,) by

N (fn) = Yn(fn) /(1)

To describe with some conciseness these stochastic models, it is important to observe that the pair
process (vn(1),mn) € (R4 X P(E,)) satisfies an evolution equation of the following form

(1 (1), 7m) = Ap(vn-1(1), 1) (12.12)

for some mapping
An : (m777) € (R-i- X P(En—l)) = An(mﬂ?) € (R-i- X P(En))

We also denote by (A}L, Afl), the first, and second, component mappings of the one step transfor-
mation A, given by

AL

Ry x P(E,)) — Ry and A% : (Ry xP(E,)) — P(E,)
By construction, we notice that the total mass process can be computed using the recursive formula
Yn+1(1) = 1 (Grpn) = M (Grpyy) W(1)  with  Gry, = Qnay, (1) (12.13)
On the other hand, for any f € By(Ey+1) we have that

- Qn—i—l,'yn(f)
. Qn+1,7n(1)

and the Boltzmann-Gibbs transformation ¥ associated with the potential function G = G, and
defined in (0.2). This implies that

77n+1 = \IIGH,’yn (7771) Mn‘i‘ly’Yn Wlth Mn+17'Yn (f)

A7]:L+1(m7 n) =m n(GTL’mn) a‘nd A’?L-‘rl (m’ 77) = \IjG'rL,?nn (7771) Mn“l‘Lmn (1214)

We end this section with some comments on the applications and the stability analysis of these
rather abstract models. We also provide some reference pointers to the sections of the book discussing
in more detail these questions.

Illustrations in the context of multiple target tracking problems are presented in Section 12.3.2.

12.2.2 Mean field particle models

The mean field particle model associated with the Equation (12.12) relies on the fact that the one
step mappings A2 41 given in (12.14) can be rewritten in terms of the nonlinear Markov transport
equations

Ve, (1) Myy=nKpy1, with  Kyppy = Sny My, (12.15)

for any v = mn € M, (Ey). In the above displayed formula, S,  stands for any collection of Markov
transitions, from FE, into itself, and index by v € M (E,), satisfying the following compatibility
condition

\I]Gn,'y (77) = nSn,’y

Several examples of transitions S, n, are discussed in (8).

These models provide a natural interpretation of the distribution laws 7, as the laws of a non-
linear Markov chain X, whose elementary transitions X, ~ X,.1 depend on the distribution
N, = Law(X,,), as well as on the current mass process 7,(1). In contrast to the traditional McK-
ean model, the dependency on the mass process induces a dependency of all the flow of measures 7,,

for 0 <p<n.
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The mean field particle interpretation of this nonlinear measure-valued model is the Markov chain

((1),6) € Ry x EY)  with &, = ()., € Ex

with elementary transitions

N
P& €de | (i (1),60) ) = J[ Kngiqn (& da) (12.16)
i=1
Y1 (D) = 7 (1) 17 (G (12.17)
with the infinitesimal neighborhood dx = dz' x ... x dz®¥ of a point z = (z',... 2V) € ETJZV_H. In the

above display, (%JZV N ) stands for the pair of measures defined for any f,, € By(E,) by

N
1
M= D20 and 7 (f) =0 (1) x 0y (f)
j=1
The initial system &y consists of N independent and identically distributed random variables with
common law 7. We also assume that 73’ (1) = 70(1) = po(1) is explicitly known.

12.3 Multiple-object nonlinear filtering equations

In this section we discuss in more detail the multiple-objects nonlinear filtering problems. These non-
linear evolution models in distribution spaces are particular examples of the measure valued evolution
equations discussed in Section 12.2.1.

12.3.1 A partially observed branching model
A signal branching model

Suppose that at a given time n there are N;X targets (X7 );<;< nx, each taking values in some mea-
surable state space E,. o

A target X!, at time n, survives to the next time step with probability s,(X?) € [0,1], and it
evolves to a new random state according to a given elementary Markov transition M), _,, from E, into
En+1.

In addition, any target X’ can spawn new targets at the next time, usually modeled by a spatial
Poisson process with a given intensity measure B, 1(X!,-), on the state space F,;i. At the same
time, an independent collection of new targets is added to the scene. This additional and spontaneous
branching process is often modeled by a spatial Poisson process with a prescribed intensity measure
Hnt1 on Epiq.

For any n > 0, and any x,, € E,, we set

Boldzn) = pn(dan)/pm(1)

— B, (zh, dxy,
bn(xn) = Bpt1(1)(z,) and Buyi(an,drpir) = 1 +1)

Bri1(1)(2n)

The signal process can be interpreted as a branching process of the same form as the one discussed
in Section 12.1.1. The occupation measures of the branching process are given by

Y= ), O

1<i<NX
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Using the same arguments as in the proof of Lemma 12.1.2, for any f,, € By(E,) we prove that

with the nonnegative integral operator

Qn(fn) = Sp—1 Mé(fn) +bp—1 En(fn)

We notice that the operators Q41 can be rewritten in terms of the Feynman-Kac integral operator

Qn—l—l(xn: dxn—l—l) = Gn(xn) Mn+1(wn7dxn+1) (1218)

with the potential function

and the Markov transition

Mn+1 (mru dxn-‘,—l)

sn(Tn) /
= n) d n
Sn(xn) + bn(-’ﬂn) n+1(w v +1) i

B Ty, dT
Sn(xn) + bn(xn) n+1( ") n+1)

This shows that we can use the mean field particle techniques developed in Section 12.1 to compute
the intensity distribution flows associated with the signal branching process.

A partial observation model

Given a realization of the branching process A, defined in Section 12.3.1, with a probability d,(z)
every random target X! = x generates an observation Y/, on some possibly different state space E}; ,
with distribution L, (z,dy), where L, (z,dy) stands for some Markov transition from FE, into E} .
Otherwise, with a probability (1 — d,(x)), the target disappears from the scene, and goes into an
auxiliary cemetery or coffin state c. The [0, 1]-valued function d,, is called the detection probability of
the targets.

More formally, a given state x generates a random observation in the augmented state space
EY .:= EY U{c}, with distribution

Ly o(x,dy) == dp(z) Ly(x,dy) + (1 —dp(z)) dc(dy) (12.19)

The resulting observation point process is the random measure

1<i<NY .

with N};C = N;X, on the augmented state space E,’:C.
In addition to this partial observation process, we also observe an additional, and independent of

(Xp) <, Poisson point process
V= D vy

1<i<NY,

with intensity measure v, on EY .
We further assume that v, < A, and L, (z,.) < Ay, for any x € E,,, for some reference measure
A € M(EY). We also assume that the Radon-Nikodym derivatives given by

dLy(z,.)

dvy,

=W (12.20)

gn(x, y) =
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are such that
hn(y) + dn(z)gn(z,y) >0

for any (z,y) € (E, x EY).
The full observation process on E}L/ . is now given by the random measure

V=Y, +V

The coffin state ¢ being unobservable, the “real world” observation point process ), is the random
measure on the state space E) , given by the trace () )‘ gy of the measure )/ on the set EY. More
precisely, the observed random measure is given by the following formula

Vo= M)y = gy + Y% with Dy = . ley(Yi) oy, (1221)

1<i<NY.

Multi-target tracking problems are concerned with the sequential estimation of the random mea-

sures
Y= D Ox

1<i<NX

given the noisy and partial observation occupation measures

Vp = Z dy; with 0<p<mn
1<i<NY

12.3.2 Probability hypothesis density equations

From the pure probabilistic viewpoint, multi-target tracking problems consist in estimating the con-
ditional distributions of the occupation measures of spatial branching processes, given some noisy and
partial observation random fields.

Besides the fact that the underlying signal is a well defined and an easy to sample Markov chain
model X, the computation of the likelihood of the observation process )9, given the random state &,
involves intractable combinatorial calculations. In this section, we present a Poisson approximation
model that simplifies drastically the analysis.

The equations associated with these approximated filters are expressed in terms of nonlinear evo-
lution equations of intensity measures, of the same type as the one discussed in Section 12.2. For a
single target filtering problem, these equations reduce to the traditional single target optimal filter
equations.

We emphasize that the multiple-object filtering equations developed in this section are not opti-
mal, in the sense that they only represent an “approximation” of the conditional distributions. The
connections between these Poisson approximation models and the optimal filter are still an important,
but difficult open research question.

Poisson approximation models

Further on in this section, we assume that the initial random measure Aj is a Poisson point process,
with intensity measure vy = pog € M4 (Ep), on the initial state space Ey. We also consider the sequence
of integral operators @, defined in (12.18).

Given a realization of Xp, the corresponding observation process )J§ on ng is defined as in (12.21)
with some detection functions dy on Ejy, some clutter intensity measures 1, and some Markov transi-
tions (Lc,0, Lo) defined as in (12.19). We also assume that the regularity condition (12.20) is satisfied,
for some reference measures Ay and some clutter intensity functions hg.
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For any function f € B(Ep), we have the
Yo(f) = E(X(f) \3’0
= Y((1—-a)f / Vo(dy) (1 = Bore(¥) Yapgo(y,.)(0)(f)

with the [0, 1]-valued function 3, on Ey defined by
Boo(y) == ho(y)/ [ho(y) + 70(dogo (-, )]

A detailed proof of this conditional formula relies on Poisson point process conditioning principles,
and it is provided in Section 12.3.3 (cf. Corollary 12.3.12).

Suppose we have defined the measure valued process (7p,7p) and the random signal-observation
process (X}, )y), from the origin p = 0, up to a given time horizon p = n.

Given these values, we define the pair of random measures (X, 41,V ) as follows:

e Firstly, we let X,,+1 be a spatial Poisson point process with intensity measure 7,1 defined by
the following recursions

Tn+1 = :Y\nQn'i'ﬂn (1222)
lf) = w((1—d / Vo(dy) (1= Bon(®)) P gty (1))

for any function f € B(E,), with the [0, 1]-valued parameters

ha(y)
[hn(y) + 'Yn(dngn(' ) y))]

e Given a realization of &1, the corresponding observation process ), ; is defined as in (12.21),
for some detection [0, 1]-valued functions d,+1 on E,41, some clutter intensity measures vy,
and some Markov transitions (L, (n41), Ln+1) defined as in (12.19); and satisfying (12.20), for
some reference measures A\, and some functions hyy1.

571,%1 (y) =

We let FY =0 ( by 0<p< n) be the filtration generated by the observation point processes Vy,
from the origin p = 0, up to the current time p = n. By construction, for any function f € B(E,+1),
we clearly have that

E (Xn+1(f) | ‘7:72/) = '7n+1(f)

In addition, using the same arguments as the ones we used at the initial time n = 0, we have the
updating formulae

:7\n+1(f)
=E (Xos1(f) | Fiia)

= ")/n—&—l(( n+1 /yn—‘rl dy B'Yn+1 (y)) \Ildn+1gn+1(y,.)(7n+1)<f)

In summary, we have proved that the solution of the (PHD) Equations (12.22) coincides at any
time step, with the desired conditional distributions

() =E(Xu(f) | Fy) and E(X,(f) | Fo_y) = a(f)

We end this section with a more synthetic description of the PHD equations. More precisely, using
the decomposition (12.18), we can rewrite the PHD Equation (12.22) in terms of a nonlinear model
of the form (12.11), combining in a single step the updating 7, ~» %, and the prediction transition

'/V\n ~ Yn41-



316 CHAPTER 12. NONLINEAR EVOLUTIONS OF INTENSITY MEASURES

Proposition 12.3.1 The PHD filter satisfies the integral Equation (12.11), with the integral operator
given by
Qn+1,7, (T, dTnt1) = Gny (Tn) M1 (T, dTpgr) + 'Yn(l)_l fint1(dTn11) (12.23)

The likelihood function gy ~, s given by
nm = Tn X Gnyn  With 1y = (s, + by) (12.24)

and

() 1= (L= dalan)) + dor) [ 3(dy) i)

An updating-prediction formulation

In this section, we present a more traditional updating-prediction formulation of the PHD equations
presented in (12.22). These updating-prediction models are often used in the literature of multiple
target tracking.

We extend the observation state space E} by adding a virtual but cemetery type state {c}, and
we consider the following likelihood functions on E}L/ .=EYu{c}

(1 - dn) lf Yy=c
9n, (,y) = dngn (-, Yn) ;
' hn(y) +v(dngn(-,y)) fyse

In this interpretation, the state y = ¢ is considered as a virtual observable state, with a likelihood
function gy, . (z,¢) = (1 — dn(x)) that measures the undetectability properties of the site z. The
likelihood function is high in regions with low detectability conditions.

In this notation, we have

Yn+1 = /'?nQn—H + Un+1 with Qn—i—l(f) =Tn Mn—i-l(f)
with the updated measures defined below

)= @) Witk T, = [ Vi) o (1)
and Y = Y, + d.. Notice that

(1) =m(9n,,) and fn(de) == n(dr)/An(1) = Vg (1n)(dz)
from which we find the recursive formulae

< Yn(1) ) updating < An (1) ) prediction < Yri1(1) )

n ﬁn Tin+1

The updating transition is defined by
Fn(1) = (1) 7771(5761,%) and 7, = ‘IIESY”,,L(nn)
It is instructive to observe that for fully detectable target models without clutter, we have

In (T, Yn) ~

(dn, hn) = (1,0) = /g\rCan(xay) = 1E}: (y) Y Gn () = Yn(1) = 7 (1)

The prediction transitions are given by

Ynt+1(1) = Vn(rn) + pot1(1)  and  mny1 = ¥, (95) M;H-lﬁn
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In the above displayed formula, M 41, 1s the collection of Markov transitions defined by

Moo (@, ) = 0 (9) Mg (2, .) + (1= al(7)) Finga

with the collection of [0, 1]-valued parameters

ap(7) = ¥(rn)/(v(rn) + pin+1(1))

It is important to mention that the updating, as well as the prediction transitions, can be rewritten
in terms of a measure valued equation of the same form as the one presented in Section 12.2.1. For
instance, we can decompose the two step updating-prediction discussed above with intermediate time
steps between integers

Yn T Tn+1/2 = — Tn+1

In this notation, we have a couple of one step transformations

Ynt1/2 = Eng1/2(n)  and  Yni1 = Ent1(Yny1/2)

with the one step transformations, defined for any v € M (E,) by

Ent12(7) = Y(Gns) Yo (V)
En-i—l(’)/) = ['Y(Tn)+un+l(1)] v, (’Y) MT/L—‘,-I,’\/

Now, it should be clear that the updating and the prediction transitions can be approximated
using mean field particle models presented in Section 12.2.2. Therefore, the performances of these
updating-prediction mean field algorithms are direct consequences of the convergence analysis of the
general particle model discussed in Section 12.2.2.

12.3.3 Spatial Poisson processes

In this short section, we recall some more or less well known results on spatial Poisson point processes,
including restriction techniques and conditioning principles for partially observed models.

Preliminary results

We consider a measure v € M(E) on some measurable state space E s.t. y(1) > 0. We let N be
a integer valued Poisson random variable with parameter v(1). We also denote by X = (X%);>1
a sequence of independent and identically distributed random variables with common distribution
n(dz) = v(dz)/v(1). We assume that N and X are independent.

Definition 12.3.2 The Poisson point process X with intensity measure 7y is the random measure

defined below

X:=my(X)= > 6xi€P(E)
1<i<N

One of the main simplifications of Poisson point processes comes from the fact that their expecta-
tion measure coincides with their intensity measures:

E(X(f) =EEX(f) | N)) =ENn(f) =~vO)n(f) =~(f)

Definition 12.3.3 For every sequence of point x = (x%);>1 in E, any A € €, and every p > 0, we
denote by my a(x) the restriction of the occupation measure my(x) to the set A.

mp,a(@)(dy) = mp(@)(dy)la(y) = Y 1a(z'),:(dy)

1<i<p
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Notice that

= > 14, >0 = mpa(z) = my(x)(A) U1, (m(z))

1<i<p

with the Boltzmann-Gibbs transformation W associated with the indicator function G = 14, defined
n (4.31).

Lemma 12.3.4 Let (X});>1 be a sequence of independent Poisson point processes with intensity mea-
sure (vi)i>1 on some common measurable state space E. For any d > 1, X is a Poisson point pro-
cess with intensity measure Y 1<,V if, and only if, X is equal in law to the Poisson point process

Zlgigd &

Proof:
By symmetry arguments, we have for any F' € B(M(F)) and any d > 1

B (F (Sisicat)) =

This implies that

E (F Elgigd XZ)) =

—e 1§i§d7i(l) Z >0 1
s>

v

St apms i [ Fmae)) (37 @ w457) (do)

In the above displayed integral doz = dx' x ... x dx® stands for an infinitesimal neighborhood of the
point x = (z%)1<;<s. This implies that

d ®s
El F Z Xi —=e Zl<z<d’yl Z / ’m,S )) (;%) (d{L‘) (12.25)

1<i<d >0 °

This shows that ), .,., i is a Poisson point process with intensity measure ), ;,.,7:. In addition,
by (12.25), any Poisson point process with such an intensity measure has the same law as > ;,.; X;. m

The next result is a direct consequence of Lemma 12.3.4.

Lemma 12.3.5 Let X := ) |,y 0xi be a Poisson point process with intensity measure vy that is
the random measure on E. We consider a measurable subset A C E, such that v(A) > 0. Then, the
restriction, or the trace, X4 = mn a(X) of X on the set A is again a Poisson point process with
intensity measure yA(dx) := 1 4(x)y(dx).

In addition, the conditional distribution of X given X4 is given for any F € B(M(E)) by the
following formula

E(F(X)|Xy) = ey — /F Xy +myp(x)) 73 (dx)

p>0

In the above, displayed integral de = dx' x ... x dzP stands for an infinitesimal neighborhood of the
point x = (") 1<i<p-
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Proof:
Using the decomposition

Y(dz) = La(z)y(dr) + 1ac(x)y(dz) = 7 =74+ 74
for any F' € B(M(E)) we find that
B(F () =03 S [ Fmaa@) (a0 (de)
s>0
By symmetry arguments, this implies that
1 _
— (@) il ®p ®(s—p)

from which we find that

B(F() = OY L S TEDE [ F o) 557

p>0 s>p
_ ey L / (mp()) 7P (dz)
p>0

The last assertion is a direct consequence of Lemma 12.3.4, applied to d = 2, replacing (X7, X2) by
(X4, Xac). This ends the proof of the lemma. [

Some conditioning principles

We consider a measure v € M(FE7) on some measurable space (E1,&1) and a bounded positive integral
operator @) from (Ep,&;) into an auxiliary measurable space (E2, &2).
We further assume that Q(1) > 0, y-a.e., and we let

X = muy XI,XQ Z (5 Xé) (1226)
1<i<N

be the Poisson point process on some product space (E; x F,& ® &) with intensity measure I' of
the following form

I(d(z1,x2)) == vy(dx1) Q(x1,dxs)

It is immediate to check that the marginal random measures &; := my (X)) are Poisson point processes
on Fj, j = 1,2, with intensity measures

T(dr) := Q(1)(x) y(dx) and 7y :=~Q
Our next objective is to describe the conditional distributions of the random measures X; w.r.t.
X, with i # .
Lemma 12.3.6 For any f € B(E1) we set y(dx) := f(x) y(dx). The integral operators
Q(z1, dx2) dys@Q
Q(x1, E2) dyQ

are well defined Markov transitions from Ey into Fo, resp. from Es into Ey. In addition, if we have
Q(x1,.) € vQ, for every x1 € E1, then we have the following explicit formula

dQ(x1, .)
Tho

Q(z1,drs) = and f € B(E1) — Q,(f) =

Q~(x2,dxy) := y(dx1)
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Proof:

The fact that Q is a well defined Markov transition is immediate. To check the second assertion,
we use the fact that

Ve(da) := f(z) y(dr) < y(dr) = 7Q <Q
for any f € B(E;). The r.h.s. assertion comes from the following series of implications
YQ(A) =0 = Q(14)=0 - — almost everywhere
= Q(1a4) =0 ~;— almost everywhere = 7;Q(A) =0
Using this property, we define the following operator from B(E;) into B(Fs):

_ dyy@
=g
Notice that Q+(1)(z2) = 1, and for any (f, g) € B(E1)?, we have

Vi+g =V 79 = @y(f +9) = Qy(f) + Q4(9)

Using the fact that lim, . v1,, = 0 for every decreasing sequence of subsets A, € Ej s.t.
limy, 00 An = 0, we prove that lim, o Qy(14,)(z2) = 0, vQ-a.e. This implies that A € & —
Q~(14)(z2) is a well defined probability measure Q- (x2,dx;) on the set (Ep,&1), and we have the
following vQ-a.e. Lebesgue integral representation

Q~(f)(x2) Z/Qw(fUz,dﬂ?l)f(fL‘l)

This ends the proof of the lemma. ]

Vf e B(El) Vo € Fy Q,Y(f)(.xg) :

By construction, we have the equivalent time reversal formulae

v(dr1) Q(x1,dr2) = (VQ) (dr2) Q (72, dr1) (12.27)
Notice that
Y(dz1) Q(z1,drz) = v(G) Ya(n)(dz1) Qx1, dx2)
with
n(dz1) = v(dx1)/y(1) and G:=Q(1)

In the same vein, we also have that

(VQ) (dx2) Q- (x2,dx1) = 7(G) (Y (n)Q)(dre) Qy (2, dz1)
This implies that

Vi (n)(dz1) Q(x1,dxa) = (Ve (n)Q)(dr2) Q (22, dx1)

from which we conclude that @, = Qg (n)» Where @7 is defined as @4 by replacing @ by Q.
Using rather elementary manipulations, we prove the following lemma.

Lemma 12.3.7 For any functions F; € B(M(E;)), with j = 1,2, we have the almost sure formulae:
B(F () | %) = [ Fimy) [] Q6 de)
1<i<N

and

E (F2(A2) !/‘fl):/FQ (mu(z2)) ] QX1 dzb)

1<i<N

In the above displayed formula Q and Q~ stand for the pair of Markov transitions introduced in
Lemma 12.5.6.
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Proof:
To prove the second assertion, we recall that X := my(X1) = > 1 ,cn 0 xi s a Poisson point process
on Ej, with intensity measure v;(dz) := Q(1)(x) y(dz). From this result, we find that

E () / Fy (my(22)) Q(X1, dah)
N

1<i<

= e_'YQ(l) szo #

x / Fy (mp(a)) F (my(e2)) [ [@(h, dah) Q()(d) ~(dah)]

1<i<p

— ey 4 / Fy (my(a1)) Fo(my(wa)) [ [v(dah)Qah, darh)]

1<i<p
=E (F1(X))F2 (X))

This ends the proof of the second assertion. Using the time reversal decomposition formula (12.27),
and recalling that @), is a Markov transition, the first assertion is a direct consequence of the second
one. This ends the proof of the lemma. |

Partially observed models

We consider a spatial branching signal model defined by a Poisson point process X := >,y 0xi,
with intensity measure v on some measurable state space (E1, &), and we set n(f) := v(f)/v(1), for
any f € B(E).

The random variable X is partially observed, on some possibly different measurable state space Es.
The observation is defined by a spatial point process. It consists in a collection of random observation
variables, directly generated by some random points in the support of X', plus some random observa-
tions unrelated to X, sometimes called the clutter. We use the partial observation model presented in
Section 12.3.1.

For the convenience of the reader, we briefly recall the description of this model in this static
framework. Given a realization of X, every random state X’ = z generates an observation Y on

Es U {c} with distribution
Le(z, dy) := d(z) L(z,dy) + (1 — d(z)) 6c(dy)

The function d represents the detectability degree of the states, and L(z, .) stands for the distribution
of the random observations on Es generated by the point x in Fy. The resulting observation process
is the random measure Y = >, _, -y dy: on the augmented state space Eo U {c}.

In addition to this partial observation model, we also observe an additional, and independent of
X, clutter Poisson point process Y’ := >, ns 0y, With intensity measure v on Es. As in (12.19),
we further assume that v and L(z,.) < A, for some A € M(FE»), and we set

g(z,y) = ch(ii’ ) (y) and h:=dv/d\ (12.28)

We also suppose that h(y) + v(dg(.,y)) > 0, for any y € Es.
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The full observation process on Fy U {c} is given by the random measure ) = ) + ), while the
“real world” observation )° is given the random measure

Yo=YV, =V +Y =Y+Y =Y+ Ncd with Nc:=Y({c}) (12.29)
The following proposition results from the construction of the observation process Y” on Eo U {c}.

Proposition 12.3.8 A wversion of the conditional distribution of the random measure Y given X :=
> i<i<n Ox: 18 given for any function F € B (M(Ex U {c})) by

E(F (V"))

— (1) szoz%fF(mp(y/) +mpy(y)) v®P(dy') HISiSN Lc(Xi7dyi)

Our next objective is to compute the conditional distribution of X, given the observation process
Ye.
Definition 12.3.9 We let Z be the spatial point process defined by

Zi= ) dxivyt D devii= Y dzizy (12.30)

1<i<N 1<i<N’ 1<i<N”

For any i € {1,2}, we denote by By(E; U{c}) the set of functions f € By(E;), extended to E; U{c}, by
setting f(c) = 0.

We observe that

Zi = ), S =X+N
1<i<N"

2y = Z Oz = (22) |, + (Z2)1{e} = V° + Nede
1<i<N"

By construction, the random measure Z is a Poisson point process taking values in the state space
Ee = [(Ey U{c}) x (Ey U{c})]
with intensity distribution given by the factorization formulae

v(dx) Le(x, dy) + 0c(dx)v(dy)

— |3(d) 15, (2) + v(1) 5.(d) | |15, (2) Lelw,dy) + Lo(x)

=7c(dx)

Me(2,dy)

The marginal of the above distribution w.r.t. the second component is given by

YeMc(dy) = (vLc+v)(dy)
= [y(dg(.,y)) + h(y)] Mdy) +~(1 —d) dc(dy)

On the other hand we have the decomposition

Ye(dx) M.(x,dy)

= [v(dx) d(x) g(x,y) + dc(dz)h(y)] Mdy) + v(dx)(1 — d(x)) é.(dy)
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This yields the Bayes’ type formula
’Yc(dl’) Mc(flj) dy) = ’VcMc(dy) MC,’YC (y, dl’)

with the Markov transition

MCv'Yc (y7 dx)

[y(dz) d(x) g(x,y) + dc(dx)h(y)] (dx)(1 — d(x))

=1 + 1.(d
20 T gl ) + ) T )

This implies that

Mep, (y, dr) = 15, (y) Qe (y,dz) + 1e(dy) W1-q(n)(dx) (12.31)
with the [0, 1]-valued function 3, on Ey defined by

By(y) == h(y)/ [h(y) +v(dg(-,y))] (12.32)

and the Markov transition @, from Es into E; U {c} defined by the following formula

Qe (Y, dz) = (1= By(y)) Yag(y,.)(n)(dz) + By(y) dc(dx) (12.33)

We summarize the above discussion with the following proposition.
Proposition 12.3.10 A version of the conditional distribution of the random measure Z, given Zo
is given for any function F' € B(M(E; U{c})) by
E(F(2) | 22) = [ F(mz,@) Mo, (25, de)
1<i<Zy(1)
with the Markov M. -, transition, from Ey U {c} into Ey U {c}, defined in (12.51).

Using the fact that
2y = (22)\, + (Z2) (¢} = V° + Nede

for any function F' € B(M(E3 U {c})), we also prove the following equation

B(F(Z)| 3°) =003 oD pps 1 ye)

|
>0 P

If we set

Wi= Y dyi= > 1Y) &+

1<i<N1 1<i<N

then we find that

E(F(2) | (Z2)5,)
=E <E (F(21) | 2Z2) | (22)|E2>

Y ’V(l}; i
p=>0
yO(l) . .
X/F(mp($')+myo(1)(ﬂf)) Vg (da') [] @ (¥7,da")
=1

We summarize the above discussion with the following theorem.
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Theorem 12.3.11 A wversion of the conditional distribution of
X.:=X+ N'§,
w.r.t. the observation process Y° =3 .oy, Oy is given for any function F' € B (M(EyU{c})) by

E(F (A)[Y?)

p N1 . .
=00 S T () v, () W) (@) ] @s (v1)

p=>0 i=1
with the Markov Q- transition, from Ey into Ey U {c}, defined in (12.33).

The conditional expectation measures of the random point processes ). and )Y° resp. X, and X,
given the point process X', resp. J°, are now easily computed.

Corollary 12.3.12 For any function f € B(E2U{c}), we have the almost sure integral representation
formula

EQe(f) | X) = EQ°(f) | X)=X(dL(f)) +v(f)
and for any function f € B(Ey U {c}) we have the almost sure integral representation formula

E(X(f) | 2°) = E(X(f)|))
= ((1—d)f)+ / Yo(dy) (1= By (1)) Pag(y. ., ()(F)

with the [0, 1]-valued function (., defined in (12.32).
In particular, the conditional mean value of the number of states N given the spatial point obser-
vation s given below:

E(N[Y®) =E(N) n((1 = d)) +Y° (1 = 5;) (12.34)

Notice that the first term in the r.h.s. of (12.34) represents the mean value of N times the nonde-
tection probability. Roughly speaking, the second term represents the Y°-probability that observations
do not cause the clutter. In this connection, models with no clutter and fully detectable states are
described below.

Corollary 12.3.13 In the situation where d =1 and v = 0 we have

Xe=X and Y°=Y= Y by

1<i<N

In addition, for any function F' € B(M(E1)), we have the following almost sure integral representation
formula

E(F(X)[Y) = / Flmn@) [ o) 0n)(da)

1<i<N

For any function f € B(Ey U{c}) we also have the almost sure integral representation formula

E(X,(f) | V) = E(X(f) | V) = / Y(dy) Uy (0)(F)
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12.4 Association tree based measures

This section is concerned with association tree based measures and their mean field approximations.
The central idea behind these filtering association models is to solve the data association problem;
that is, to find the right sequences of observations delivered by every target track.

In the first section, Section 12.4.1, we design a new class of evolution equations in the set of
measures on finite association trees. This class of models has the same form as the ones discussed in
Section 12.2.1.

Then, we examine two situations:

Firstly, for a given data association trajectory, we assume that the optimal single target tracking
problem can be solved using Kalman filters, or by some auxiliary particle filter. In this context, the
central problem is to find a judicious way of reducing the set of all possible associations to a reasonable
finite number, with high likelihood value. In Section 12.4.2, we design a mean field solution to this
problem.

In more general situations, even given the exact sequence of observations of a given target tra-
jectory, the optimal filtering problem associated with this data cannot be computed explicitly. In
Section 12.4.3, we couple the data association mean field model discussed in Section 12.4.2 with mean
field type particle filters.

To the best of our knowledge, these mean field particle approximations of association tree based
measures are one of the most performant algorithms, for solving multiple target tracking problems. We
refer to the series of articles [145, 476, 477, 478] for numerical experiments and comparisons between
these mean field models.

12.4.1 Nonlinear evolution equations

We let (A,,)n>0 be a sequence of finite sets equipped with some finite positive measures (vp,)n>0. We
let 7@, Q@ and f(® be some collection of measures, integral operators, and measurable functions,
on some state spaces, indexed by the parameter ¢ in some finite set A.

To clarify the presentation, for any measure v on A, we set

n = /V(da) n(@ (12.35)
QW) = /V(da) QW and f® ::/V(da) F@ (12.36)

We return to the general measure valued model (v, 7,) defined in Section 12.2.1. We further
assume that the initial distribution 7o and the integral operators Qp11,, in (12.11) have the following
form

Yo=n" and Quiis, = QLT

for some collection of probability measures n(()a), and positive and bounded integral operators @

indexed by a € A, +1. In this situation, we have

(a)

n+1,vn7

(1) = vo(1) and o =n5"" with Ag(da) := vo(da)/voe(1)
We also assume that the following property is met
G = QW (1) x G and QL) (£)/Q\) (1) = M (f) (12.37)
(a)

for some function Gy’ on E,, and some Markov transitions M (a)

ni1 from Ej into E,i1 whose values
do not depend on the measures 7.
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Example 12.4.1 We illustrate these rather abstract conditions in the context of the multiple target
tracking equation presented in (12.23).

In this situation, it is convenient to add a pair of virtual observation states c,c to EY . Using this
notation, the above conditions are satisfied with the finite sets An4+1 and their counting measures Vy41
defined below

A1 = {Y, 1 <i < NV} Ufe,}
and
Vpn+1 = yﬁ + 50 + 5@’ S M(-An+1)
Using (12.23) and (12.24), we check that (12.37) is met with a couple of potential functions and
Markov transitions defined by
(rndngn(.,a) , Myy1) for a¢{c, '}
(Gsl“), Mq(ﬁr)l) =< (rn(1—=dpn), Mpy1) for a=c
(1, Fpy1) for a=¢

In this case, we observe that
Q1 (ons ) = G, (n) M2, ()
with the potential function Gﬁ{f)n defined below
(@) + Y (dngn( - )] ™" for a ¢ {e,d}

Gg{fzyn/G;“) = 1 for a=c (12.38)
fint1(1)/7n (1) for a=¢

Definition 12.4.2 We consider the collection of probability measures nna") € P(Ey), indexed by
sequences of parameters

an = (ag,...,an) € Ap = (Ao X ... X Ap)
and defined by the following equations

pan) = (CIJ%“") 0...0 @§a1)> (n(()ao)) (12.39)

with the mappings @%a) : P(En—1) = P(E,,), indexed by a € A,,, and defined by the updating-prediction
Feynman-Kac transformation
@(a) (17) = \IIG(ajl (’I’]) M(a)

n n

Given some a = (ag, ..., a,) € Ay, we set |a| = n. In this situation, we simplify the notation, and
write (ar)
Aa|g n
n@ = 77|a\| P — 771(13 ) (12.40)

the measure defined in (12.39).
Definition 12.4.3 We let Q,,+1 be the mapping
Quit ¢ (m, A) € (10,00[xP(An)) -+ Quyi(m, A) € P(Apy1)
defined by the following formula
Qni1(m, A) =Yg, , (A®vni1) (12.41)

with the Boltzmann-Gibbs transformations g, , from P (An x Ry), into itself defined in (7), asso-
ctated with the potential function

G a0.5) = (G

n,mn(A)

) with 1 given by (12.36) and (12.40).
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Definition 12.4.4 We consider the collection of integral operators Qni1.p from Ay into Any1,
indexed by B € M (Ay,), and defined, for any a € Ay, by

Qn+1,8(a,d(d’,b)) := [0a ® vns1] (d(d',])) Gy 5(a’,b) (12.42)
with the normalized distribution B
B=B/B(1) € P(A,)
In the above display formulae, d(a’,b) = da’ x db stands for an infinitesimal neighborhood of the point
(a’, b) € Aﬂ+1 = (.A,n X An+1).
Proposition 12.4.5 The solution of (12.2.1) has the form

(An)

M =1 " =1

with the sequence of association measures Ay, € P(Ayn) defined, for any F € By(An+1), by the
evolution equations

An Qi1 ()4, (F)
Ap Qn+1;yn(1)An (1)

In addition, the flow of unnormalized measures (By,)n>0 € M4 (Ay,) defined by By, := v,(1) x A,
satisfies the same type of equation as in (12.11); that is, we have that

An+1(F) = Qn+1 (7”(1)aAn) (F) =

Bn+1 - BnQnJrl,Bn (1243)

Proof:
We check the first assertion using an inductive proof on the time parameter.
For n = 0, we have set 79 = n(49), so that the assertion is met at the time n = 0. We further

assume that 7, = 77554”), for some A, € P(A,).
Using (12.11), we find that it is simply based on the fact that

Apn) (V1)
i o )Qn+1,vn(1)n<A">

a b
= [Heernl@an) 1900,
Using (12.37), we have that

(b) (b .
Q1 (a1 =G 7 x GO

and (b) (b)
Qn_,’_l,%(l)n(An)( )/Qn+1 1)n(An) (1) = Mn+1(f)

for any f € By(Ep+1). This implies that

(@) ( (®) 3 (B) (@) A(b)
(1) () - a (G () ) nr(z )Qngl%(wm( f)
'@ (G,Sw) QL o (am (D)

a,b b
777(1+1)(f ) = (I)izj-l
from which we conclude that

a b a,b
mor o [ [y @l o (62, ) ol

=Qn41(7n(1),An)(d(a,b))
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In terms of the second coordinate mapping A2 41 defined in (12.14), we have proved that

Qn n(1),An An
Mn+1 = A721+1 (%(1)7777({4”))) = 777(L+1H(7 () — 777(z+1+1)

This ends the proof of the first assertion.
On the other hand, we have that

AnQn—H,vn(l)An (F)(a) = /An(da’) Vn+1(db) g’yn(l),An (a’ b) F(a’ b)
~ / A (d(a, b)) F(a,b)

This ends the proof of the proposition. |

Using Proposition 12.4.5, we readily prove the following theorem.

Theorem 12.4.6 The solution of (12.2.1) has the form

Yu = Tn(1) X U(An)

with the process (n(1), An) € (R4 x P(Ay,)) defined by

An+1 = \IJQWL(U,A" (A” ® Vn+1) (12 44)

Ynt+1(1) = (1) X [An ® vn41] (s, (1),4,,)

In the above display, G, (1),a, stands for the potential function presented in Definition 12.4.3.

We end this section with some comments on the evolution Equation (12.44). The first equation
is only defined in terms of the Boltzmann-Gibbs transformations ¥g_ ., , . As a result, we cannot
expect the measure valued equation to have some nice stability properties.

Loosely speaking, we can stabilize these equations adding some MCMC steps between the updating
Boltzmann-Gibbs transformations. More formally, we can add, at every time step, an MCMC transition

M, +1 on the set A, with invariant measure \Ifgw DA The resulting equation, is now given by

An+1 = \I’g (An & Vn—i—l) Mn+1

n(1),An

12.4.2 Mean field particle model

We further assume that nﬁla) <G(b)

n,yn (1)n(An
((a, Ap),b) € (Ai X An+1).
This rather strong condition is satisfied for the multiple target tracking model discussed above as
long as the quantities

>) are explicitly known for any sequence of parameters

WO rdgay)) ) (1 d)

and
,r]’glaodloﬂ"‘?y"*l) (dngn(a yn))

are explicitly known. This condition is clearly met for linear Gaussian target evolution and observation
sensors, as long as the survival and detection probabilities, s,, and d,,, are state independent, and the
spontaneous birth f,, as well as the spawned targets branching rates b, are Gaussian mixtures.
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In this situation, the collections of measures nffo’yo """ Y2=1) are Gaussian distributions and the Equa-

tion (12.39) coincides with the traditional updating-prediction transitions of the discrete generation
Kalman-Bucy filter.
We let AY = + Zf\il 68% be the empirical measure associated with IV independent and identically

distributed random variables (a@)lgig ~ with common distribution Ag. By construction, we have

77(])V ::/A(])V(da) ﬁ(()a) ~Ntoo 70

We further assume that yo(1) is known and we set v’ = vo(1) 7',

W) =W 1 Gony) o and = [ A¥(da) 1"

with the occupation measure AN = % vaz 1 5a§ associated with N conditionally independent and

identically distributed random variables aj := (af,;,a} ;) with common law € (7§’ (1), AY’). By con-
struction, we also have

7 ~nro / Q1 (Y (1), AY) (da) ™ = A3 (3 (1), nd)

Iterating this procedure, we define by induction a sequence of N-particle approximation measures
N N N N N
W) =) Gy ) and = [ 4 ()

with the occupation measure AY = % ZZ]\L 1 0a; associated with N conditionally independent and
identically distributed random variables

% )

(0 i
ap = (ao,m al,n? tet an,n)

with common law Q, (72" (1), AY_,). Arguing as above, we find that
Thjy ~Ntoo /Qn (%]1\[71(1)7141]1\[71) (da) Uéa) = Ai (7571(1),77571)

12.4.3 Mixed particle association models

We consider the association mapping
Dt ¢ (m,A,n) € (10,00[xAp x P(E)A") = Quii(m, A,n) € P(Ant1)
defined for any (m, A) € (]0, 00[x.A4,), and any mapping
n:a € Supp(A) — ¥ € Pa(E,)
by the following equation

Qg1 (m, A1) (d(a,5)) o< A(da) via (8) 7 (G0 )

By construction, for any discrete measure A € P(Ap_1), and any mapping a € Supp(4) — n®@ ¢
P(En-1), we have the formula

A2 (m / A(da) n(“))> - / O (m, 4,10 (dla, b)) 2P ()
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We also mention that the updating-prediction transformation defined in (12.39) can be rewritten in
terms of nonlinear transport equations

() M@ =K@ with K@) =S, M (12.45)

n—1,n"n

o) (n) = \Ijg’li,l

In the above displayed formula, 87(:1_17,] stands for some updating Markov transition, from FE,_; into
itself, satisfying the compatibility condition

7757(51)1,77 = ‘I’(Gaz_l (1)

We let AN = % ZZ]\L 1 6% be the empirical measure associated with N independent and identically

distributed random variables (a'(i))lgig N with common distribution Ag. We set

= [ A da)

(a’N/) _ 1 ZN/

with the empirical measure 7, = 772zt O el associated with N’ random variables §([)a] =
0

<§[a,j]) e with common law n(()a). We further assume that vo(1) is known, and we set
<JSN!

W =90 0’ and AN (1) =+ (1) n (Go )

By construction, we have

a,N’ a
/A(])V(da) 77(() ) =N/t /A(])V(da) 71(() ) = 77(])V ~N,N'too 10
Using (12.45), for any a; = (ag, a1) € Ay we find that

(a1) (ao,N") (ao,N') 1-~(a1)
@ == IC /
1 <770 ) o np 20N

We let AY = & Zf\; 0,1 be the occupation measure associated with N conditionally i.i.d. r.v. al =

(a1, af ;) with common law
LN
Ql (7[])\[(1)7"46\[777((] ))

In the above displayed formula n(()"N/) stands for the mapping

ag € .Ao — n(()ao,N’) € P(Eo)
We consider a sequence of conditionally independent random variables dao’al’j I with distribution

sclar) < ([)ao,j], .)7 with 1 < j < N/, and we set

!
nm((;lo,N )

Nl

5 7N/ ]- ,N/

ng(ao a1).N') _ N’z; 6§£(a0,a1),j] and 17{\7 = /A]lv(da) nga )
1=

Arguing as before, we find that

M =Nteo /91 (76\/(1)7146\’,776"“) (d(ag, a1)) @™ <n(g“07N))

= A (0 D.m)
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Iterating this procedure, we define by induction a sequence of N-particle approximation measures

W) =) Gy ) and 0 = [ AY(da) )

with the occupation measure AY = % Zfi 1 0a; associated with N conditionally independent and

identically distributed random variables
i

(At % i
ap = (ao,m al,n? tet an,n)

with common law

Qn (77]1\[—1(1)7 Ag—la 777(1—’];[ ))
Arguing as above, we find that
LN a,N’
0 =i [ (0, AY L) () o) (5077)

= A% (7711\7—1(1)7777];[—1)

As before, the N-particle occupation measures AY converge as N tends to oo to the association

probability measures A,.
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Solution to exercise 4.7.1:
Choosing R = R, :=2/(1 — ¢€), we find that

(o))t

1 1 ., (d=9 _ 4p
1+2pR (1—€e)+4p (1—e€)+4p

and

This implies that
W(z) A\W(y) = Re

4
1M (z,.) = My, .)lly, 1 4p(1—e)
K R R R N R T

In much the same way, when W (x) vV W(y) < 2/(1 — €) we have

M)~ My, (s
e A ER AN <°“E 1—e><1

with a, := 1 — ) (M), as soon as
p<ad/8 with §:=(1—c¢€)

If we set u := 4p/d, then we have

and

On the interval v € [0,a¢/2] (so that p < ad/8) the function g is increasing from g¢(0) = 0 to

glae/2) = 2(1&56 < 1, while the function h is decreasing from h(0) = a, to h(a./2) = 0. These two

functions intersects at some point u such that

(I+u) 2u—ae)+ud/2=0

In other words, if we set

1 ) 1 e
= — — — < — 1 = —
a 5 (1 b+ 4> <5 with b 5

we need to solve the equation
u? 4 2ua — b= (u—a)*— [a*> +b] =0

with u € [0, b]. This implies that

O<u=+vVa2+b—a<b
The r.h.s. inequality is checked using the fact that
a2+b—a<b & a*+b<a®+b*+2ab

& b<b(b+2d)=b <1+j>
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Using a Taylor expansion, for any v > 0 we have

v v
Vido=l4 > 14—
v 21 +vry, — 21+
for some 7, € [0, 1]. If we set v = b/a? we find that
— /a2 _ b
u=va*+b—a> Ve Tl
= g =hw) = g(55)
_ 5 b 1
2\/a2+b 1+2\/ﬁ
ob 6b

2 b+2\/a2+b = 14+2v/3

The r.h.s. estimate comes from the fact that
aVb<1/2 = b+V4a2 +4b<1/2+ V142 = (1+2V3)/2

Choosing p = ud /4, we conclude that

M) = My, Iy, (1—¢)(1— BEI(M))
S F A E A ) A C U N

This ends the proof of the exercise.

Solution to exercise 4.7.2:
Since M has positive entries, by theorem 7?7 all the entries of ~ are positive. We let v =
[v(1),7(2),7v(3)]. We want to solve the equation

P11 P12 P13
[7(1)7’7(2)77(3)] P21 P22 P23 = [7(1)7’7(2)77(3)]
P31 P32 P33
In other words, we have
(1) [T = (p12 + p13)] +7(2) p2r +7B)ps1 = (1)
Y(1) pr2 +7(2) [1 = (p21 +p23)] +7v(3)p32 = 7(2)
(1) p13 +(2) p2s +7(3) [L = (ps1 +p32)] = (3

which is equivalent to

) p12 +¥(3) p32 v(2) [p21 + p23]

{ 2 )p21+73) a1 = (1) [pi2 + pi3]
) P13 +7(2) p23 = ¥(3) [p31 + p32]
This yields the system
7(7 pa1 + 2 ; P31 = [p12 + pi3)
P12+ 3 7( S P32 = % [p21 + P23
This shows that @
PY ) g g = [p12 +p13]
% [p21 +p23 A P = P12
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Multiplying the first line by [p21 + p2s3] and the second one by pei1, we find that

{ zg; 1 [p21 + p23] 15 g 1[p21 +p2s] = [p21 +p2s] [p12+ pi3]
SO P 1 [p21 + pas] —5(0) P21P32 = p12p21
Then we subtract the two lines to check that

) _ .

~(0) P31 [p21 + p23] + p21ps2) [p21 + p23] [p12 + p13] — p1ap21

= papi13 + p23 [p12 + i3]

This implies that
Y(3) _ po1p1s + p23 [p12 + p13]
(1) psi[pa1 + pos] + paips2
In much the same way, multiplying the first line by p3e and the second one by p3;, we find that

{ % DP21P32 +3?§ ps1ps2 = P32 [p12 + pis

3
38 P31 [p21 + pa23] —% DP31P32 = P12P31

Adding the two lines we find that

2
zgli (p31 [p21 + p2s] + p21ps2) = P32 [P12 + p13] + Pi2ps1

from which we conclude that
v(2) _ P32 [p12 + p13] + p12p31

v(1)  pa1[p21 + 23] + p21p32

and
v(3)  v(3) _ (1)  poipis + p23 [p12 + p13]

(2) (1) " A(2)  ps2lpi2 + pis] + pi2ps1

We conclude that

Y(1) o< p31[p21 + pa3] + paipa2

= DP31P21 + P23p31 + P32p21 = H Pij + H Pij + H Dij
(2,])691 (7‘7.])69} (17])693

with the 1-graphs {g1, g2, 93} defined on page 85. and

v(2) o< p32[pi2 + pi3] + pi2p3
v(3) o< paipi13 + p23 P12 + P13

This ends the proof of the exercise.

Solution to exercise 4.7.3:
For any g € G(z) and 2/ £, the set h = gU{(z,2’)} is a directed graph on S with a single loop at
the state «’. We let £(z) the set of these graphs. We clearly have that

L(x') = Uz£a! (g(as) U {(=x, x/)}) = Ugta (g(az/) u{(«, 33/)})

H M (u,v)

(u,v)€g

We set
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In this notation, we have that

Yo v@Mza) = Y | Y, M(g)| M(x,a))

T : xFx x : x#x’ | geg(x)

- Y Y MU

x : rz#x’ geG(x)

= > M(h)

heLl(z")

= > D M@u{E, )}

x : x#x’ geG(z')

= Y @M@ ) =) (1- M)

T xFz!

The end of the proof of the exercise is now clear.

Solution to exercise 4.7.4:

P11 — A P2 D13

P()\) = Det P21 P2 — A D23
D31 P32 P33 — A
P22 — A pa3
= — ) Det
(P11 =) < P32 P33 — A )
P21 P23 P21 P22 — A
— Det + Det
P12 < P31 P33 — A ) P13 ( P31 P32 )

P(A) = (p11— M) [(p22 — A)(p33 — A) — p23p32]
—p12 [p21(p33 — A) — p23p3i]
+p1,3 [P21p32 — P31(P22 — )]
= N+ NA+AB+C

with

A = pi1+pe+pss
B = paspsz + piap21 + p13ps1 — (P11p22 + p11ps3 + pa2ps3)
C = 1-(A+B)

The last assertion comes from the fact that P(1) = 0 so that A+ B 4+ C' = 1. We also have that
PO =(1-2) (M+(1-AA+C)

eea-avee= (o (54)' - (5 -

We also notice that

and

1-A = 1-((1—=pi2—p13) + (1 —pa1 —p23) + (1 — p31 — p32))
P12 + P21 + P13 + p31 + p32 + pag — 2
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This yields that
1—A
5 = 1—(q12 + q13 + qo23)

with
Gi,j = (Pij + Pji)/2
from which we prove that
1—A\? )
— = 1+ (qi2+qi3+q23)° —2(q12 + q13 + q23)
= 1+ (qu + Q%g + q§3) +2(q12q13 + q12G23 + q13G23)
—2(q12 + 13 + ¢23)

On the other hand, we have

pripe2 = (1 —p12 —p13)(1 — pa1 — p23)

= 1— (p12 +p13 + pa1 + p23) + (P12p21 + P12p23 + P13pP21 + P13p23)
p1ipss = (1 —pi2 —p13)(1 — p31 — p32)

= 1— (p12 +p13 + p31 + p32) + (P12p31 + P12p32 + P13pP31 + P13P32)
p2ep33s = (1 —pa1 —pa3)(1 — p31 — p32)

= 1 —(p21 + p23 + P31 + p32) + (P21p31 + P21P32 + P23P31 + P23Ps2)
from which we conclude that
B = paspss + pirapo1 + p13p31 — [p11p2e + p11p33 + pa2p3s]
= —3+4 (q2+q3+qa3)—D
with
D = (p12p23 + p21p32 + p12p32) + (p13p21 + p21p31 + p12p31)

+ (p13p23 + p23ps1 + Pi3p32)
We also have that

4q12q23 = (p12p23 + pP21p32 + P12p32) + P21023
41213 = (p21p13 + p21p31 + pi2ps1) + piapis
4q13g23 = (p13p23 + p23p31 + p13p32) + P31p32

from which we prove that
D = 4(q12q13 + q12q23 + q13923) — (P21P23 + P12p13 + P31D32)
(54
= (54) -1+ (4+B)
= (qiy + iz + 433) + 2 (qr2g13 + Q12423 + q13¢23) — 2(q12 + Q13 + ¢23)
+ (3 — (p12 + P21 + P13 + P31 + P32 + pa3))
—34+4 (qi2+q3+qe3) — D

= (¢}, + Q%s + q§3) — 2(qi2q13 + 912423 + q13923)

+ [p21p23 + pP12p13 + P31P32]
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This implies that

(“QA) —C = Alg) +5(p)

with the parameters

1
Ag) = 3 [(q12 — @13)% + (@12 — q23)° + (@13 — q23)°]
d(p) = [piepi3 — qi2q13] + [P21P23 — q21923] + [P31P32 — ¢31G32]

This implies that

A2 = (1 — (q12 + @13 + q23)) + V' A(q) +6(p)
A3 = (1 —(q12 + @13 + q23)) — VA(q) +6(p)

with the convention v/—a = iy/a, for any a > 0. In the reversible case, we have §(p) = 0 and

A2 = (1 — (p12 + p13 +p23)) + VA(p)
A3 = (1 — (p12 + p13+23)) — VA(p)

We also check that
1
A<le B [(p12 — p13)* + (p12 — p23)” + (p13 — p23)2} < (p12 + p13 + p23)

Since
3 [(p12 — p13)* + (p12 — p23)® + (13 — p23)?] — (P12 + P13 + Pa3)

= — (p12p13 + P12p23 + P13P23)

we conclude that A3 < Ao < Aq.
This ends the proof of the exercise.
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