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0 Introduction, motivations
@ Some notation
@ Running ex. : Feynman-Kac models
@ Nonlinear McKean type models
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E measurable state space, M(E) & P(E) measures & probabilities on E
B(E) bounded meas. functions

° (1f) e ME)XBE) ~ u(f)= [ n(dx) F(x

@ M(x, dy) integral operator over E

M(F)(x) = / M(x, dy)f(y)
M) = [ u(dOMedy) (= M) = WMD)

@ Composition: (M;M,)(x,dz) = /Ml(x, dy)Ma(y, dz)

@ Boltzmann-Gibbs transformation : G : E — [0, co[ with u(G) > 0

W () (dx) = ﬁ G(x) u(dx)
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Running example : Feynman-Kac integration models

@ Markov chain X, on some state spaces E,,, n=time index .

@ Potential functions G, : x, € E, = G,(x,) € [0,1]

Feynman-Kac path measures:

dQ, ::Zi II Go(Xo)p dPn with P, :=Law(Xo,...,Xn)

n 0<p<n

The n-time marginals: V£, € B(E,)

with  v,(fy) :==E | f(X H Gp(
0<p<n
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Example: Filtering, Hidden Markov Chains, Bayesian Inference

Signal-observation type model

P ((Xn, Yn) € d(x, )|(Xn-1, Yn-1)) := Mn(Xs-1, dx) gn(x,y) An(dy)

@ Given the observation sequence Y = y with G,(x,) = gn(Xn, ¥n)
Ny =Law(X, |YO<p<n Y,=y,) and Zn,i1 X pp(Yo,---:¥n)
@ In path space settings

Qn =Law((Xo, ..., Xn) | YO< p<n Y,=y,)

Other examples of conditioning;:

C rare event analysis, confinements problems, polymers, self-avoiding walks, ..

Ex: Gy =14 = Q, =Law((Xo.....X,) |[VO<p<n X, €A,)
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Some continuous time models

d

s Y:(f) := 7:(LY(f)) with the Schroedinger operator LY =L —V

@ Feynman-Kac representation v; = 7P with

PYA) = B, (f(x;> exp{_ / V) d})

0

= Ex fn(X[/t,,,l,t,,]) H Gp(Xp)

0<p<n

with X, = X[’t

@ Application areas : financial option pricing, ground state energies, particle
non absorption models, Yaglom type quasi-invariant measures...

— tht1 7 s
taq) AN Gn(Xy) = e Ju ™ V(X)ds,
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Some continuous time models |

(X,Y)=(Signal-Observation) X, = X

/
[tn ) tn+1]
Go(Xy) = elur ™ [H" (X )dYem 3 H () HIX; ()]

4
Qn = LaW((X[/O,th]) | YSa S S tn)

The tp,-marginals 7;, ~» Kushner-Stratonovich SPDE

t,

() = Vo F / " a(L(F))ds+ /

Note: Euler time discretization ~~ full discrete time model

and  dY; = H(X]) dt + o dV,

" [ns(H*F) — a(H*)e(F)] (dYs — o H)ds)
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3 Key observations

() = 77((’;)) with  va(f,) _E(f I 6 )

0<p<n

@ First important observation:

[ Xo = (X, X0) & Go(Xe) = GYXD)] = 1, =Q,

@ Second important observation:

Z,=7(1)=E H Gp(Xp) | = H 1p(Gp)

0<p<n 0<p<n

Proof:

'Yn(l) = 'Yn—l(Gn—l) = nn—l(Gn—l) ’Yn—l(l)
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3 Key observations

@ Third important observation: (H) M,(x, dx") = H,(x,x") A\p(dx’)

Qn(d(x0 -, %)) = = II Go(x) p Pa(d(xo,- .-, xn))

n 0<p<n
= Nn(dXn) Mny,_ (Xn, dXn—1) ... My o (X1, dxo)
with the backward Markov transitions :

n(dx")Gp—1(x") Ha(x', x)
1 (Gn-1 Hn(-,x))

M (%, dx") :=
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Nonlinear McKean type models

Flows of Feynman-Kac measures

@ A two step correction prediction model

Updating-correction Prediction/Markov transport
~

M ———————————"h = \UG,,(nn) Tn+1 = ﬁnMnJrl

@ Selection nonlinear transport formulae

Ve, (1) = NnSn,n,

with, for any €, € [0, 1]

Snn(X; +) = €aGn(x) 0x + (1 — €, Gp(x)) Vg, (1)

I
Nn+1 = Tn (517,77,, Mn+l) = nnKn+1,77,,
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e Mean field particle models
@ Nonlinear McKean distribution flows
@ Mean field particle interpretations
@ The 4 types of particle approximation measures
@ Some key advantages
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Nonlinear Markov chains 1, = Law(X,)=

@ Nonlinear transport formulae :
TIn+1 = 77nKn+1,nn
@ Local transitions :

P(X, € dx, | Xn_1) = K,,777n71(7,,_1, dx,) avec 1, 1 = Law(X,_1)

@ McKean measures (canonical process) :

Pr(d(xo, - -, %n)) = no(dxo) Kimo(x0,dx1) ... Knn,_ i (Xn—1, dxn)

Other examples : Gaussian-McKean Vlasov type transitions

Ynjtl =d, (yna 77n) +N(0, Qn)
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Mean field particle interpretations

Sampling pb ~ Mean field particle interpretations

@ Markov Chain &, = (&,...,&N)y e EN sit.

1
772’ ::N Z 6§’n =Ntoo Tn
1<i<N

@ Approximated local transitions (V1 < i < N)

51'.1—1 s g:r ~ Kn,n,’]"fl(a‘r—l’ an)
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Feynman-Kac models < Genetic type stochastic algo.

Mn+1

1 [~ 1
& & — &G
Spal
& | ——la — &n
N ' N
gn @V _— §n+1
L Sn

Accept/Reject-Selection : [Geometric clocks] [Confinement ex. : G, = 14]

St (€ ) = nGal€h) g, + (1 = nGal€) Ly sty
@ Unbias particle normalizing Cts

H n,’;V(Gp) -

0<p<n

D Particle filters, Diffusion Monte Carlo (DMC), Quantum Monte Carlo (QMC),
Sequential Monte Carlo methods (SMC), ...
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Interaction/branch. process < 4 types of occupation measures

(N =3) . o .« e
A
N

N
, 1
@ Current population — N Z emritn vithseel i ste 1 22

i=1
N

. 1
° GenealOglcal LIS N Z 6(&61"1§£Yn1~~»7££,’n)<*l—’th ancestral line = Qn

i=1

o Complete genealogical tree — % >V 5

@ Forward particle approximation ~ complete genealogical tree :

QnN(d(X(), 000 7Xn)) = 771/1V(dX") M”,W,/,V_l(

) ~ McKean meas.

Xn, dXp—1) . .. My v (x1, dxo)

V.
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Some key advantages

@ Mean field models=stochastic linearization/perturbation technique :

1
nrly = nrlyflKn,nQLl + ﬁ Wriv
with [theorem] (WN), ~ (W,), Indep. Centered Gaussian Fields.

@ 7y = Np—1Kny,_, stable = No propagation of local sampling errors
= Uniform control w.r.t. the time horizon

@ "No burning, no need to study the stability of MCMC type models”.
@ PDE viewpoint : Stochastic adaptive grid approximation
@ Nonlinear system ~~ " positive-benefic interactions.

@ Simple and natural sampling algorithm.
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e Convergence analysis
@ Feynman-Kac type models
@ Concentration inequalities
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Feynman-Kac models = rather complete analysis

[LDP,CLT, Propagation of chaos| (FK Springer 2004 +

@ Example: Empirical processes LL,-mean error estimates

sup sup VAT E sup (1) ~ ()P ) < o0

n>0 N>1 feF,

(New) Propagations of chaos (+Patras & Rubenthaler (AAP 10))

P,’){q = Law(f,l,, ooogld)
~ n®9 4+ % MPrg+...+ % O Ppg+ Nk+1 FTPY,
with supys; [0TIPN ||ty < 00 & sup,=ol|0'Py, <c g
(New) Additive functional (+ Doucet & Singh M2AN 10) :
E ([(@7 - Qn)(Fa)*) < ¢ x (1/n+1/N) J

19 /23
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Concentration inequalities

@ Large deviation principles

[joint works with D. Dawson (Springer 05), A. Guionnet (SPA 98,IHP
01), T. Zajic (Bernoulli 03)]

. 1 1
~ sup lim sup N logP | sup = Z |n2’(Ak) —np(A)| > e | < —€2/8()
n>0 N—oo p<n 1<k<d
with 3(®) related to the contraction properties of the sg ®, ,(17,) = 7.

@ Non asymptotic estimates

[joint wortks with M. Ledoux (JTP 00), A. Doucet & S.Singh
(Feynman-Kac path space models & Additive functionals) (M2AN-10)]

1 N b 2 2
- sup g P (1Y - @ul(Fa)| 2 2= +¢) < -8
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Concentration inequalities ~ stability prop. semigroups ®, (7,) = 71,
[+ E. Rio (HAL-INRIA 09 & AAP 10) D FK and McKean-Vlasov type models ]

(HO) VD, s.t. @pn(n)=Pp (i) =[—p]l  Du®pn + Rp,n(n; 1)
—— —

1st order op. 2nd order (n—u)®2(...)

Example : FK semigroups:
®pn(M(f) x nQpn(f) with  Qpn(f) =Epx, | £(Xn) H Gq(Xq)
p<q<n
Taylor expansion = (H®)

[®p,n(pe + ) = Ppn()] () o (fi+ ) Qpn[f = Ppn(p)(F)]
x €xvD,®,,(f)

with the operator D, ®pn o< Qpnlld —Ppn(p)

v
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Concentration inequalities ~ stability prop. semigroups ®, ,(7,) = 1,
[Theo:] (H®) = Vx > 0, the probability of the next events is > 1 — e™*

(7 = ma)(f) < L,\r} (1 +€O_1(X)) +72 b €t (l\l);2> [Bennett (r = 0)]

n

(n,',v —n)(f) < r—,\'} (1 +e \/7 B [Hoeffding (r = 0)]

with

eo(AN)==z(A—log(1+ X)), a)=@+A)log(l+A)—A

N~

Cts :

rn ~ bias second order & @, 3, b, ~ Dobrushin coef. 1st order operators.

Note : Crude bounds

) <2x+2vx g '(x) < x/3+V2x  ~ [Bernstein]
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Application : Time homogeneous Feynman-Kac models (M, G)

(H)3m : M™(x,:) >e M™(y,:) and §:=sup H (G(x5)/G(yp)) < 0

0<p<m

[Corollary:]

Vx > 0, Y time horizon n, the probability of the next eventsis > 1— e~

(1 —na)(F) < %’ (1+6'(x) +8aqt (4%/\/)

- < (i) 122

with a < m (§/€)® and b < m (§/€)*.
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