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Abstract

This monograph presents some new concentration inequalities for
Feynman-Kac particle processes. We analyze different types of stochas-
tic particle models, including particle profile occupation measures,
genealogical tree based evolution models, particle free energies, as well
as backward Markov chain particle models. We illustrate these results
with a series of topics related to computational physics and biology,
stochastic optimization, signal processing and Bayesian statistics, and
many other probabilistic machine learning algorithms. Special empha-
sis is given to the stochastic modeling, and to the quantitative perfor-
mance analysis of a series of advanced Monte Carlo methods, including
particle filters, genetic type island models, Markov bridge models, and
interacting particle Markov chain Monte Carlo methodologies.



1

Stochastic Particle Methods

1.1 Introduction

Stochastic particle methods have come to play a significant role in
applied probability, numerical physics, Bayesian statistics, probabilistic
machine learning, and engineering sciences.

They are increasingly used to solve a variety of problems, includ-
ing nonlinear filtering equations, data assimilation problems, rare event
sampling, hidden Markov chain parameter estimation, stochastic con-
trol problems and financial mathematics. To name a few, They are
also used in computational physics for free energy computations, and
Schrodinger operator’s ground states estimation problems, as well as
in computational chemistry for sampling the conformation of polymers
in a given solvent.

To illustrate these methods, we start with a classical filtering exam-
ple. We consider a Markov chain X}, taking values in R?, with prior
transitions given by

P(Xy € doy, | Xp—1 = xp—1) = pr(xg|ap—1) doy, (1.1)

226
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Using some slight abuse of Bayesian notation, the observations Y; are
R% -valued random variables defined in terms of the likelihood functions

P(Yy, € dy | Xk = zx) = pr(yrlzr) dyr, (1.2)

In the above display, dry and dy, stand for the Lebesgue measures
in R? and R?. To compute the conditional distribution of the signal
path sequence (Xo,...,X,), given the observations (Yp,...,Y,), we can
use the genealogical tree model associated with a genetic type inter-
acting particle model. This genetic algorithm is defined with mutation
transitions according to 1.1, and proportional selections with regard to
(w.r.t.) the fitness functions 1.2. The occupation measures of the cor-
responding genealogical tree provides an approximation of the desired
conditional distributions of the signal. More generally, for any function
f on the path space we have

N
lim }V;famen(i)) ZE(f(Xor o Xn) Yo = 90r - Ya = pa)  (13)

where line, (7) stands for the i—th ancestral line of the genealogical
tree, at time n.

More refined particle filters can be designed, including fixed param-
eter estimates in hidden Markov chain models, unbiased particle esti-
mates of the density of the observation sequence, and backward smooth-
ing models based on complete ancestral trees. Section 2 presents a more
rigorous and detailed discussion on these topics.

Rigorous understanding of these new particle Monte Carlo method-
ologies leads to fascinating mathematics related to Feynman-Kac path
integral theory and their interacting particle interpretations [17, 20, 38].
In the last two decades, this line of research has been developed by
using methods from stochastic analysis of interacting particle systems
and nonlinear semigroup models in distribution spaces, but it has also
generated difficult questions that cannot be addressed without devel-
oping new mathematical tools.

Let us survey some of the important challenges that arise.

For numerical applications, it is essential to obtain nonasymptotic
quantitative information on the convergence of the algorithms. For
instance, in the filtering problem presented at beginning of this section,
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it is important to quantify the performance of the empirical particle
estimate in 1.3. Asymptotic theory, including central limit theorems,
moderate deviations, and large deviations principles have clearly lim-
ited practical values. An overview of these asymptotic results in the
context of mean field and Feynman-Kac particle models can be found
in the series of articles [13, 28, 29, 33, 41, 43].

Furthermore, when solving a given concrete problem, it is impor-
tant to obtain explicit nonasymptotic error bounds estimates to ensure
that the stochastic algorithm is provably correct. While non asymptotic
propagation of chaos results provides some insights on the bias prop-
erties of these models, it rarely provides useful effective convergence
rates.

Last but not least, it is essential to analyze the robustness prop-
erties, and more particularly the uniform performance of particle
algorithms w.r.t. the time horizon. By construction, these important
questions are intimately related to the stability properties of com-
plex nonlinear Markov chain semigroups associated with the limit-
ing measure valued process. In the filtering example illustrated in this
section, the limiting measure valued process is given by the so-called
nonlinear filtering equation. In this context, the stability property of
these equations ensures that the optimal filter will correct any erroneous
initial conditions. This line of thought has been further developed in
the articles [13, 31, 38, 40|, and in the books [17, 20].

Without any doubt, one of the most powerful mathematical tools
to analyze the deviations of Monte Carlo based approximations is the
theory of empirical processes and measure concentration theory. In the
last two decades, these new tools have become one of the most impor-
tant steps forward in infinite dimensional stochastic analysis, advanced
machine learning techniques, as well as in the development of a statis-
tical non asymptotic theory.

In recent years, much effort has been devoted to describing the
behavior of the supremum norm of empirical functionals around the
mean value of the norm. For an overview of these subjects, we refer
the reader to the seminal books of Pollard [81], Van der Vaart and
Wellner [93], Ledoux and Talagrand [72], the remarkable articles by
Giné [56], Ledoux [70, 71], and Talagrand [90, 91, 92|, and the more



1.1 Introduction 229

recent article by Adamczak [1]. The best constants in Talagrand’s con-
centration inequalities were obtained by Klein and Rio [67]. In this
article, the authors proved the functional version of Bennett’s and
Bernstein’s inequalities for sums of independent random variables.

Two main difficulties we encountered in applying these concentra-
tion inequalities to interacting particle models are of different order:

First, all of the concentration inequalities developed in the literature
on empirical processes still involve the mean value of the supremum
norm empirical functionals. In practical situations, these tail style
inequalities can only be used if we have some precise information on the
magnitude of the mean value of the supremum norm of the functionals.

On the other hand, the range of application of the theory of
empirical processes and measure concentration theory is restricted
to independent random samples, or equivalently product measures,
and more recently to mixing Markov chain models. In the reverse
angle, stochastic particle techniques are not based on fully independent
sequences, nor on Markov chain Monte Carlo principles, but on inter-
acting particle samples combined with complex nonlinear Markov chain
semigroups. More precisely, in addition to the fact that particle models
are built sequentially using conditionally independent random samples,
their respective conditional distributions are still random. Also, in a
nonlinear way, they strongly depend on the occupation measure of the
current population.

In summary, the concentration analysis of interacting particle pro-
cesses requires the development of new stochastic perturbation style
techniques to control the interaction propagation and the degree of
independence between the samples.

Del Moral and Ledoux [36] extend empirical processes theory to
particle models. In this work, the authors proved Glivenko-Cantelli and
Donsker theorems under entropy conditions, as well as nonasymptotic
exponential bounds for Vapnik-Cervonenkis classes of sets or functions.
Nevertheless, in practical situations these non asymptotic results tend
to be a little disappointing, with very poor constants that degenerate
w.r.t. the time horizon.

The second most important result on the concentration properties
of the mean field particle model is found in [40]. This article is only
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concerned with the finite marginal model. The authors generalize the
classical Hoeffding, Bernstein and Bennett inequalities for independent
random sequences to interacting particle systems.

In this monograph, we survey some of these results, and we pro-
vide new concentration inequalities for interacting empirical processes.
We emphasize that this review does not give a comprehensive treat-
ment of the theory of interacting empirical processes. To name a few
missing topics, we do not discuss large deviation principles w.r.t. the
strong 7-topology, Donsker type fluctuation theorems, moderate devi-
ation principles, and continuous time models. The first two topics are
developed [17], the third one is developed in [32], the last one is still
an open research subject.

Here, we emphasize a single stochastic perturbation method, with
second-order expansion entering the stability properties of the limiting
Feynman-Kac semigroups. The concentration results attained are prob-
ably not the best possible of their kind. We have chosen to strive for just
enough generality to derive useful and uniform concentration inequal-
ities w.r.t. the time horizon, without having to impose complex and
often unnatural regularity conditions to squeeze them into the general
theory of empirical processes.

Some of the results are borrowed from [40], and many others are
new. This monograph should be complemented with the books and
articles [17, 20, 31, 44]. A very basic knowledge in statistics and machine
learning theory will be useful, but not necessary. Good backgrounds in
Markov chain theory and in stochastic semigroup analysis are necessary.

We have done our best to give a self-contained presentation, with
detailed proofs. However, we assume some familiarity with Feynman-
Kac models, and basic facts on the theory of Markov chains on abstract
state spaces. Only in subsection 4.6.1, have we skipped the proof of
some tools from convex analysis. We hope that the essential ideas are
still accessible to the readers.

It is clearly not the scope of this monograph to give an exhaus-
tive list of references to articles in computational physics, engineering
sciences, and machine learning, presenting heuristic-like particle algo-
rithms to solve a specific estimation problem. With a few exceptions, we
have only provided references to articles with rigorous and well founded
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mathematical treatments on particle models. We apologize in advance
for possible errors, or for references that have been omitted due to the
lack of accurate information.

This monograph grew from series of lectures the first author gave
in the Computer Science and Communications Research Unit, of the
University of Luxembourg in February and March 2011. They were
reworked, with the addition of new material on the concentration of
empirical processes for a course given at the Sino-French Summer
Institute in Stochastic Modeling and Applications (CNRS-NSFC Joint
Institute of Mathematics), held at the Academy of Mathematics and
System Science, Beijing, in June 2011. The Summer Institute was
ably organized by Fuzhou Gong, Ying Jiao, Gilles Pages, and Mingyu
Xu, and the members of the scientific committee, including Nicole El
Karoui, Zhiming Ma, Shige Peng, Liming Wu, Jia-An Yan, and Nizar
Touzi. The first author is grateful to them for giving to him the oppor-
tunity to experiment on a receptive audience with material not entirely
polished.

In reworking the lectures, we have tried to resist the urge to push
the analysis to general classes of mean field particle models, in the spirit
of the recent joint article with E. Rio [40]. Our principal objective has
been to develop just enough analysis to handle four types of Feynman-
Kac interacting particle processes, namely, genetic dynamic population
models, genealogical tree based algorithms, particle free energies, as
well as backward Markov chain particle models. These application
models do not exhaust the possible uses of the theory developed in
these lectures.

1.2 A Brief Review on Particle Algorithms

Stochastic particle methods belong to the class of Monte Carlo
methods. They can be thought of as a universal particle methodology
for sampling complex distributions in highly dimensional state spaces.

We can distinguish two different classes of models, namely, diffu-
sion type interacting processes, and interacting jump particle models.
Feynman-Kac particle methods belongs to the second class of models,
with rejection-recycling jump type interaction mechanisms. In contrast
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to conventional acceptance-rejection type techniques, Feynman-Kac
particle methods are equipped with an adaptive and interacting recy-
cling strategy.

The common central feature of all the Monte Carlo particle method-
ologies developed so far is to solve discrete generation, or continu-
ous time integro-differential equations in distribution spaces. The first
heuristic-like description of these probabilistic techniques in mathemat-
ical physics goes back to the Los Alamos report [49], and the article by
Everett and Ulam in 1948 [48], and the short article by Metropolis and
Ulam [79], published in 1949.

In some instances, the flow of measures is dictated by the problem at
hand. In advanced signal processing, the conditional distributions of the
signal, given partial and noisy observations, are given by the so-called
nonlinear filtering equation in distribution space (see for instance [15,
16, 17, 20, 38|, and references therein).

Free energies and Schrodinger operator’s ground states are given by
the quasi-invariant distribution of a Feynman-Kac conditional distri-
bution flow of non absorbed particles in absorbing media. We refer the
reader to the articles by Cances, Jourdain and Lelievre [5], E1 Makrini,
Jourdain and Lelievre [46], Rousset [85], the pair of articles of Del
Moral with Miclo [38, 39], with Doucet [19], and the book [17], and the
references therein.

In mathematical biology, branching processes and infinite popula-
tion models are also expressed by nonlinear parabolic type integro-
differential equations. Further details on this subject can be found in
the articles by Dawson and his co-authors [11, 12, 14], the works of
Dynkin [45], and Le Gall [69], and more particularly the seminal book
of Ethier and Kurtz [47], and the pioneering article by Feller [50].

In other instances, we formulate a given estimation problem
in terms of a sequence of distributions with increasing complexity
on state space models with increasing dimension. These stochastic
evolutions can be related to decreasing temperature schedules in
Boltzmann-Gibbs measures, multilevel decompositions for rare event
excursion models on critical level sets, decreasing subsets strategies
for sampling tail style distributions, and many other sequential
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importance sampling plans. For a more thorough discussion on these
models we refer the reader to [21].

From a purely probabilistic point of view, any flow of probability
measures can be interpreted as the evolution of the laws of the random
states of a Markov process. In contrast to conventional Markov chain
models, the Markov transitions of these chains may depend on the dis-
tribution of the current random state. The mathematical foundations
of these discrete generation models began in 1996 in [15] within the
context of nonlinear filtering problems. Further analysis was developed
in [38]. For a more thorough discussion on the origin and the perfor-
mance analysis of these discrete generation models, we also refer the
reader to the book [17], and the joint articles Del Moral with Guionnet
[28, 29, 30, 31], and with Kouritzin [35].

The continuous time version of these nonlinear type Markov chain
models take their origins from the 1960s, with the development of fluid
mechanisms and statistical physics. We refer the reader to the pio-
neering works of McKean [61, 63], as well as the more recent treat-
ments by Bellomo and Pulvirenti [3, 4], the series of articles by Graham
and Méléard on interacting jump models [58, 59, 82|, the articles by
Méléard on Boltzmann equations [75, 76, 77, 78|, and the lecture notes
of Sznitman [89], and references therein.

In contrast to conventional Markov chain Monte Carlo techniques,
these McKean type nonlinear Markov chain models can be thought of
as perfect importance sampling strategies, in the sense that the desired
target measures coincide at any time step with the law of the random
states of a Markov chain. Unfortunately, as we mentioned above, the
transitions of these chains depend on the distributions of their random
states. Thus, they cannot be sampled without an additional level of
approximation. One natural solution is to use a mean field particle
interpretation model. These stochastic techniques belong to the class of
stochastic population models, with free evolutions mechanisms, coupled
with branching and/or adaptive interacting jumps. At any time step,
the occupation measure of the population of individuals approximates
the solution of the nonlinear equation, when the size of the system
tends to oco.
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In genetic algorithms and sequential Monte Carlo literature, the
reference free evolution model is interpreted as a reference sequence
of twisted Markov chain samplers. These chains are used to perform
the mutation/proposal transitions. As in conventional Markov chain
Monte Carlo methods, the interacting jumps are interpreted as an
acceptance-rejection transition, equipped with sophisticated interact-
ing and adaptive recycling mechanism. In Bayesian statistics and engi-
neering sciences, the resulting adaptive particle sampling model is often
coined as a sequential Monte Carlo algorithm, genetic procedure, or
simply a Sampling Importance Resampling method, mainly because it
is based on importance sampling plans and online approximations of a
flow of probability measures.

Since the 1960s, the adaptive particle recycling strategy has also
been associated, in biology and engineering science, with several
heuristic-like paradigms, with a proliferation of botanical names,
depending on the application area in which they are considered: boot-
strapping, switching, replenishing, pruning, enrichment, cloning, recon-
figurations, resampling, rejuvenation, acceptance/rejection, spawning.

Of course, the idea of duplicating online better-fitted individuals
and moving them one step forward to explore state-space regions is the
basis of various stochastic search algorithms, such as:

Particle and bootstrap filters, Rao-Blackwell particle filters, sequen-
tial Monte Carlo methods, sequentially interacting Markov chain Monte
Carlo methods, genetic type search algorithms, Gibbs cloning search
techniques, interacting simulated annealing algorithms, sampling-
importance resampling methods, quantum Monte Carlo walkers,
adaptive population Monte Carlo sampling models, and many others
evolutionary type Monte Carlo methods.

For a more detailed discussion on these models, with precise refer-
ences, we refer the reader to the three books [17, 20, 44].

1.3 Feynman-Kac Path Integrals

Feynman-Kac measures represent the distribution of the paths of
a Markov process, weighted by a collection of potential functions.
These functional models encapsulate traditional changes of probability
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measures, commonly used in importance sampling, posterior distribu-
tions in Bayesian statistics, and the optimal filter in nonlinear filtering
problems.

These stochastic models are defined in terms of only two ingredients:

A Markov chain X,,, with Markov transition M, on some measur-
able state spaces (E,,&,) with initial distribution 79, and a sequence
of (0,1]-valued potential functions Gy, on the set E,.

The Feynman-Kac path measure associated with the pairs (M, G,,)
is the probability measure QQ,, on the product state space

E,:=(Ey x ... x Ey)

defined by the following formula

dQn = =1 [ Gp(Xp) pdPy (1.4)

n 0<p<n

where Z,, is a normalizing constant and PP, is the distribution of the
random paths

X = (Xo,...,Xn) € E,

of the Markov process X, from the origin p = 0 with initial distribution
7o, up to the current time p = n. We also denote by

r,=2,Q, (1.5)

its unnormalized version.
The prototype model we have in mind is the traditional particle
absorbed Markov chain model

absorption ~(1-Gy) <. exploration ~Mp41 c

X¢ € ES :=E, U{c} X <
(1.6)

The chain X, starts at some initial state X§ randomly chosen with
distribution ng. During the absorption stage, we set )?fL = X¢ with
probability G, (X,,), otherwise we put the particle in an auxiliary ceme-
tery state )?5 = c. When the particle )?ﬁ is still alive (that is, if we have
)?fl € E,), it performs an elementary move )/(\'ﬁ ~» X7 11 according to the
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Markov transition M, 1. Otherwise, the particle is absorbed and we
set X7 = )/(\'5 = ¢, for any time p > n.

If we let T' be the first time )?TCL = ¢, then we have the Feynman-Kac
representation formulae

Qpn = Law((Xg,...,X,) | T>n) and Z, =Proba(T >n).

For a more thorough discussion on the variety of application domains
of Feynman-Kac models, we refer the reader to Section 2.

We also denote by 1, and vy, the n-th time marginal of Q,, and T',,.
It is a simple exercise to check that

Yo =Tn-1Qn and Mpy1 = Ppp1(ny) = Ve, (M) M1 (1.7)

with the positive integral operator
Qn(z,dy) = Gn-1(z) My(z,dy)

and the Boltzmann-Gibbs transformation

Y, (M) (dx) = G ()1 (dx). (1.8)

b
N (Gn)

In addition, the normalizing constants Z, can be expressed in terms
of the flow of marginal measures 7,, from the origin p =0 up to the
current time n, with the following multiplicative formulae:

Zpi=71) =E H Gp(Xp) | = H Mp(Gp). (1.9)

0<p<n 0<p<n

This multiplicative formula is easily checked using the induction

'YnJrl(l) = 'Yn(Gn) = nn(Gn)’yn(l)'

The abstract formulae discussed above are more general than they
may appear. For instance, they can be used to analyze, without further
work, path spaces models, including historical processes or transition
space models, as well as finite excursion models. These functional
models also encapsulate quenched Feynman-Kac models, Brownian
type bridges and linear Gaussian Markov chains conditioned on starting
and end points.
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For a more thorough discussion on these path space models, we refer
the reader to subsections 2.4 and 2.6, Chapters 11-12 in the book [17],
as well as to the Section 2, in this monograph.

When the Markov transitions M, are absolutely continuous with
respect to some measures \, on E,, and for any (z,y) € (E,—1 X E,)
we have

dMy(z,.)

H,(z,y) = (y) > 0. (1.10)

We also have the following backward formula
Qn(d(zo,...,xn)) = np(dxy) H aq1(Tgq,dTg 1) (1.11)

with the collection of Markov transitions defined by

M1, (2, dy) < Gp(y)Hpt1(y, )0 (dy). (1.12)

The proof of this formula is postponed to subsection 3.2.

Before launching into the description of the particle approximation
of these models, we end this subsection with some connexions between
discrete generation Feynman-Kac models and more conventional con-
tinuous time models arising in physics and scientific computing.

The Feynman-Kac models presented above play a central role in
the numerical analysis of certain partial differential equations, offering
a natural way to solve these functional integral models by simulat-
ing random paths of stochastic processes. These Feynman-Kac models
were originally presented by Mark Kac in 1949 [66] for continuous time
processes.

These continuous time models are used in molecular chemistry
and computational physics to calculate the ground state energy of
some Hamiltonian operators associated with some potential function
V describing the energy of a molecular configuration (see, for instance,
[5, 17, 39, 46, 85], and references therein). To better connect these
partial differential equation models with (1.4), let us assume that
M, (xp—1,dxy,) is the Markov probability transition X,, = zp, ~ Xp41 =
Tpy1 coming from a discretization in time X, = X/ of a continuous
time E-valued Markov process X/ on a given time mesh (t,),>0 with
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a given time step (¢, — t,—1) = At. For potential functions of the form
G, = e_VAt, the measures Qp, ~a;—0 Q;, represent the time discretiza-
tion of the following distribution:

1 t /
dQ; = = exp / V(X!)ds ) dPX
Z 0

where PX’ stands for the distribution of the random paths (X’)o<s<t
with a given infinitesimal generator L. The marginal distributions ~; at
time ¢ of the unnormalized measures Z; dQ; are the solution of the so-
called imaginary time Schrodinger equation, given in weak formulation
on sufficiently regular function f by the following integro—differential
equation

d

Sou(f) =LV () with LV =LV,

The errors introduced by the discretization of the time are well under-
stood for regular models; we refer the interested reader to [34, 42, 68, 80]
in the context of nonlinear filtering.

1.4 Interacting Particle Systems

Our aim here is to design an interacting particle approximation of the
Feynman-Kac measures introduced in the previous subsection. These
particle methods can be interpreted in different ways, depending on the
application domain in which they are considered.

In the filtering example presented at the beginning of this mono-
graph, these particle algorithms can be seen as a stochastic adaptive
fixed approximation of the filtering equations. From a purely statisti-
cal point of view, these algorithms can also be seen as a sophisticated
acceptance-rejection technique with an interacting recycling transition.

The particle model is defined as follows:

We start with a population of N candidate possible solutions
(&,...,&) randomly chosen w.r.t. some distribution 7.

The coordinates 56 are also called individuals or phenotypes, with
1 < N. The random evolution of the particles is decomposed into two
main steps : the free exploration and the adaptive selection transition.
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During the updating-selection stage, multiple individuals in the cur-
rent population (£!,..
based on the fitness function G,,. In practice, we choose a random pro-
portion B! of an existing solution ¢ in the current population with a

mean value o< G, (&) to breed a brand new generation of “improved”

LENY at time n € N are stochastically selected

solutions (E}L,,Ejj ). For instance, for every index 4, with a proba-
bility €,Gn(£L), we set E;L = ¢! otherwise we replace ¢! with a new
individual E;L =¢ randomly chosen from the whole population with
a probability proportional to Gn(g%). The parameter ¢, > 0 is a tun-
ing parameter that must satisfy the constraint €,G,, (&) < 1, for every
1 <i < N. During the prediction-mutation stage, every selected indi-
vidual @1 moves to a new solution &, ; = z randomly chosen in E, 1,
with a distribution M1 (&%, dx).

If we interpret the updating-selection transition as a birth and death
process, then the important notion of the ancestral line of a current
individual arises. More precisely, when a particle E;H — €& evolves
to a new location &%, we can interpret E}H as the parent of & . Looking
backwards in time and recalling that the particle 3:1_1 has selected a
site ffhl in the configuration at time (n — 1), we can interpret this site
53;_1 as the parent of g’z_l and therefore as the ancestor denoted f};_lm
at level (n — 1) of &,. Running backwards in time we may trace the
whole ancestral line as

é(iJ,n — ‘fi,n o g?i—l,n — 5721,71 = ‘f; (113)

Most of the terminology we have used is drawn from filtering and
genetic evolution theories.

In the filtering example presented in the subsection 1.1, the former
particle model is dictated by the two steps prediction-updating learning
equations of the conditional distributions of the signal process X, given
some noisy and partial observations Y. In this setting, the potential
functions represent the likelihood function of the current observation,
while the free exploration transitions are related to the Markov transi-
tions of the signal process. More formally, using the notation we used
in example (1.2), we have:

dpi(xr|zr—1) = My (x)—1|78)
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and

e (YklTr) = Gr(zy).

In biology, the mutation-selection particle model presented above
is used to mimic genetic evolutions of biological organisms and, more
generally, natural evolution processes. For instance, in gene analysis,
each population of individuals represents a chromosome and each indi-
vidual particle is called a gene. In this setting the fitness potential
function is usually time-homogeneous and it represents the quality and
the adaptation potential value of the set of genes in a chromosome [62].
These particle algorithms are also used in population analysis to model
changes in the structure of population in time and in space.

The different types of particle approximation measures associated
with the genetic type particle model described above are summarized
in the following synthetic picture corresponding to the case N = 3.

L,
N

In the next four subsections we give an overview of the four parti-
cle approximation measures that can be extracted from the interact-
ing population evolution model described above. We also provide some
basic formulation of the concentration inequalities that will be treated
in greater detail later. As a service to the reader we also provide precise
pointers to their location within each section of the monograph.

We have already mentioned that the proofs of these results are quite
subtle. In the further development of the next subsections, ci1 stands
for a finite constant related to the bias of the particle model, while co
is related to the variance of the scheme. The value of these constants
may vary from one line to another, but in all the situations they do not
depend on the time parameter.

The precise form of the constants in these exponential inequali-
ties depends on the contraction properties of Feynman-Kac flows. Our
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stochastic analysis requires us to combine the stability properties of the
nonlinear semigroup of the Feynman-Kac distribution flow 7,,, with the
deep convergence results of empirical processes theory associated with
interacting random samples.

1.4.1 Last Population Models

The occupation measures of the current population, represented by the
red dots in the above figure

1 N
N . _ .
= NZ;%
1=

converge to the n-th time marginals 7, of the Feynman-Kac mea-
sures Q,,. We shall measure the performance of these particle estimates
through several concentration inequalities, with a special emphasis on
uniform inequalities w.r.t. the time parameter. Our results will basi-
cally be stated as follows.

1) For any time horizon n > 0, any bounded function f, any N > 1,
and for any = > 0, the probability of the event

Y =l () < L+ @+ Vo) + v

VN

is greater than 1 — e™*.

We have already mentioned one important consequence of these
uniform concentration inequalities for time homogeneous Feynman-Kac
models. Under some regularity conditions, the flow of measures 7,, tends
to some fixed point distribution 7)., in the sense that

11 — Noollew < €3 €707 (1.14)

for some finite positive constants c¢g and 0. In the above display
|lv — pllt stands for the total variation distance. The connexions
between these limiting measures and the top of the spectrum of
Schrodinger operators is discussed in subsection 2.7.1. We also refer
the reader to subsection 2.7.2 for a discussion on these quasi-invariant
measures and Yaglom limits. Quantitative contraction theorems for
Feynman-Kac semigroups are developed in subsection 3.4.2. As a direct
consequence of the above inequalities, we find that for any = > 0, the
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probability of the following events is greater than 1 — e™%:

70— meo) (f) < %(1 +x+Vz) + 672\/5%— c3e” 0",

VN
2) For any = (2;)1<i<a € Fn = R, we set (—o00, 7] = H‘ijzl(—oo,:):i]
and we consider the repartition functions

Fn($) = nn(l(—oo,a:]) and Fév(l‘) = 77711\7(1(—00,:5})

The probability of the following event

VN|EN = F,|| < e\/d(z + 1)

* for any x > 0, for some universal constant

is greater than 1 — e~
¢ < 0o that does not depend on the dimension, nor on the time param-
eter. In the above display ||F|| =sup, |F(z)| stands for the uniform

norm. Furthermore, under the stability properties (1.14), if we set

Foo(x) = noo(l(foo,as})
then, the probability of the following event
c
VN

is greater than 1 — e™*, for any x > 0, for some universal constant
¢ < oo that does not depend on the dimension.

|EN — Fy| < d(z + 1) + cze™"

T

For more precise statements, we refer the reader to Corollary 6.4,
and Corollary 6.9, respectively.

The concentration properties of the particle measures 1Y around
their limiting values are developed in Section 6. In subsection 6.3,
we design a stochastic perturbation analysis that allows us to enter
the stability properties of the limiting Feynman-Kac semigroup. Finite
marginal models are discussed in subsection 6.4.1. Subsection 6.4.2 is
concerned with the concentration inequalities of interacting particle
processes w.r.t. some collection of functions.

1.4.2 Particle Free Energy Models

Mimicking the multiplicative formula (1.9), we set

zV =TI »'(Gp) and ~)(dz) = Z) x ) (dw). (1.15)
0<p<n
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We have already mentioned that these rather complex particle mod-
els provide an unbiased estimate of the unnormalized measures. That
is, we have that

E Ury(fn) H ﬁéV(Gp) =E | fu(Xn) H Gp(Xp) | - (1.16)
0<p<n 0<p<n
The concentration properties of the unbiased particle free energies
ZY around their limiting values Z, are developed in subsection 6.5.
Our results will basically be stated as follows.
For any N > 1, and any € € {+1,—1}, the probability of each of the
following events

‘o Z’]“V<Cl(1+a:+\/§)+ 2z
n oz, =N JN

is greater than 1 —e™®. A more precise statement is provided in
Corollary 6.14.

1.4.3 Genealogical Tree Model

The occupation measure of the N-genealogical tree model represented
by the lines linking the blue dots converges as N — oo to the distribu-

tion Q,,

N—o0

N

1

lim > 06 i) = Qo (1.17)
=1

Our concentration inequalities will basically be stated as follows.
A more precise statement is provided in Corollary 6.5.

For any n > 0, any bounded function f, on the path space Ey,
such that (s.t.) ||fa]| < 1, and any N > 1, the probability of each of the
following events

1N .
N an(ganvfi,nv s 75721,71) - Qn(fn)]
i=1

sﬁ”;l(l + 2+ /7) +c2\/(”;1)ﬁ

is greater than 1 — e™*.
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The concentration properties of genealogical tree occupation mea-
sures can be derived more or less directly from those of the current
population models. This rather surprising assertion comes from the
fact that the n-th time marginal 7, of a Feynman-Kac measure asso-
ciated with a reference historical Markov process has the same form
as in the measure (1.4). This equivalence principle between Q,, and
the marginal measures are developed in subsection 3.2, dedicated to
historical Feynman-Kac models.

Using these properties, we prove concentration properties for inter-
acting empirical processes associated with genealogical tree models.
Our concentration inequalities will basically be stated as follows.
A more precise statement is provided in subsection 6.4.2. We let F,
be the set of product functions of cell indicators in the path space
E, = (R® x ...,xR%), for some d, > 1, p > 0. We also denote by 1.’
the occupation measure of the genealogical tree model. In this notation,
the probability of the following event

sup |1 () — Qu(fu)| < c(n + 1>\/ Zospene 1)
fueFn

T

is greater than 1 — e, for any x > 0, for some universal constant

¢ < 0o that does not depend on the dimension.

1.4.4 Complete Genealogical Tree Models
Mimicking the backward model (1.11) and the above formulae, we set
Y =2z < QY (1.18)
with
QN (d(zo, ... xn)) = nN (dzy) HMWL (24,dq 7).
q=1

Notice that the computation of sums w.r.t. these particle measures
are reduced to summations over the particle locations & . It is therefore
natural to identify a population of individuals (£.,...,&Y) at time n
to the ordered set of indexes {1,...,N}. In this case, the occupation
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measures and the functions are identified with the following line and
column vectors

1 1
777]1\[:: [N’W’N] and f,:=

fn(&r)

Fa(€Y)

and the matrices M, ,~ by the (N x N) matrices
Mn nN | (57117 711—1) e Mn,nﬁll(frlwgyjlv—l)

= : (1.19)
Mnnn l(gn’ n— 1) (§n7 n— 1)

with the (i, j)-entries

N
n’"n—l

77771 1

G 1(31 1) ( 1=§n) ‘
Zk 1 Gn— 1( 5—1) n( n—17§%)

For instance, the Q,-integration of normalized additive linear function-

Mnnn 1(5717 n— 1)

als of the form

fn(l‘o, vy L

(1.20)
0<p<n

is given the particle matrix approximation model

Q) (£,)

nory Moy - My (fp)-
0<p<n

These type of additive functionals arise in the calculation of the
sensitivity measures discussed in subsection 2.4.1.

The concentration properties of the particle measures QY around
the Feynman-Kac measures Q,, are developed in subsection 6.6. Spe-
cial emphasis is given to the additive functional models (1.20). In
subsection 6.6.3, we extend the stochastic perturbation methodology
developed in subsection 6.3 for time marginal models to the particle
backward Markov chain associated with the random stochastic matrices
(1.19). This technique allows us to enter not only the stability prop-
erties of the limiting Feynman-Kac semigroup, but also those of the
particle backward Markov chain model.
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Our concentration inequalities will basically be stated as follows.
A more precise statement is provided in Corollary 6.20 and in Corol-
lary 6.24.

For any n > 0, any normalized additive functional of the form (1.20),
with maxg<p<p || fp]| <1, and any N > 1, the probability of each of the
following events

1 T

Q) ~ Qi) Serp (L o+ V) + ey [ ey

is greater than 1 — e™".

For any a = (ai)1<i<q € En = R?, we denote by C, the cell

d

Cy = (—00,a] = H(—oo,ai]

i=1
and f, ,, the additive functional
1
fa7n($0>"'7$n) = Z 1(—00,(1} (xp)

n+1
L o5en

The probability of the following event

d

sup |Q) (fan) — Qu(fan)| < ¢/ (@ +1)
a€Rd

is greater than 1 — e™*, for any x > 0, for some constant ¢ < co that
does not depend on the dimension, nor on the time horizon.

Remark 1.1. One way to turn all of these inequalities into of Bern-
stein style concentration inequalities is as follows. For any exponential
inequality of the form

V>0 P(X<ar+V2br+c)<1l—e"

for some non negative constants (a,b,c), we also have

2

A proof of this result is provided in Lemma 4.13.
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1.5 Basic Notation

Here we provide some background from stochastic analysis and integral
operator theory, which we require for our proofs. Most of the results
with detailed proofs can be located in the book [17] on Feynman-Kac
formulae and interacting particle methods. Our proofs also contain
cross-references to this rather well known material, so the reader may
wish to skip this subsection and proceed directly to Section 2, which is
dedicated to some application domains of Feynman-Kac models.

1.5.1 Integral Operators

We denote respectively by M(E), My(E), P(E), and B(E), the set of
all finite signed measures on some measurable space (F,£), the con-
vex subset of measures with null mass, the set of all probability mea-
sures, and the Banach space of all bounded and measurable functions
f equipped with the uniform norm || f||. We also denote by Osc;(E),
and by Bi(E) the set of £-measurable functions f with oscillations
osc(f) <1, and respectively with || f]] < 1. We let

uuvz/ﬁumﬂ@

be the Lebesgue integral of a function f € B(FE), with respect to a
measure (1 € M(E).

We recall that the total variation distance on M(FE) is defined for
any u € M(E) by

sup (u(A) — u(B)).
(A,B)e&?

leellew =

N | —

We recall that a bounded integral operator M turned from a measurable
space (E,E) into an auxiliary measurable space (F,F) is an operator
f—= M(f) from B(F) into B(E) such that the functions

.wmmeAMm@mw

are £-measurable and bounded, for any f € B(F'). A Markov kernel is a
positive and bounded integral operator M with M (1) = 1. Given a pair
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of bounded integral operators (Mj, Ms), we let (M;Ms) represent the
composition operator defined by (MiMa)(f) = Mi(Ma(f)). For time
homogeneous state spaces, we denote by M™ = M™ M = MM™!
the m-th composition of a given bounded integral operator M, with
m > 1. A bounded integral operator M turned from a measurable space
(E,€) into an auxiliary measurable space (F,F) also generates a dual
operator

p(da) > (u)(do) = [ )M (g, )

from M(FE) into M(F') defined by (uM)(f) := u(M(f)). We also used
the notation

E([f = K(H*)(@) = K([f = K(H)(@)])(@)

for some bounded integral operator K and some bounded function f.

We prefer to avoid unnecessary abstraction and technical assump-
tions, so we frame the standing assumption that all the test functions
are in the unit sphere, and the integral operators, and all the random
variables are sufficiently regular so that we are justified in computing
integral transport equations, regular versions of conditional expecta-
tions, and so forth.

1.5.2 Contraction Coefficients

When the bounded integral operator M has a constant mass, that is,
when M(1)(z) = M(1)(y) for any (z,y) € E?, the operator pu+— uM
maps My(E) into Mo(F). In this situation, we let (M) be the
Dobrushin coefficient of a bounded integral operator M defined by the
formula

B(M) :=sup {osc(M(f)); f € Osc(F)}.

Notice that S(M) is the operator norm of M on My(E), and we have
the equivalent formulations

BM) = sup{||M(z,.) = M(y,)ev: (z,y) € E°}

= sup |[|pM|lev/[|pllev-
HEMo(E)
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A detailed proof of these well known formulae can be found in [17].

Given a positive and bounded potential function G on E, we also
denote by ¥ the Boltzmann-Gibbs mapping from P(FE) into itself,
defined for any p € P(E) by

V(1)) =~ Gla)p(da).

For [0,1]-valued potential functions, we also mention that Ug(u) can
be expressed as a non linear Markov transport equation

Ya(n) = pSua (1.21)
with the Markov transitions
Sua(@,dy) = G(x)dx(dy) + (1 — G(z))VYa(p)(dy).
We notice that
Va(p) = Ya(v) = (b= v)Su + v(Su — S)
and
v(Su = 8) = (1 —v(G)[¥a(p) — Ya(v)]

from which we find the formula

1
v(G)

Ye(p) — ¥a(v) = (1 —v)Syu.

In addition, using the fact that
V(z,A) € (E.E) Su(z,A) = (1 - |Gl)¥a(p)(A)
we prove that 5(S5,) < ||G|| and

1G]]

[Pe(p) — Ya(v)w < WGV (@) I = vy

If we set ®(u) = U (u)M, for some Markov transition M, then we
have the decomposition

() — B(v) = —— (4 — v)S M (1.22)
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for any couple of measures v, on E. From the previous discussion, we
also find the following Lipschitz estimates

Il
(EOREA(€)

We end this subsection with an interesting contraction property of a
Markov transition

@) = (W)l < BM)||p = vty (1.23)

M (z,dy)G(y)
M(G)(x)

associated with a |0, 1]-valued potential function G, with

Me(z,dy) = = Uq(6,M)(dy) (1.24)

g:s;g)G(x)/G(y) < 0. (1.25)

It is easily checked that
|Mc(f)(z) — Ma(f)()| = [Wa(6.M)(f) — Ya(0y,M)(f)|
< QH‘S:EM - 5yMHtV
from which we conclude that

B(Mg) < gB(M). (1.26)

1.5.3 Orlicz Norms and Gaussian Moments

We let my[Y] be the Orlicz norm of an R-valued random variable Y
associated with the convex function ¢ (u) = e’ — 1, and defined by

my(Y) = inf{a € (0,00):E(y(|Y]/a)) <1}
with the convention infy = co. Notice that
(V) <c<=E@(Y/c)) < 1.

For instance, the Orlicz norm of a Gaussian and centered random
variable U, s.t. E(U?) =1, is given by my(U) = 1/8/3. We also recall
that

E(U™) = b(2m)*™ := (2m), 2™

2 1
E(UP) < b(zm + 1)t G Dty o-merz) (g o7

vm+1/2
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with (¢ + p)p := (¢ + p)!/q!. The second assertion comes from the fact
that

E(U2m+1)? < E(UQm)E(U2(m+1))
and therefore
b(2m + 1)2(2m+1) _ ]E(UQm)E(UZ(m—‘rl))
= 27 2m),, (2(m + 1)) (m1)-
This formula is a direct consequence of the following decompositions

(2(m + 1) nr1) = (2((77:;1))!)! =2 (2mmt D= oom 4 1)

and

1 (@2m+1) 1
2 = =
@m)m =5 = om + 1

(2m + 1) (m1)-
We also mention that
b(m) < b(2m). (1.28)
Indeed, for even numbers m = 2p we have
b(m)*™ = b(2p)'P = E(U)? < E(U™") = b(ap) = b(zm)*"
and for odd numbers m = (2p + 1), we have

b(m)™™ = b(2p + 12D = BUP)E(WUPH)
1
<E <(U2p) (2;;:1)) pi1 E ((UQ(PH)) (2;1—11)) 2p+1
b

(2(2p + 1))2PFD = p(2m)?™.




2

Some Application Domains

2.1 Introduction

Particle methods have been used in physics, biology, and engineering
science since the beginning of the 1950’s. We refer the reader to [17]
for a detailed survey on their application domains, and a list of precise
bibliographic references.

Surprisingly, most of these interacting particle methods can be
encapsulated in a single mathematical model. This model is given by
the Feynman-Kac measures presented in subsection 1.3. The corre-
sponding methodology developed in subsection 1.4 is termed quantum
Monte Carlo methods in computational physics, genetic algorithms in
computer sciences, and particle filters and/or sequential Monte Carlo
methods in information theory, as well as in Bayesian statistics.

The mathematical foundations of these advanced interacting Monte
Carlo methodologies are now fifteen years old [15]. Since this period,
many descriptions and variants of these models have been published in
applied probability, signal processing and Bayesian statistic literature.

252
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For a detailed discussion on their application domains with a precise
bibliography of who first did what when, we refer the reader to any of
the following references [17, 20, 38, 44].

Here, we merely content ourselves in illustrating the rather abstract
models (1.4) with the Feynman-Kac representations of 20 more or less
well known conditional distributions, including three more recent appli-
cations related to island particle models, functional kinetic parameter
derivatives, and gradient analysis of Markov semigroups.

The forthcoming series of examples, combined with their mean field
particle interpretation models described in subsection 1.4, also illus-
trate the ability of the Feynman-Kac particle methodology to solve
complex conditional distribution flows as well as their normalizing con-
stants.

Of course, this selected list of applications does not attempt to
be exhaustive. The topics selection is largely influenced by the per-
sonal taste of the authors. A complete description on how particle
methods are applied in each application model area would of course
require separate volumes, with precise computer simulations and com-
parisons with different types of particle models and other existing
algorithms.

We also limit ourselves to describing the key ideas in a simple
way, often sacrificing generality. Some applications are nowadays rou-
tine, and in this case we provide precise pointers to existing, more
application-related, articles in the literature. Readers who wish to know
more about some specific application of these particle algorithms are
invited to consult the referenced papers.

One natural path of “easy reading” will probably be to choose a
familiar or attractive application area and to explore some selected
parts of the monograph in terms of this choice. Nevertheless, this advice
must not be taken too literally. To see the impact of particle methods,
it is essential to understand the full force of Feynman-Kac modeling
techniques on various research domains. Upon doing so, the reader will
have a powerful weapon for the discovery of new particle interpretation
models. The principal challenge is to understand the theory well enough
to reduce it to practice.



254  Some Application Domains

2.2 Boltzmann-Gibbs Measures

2.2.1 Interacting Markov Chain Monte Carlo (MCMC)
Methods

Suppose we are given a sequence of target probability measures on some
measurable state space E of the following form

Mn(dw):zi T o) § M) (2.1)

n 0<p<n
with some sequence of bounded nonnegative potential functions
hyp:x € E '+ hy(x) € (0,00)

and some reference probability measure A on F. In the above displayed
formula, Z,, stands for a normalizing constant. We use the convention

[Ip=1and po = A

We further assume that we have a dedicated Markov chain Monte
Carlo transition M,, with prescribed target invariant measures p,, at
any time step, in the sense that p, = u,M,. Using the fact that

with the Boltzmann-Gibbs transformations defined in (1.8), we prove
that

Hn+1 = Nn+1Mn+1 = \Ijhn (Mn)Mn—i-l
from which we conclude that

pn(f) = E | f(Xn) H hp(Xp) /IE H hp(Xp)

0<p<n 0<p<n

with the reference Markov chain
P(X, €edr | Xp—1) = Mp(Xp—1,dx).
In addition, we have

Zua= [ | TT holo)| hu(@)i(do) = Zupa(hn) =TT sl

0<p<n 0<p<n
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We illustrate these rather abstract models with two applications
related to probability restriction models and stochastic optimization
simulated annealing type models, respectively. For a more thorough
discussion on these interacting MCMC models, and related sequential
Monte Carlo methods, we refer the reader to [17, 21, 22].

2.2.2 Probability Restrictions

If we choose Markov chain Monte Carlo type local moves
pn = pnMp
with some prescribed target Boltzmann-Gibbs measures
tn(dx) x 14, () A(dx)

associated with a sequence of decreasing subsets A,, |, and some refer-
ence measure A, then we find that u, =n, and Z, = A(A,), as soon as
the potential functions in (1.4) and (2.1) are chosen, so that

Gp=h,=14

n+1°

This stochastic model arises in several application domains. In
computer science literature, the corresponding particle approximation
models are sometimes called subset methods, sequential sampling
plans, randomized algorithms, or level splitting algorithms. They were
used to solve complex NP-hard combinatorial counting problems [55],
extreme quantile probabilities [9, 60], and uncertainty propagations in
numerical codes [7].

2.2.3 Stochastic Optimization

If we choose Markov chain Monte Carlo type local moves p, = My
with some prescribed target Boltzmann-Gibbs measures

fin(dz) ox e PV @) \(da)

associated with a sequence of increasing inverse temperature parame-
ters B, T, and some reference measure \, then we find that u,, = 7, and
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Z, = Me PV as soon as the potential functions in (1.4) and (2.1) are
chosen, so that

Gy = hy = e*(ﬁnﬂ*ﬁn)v_

For instance, we can assume that the Markov transition M, = Zzgn
is the m,-iterate of the following Metropolis-Hasting transitions

Mnaﬁn(x?dy) = Kn(x,dy) mln(176_ﬂ"(v(y)_v(m)))
+<1 - /Kn($,d2) min(l,e_ﬂ"(v(z)—v(ﬂf)))> 5(dy).

We finish with an assorted collection of enriching comments on
interacting Markov chain Monte Carlo algorithms associated with the
Feynman-Kac models described above.

Conventional Markov chain Monte Carlo methods with time varying
target measures u, can be seen as a single particle model with only
mutation explorations according to the Markov transitions M,, = K",
where K]' stands for the iteration of an MCMC transition K, s.t.
n = K, . In this situation, we choose a judicious increasing sequence
my, so that the non homogeneous Markov chain is sufficiently stable,
even if the target measures become more and more complex to sample.
When the target measure is fixed, say of the form pr for some large T,
the MCMC sampler again uses a single particle, which behaves as a
Markov chain with time homogeneous transitions Mp. The obvious
drawback with these two conventional MCMC samplers is that the
user does not know how many steps are really needed to be close to the
equilibrium target measure. A wrong choice will return samples with a
distribution far from the desired target measure.

Interacting MCMC methods run a population of MCMC samplers
that interact with each other through a recycling-updating mechanism
so that the occupation measure of the current measure converges to the
target measure, when we increase the population sizes. In contrast with
conventional MCMC methods, there are no burn-in time questions, nor
any quantitative analysis to estimate the convergence to equilibrium of
the MCMC chain.
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2.2.4 Island Particle Models

Here, we provide a brief discussion on interacting colonies and island
particle models arising in mathematical biology and evolutionary
computing literature [87, 96]. The evolution of these stochastic island
models is again defined in terms of a free evolution and a selection
transition. During the free evolution, each island evolves separately
as a single mean field particle model with mutation-selection mecha-
nism between the individual and the island population. The selection
pressure between islands is related to the average fitness of the individ-
uals in the island population. A colony with poor fitness is killed, and
replaced by brand new generations of “improved” individuals coming
from better fitted islands.
For any measurable function f, on E,, we set

XO=x,eE®.=E, and fO=r1,
and we denote by

XM = (XM 1cicn, € BY o= (BN

n

0)

the Ni-particle model associated with the reference Markov chain X7(1 ,

and the potential function GS”.

To go one step further, we denote by fé” the empirical mean valued
function on E,(ll) defined by

(1) (x () Z XLy,

In this notation, the potential value of the random state X,gl) is given
by the formula

N
G(l)(X(l)) — NLZGS))(X?(IM))'
14—

By construction, we have the almost sure property

NM=1= X" =x" and ¢PxV)=cP(x")
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More interestingly, by the unbiased properties (1.16) we have for any
population size Ny

B (0 TT e | = (4000 [T oo

0<p<n 0<p<n
Iterating this construction, we let

XP = (XPN1<icn, € B = (EM)N

n

represent the No-particle model associated with the reference Markov

(1)

chain XV(LI), and the potential function G, ’. For any function f,(LI) on

(2)

E,(ll), we denote by f,(f) the empirical mean valued function on Ej
defined by

£ (x2) Z £ (x (2.

In this notation, the potential value of the random state Xy(LQ) is given
by the formula

N
1 ,
G2 (x@y.— — N ") x29)
and for any population size No
E f(2 X(2 H G 2) —F 0) 0) H G X(O
0<p<n 0<p<n

2.2.5 Particle Markov Chain Monte Carlo Methods

Now, we present an interacting particle version of the particle Markov
chain Monte Carlo method developed in the recent seminal article by
Andrieu, Doucet, and Holenstein [2].

We consider a collection of Markov transition and positive potential
functions (Mg p,Gg,n) that depend on some random variable © =0,
with distribution v on some state space S. We let g, be the n-time
marginal of the Feynman-Kac measures defined as in (1.4), by replacing
(My,,Gy) by (Mg, Gon). We also consider the probability distribution
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P(6,d§) of the N-particle model
§:=(%,0.80,1,---,80,7)

on the interval 0,7, with mutation transitions Mp,,, and potential
selection functions Gy, with n <T'. We fix a time horizon 7', and for
any 0 <n <T, we set

pn(d(€.0) = 54 T hol&6) pAW(E0)) (2:2)

n 0<p<n

with some sequence of bounded nonnegative potential functions

ni(&0) e T EY | xS ha(6,0) € (0,00)

0<p<T

and with the reference measure A\ given by

A(d(§,0)) = v(d0) P(6,dE)

and some normalizing constants Z,. Firstly, we observe that these
target measures have the same form as in (2.1). Thus, they can be
sampled using the Interacting Markov chain Monte Carlo methodology
presented in subsection 2.2.1.

Now, we examine the situation where h, is given by the empirical
mean value of the potential function Gy, w.r.t. the occupation mea-
sures 779, of the N-particle model &, = (59 p)1<Z<N associated with
the realization © = 0; more formally, we have that

Z GO,p ggp =Ty p( )
1<1<N

Using the unbiased property of the particle free energy models pre-
sented in (1.16), we clearly have

/ Po,de){ T[ h&0) s =E[ T u,(Goy)

0<p<n 0<p<n

= H 9.p(Go.p)

0<p<n
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from which we conclude that the ©-marginal of u, is given by the
following equation

(1 0 ©)(d8) = 24 TT m0p(Gop) § 1),

n 0<p<n

We end with some comments on these distributions.

As the initiated reader may certainly have noticed, the marginal
analysis derived above coincides with one developed in subsection 2.2.4
dedicated to island particle models.

The measures p, introduced in (2.2) can be approximated using
the interacting Markov chain Monte Carlo methodology presented in
subsection 2.2.1, or the particle MCMC methods introduced in the
article [2].

Last but not least, we observe that

IT ws(Gop) =E| I Gon(Xoyp) | = Za(6)

0<p<n 0<p<n

where Xy, stands for the Markov chain with transitions Mp,,, and
initial distribution 7. In the right-hand side (r.h.s.) of the above
displayed formulae, Z,(6) stands for the normalizing constant of the
Feynman-Kac measures defined as in (1.4), by replacing (M,,G,) by
(Mg pn,Go.r). This shows that

. 1
(1n 0 ©71)(d0) = —— Z,(0) v(d6).

n
The goal of some stochastic optimization problems is to extract the
parameter 6 that minimizes some mean value functional of the form

0— Z,(0)=E H GG,n(XG,p)
0<p<n

For convex functionals, we can use gradient type techniques using
the Backward Feynman-Kac derivative interpretation models developed
in subsection 2.4.1 (see also [23, 24, 25]).
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When v is the uniform measure over some compact set S, an alter-
native approach is to estimate the measures (2.2) by some empirical
measure

1 N
N Z 5(&(:')79%1-)) epP H Ep x S
1<i<N 0<p<n
and to select the sampled state
(69,6) = (&0 niens (€0 Njens -, (€0
€ (BY x BY x---x EN)xS)

)1<j<n),08))

that maximizes the empirical objective functional

. 1 ij) pi
ie{l,...N}— ] N Y Gy (50.60).

0<p<n  1<j<N

2.2.6 Markov Bridges and Chains with
Fixed Terminal Value

In many applications, it is important to sample paths of Markov chains
with prescribed fixed terminal conditions.

When the left end starting point is distributed w.r.t. to a given reg-
ular probability measure m, we can use the time reversal Feynman-Kac
formula presented in [18]. More precisely, for time homogeneous models
(Gpn,M,,) = (G, M) in transition spaces, if we consider the Metropolis-
Hasting ratio

7(dxe) K (x9,dxy)
7(dr1) M (x1,dxs)

G(l‘l,ibg) =

then we find that
Qn = Law® ((Xo,..., X)) | Xn =)

where Law’ stands for the distribution of the Markov chain starting
with an initial condition m and evolving according to some Markov
transition K. The proofs of these formulae are rather technical, so we
refer the reader to the article [18] and to the book [17].
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For initial and terminal fixed end-points, we need to consider the
paths distribution of Markov bridges. As we mentioned in the intro-
duction, these Markov bridges are particular instances of the reference
Markov chains of the abstract Feynman-Kac model (1.4). Depending
on the choice of the potential functions in (1.4), these Markov bridge
models can be associated with several application domains, including
filtering problems or rare event analysis of bridge processes.

We assume that the elementary Markov transitions M, of the
chain X, satisfy the regularity condition (1.10) for some density func-
tions H, and some reference measure A,. In this situation, the semi-
group Markov transitions M, 41 = Mpt1Mpi2... My, are absolutely
continuous with respect to the measure A,41, for any 0 < p <n, and
we have

Mpni1(Tp, dTni1) = Hp i1 (Tp, Tng1) Ans1(dTni1)
with the density function
Hp,nﬂ(xpaxnﬂ) = Mp,n(HnH(-aan))(xp)-

Thanks to these regularity conditions, we readily check that the paths
distribution of a Markov bridge starting at x¢ and ending at z,,1 at
the final time horizon (n + 1) are given by

B(O,wo),(n-‘,—l,anrl) (d(:El) cee 75L‘n))
= P((Xl, . ,Xn) S d(:L‘l, . ,xn) ‘ Xy = xo, Xn+1 = .’L‘n+1)

dMp,n+1(@p, -)
- H Mp(xp—1,dxp) M B2 (mp
1<p<n p—1,n+1\Lp—1,-

) (xn-i-l)

= H My (xp-1,dp) Hpni1(Tp, Tni1)
1<p<n MP(Hp7n+1(~,$n+1))(xp,1)

Using some abuse of Bayesian notation, we can rewrite these for-
mulae as follows

p((ﬂ?h. .- 7‘7:71) ’ (x()?xn-i-l))

p($n+1|xn) p($n+1|l‘p)
= —F— 1P Tn|Tp-1)... VP Tp|Tp—1
P Ll A P P L )
p($n+1\$1)

P\T1|T0o
Pn i) P10
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with

dM,(x 1y

pil)\p)(xp) - p(xp’xp_l) and Hp,n+1(xp7$n+1) = p<$n+1’$p).
p

For linear-Gaussian models, the Markov bridge transitions

Mp(xp—1,dp) Hpni1(Tp, Zny1) _ P(Tnt1|zp)
Mp(Hp,n+1(-7xn+1))($p—l) p(xn+1|xp—1

)p(l‘p’xpfl))‘p(d‘fp)

can be explicitly computed using the traditional regression formula, or,
equivalently, the updating step of the Kalman filter.

2.3 Rare Event Analysis
2.3.1 Importance Sampling and Twisted Measures

Computing the probability of some events of the form {V,,(X,) > a},
for some energy-like function V;, and some threshold a is often per-
formed using the importance sampling distribution of the state vari-
able X,, with some multiplicative Boltzmann weight function e?V»(Xn)
associated with some temperature parameter 3. These twisted mea-
sures can be described by a Feynman-Kac model in transition space by
setting

G (Xp—1,X,) = PV (Xn)=Va1(Xn-1)]

For instance, it is easily checked that

P(Vp(X,) > a) = E(f(X,) e (X))

= E | fa(Xn) H Gp(Xp)
0<p<n
with
X = (Xp, Xpi1) and Gp(X,) = e"nt1(Xnt)=Va(Xn)

and the test function

fn(Xn) _ IVH(Xn)za e—Vn(Xn)_
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In the same vein, we have
E(pn(Xo, .-, Xn) | Va(Xn) = a)
= E(Fpp, (X0, -, Xn) €)Y JE(F, 1 (X0, ..., Xy) /0y
= @n(Fn,sOn)/@n(Fn,l)

with the function
Fn,¢n (XO; . 7Xn) = (pn(Xo, e ’Xn)lvn(Xn)Zae_Vn(Xn)'

We illustrate these rather abstract formulae with a Feynman-Kac for-
mulation of European style call options with exercise price a at time n.
The prices of these financial contracts are given by formulae of the
following form

E((Vi(Xn) — a)+)
=E((Va(Xn) — a) 1y, (x,)>a)
=P(Vo(Xy) > a) x E(Vo(Xyn) —a) | Va(Xy) > a).
It is now a simple exercise to check that these formulae fit with the
Feynman-Kac importance sampling model discussed above. Further

details on these models, including applications in fiber optics commu-
nication and financial risk analysis can also be found in [6, 26, 27].

2.3.2 Rare Event Excursion Models

If we consider Markov excursion type models between a sequence of
decreasing subsets A,, or hitting an absorbing level B, then choosing
an indicator potential function that detects if the n-th excursion hits
A,, before B we find that

Qn = Law(X hits A,, | X hits A,, before B)

and

P(X hits A, before B)=E [ [[ 14,(X7,) | =E[ J] Gp(Xp)
0<p<n 0<p<n
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with the random times
T, :=inf{p>T,_1:X, € (4, U B)}
and the excursion models

Xn = (Xp>p6[Tn,Tn+1] & Gn(Xn) = 1An+1 (XTn+1)'

In this notation, it is also easily checked that
E(fu(Xjo,7,,,1)) | X hits A, before B) = Qu(f,).

For a more thorough discussion on these excursion particle models, we
refer the reader to the series of articles [8, 10, 17, 37, 64].

2.4 Sensitivity Measures
2.4.1 Kinetic Sensitivity Measures

We let # € R? be some parameter that may represent some kinetic
type parameters related to the free evolution model or to the adap-
tive potential functions. We assume that the free evolution model X Ige)
associated to some value of the parameter 6, is given by a one-step
probability transition of the form

MO (z,d2'y = P(XD € do'| x| = 2) = B (2,2") A(da')
)

- . . 0
for some positive density functions H ,g and some reference mea-

sures A\g. We also consider a collection of functions G,ge) = e_Vk(e) that
depend on 8. We also assume that the gradient and the Hessian of the
logarithms of these functions w.r.t. the parameter 6 are well defined.
We let TY be the Feynman-Kac measure associated with a given value
of 8 defined for any function f, on the path space E, by

M(fa) =E [ £ (X", x) T 69O ). (@3

0<p<n

We denote by F%G’N) the N-particle approximation measures associated

with a given value of the parameter 6 and defined in (1.18).
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By using simple derivation calculations, we prove that the first-order
derivative of the option value w.r.t. § is given by

VI (fa) = TP (£aAY))
Vrt,) = TOg, (VLOY (VL)) 4 £, VL)
with
AY .= vL®)

and the additive functional
L (wo,...,2n) = O log (GY (- 1) B (1, 7,)).
p=1

These quantities are approximated by the unbiased particle models
VAT O (£,) := TN (£,A(9))

virO ) = TONIE (VLOY(VLO) 4 £,V2LO).

n

For a more thorough discussion on these Backward Feynman-Kac mod-
els, we refer the reader to [23, 24, 25].

2.4.2 Gradient Estimation of a Markov Semigroup

We assume that the underlying stochastic evolution is given by an
iterated R%valued random process given by the following equation

Xp+1:=Fo(Xy) = (Fy 0 F_q0--- 0 Fy)(Xp) (2.4)

starting at some random state Xy, with a sequence of random smooth
functions of the form

Fn(l‘) = fn(l’,Wn) (2.5)
with some smooth collection of functions
Fo: (x,w) € R s F(z,w) € RY

and some collection of independent, and independent of s, random vari-
ables W, taking values in some RY, with d’ > 1. The semigroup of the
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Markov chain X, is the expectation operator defined for any regular
function f, and any state x by

Prp1(fre1) () = E(fos1(Xnp1) | Xo =) = E(f(Xnt1(2)))
with the random flows (X, (z))n>0 defined for any n > 0 by the follow-
ing equation

Xnt1(z) = Fo(Xn(2))

with the initial condition Xy (z) = x.
By construction, for any 1 <i,j <d and any = € R? we have the
first variational equation

0X;, OFi ox*
@) = ) S (Xa(@) 5 R (). (2.6)
1<k<d
This clearly implies that
OPni1(f of N
3;1]'()(55) =E Z %(Xnﬂ(:c)) (%]'.H (x) | . (2.7)
1<i<d

We denote by V,, = ( éi’j))lgmgd and 4, = (Aq(f’j))lgngd the ran-
dom (d x d) matrices with the i-th line and j-th column entries

» oS!
(63) () = 25
and
y OF; OFL (., W) -
(63) () = 221 —n\nn — AG.j)

In this notation, the Equation (2.6) can be rewritten in terms of the
following random matrix formulae

Vart () = Au(Xa(@)) Vo) = [[4p(X,(@)  (28)

with a product HZ:O A, of noncommutative random elements A,, taken
in the order A, A,,_1,..., Ap. In the same way, the Equation (2.7) can
be rewritten as

VPi1(fat1)(@) = E(V fos1(Xnt1) Vagr | Xo =) (2.9)
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with
Vorri= [ 4n(X).
0<p<n
We equip the space R? with some norm ||.||. We assume that for

any state Up in the unit sphere S®~!, we have
”Vn+1U0|| > 0.

In this situation, we have the multiplicative formulae

V o1 (Xnt1) Var1Uo = [V it X )Unia] ] 14p(X0) Uy
0<p<n

with the well defined S~ !-valued Markov chain defined by

Var1 U >

Unia = A6 A XU ( Ui = =08

If we choose Uy = uyp, then we obtain the following Feynman-Kac inter-
pretation of the gradient of a semigroup

VPui1(fas)@uo =E | For1(Xas1) [ Go(X) |- (2.10)

0<p<n
In the above display, X, is the Markov chain sequence
Xy = (X, Upy, Wh)
starting at (x,ug, Wy), and the functions F,, ;1 and G,, are defined by
Foii(z,u,w) :=Vppi(z)u and Gy(z,u,w) = || Ap(z,w)ul.

In computational physics literature, the mean particle approxima-
tions of these non commutative Feynman-Kac models are often referred
to as Resampled Monte Carlo methods [94].

Roughly speaking, in addition to the fact that formula (2.10) pro-
vides an explicit functional Feynman-Kac description of the the gradi-
ent of a Markov semigroup, the random evolution model U,, on the
unite sphere may be degenerate. More precisely, the Markov chain
X, = (Xn, Uy, W,,) may not satisfy the regularity properties stated in
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subsection 3.4.1. We end with some rather crude upper bounds that
can be estimated uniformly w.r.t. the time parameter under appropri-
ate regularity conditions on the reduced Markov chain model (X,,, W,,).
First, we notice that

gn(x,u,w) = HAn(IL’,UJ)UH S Gn(l’,’u}) = HAH(‘T7w)”

= s [ An(zw) ull
ueSd-1

This implies that

IV Pot1 (fta) (@) := sup

0
SUP |5 Poy1(fns1)(x)

< [Fpall X E H Gp(Xp, Wp)

0<p<n

The r.h.s. functional expectation in the above equation can be approx-
imated using the particle approximation (1.15) of the multiplicative
Feyman-Kac formulae (1.9), with reference Markov chain (X, W,,) and
potential functions G,,.

2.5 Partial Observation Models
2.5.1 Nonlinear Filtering Models

Next, we introduce one of the most important examples of an estima-
tion problem with partial observation, namely the nonlinear filtering
model. This model has been the starting point of the application of par-
ticle models to engineering sciences, and more particularly to advanced
signal processing.

The first rigorous investigation of stochastic modeling, and the rig-
orous theoretical analysis of particle filters began in the mid-1990’s in
the article [15]. For a detailed discussion on the application domains of
particle filtering, with a precise bibliography we refer the reader to any
of the following references [17, 20, 38, 44].

The typical model is given by a reference Markov chain model X,,,
and some partial and noisy observation Y,,. The pair process (X,,Y},)
usually forms a Markov chain on some product space EX x EY with
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elementary transitions given as

P((Xnayn) € d(a:,y) ‘ (anlaYnfl)) = Mn(anl7dx)gn($ay))‘n(dy)
(2.11)
for some positive likelihood function g,, and some reference probability

measure \, on EY, and the elementary Markov transitions M,, of the
Markov chain X,,. If we take

Gn(xn) = pn(ynkﬂn) = gn($nayn) (212)

the likelihood function of a given observation Y;,, = y,, and a signal state
X, = x, associated with a filtering or an hidden Markov chain problem,
then we find that

Qn = Law((Xo,...,Xpn) | VO<p<nY,=1yp)

and Z,1 is the density of the sequence yo,...,y, w.r.t. the product
measure Ao ® --- ® A, evaluated on the sequence of observation Y, =
Yp, D <M.

In this context, the optimal one-step predictor 7, and the optimal
filter 7,, are given by the n-th time marginal distribution

plvorvn—1l — = Law (X, | VO < p <nY, = Yp) (2.13)
and
7/7\1?0""7%] =70 =V, (M) =Law(X, |[VO<p<n Y,=y,). (2.14)

In Bayesian literature, the potential function Gy, (z,) = gn(Tn,Yn)
is often written as p,(yn|z,). In this slight abuse of notation, the nor-
malizing constant 2,1 is also written as Z,11 = pn(Yo,---,Yn)-

Remark 2.1. We can combine these filtering models with the proba-

bility restriction models discussed in subsection 2.2.2, or with the rare

event analysis presented in subsection 2.3. For instance, if we replace

the potential likelihood function G,, defined in (2.12) by the function
Gn(xn) = gn(xnayn) 1An (xn)

then we find that

Qpn = Law((Xo,...,Xpn) | VO<p<n Y,=vy,, X,€A4,).
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2.5.2 Approximated Filtering Models

We return to the stochastic filtering model discussed in subsection 2.5.1.
In some instances, the likelihood functions x,, — gn(2n,yy) in (2.12) are
computationally intractable, or too expensive to evaluate.

To solve this problem, a natural solution is to sample pseudo-
observations. The central idea is to sample the signal-observation
Markov chain

X, = (X,,Y,) € EX = (EX x EY)

and compare the values of the sampled observations with the real obser-
vations.

To describe these models with some precision, we notice that the
transitions of X,, are given by

Mn(Xn—la d(a:, y)) = Mn(Xn—lydx)gn(x7 y))‘n(dy)'

To simplify the presentation, we further assume that EY = R%, for some
d > 1, and we let g be a Borel bounded non negative function such that

/g(u)du =1 /ug(u)du =0 and /]u\sg(u)du < 00.
Then, we set for any € > 0, and any x = (z,y) € (EX x EY)

Gen((2,9).2) =€ T g((y — 2)/e).

Finally, we let (X,,Y$) be the Markov chain on the augmented
state space (EX x EY) = ((EX x EY) x EY) with transitions given

P((Xn, Yy) € d(x,y) | (Xn-1,Y5 1))
= Mn(Xn—l,dX)ge,n(Xay)dy' (2'15)

This approximated filtering problem has exactly the same form as the
one introduced in (2.11). Here, the particle approximation models are
defined in terms of signal-observation valued particles, and the selection
potential function is given by the pseudo-likelihood functions g (., yn),
where y,, stands for the value of the observation sequence at time n.
For a more detailed discussion on these particle models, including
the convergence analysis of the approximated filtering model, we refer
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the reader to the articles [33, 34]. These particle models are some-
times called convolution particle filters [95]. In Bayesian literature,
these approximated filtering models are termed Approximate Bayesian
Computation (and often abbreviated with the acronym ABC).

2.5.3 Parameter Estimation in Hidden Markov Chain
Models

We consider a pair signal-observation filtering model (X,Y’) that
depends on some random variable © with distribution p on some state
space S. Arguing as above, and using the same notations as in subsec-
tion 2.5.1, if we take

G@,n(xn) = Dn (yn|xna 9)

the likelihood function of a given observation Y,, = y, and a signal state
X, =z, and a realization of the parameter © = 6, then the n-th time
marginal of QQ,, is given by

No.n = Law(X,, | VO <p <nY,=1y,0).
Using the multiplicative formula (1.9), we prove that

Zn+1(9) - pn(y07 o 7yn’9) = H nﬂ,p(Gﬁ,p)
0<p<n

with
7797P(G97P) = p(yp‘y(]a L) ypfba)

= /p(?/p|$pa9)dp($p‘9»yoa---v?/p1)

= /GG,p(xp) 779,p(d$p)

from which we conclude that

1
PO €df | V0 <p<nYy=y,) = 5 Zu(0)u(db)

n

with

Z, = / Z,(0) u(do).



2.5 Partial Observation Models 273

In some instances, such as in conditionally linear Gaussian models,
the normalizing constants Z,,(0) can be computed explicitly, and we can
use a Metropolis-Hasting style Markov chain Monte Carlo method to
sample the target measures p,. As in subsection 2.2.1, we can also turn
this scheme into an interacting Markov chain Monte Carlo algorithm.

Indeed, let us choose a Markov chain Monte Carlo type local moves
tn = WM, with prescribed target measures

i (d6) = Zl 2,(0) (db).

Notice that
Zn+1(9) - Zn(e) X n@,n(GO,n) = ln+1 = \I/Gn (un)

with the Boltzmann-Gibbs transformations defined in (1.8) associated
with the potential function

Gn(e) = nG,n(Gﬁ,n)'
By construction, we have
Hn+1 = Mn+1Mn+1 = \IIG,L (Mn)Mn+1
from which we conclude that
pn(f) =E | f(6n) H Gp(0p) /IE H Gp(0p)
0<p<n 0<p<n
with the reference Markov chain
]P(@n S d@‘gn_l) = Mn(ﬁn_l,dﬁ).

In addition, we have

Zui1 = [ 2,(0) Gu(®)n(a8) = Zuun(G) = T] ().

0<p<n

Remark 2.2. For more general models, we can use the particle Markov
chain Monte Carlo methodology presented in subsection 2.2.5. When
the likelihood functions are too expensive to evaluate, we can also com-
bine these particle models with the pseudo-likelihood stochastic models
(2.15) discussed in subsection 2.5.2.
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2.5.4 Interacting Kalman-Bucy Filters

We use the same notation as above, but we assume that © = (0,,),>0
is a random sample of a stochastic process O, taking values in some
state spaces Sy,. If we consider the Feynman-Kac model associated with
the Markov chain &), = (0,76 ,) and the potential functions

gn(Xn) = n@,n(GG,n)
then we find that
Qn =Law(0©,...,0, | VO<p<nY,=1y,)
and the n-th time marginals are clearly given by
N =Law(©, | VO<p<nY,=1y,).

Assuming that the pair (X,Y) is a linear and Gaussian filtering
model given O, the measures 7g , coincide with the one-step predictor
of the Kalman-Bucy filter, and the potential functions G, (&X,,) can be
easily computed by Gaussian integral calculations. In this situation,
using the same notations as in subsection 2.5.1, the conditional distri-
bution of the parameter O is given by a Feynman-Kac model Q,, of a the
free Markov chain X, weighted by some Boltzmann-Gibbs exponential
weight function

H gp(Xp) = Pn(?/o,- .- ayn|@07- . a@n)

0<p<n

that reflects the likelihood of the path sequence (©y,...,0,). For a
more thorough discussion on these interacting Kalman filters, we refer
the reader to Sections 2.6 and 12.6 in the book [17].

2.5.5 Multi-Target Tracking Models

Multiple-target tracking problems deal with correctly estimating sev-
eral maneuvering and interacting targets simultaneously given a
sequence of noisy and partial observations. At every time n, the first
moment of the occupation measure A, := vaz"l dx: of some spatial
branching signal is given for any regular function f by the following
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formula:
nl(f) = B () with X(f) := / f(z) Xo(de).

For null spontaneous birth measures, these measures coincide with that
of an unnormalized Feynman-Kac model with some spatial branching
potential functions G,, and some free evolution target model X,,.

In more general situations, the approximate filtering equation is
given by the Mahler’s multi-objective filtering approximation based on
the propagation of the first conditional moments of Poisson approxi-
mation models [73, 74]. These evolution equations are rather complex
to introduce and are notationally consuming. Nevertheless, as the first
moment of evolution of any spatial and marked branching process, they
can be abstracted by an unnormalized Feynman-Kac model with non-
linear potential functions [52, 53, 54].

2.5.6 Optimal Stopping Problems with Partial Observations

We consider the partially observed Markov chain model discussed in
(2.11). The Snell envelope associated with an optimal stopping prob-
lem with finite horizon, payoff style function f,(X,,Y,), and noisy
observations Y,, as some Markov process, is given by

U := sup E(fr (X, Y7)|(Yo,...,Y%))

T€77€y

where ’72/ stands for the set of all stopping times 7 taking values in
{k,...,n}, whose values are measurable w.r.t. the sigma field generated
by the observation sequence Y),, from p = 0 up to the current time k. We
denote by n,[fm""’y"’l] and ﬁllyg""’y"] the conditional distributions defined

in (2.13) and (2.14). In this notation, for any 0 < k < n we have that

]E(fT(XT7YT)|(}/07 cee 7Yk))
= E(F (Yo, 07y | (Yo,... V) (2.16)

»T

with the conditional payoff function

[Yo,....Y, [Yo,....Y,
Fy (Y, o)) = / Ao () £(X,, ).
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It is rather well known that

~[Yo,....Y
X, = (Y, 75 0

is a Markov chain with elementary transitions defined by

~[Y0,...Y, Y0, Yy
E[F(Yp 5 o) | (Yo, %" Y) = (g 0)]

= [ Al My ) Ey ) ()

A detailed proof of this assertion can be found in any textbook on
advanced stochastic filtering theory. For instance, the book of Rung-
galdier and Stettner [86] provides a detailed treatment on discrete time
non linear filtering, and related partially observed control models.
Roughly speaking, using some abuse of Bayesian notation, we have

o9 () = dpy(zp | W0s- - Yp1))
- / dpp(p | Tp1) X Du(@p— | (W0r- . 9p-1))
= ﬁg@im’yp_l]Mp(dep)
and

Uy (o (Y0 (diy)

gP('7yP (

_ p(Yplzp)
fpp(yp ‘ a:;))dpp(xg, | (Y0s- -+ Yp—1

= dpp(xp ‘ (y07"'7yp—17yp))

))dpp($p | (Y05, Yp-1))

from which we prove that

nMp(gp(-,4p)) = /pp(yp | zp)dpp(zp | (Yo, Yp-1))

= pp(Yp | (Y0,---,Yp-1))

and
Wy (g (M) = 0 0]

as soon as [, = ﬁzng’i“"ypfl](é M, = nz[)yowwyp—ﬂ)'
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From the above discussion, we can rewrite (2.16) as the Snell enve-
lope of a fully observed augmented Markov chain sequence

E(fT(XT7YT)|(Yb""7Yk)) :E(FT(‘XT) | (X0>-~-7Xk))'

The Markov chain X, takes values in an infinite dimensional state
space, and it can rarely be sampled without some additional level of
approximation. Using the N-particle approximation models, we can
replace the chain X, by the N-particle approximation model defined
by

~([Yo,-, Yp ],V
XN — (jr’n([ 0 p] ))
where
~([Yo,..- Yp|,N Yo,....,Yp—1,N
77([ 0 p] ) - ‘Ijgp(., p)(,r]([ (i p—1 )])

stands for the updated measure associated with the likelihood selection
functions g,(.,Y}). The N-particle approximation of the Snell envelope
is now given by

E(fr(Xr, Yo)| (Yo, Yi)) =npoo B(FH () | (A, AY)).

In this interpretation, the N-approximated optimal stopping problem
amounts to computing the quantities

U = sup E(F (X)) | (A,..., "))
TGEN

where 776N stands for the set of all stopping times 7 taking values in
{k,...,n}, whose values are measurable w.r.t. the sigma field generated
by the Markov chain sequence Xév , from p = 0 up to time k.

2.6 Markov Chain Restriction Models
2.6.1 Markov Confinement Models

One of the simplest example of Feynman-Kac conditional distributions
is given by choosing indicator functions G,, = 14,, of measurable subsets
Ap, €&, st. P(VO<p<nX, €A, >0. In this situation, it is readily
checked that

Qp = Law((Xo,...,Xp) | VO<p<n X, € A))



278 Some Application Domains

and
Z,=P(V0<p<nX,eA).

This Markov chain restriction model fits into the particle absorption
model (1.6) presented in the introduction. For a detailed analysis of
these stochastic models, and their particle approximations, we refer
the reader to the articles [19, 38, 39], and the book [17].

2.6.2 Directed Polymers and Self-avoiding Walks

The conformation of polymers in a chemical solvent can be seen as
the realization of a Feynman-Kac distribution of a free Markov chain
weighted by some Boltzmann-Gibbs exponential weight function that
reflects the attraction or the repulsion forces between the monomers.
For instance, if we consider the historical process

Xn = (Xo,..., Xp)
and
Gn(Xn) = 1¢{Xp,p<n} (Xn)
then we find that
Qn = Law(Xy | VO<p<n X, € 4,)
= Law((Xo,...,X,) |VO<p<g<n X, # X,)
with the set A, = {Gy = 1}, and the normalizing constants

Z,=PNV0<p<qg<nX,#X,.

2.7 Particle Absorption Models

We return to the particle absorption model (1.6) presented in the intro-
duction. For instance, we can assume that the potential function G,
and Markov transitions M,, are defined by G, (z) = e~ V»(®" and

My (z,dy) = (1 — Ayh)dz(dy) + AnhEKn(z,dy) (2.17)

for some non negative and bounded function V,,, some positive param-
eter A\, <1/h, h > 0, and some Markov transition K.
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The confinement models described above can also be interpreted
as a particle absorption model related to hard obstacles. In branching
processes and population dynamics literature, the model X¢ often rep-
resents the number of individuals of a given species [51, 57, 88]. Each
individual can die or reproduce. The state 0 € FE, = N is interpreted
as a trap, or as a hard obstacle, in the sense that the species disap-
pears as soon as X hits 0. For a more thorough discussion on particle
motions in an absorbing medium with hard and soft obstacles, we refer
the reader to the pair of articles [39, 19].

2.7.1 Doob h-Processes

We consider a time homogeneous Feynman-Kac model (G, M) =
(G, M) on some measurable state space E, and we set

Q(z,dy) = G(z)M (z,dy).

We also assume that G is uniformly bounded above and below by some
positive constant, and the Markov transition M is reversible w.r.t.
some probability measure p on E, with M (z,.) ~ u and dM (x,.)/du €
Lo(p). We denote by A the largest eigenvalue of the integral operator
Q@ on Lo, and by h(z) a positive eigenvector

Q(h) = Ah.

The Doob A-process corresponding to the ground state eigenfunction
h defined above is a Markov chain X" with the time homogeneous
Markov transition

M (z,dy)h(y)

h L
Mz dy) = M)

x h™Hx)Q(x,dy)h(y) =

> =

and initial distribution nf(dz) o h(x) no(dz). By construction, we have
G = Ah/M (h) and therefore

1
h(xy,

T, (d(zo,...,x0)) = No(h)P (d(xg,. .., 2,))

~—

where P! stands for the law of the historical process

xXbh—(xt,... xh).
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We conclude that
-
E(h=1(X}]))

with the normalizing constants

Zn = XN'o(R)E(R™H (X))

dQ, = (X)) dPy,

2.7.2 Yaglom Limits and Quasi-invariant Measures

We return to the time homogeneous Feynman-Kac models introduced
in the last subsection. Using the particle absorption interpretation (1.6)
we have

Law((X§,...,XS) | T¢>n) = (XM aph

E(h=H(X}))
and

Z, =P(T°>n) = X'no(R)E(h (X)) — 100 0. (2.18)
Letting n” := Law(X"), we readily prove the following formulae

= Uy(nh) and 7l =W (n,).

Whenever it exists, the Yaglom limit of the measure g is defined as
the limiting of measure

of the Feynman-Kac flow 7,, when n tends to infinity. We also say
that ng is a quasi-invariant measure if we have 1y = 7n,, for any time
step. When the Feynman-Kac flow 7, is asymptotically stable, in the
sense that it forgets its initial conditions, we also say that the quasi-
invariant measure 1o is the Yaglom measure. Whenever it exists, we let
n be the invariant measure of the h-process X/. Under our assump-
tions, it is now a simple exercise to check that

Moo = ‘I’M(h)(ﬂ) and 7’20 1= Up(Neo) = Uhn(n) ().

Quantitative convergence estimates of the limiting formulae (2.18) and
(2.19) can be derived using the stability properties of the Feynman-Kac
models developed in Section 3. For a more thorough discussion on these
particle absorption models, we refer the reader to [17, 20, 30, 31, 38, 39].
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Feynman-Kac Semigroup Analysis

3.1 Introduction

As we mentioned in subsection 1.4, the concentration analysis of par-
ticle models is intimately related to the regularity properties of the
limiting nonlinear semigroup. Here, we survey some selected topics on
the theory of Feynman-Kac semigroups developed in the series of arti-
cles [23, 31, 38]. For more recent treatments, we also refer the reader
to the books [17, 20].

We begin this section with a discussion on path space models. Sub-
section 3.2 is concerned with Feynman-Kac historical processes and
Backward Markov chain interpretation models. We show that the the
n-th marginal measures 7, of a Feynman-Kac model with a reference
historical Markov process coincides with the path space measures Q,
introduced in (1.4).

The second part of subsection 3.2 is dedicated to the proof of
the Backward Markov chain formulae (1.12). In subsection 3.3, we
analyze the regularity and the semigroup structure of the normalized
and unnormalized Feynman-Kac distribution flows 7, and ~,.

Subsection 3.4 is concerned with the stability properties of the nor-
malized Feynman-Kac distribution flow. In subsection 3.4.1, we present

281
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regularity conditions on the potential functions G,, and on the Markov
transitions M,,, under which the Feynman-Kac semigroup forgets expo-
nentially fast its initial condition. Quantitative contraction theorems
are provided in subsection 3.4.2.

We illustrate these results with three applications related to time
discretization techniques, simulated annealing type schemes, and path
space models, respectively.

Subsections 3.5 and 3.6 are concerned with mean field stochastic
particle models and local sampling random field models.

3.2 Historical and Backward Models

The historical process associated with some reference Markov chain X,
is defined by the sequence of random paths

X, = (Xo,...,Xp) €En = (Ey X ... x Ep).

Notice that the Markov transitions of the chain X,, are given for any

Xp-1 = (%0,---,Tn-1) and yn = (Y0,---,Yn) = (¥Yn-1,¥n) by the follow-
ing formulae

Mn(xn—ladyn) = 5xn,1 (dyn—l)Mn(yn—ladl'n)- (31)

We consider a sequence of (0,1]-valued potential functions G,, on Ey
whose values only depend on the final state of the paths; that is, we
have that

Gy xXp = (20,...,2n) € En = Gp(xp) = Gp(zn) € (0,1] (3.2)

with some (0, 1]-valued potential function G,, on E,.

We let (yn,7nn) represent the Feynman-Kac model associated with
the pair (G,,M,,) on the path spaces E,. By construction, for any
function f,, on E,, we have

Yn(fn) = E | £.(X0) H Gp(Xp)

0<p<n

=E [ f.(Xo,....Xn) [ Go(Xp)
0<p<n
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from which we conclude that

Yo = Z,Q, and n, =Q, (3.3)

where Q,, is the Feynman-Kac measure on the path space associated
with the pair (G, M,,), and defined in (1.4).

We end with the proof of the backward formula (1.12). Using the
decomposition

Zn—l
Zn

Qn(d(xo, cee ,xn)) = Qn_l(d(aﬁo, e ,xn—l))Qn(l'n—l,dl'n)

we prove the following formulae

Zp_
Zn—l
= NMn—1(Gn—1Hn (., 2n)) A\n(dzp) (3.5)
and
Zn

% - nn—lQn(]l) = Un_l(Gn—l)'

This implies that

dnp—1Qn dnp—2@Qn—1 dno@1
dnn (xn) * dnnfl (-Tnfl) x x d”]l (xl)
_ 2n xzn_lx---xé:Z
Zn—l Zn—Q ZO "

Using these observations, we readily prove the desired backward
decomposition formula.
3.3 Semigroup Models

This subsection is concerned with the semigroup structure and the weak
regularity properties of Feynman-Kac models.

Definition 3.1. We denote by

(I)Pm(np) =1, and 'Vpr,n ="n
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with 0 < p < n, the linear and the nonlinear semigroup associated with
the unnormalized and the normalized Feynman-Kac measures. For
p = n, we use the convention ®,,,, = Id, the identity mapping.

Notice that @), has the following functional representation

Qpn(fo)(zp) =E | fu(Xn) H Gq(Xq) | Xp=p

p<qg<n

Definition 3.2. We let G}, and P,, be the potential functions and
the Markov transitions defined by

We also set
9p,n = Sup Gpn() and [(P,n) = suposc(Pyn(f)).
" vy Gpn(y) P P,

The r.h.s. supremum is taken as the set of functions Osc(FE). To simplify
notation, for n = p + 1 we have also set

Gp,p+1 = Qp,erl(]l) = Gp

and sometimes we write g, instead of g, py1.

The particle concentration inequalities developed in Section 6 will
be expressed in terms of the following parameters.

Definition 3.3. For any k,l > 0, we also set
Thi(n) := Z gf.f,n ﬁ(Pp,n)l and  £(n):= sup (gpnB(Fpn))-

0<p<n 0<p<n

(3.6)

Using the fact that
M (fn) = 11p@pn(fn) /MpQpn (1) (3.7)

we prove the following formula

Dy (np) = \Ile,n (Up)Pp,n
for any 0 < p <mn.



3.4 Stability Properties 285

As a direct consequence of (1.22) and (1.23), we quote the following
weak regularity property of the Feynman-Kac semigroups.

Proposition 3.1. For [0, 1]-valued potential function G, and any cou-
ple of measures v, ;. on the set E s.t. u(Gpn) A v(Gprn) >0, we have
the decomposition

1
‘I)pm(ﬂ) - (I)p,n(’/) = V(Gpm,) (= V)SGp,mMPPm‘
In addition, we have the following Lipschitz estimates
[Gpanll

||q)p,n(,u) - (I)p,n(’/)”tv <

/J'(Gp,n) V V<Gp,n) ﬁ(Pp,n) ||/L — VHtv

and

sup ||(I)p,n(ﬂ) - (I)p,n(V)”tv = ﬂ(Ppm)-
v

3.4 Stability Properties
3.4.1 Regularity Conditions

Here, we present one of the simplest quantitative contraction estimates
known for the normalized Feynman-Kac semigroups ®,, ,. We consider
the following regularity conditions.

H,,(G,M) There exists some integer m > 1, such that for any n > 0,
and any ((x,2'),A) € (E2 x &,) and any n > 0 we have

Mn,n+m(x7A) < Xm Mn,n—i—m(lj’A) and g= Sl;pogn < o0
nz

for some finite parameters x,,,g < oo, and some integer m > 1.

Ho(G,M)

pi=sup (9nB(Mp+1)) <1 and g=supg, <oco.  (3.8)
n> n

Both conditions are related to the stability properties of the ref-
erence Markov chain model X,, with probability transition M,,. This
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implies that the chain X, tends to merges exponentially fast the ran-
dom states starting from any two different locations.

One natural strategy to obtain some useful quantitative contraction
estimates for the Markov transitions P, , is to write this transition in
terms of the composition of Markov transitions.

Lemma 3.2. For any 0 < p < ¢ <n, we have

P,,=RMP,, and P,,=R" R", .R"™ RM

with the triangular array of Markov transitions Rl(fq) and (R((]n))lgqgn
defined by

_ Qpa(Gonf) _ Bpa(Gynl)

R = =
e (f) QP#I(G(IJL) Pp,q(Gq,n)
and
Rz(,n)(f) _ QP(Gpmf) _ Mp(Gp,nf)‘

a QP(GPJ’L) Mp(Gp,n)

In addition, for any 0 < p < ¢ <n we have

BRI < gunB(Prg) and loggpn < S (94— DB(Fpg). (3.9)

p<g<n

Proof:
Using the decomposition

Qpn(f) = Qpa(Qan(f)) = Qpa(Qqn(1) Pyn(f))

we can easily check the first assertion. The left-hand side (l.h.s.)
inequality in (3.9) is a direct consequence of (1.26). Using (1.9), the
proof of the r.h.s. inequality in (3.9) is based on the fact that

Gp,n@) _ Hp§q<n ‘I)nq(dw)(Gq)

Gpn(y) Hp§q<n P q(0y)(Gq)

= €xp Z (log ®p,¢(32)(Gq) — log Ppq(0y)(Gy))
p<g<n
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Using the fact that

1 _
logy — logx = / Mdt
0

r+t(y —x)
for any positive numbers x,y, we prove that
Gpn()

Gpn(y)

Gy :=Gyfosc(Gy) and g :=o0sc(Gy)/infGy < gq — 1.

We end the proof of the desired estimates using (1.26), and Proposi-
tion 3.1. This completes the proof of the lemma. ]

3.4.2 Quantitative Contraction Theorems

This subsection is mainly concerned with the proof of two contraction
theorems, which can be derived under the couple of regularity condi-
tions presented in subsection 3.4.1.

Theorem 3.3. We assume that condition H,,(G,M) is satisfied for
some finite parameters Ym,,g9 < oo, and some integer m > 1. In this
situation, we have the uniform estimates

SUp g < Xmy™  and Sgrgﬁ(Pp,p+km) <(1— g My k.
p=

0<p<n
(3.10)
In addition, for any couple of measures v, € P(E,), and for any f €
Osc(E,,) we have the decomposition

[®@pn(1) = Ppn ()] < pn(1 = k) "™ | (1t = ) Dp ()]
(3.11)
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for some function Dy, ,(f) € Osc(E,) whose values only depends on
the parameters (p,n,u), and some parameters p,, < oo and k,, €]0,1]
such that

Pm < xmg™ (1 — g_(m_l)ng)_l and K > g_(m_l)ng. (3.12)
Proof:
For any nonnegative function f, we notice that
(n) _ Qppim(Gprmnf) (@)
Ry pim(f)(2) =
P Qpp+m(Gprmn) (@)
> gf(mfl) —2 Mpﬁv-&-m( p+m, nf)( )
- " Mpptm(Gprmn) (')

and for any p+m <n

Gpm(x) _ me-i—m(Gp-i-mm)(ﬂ?) < gm Mp,p-lrm(Gp-Fm,n)(x) Ymg™.
Gpn(@')  Qpptm(Gprmn)(@') ~ My prm(Gpymm) (') —

For p <n < p+ m, this upper bound remains valid. We conclude that

Con(2) < Xmg™ Gpn(a') and SR, ) <1— g (mDy 2

In the same way as above, we have

(n) (n) (n)
n=km= PP p+km = Rp p+me+m ,p+2m Rp+(k—1)m,p+km

and

B(Poprin) < TT B iympiim) < (1= g~ D",
1<I<k

This ends the proof of (3.10).
The proof of (3.11) is based on the decomposition

(lu - V)SGp,7L7MPp7n(f) = ﬁ(SGp,ny,Uthyn) X (M - V)meq#(f)
with
Dp,mu(f) = SGp n,u ( )//B(SGp,muPp,n)-
On the other hand, we have

56y nu(@,y) 2 (1 = |Gpall) = B(Sc, ) < [Gpnll
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and

ﬁ(SGp,nau)/V(Gp,n) < 9p,n < Xmgm.

Finally, we observe that

ﬁ( )<ﬁ( p,p+|(n— p)/mJ)

from which we conclude that

1
I/(Tpn) ﬁ(SGpn,p pn) < xmg"B(P, p,p+[(n— p)/mJ)

The end of the proof is now a direct consequence of the contraction
estimate (3.10). This ends the proof of the theorem. [

Theorem 3.4. We assume that condition Ho(G,M) is satisfied for
some p < 1. In this situation, for any couple of measures v, € P(Ep),
and for any f € Osc(E,) we have the decomposition

[@pn (1) = PN < 2" (1 = v) Dy (£

for some function Dy, ,, ,(f) € Osc(E,), whose values only depends on
the parameters (p,n,u). In addition, for any 0 < p <n, we have the
estimates

B(Ppa) < p" P and gy <expl(g—1) (1— p"P)/(1 = p)).

Proof. Using Proposition 3.1, and recalling that 3(Sq,_, u) < [|Grn-1]|,
we readily prove that

[0 (1) = (W) < gn1B(M)| (e — v) Dy (f)
< pl(r = v) D u(f)]
with the function

D (f) = Scp_1,uMn(f)/B(Sc,_y uMn) € Osc(Epn-1).

Now, we can prove the theorem by induction on the parameter n > p.
For n = p, the desired result follows from the above discussion. Suppose
we have

[@pn1(1) = Spn—1 ()] < " DN = v) Dy ()]
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for any f € Osc(E,—1), and some functions Dy, ,,—1,,(f) € Osc(Ep). In
this case, we have

[P (Ppn—1(1t)) = Pr(Ppn—1(¥))](f)]
< gn-1B(Mp)|(Ppn-1(1) = Ppn-1(¥)) Do,y oy () ()]
for any f € Osc(Ey), with Dy, g () (f) € Osc(Ep-1).
Under our assumptions, we conclude that

[@0(@pn-1(1) = Lu(@pn—1(@)](HI < p" (1 = 1) Dpnu(£)

with the function

Dp,n,u(f) = Dp,n—l,,u(Dn,‘bp,n_ﬂu) (f)) € OSC(EP)'

The proof of the second assertion is a direct consequence of Proposi-
tion 3.1, and Lemma 3.2. This ends the proof of the theorem. [

Corollary 3.5. Under any of the conditions Hy, (G, M), with m > 0,
the functions 74; and « defined in (3.6) are uniformly bounded; that
is, for any k,l > 1 we have that

Tri(m) :=sup sup 74;(n) <oo and &E(m):=supk(n) < oco.
n>00<p<n n>0

In addition, for any m > 1, we have
K(m) € [1,xmg™]
Tra(m) < mxmg™)" /(1= (1 =g~ " Vx2))
and for m = 0, we have the estimates
7(0) < exp((g —1)/(1 = p))
Tt(0) < exp(k(g — 1)/(1 = p))/(L = p).

3.4.3 Some Illustrations

We illustrate the regularity conditions presented in subsection 3.4.1
with three different types of Feynman-Kac models, related to time



3.4 Stability Properties 291

discretization techniques, simulated annealing type schemes, and path
space models, respectively.

Of course, a complete analysis of the regularity properties of the 20
Feynman-Kac application models presented in section 2 would lead to
too long of a discussion.

In some instances, the regularity conditions stated in subsec-
tion 3.4.1 can be directly translated into regularity properties of the
reference Markov chain model and the adaptation potential function.

In other instances, the regularity properties of the Feynman-Kac
semigroup depend on some important tuning parameters, including
discretization time steps, and cooling schedules in simulated annealing
time models. In subsection 3.4.3.1, we illustrate the regularity property
Ho(G,M) stated in (3.8) in the context of a time discretization model
with geometric style clocks introduced in (2.17). In subsection 3.4.3.2,
we present some tools to tune the cooling parameters of the annealing
model discussed in (2.2), so that the resulting semigroups are exponen-
tially stable.

For degenerate indicator style functions, we can use a one-step inte-
gration technique to transform the model into a Feynman-Kac model
on smaller state spaces with positive potential functions. In terms of
particle absorption models, this technique allows us to turn a hard
obstacle model into a soft obstacle particle model. Further details on
this integration technique can be found in [17, 19].

Last, but not least, in some important applications, including
Feynman-Kac models on path spaces, the limiting semigroups are
unstable, in the sense that they do not forget their initial conditions.
Nevertheless, in some situations it is still possible to control uniformly
in time the quantities g, discussed in subsection 3.3.

3.4.3.1 Time Discretization Models

We consider that the potential functions G,, and Markov transitions M,
are given by (2.17), for some non negative function V,,, some positive
parameter A, and some Markov transition K, s.t.

B(Ky) <kn<l h<h,=(1-kp)/[vn-1+a] and N\, €]0,1/h]
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with v,_1 : = 0sc(V,—1), and for some a > 0. We also assume that v =
sup,, v, < 00.
In this situation, for any \, € [/%7 %], we have

Gn-1B(M,) < e’=1""(1 — \h (1 — k)

< e—h()xn(l—nn)—vn,ﬂ < e—ah

from which we conclude that Ho(G, M) is met with

g=supg, <e™ and p<e
n

3.4.3.2 Interacting Simulated Annealing Model

We consider the Feynman-Kac annealing model discussed in (2.2). We
further assume that

Kk (z,dy) > en vn(y)

for some k,, > 1, some €, > 0, and some measure v,.
In this situation, we have

My (w,dy) > Ki» (a,dy) e P > ¢, e, (dy)
with v := osc(V). If we choose m,, = kyl,, this implies that
n kn n —Mnhn n
B(Mp) = BM;3 ) < BM ) < (1 — e 7Pty
Therefore, for any given p’ €]0,1[ we can chose I,, such that

log (1/0') + v(By — Bn-1)
log1/(1 — €, e~Fnknv)

so that
gn_18(M,) < eV(Bn=Pn-1) (1-—e, e—ﬁnknv)ln <p=p<y.

For any function (:x € [0,00[— B(x), with a decreasing derivative
B'(z) s.t. limy_o0 B'(z) =0 and 3'(0) < oo, we also notice that

g =supg, <supe’n < (0,
n>0 n>0
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3.4.3.3 Historical Processes

We return to the historical Feynman-Kac models introduced in sub-
section 3.2. Using the equivalence principle (3.3), we have proved that
the n-time marginal models associated with a Feynman-Kac model on
path space coincide with the original Feynman-Kac measure (1.4).

We write Qp, and P, , the Feynman-Kac semigroups defined as
Qpn and P, ,, by replacing (Gp,My) by (Gn,M,). By construction,
we have

Qpn(L)(xp) = Qpn(L)(xp)
for any x, = (zo,...,xp) € Ep. Therefore, if we set

Gp,n(xp) = Qpn (1) (Xp)
then we find that

._ Gp,n(xp) _ Gp,n(xp) N
B f;l)?p Gpnlyp) 508;1257 Gpn(yp) I
On the other hand, we cannot expect the Dobrushin’s ergodic coefficient
of the historical process semigroup to decrease, but we always have
B(Py.) < 1.
In summary, when the reference Markov chain X, satisfies the con-
dition Hy, (G, M) stated in the beginning of subsection 3.4.1, for some

m > 1, we always have the estimates

gpn < xmg" and [B(P,,) <1 (3.13)

and

TEi(n) < (n+ 1)(Xmgm)k and  k(n) < xmg™ (3.14)

with the functions 73, and x introduced in (3.6)

We end with some Markov chain Monte Carlo techniques often
used in practice to stabilize the genealogical tree based approxima-
tion model. To describe with some precision this stochastic method, we
consider the Feynman-Kac measures 7, € P(Ey) associated with the
potential function G, and the Markov transitions M,, of the historical
process defined respectively in (3.2) and in (3.1). We notice that the
measures 1), satisfy the updating-prediction equation

M = \IlGn (nn)Mn
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This equation on the set of measures on path spaces is unstable, in the
sense that its initial condition is always kept in mind by the historical
Markov transitions My,. One idea to stabilize this system is to incorpo-
rate an additional Markov chain Monte Carlo move at every time step.
More formally, let us suppose that we have a dedicated Markov chain
Monte Carlo transition K, from the set E, into itself, and such that

T = nnKn-
In this situation, we also have that
M =Yq, (n)M,,  with M., := M, K,,. (3.15)

By construction, the mean field particle approximation of the equa-
tion (3.15) is a genealogical tree type evolution model with path space
particles on the state spaces E,. The updating-selection transitions are
related to the potential function G, on the state spaces Ej, and the
mutation-exploration mechanisms from E, into E,1 are dictated by
the Markov transitions M, _ ;.

Notice that this mutation transition is decomposed into two differ-
ent stages. First, we extend the selected path-valued particles with an
elementary move according to the Markov transition M,,. Then, from
each of these extended paths, we perform a Markov chain Monte Carlo
sample according to the Markov transition K,.

3.5 Mean Field Particle Models

With the exception of some very special cases, the measures 0y,
cannot be represented in a closed form, even on infinite dimensional
state-spaces. Their numerical estimation using deterministic type grid
approximations requires extensive calculations, and they rarely cope
with high-dimensional problems. In the same vein, harmonic type
approximation schemes, or related linearization style techniques such
as the extended Kalman filter often provide poor estimation results
for highly nonlinear models. In contrast with these conventional tech-
niques, mean field particle models can be thought of as a stochas-
tic adaptive grid approximation scheme. These advanced Monte Carlo
methods take advantage of the nonlinearities of the model, to design
an interacting selection-recycling mechanism.
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Formally speaking, discrete generation mean field particle models
are based on the fact that the flow of probability measures 7, satisfies
a non linear evolution equation of the following form

s (dy) = / () K 1., () (3.16)

for some collection of Markov transitions K11, indexed by the time
parameter n > 0 and the set of probability measures P(E,).

The choice of the McKean transitions K1, is not unique. For
instance, we can choose

K1, (2,dy) = @pp1(nn)(dy)

and more generally

KnJrl,nn(xvdy)
=€) Gn(x) Mpy1(z,dy) + (1 = €(nn)Gn(2)) Pny1(nn)(dy)

for any €(ny,) s.t. €(n,)Gn(x) € [0,1]. Note that we can define sequen-

tially a Markov chain sequence (X,,),>0 such that
P(X 41 €da | Xp) = Knt1,,(Xn,dz)  with Law(X,,) = nj,.

From practical point of view, this Markov chain can be seen as a perfect
sampler of the flow of the distributions (3.16) of the random states
X ,,. For a more thorough discussion on these nonlinear Markov chain
models, we refer the reader to section 2.5 in the book [17].

The mean field particle interpretation of this nonlinear measure
valued model is the E!Y-valued Markov chain

fn = (érlnézmagrjzv) € ETJLV

with elementary transitions defined as

N
P(éni1 €d | &) = [[ Kopr (&, da’) (3.17)
=1

with

1 N
N ._ )
=y 2 O
j=1
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In the above displayed formula, dx stands for an infinitesimal neigh-
borhood of the point z = (2!,...,2"V) € E711V+1- The initial system &g
consists of N independent and identically distributed random variables
with common law 7).

We let GV := o (&,...,&,) be the natural filtration associated with
the N-particle approximation model defined above.

The particle model associated with the parameter e(n,) =1
coincides with the genetic type stochastic algorithm presented in sub-
section 1.4.

Furthermore, using the equivalence principles (3.3) presented in sub-
section 3.2, we can check that the genealogical tree model discussed
above coincides with the mean field N-particle interpretation of the
Feynman-Kac measures (7y,,7,) associated with the pair (G,,M,,) on
the path spaces E,. In this context, we recall that n, = Q,, and the
N-particle approximation measures are given by

N
1
n = NZ‘S(%W&%,W-,&,M € P(En)=P(Ey x ... X E,).  (3.18)
=1

3.6 Local Sampling Errors

The local sampling errors induced by the mean field particle model
(3.17) are expressed in terms of the empirical random field sequence
VN defined by

VL = VNN — ()]

Notice that Vn]\-fu is alternatively defined by the following stochastic
perturbation formulae

1
777]2[-1-1 =Pn1(np) + N Vn]\j_l- (3.19)
For n =0, we also set

1
Vo' = VNY —nol e =no + —= V.

2
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In this interpretation, the N-particle model can also be interpreted
as a stochastic perturbation of the limiting system
Th+1 = (I)n+1(77n)-
It is rather elementary to check that
E(V,51 () Gn) =0
E(V1 ()21 G0) = i Ky (F = Ky ()71

Definition 3.4. We denote by o2 the uniform local variance parameter
given by

‘7121 = SUPN(Kn,u[fn - Kn,u(fn)]2) <L (3.20)
In the above displayed formula the supremum is taken over all functions
fn € Osc(Ey,), and all probability measures p on E,, with n > 1. For
n =0, we set

og=sup  no([fo—no(fo)]*) < 1.
foeOsc(Eo)

We close with a brief discussion on these uniform local variance
parameters in the context of continuous time discretization models.
When the discrete time model K, , = Kéh& comes from a discretization
of the continuous time model with time step At = h(< 1), we often have
that

Ky, =Id+ kL, + O(h?) (3.21)

for some infinitesimal generator L, ,. In this situation, we also have
that

Lk, = Knu — Id=hL,, + O(h?).
For any Markov transition K, we notice that
K([f = K(f)?) = K(f*) - K(f)°
= L(f*) = 2fL(f) — (Lx(f))?
= Tp(f. 1) = (Lx(£)
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with the “carré du champ” function T'r, (f, f) defined for any x € F by
P (f.f)(@) = Li([f — Lr(f)(@)]*)(2)
= Li(f*)(x) — 2f(z) Lx(f)(x).
When K = Ky, and Lg,, , = hLy, + O(h?), we find that
WK ulfo = Knu(F)?) = 6Ty, (f, )b = h2u(Li, , (f)?)
= (T, (f, ) + O(h?).



4

Empirical Processes

4.1 Introduction

The aim of this section is to review some more or less well known
stochastic techniques for analyzing the concentration properties of
empirical processes associated with independent random sequences.
Our discussion begins by providing some basic definitions on empirical
processes associated with sequences of independent random variables
on general measurable state spaces. In subsection 4.2, we state and
comment on the main results of this section. Subsection 4.2.1 is con-
cerned with finite marginal models. In subsection 4.2.2, we extend
these results at the level of the empirical processes. In addition to the
fact that the concentration inequalities for empirical processes hold
for the supremum of empirical processes over infinite collection of func-
tions, these inequalities are more crude with greater constants than the
ones for marginal models. These two subsections also contain two new
perturbation theorems that apply to nonlinear functional of empirical
processes. The proofs of these theorems combine Orlicz’s norm tech-
niques, Kintchine’s type inequalities, maximal inequalities, as well as
Laplace-Crameér-Chernov estimation methods. These four complemen-
tary methodologies are presented in subsections 4.3-4.6, respectively.

299
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Let (u')i>1 be a sequence of probability measures on a given
measurable state space (E,£). During the further development of this
subsection, we fix an integer N > 1. To clarify the presentation, we
slightly abuse the notation and denote by

1 & 1 <.
:N25Xi and M:NZ“Z
i=1 i=1

the N-empirical measure associated with a collection of independent
random variables X = (X%);>1, with respective distributions (u!);>1,
and the N-averaged measure associated with the sequence of mea-
sures (11');>1, respectively. We also consider the empirical random field
sequences

V(X) = VN (m(X) - p).

We also set

2 1 l 2
P =BV = 5 Dl = 0P (@

Remark 4.1. The rather abstract models presented above can be used
to analyze the local sampling random fields models associated with a
mean field particle model discussed in subsection 3.6.

To be more precise, given the information on the N-particle model
at time (n — 1), the sequences of random variables ¢! are independent
random sequences with a distribution that depends on the current state
¢ . That is, at any given fixed time horizon n and given GgN
have

n— 17 We

¢ cE=E, and p'(dz):= Kn,nN_l(&*l’dx)‘ (4.2)
In this case, we find that
m(X)=nY and V(X)=V}Y

and
o(f)? = E(V,5H () G)
= 77711\[[Kn+1,nn (f +1,77n (f))Q]
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Let F be a given collection of measurable functions f: F — R such
that ||f]] < 1. We associate with F the Zolotarev seminorm on P(FE)
defined by

| — vl g =sup{|p(f) —v(f); f € F},

(see, for instance, [83]). No generality is lost and much convenience is
gained by supposing that the unit and the null functions are f =1 and
f =0 ¢€ F. Furthermore, to avoid some unnecessary technical measura-
bility questions, we shall also suppose that F is separable, in the sense
of Doob.

We measure the size of a given class F in terms of the covering
numbers N (e,F,La(n)) defined as the minimal number of La(u)-balls
of radius € > 0 needed to cover F. We shall also use the following
uniform covering numbers and entropies.

We end with the last of the notations to be used in this section
dedicated to empirical processes concentration inequalities.

Definition 4.1. By N (g, F), ¢ > 0, and by I(F) we denote the uniform
covering numbers and entropy integral given by

N(e,F) = sup{N (e, F,La(n));n € P(E)}

2
I(F) = /0 VIos (1 + Nz, 7)) de.

The concentration inequalities stated in this subsection are
expressed in terms of the inverse of the functions defined below.

Definition 4.2. We let (€g,€1) be the functions on Ry defined by

co(\) = %()\ Clog(14 ) and er(A) = (1+ A)log(1+ A) — A,

Rather crude estimates can be derived using the following upper
bounds

6 (x) <2(z+ vr) and € '(z) < % + V2.

A proof of these elementary inequalities and refined estimates can be
found in the recent article [40].
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4.2 Statement of the Main Results
4.2.1 Finite Marginal Models

The main result of this subsection is a quantitative concentration
inequality for the finite marginal models

f = VX)) = VN((X) = u(f))-

In the following theorem, we provide Kintchine’s type mean error
bounds, and related Orlicz norm estimates. The detailed proofs of these
results are postponed to subsection 4.4. The last quantitative concen-
tration inequality is a direct consequence of (4.5), and it is proved in
Remark 4.6.

Theorem 4.1. For any integer m > 1, and any measurable function f
we have the L,,-mean error estimates

E(|V(X)(HI™)Y™ < b(m)(ose(f) A [2 ull ™)™ (4.3)

and

L o )2 1/m/
E(V(X)(F)")% < 6b(m)? ma (ﬂcf(f),[fvg)l] )

with the smallest even integer m’ > m, and the collection of constants
b(m) defined in (1.27).
In particular, for any f € Osc(E), we have

mp(V(X)(f)) < V/3/8 (4.4)
and for any N s.t. 202(f)N > 1 we have
E([V(X)(f)[™)7 < 6v2b(m)?o(f)- (4.5)
In addition, the probability of the event
V(X)) < 6v20(£)(1 + ¢ (x))

is greater than 1 — e™*, for any = > 0.
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In subsection 4.3.2, dedicated to concentration properties of random
variables Y with finite Orlicz norms my(Y') < 0o, we shall prove that
the probability of the event

Y <my(Y) Vy + log2

is greater than 1 — e~ Y, for any y > 0 (cf. lemma 4.6). This implies that
the probability of the events

VX)) < 5 VB3 + g2 2

is greater than 1 — e™*, for any = > 0.

Our next objective is to derive concentration inequalities for the
nonlinear functional of the empirical random field V' (X). To introduce
these objects precisely, we need another around of notation.

For any measure v, and any sequence of measurable functions f =

(f1,...,fa), we write

v(f) = [v(fr),...,v(fa)l-

Definition 4.3. We associate with the second-order smooth function
F on RY, for some d > 1, the random functionals defined by

f = (fi)i<i<d € Osc(E)?
= F(m(X)(f)) = F(m(X)(f1),...,m(X)(fs)) €R.  (4.6)

Given a probability measure v, and a collection of functions (f;)1<i<d €
Osc(E)?, we set

Dy (F)(f)=VFw(f)f'. (4.7)
Notice that
< oF
osc(DAF)) < IV = Y| SE 0.
i=1

We also introduce the following constants
d

|V2F¢| = Z sup

1,j=1

O*F
o )] (4.5)
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In the r.h.s. display, the supremum is taken over all probability mea-
sures v € P(E).

The next theorem extends the exponential inequalities stated in
theorem 4.1 to this class of nonlinear functionals. It also provides more
precise concentration properties in terms of the variance functional o
defined in (4.1). The proof of this theorem is postponed to subsec-
tion 4.7.

Theorem 4.2. Let F be a second-order smooth function on R?, for
some d > 1. For any collection of functions (fi)i<i<q € Osc(E)4, and
any N > 1, the probability of the events

(Fm(X)(f)) ~ F(u()]
< 5 IV Erlh[3/2 + 5" (2)]

T 2
HIVE@N)y o> (Du(F) (e (NL?Z(‘?%)Z%)

is greater than 1 — e™", for any « > 0. In the above display, D,(F)(f)
stands for the first-order function defined in (4.7).

4.2.2 Empirical Processes

Our objective here is to extend the quantitative concentration theo-
rems, Theorem 4.1 and Theorem 4.2, at the level of the empirical pro-
cess associated with a class of function F. These processes are given by
the mapping

feF=V(X)(f) = VN@m(X) — u(f)).

Our main result in this direction is the following theorem, whose proof
is postponed to subsection 4.5.

Theorem 4.3. For any class of functions F, with I(F) < oo, we have

2
o (IVE)F) < 122 /0 VIog (8 + N(F.e?) de.
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Remark 4.2. Using the fact that log (8 + 22) < 4logx, for any z > 2,
we obtain the rather crude estimate

/2 V1og (8 + N(F,€)2) de < 2/2\/log./\/'(.7:,e) de.
0 0

We check the first observation, using the fact that 6(z) =4logz —
log(8 + 2%) is a non decreasing function on R, and 6(2)=
log(4 x 4) —log(4 x 3) > 0.

Various examples of classes of functions with finite covering and
entropy integrals are given in the book by Van der Vaart and
Wellner [93] (see, for instance, p. 86, p. 129, p. 135, and exercise 4
on p. 150, and p. 155). The estimation of the quantities introduced
above often depends on several deep results on combinatorics, which
are not discussed here.

To illustrate these mathematical objects, we mention that, for the
set of indicator functions

F = {1 (coom  (@i)1zia € R} (4.9)
of cells in E = R?, we have
N (e, F) < cld + 1)(4e)?Hte2d
for some universal constant ¢ < co. This implies that

ViogN(e,F) < y/logle(d + 1)(4e)t1] + v/(2d) \/Iog (1/6).

An elementary calculation gives

/2 V1og(1/e) <2 /Oone_xde =/7n/4<1
0 0

from which we conclude that

/2 V1og N (Fe) de < 2\/10g [e(d 4 1)(4e)d+1] + \/(2d) < ¢Vd
0
(4.10)

for some universal constant ¢ < oco.
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For d = 1, we also have that A(,F) < 2/€? (cf. p. 129 in [93]) and
therefore

/2\/10gj\/(.7-",e) de < 3v/2.
0

Remark 4.3. In this section, we have assumed that the class of func-
tions F is such that sup sz || f|| < 1. When sup;cz || f|| < ¢z, for some
finite constant cx, using Theorem 4.3, it is also readily checked that

2cr
(VX5 < 122/0 V108 (8 - N (F.?) de. (4.11)

We mention that the uniform entropy condition I(F) < oo is
required in Glivenko-Cantelli and Donsker theorems for empiri-
cal processes associated with non necessarily independent random
sequences [36].

Arguing as above, we prove that the probability of the events

IV(X)|lF < I(F)y/z + log2

is greater than 1 — e™*, for any x > 0, with some constant

L(F) < 122/2 V1og (8 + N(F,€)?) de.
0

As for the marginal models 4.6, our next objective is to extend
Theorem 4.5 to the empirical processes associated with some classes of
functions. Here, we consider the empirical processes

feFi—»m(X)(f)eR

associated with d classes of functions F;, 1 <14 < d, defined in subsec-
tion 4.1. We further assume that ||f;|| V osc(f;) <1, for any f; € F;,
and we set

F= [ & and m(IVX)r) = sup m([V(X)]):
1<i<d 1<i<d

Using Theorem 4.3, we mention that

2
wmwmmﬂsm{A¢M@+Nm@%ﬁ
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with
N (F,e):= sup N(F;,e).
1<i<d
We set
. OF 2 _ O°F
IV Eyll = s G ()| and [92F Lo =sup 52 )|

The supremum in the Lh.s. is taken over all 1 <i < d and all f € F;
and the supremum in the r.h.s. is taken over all 1 <4,j < d, v € P(FE),
and all f € F.

We are now in a position to state the final main result of this sub-
section. The proof of the next theorem is postponed to the end of
subsection 4.7.

Theorem 4.4. Let F be a second-order smooth function on R?, for
some d > 1. For any classes of functions F;, 1 <14 < d, and for any = > 0,
the probability of the following events

sup [F(m(X)(f)) — F(u(f))]
fer
< fvm<||v<x>||f>||vm|oo<1 +2va)

o P Fld (V0L (14 67 (2))

is greater than 1 — e™%.

4.3 A Reminder on Orlicz’ Norms

Here, we have collected some important properties of Orlicz’ norms.
Subsection 4.3.1 is concerned with rather elementary comparison prop-
erties. In subsection 4.3.2, we present a natural way to obtain Laplace
estimates, and related concentration inequalities, using simple Orlicz’
norm upper bounds.

4.3.1 Comparison Properties

This short subsection is mainly concerned with the proof of the follow-
ing three comparison properties.
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Lemma 4.5. For any nonnegative variables (Y7,Y2) we have
Y1 < Yo = my (Y1) < my(Ya)
as well as
(vm > 0B(YP™) < EVE™) = mp(V1) S mu(¥a).  (412)

In addition, for any pair of independent random variables (X,Y’) on
some measurable state space, and any measurable function f, we have

(my(f(2,Y)) < cfor P-ae. x) = my(f(X,Y)) <c. (4.13)

Proof:
The first assertion is immediate, and the second assertion comes from
the fact that

v, \? 1 EY2m Y-
o (B ) ) ey L By ),
7T¢(Y2) 1 m‘ 7T¢(YV2) m 7T¢(Y2)
The last assertion comes from the fact that

E(E((f(X,Y)/c)|X)) < 1= my(f(X.V)) <c.

This ends the proof of the lemma. [

4.3.2 Concentration Properties

The following lemma provides a simple way to transfer a control on
Orlicz’ norm into moment or Laplace estimates, which in turn can be
used to derive quantitative concentration inequalities .

Lemma 4.6. For any non negative random variable Y, and any integer
m > 0, we have
E(Y?™) <m! 7y (Y)?™ and E(Y?™) < (m + 1)lm, (V)2
(4.14)

In addition, for any ¢ > 0 we have the Laplace estimates

E(e) < min(2ei(t”¢(y))2, 1+ tmp(Y))e(tW(Y))Q).
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In particular, for any z > 0 the probability of the event

Y <my(Y)v/x + log2 (4.15)

is greater than 1 — e™*.

Remark 4.4. For a Gaussian and centered random variable Y, s.t.
E(Y?) =1, we recall that my(Y) = 1/8/3. In this situation, letting y =
8(xz + log2)/3 in (4.15), we find that

P(|Y] > y) < 27217

Working directly with the Laplace Gaussian function E(efY) = et/ 2,
we remove the factor 3/4. In this sense, we loose a factor 3/4 using the
Orlicz’s concentration property (4.15).
In this situation, the Lh.s. moment estimate in (4.14) takes the form
b(2m)?m = 2!
m!

2™ <l (8/3)™ (4.16)

while, using Stirling’s approximation of the factorials, we obtain the
estimate

|2 ~ /2/m 4™ (< (8/3)™).

Remark 4.5. Given a sequence of independent Gaussian and centered
random variables Y;, s.t. E(Y;?) =1, for i > 1, and any sequence of non
negative numbers a;, we have

T (iaﬂ}) =+/8/3
i=1

n
> a2 = /8/3allz
=1
while
Zam =/8/ Zaz.—\/ 3|l

Notice that

lallz < llally < v/ [lall2.
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When the coefficients a; are almost equal, we can lose a factor y/n using
the triangle inequality, instead of estimating directly with the Orlicz
norm of the Gaussian mixture. In this sense, it is always preferable
to avoid the use of the triangle inequality, and to estimate directly
the Orlicz norms of linear combinations of “almost Gaussian” random
variables.

Now, we come to the proof of the lemma.

Proof of Lemma 4.6:
For any m > 1, we have

2™ < m) Z —m'z/; )

n>1

4

*([em] ) <o) <

For odd integers, we simply use the Cauchy-Schwarz inequality to check
that

E(Y2m+1)2 < E(me)E(YQ(m—H)) (m + 1) 1/1( )2(2m+1)‘

This ends the proof of the first assertion.
We use Cauchy-Schwarz’s inequality to check that

E(Y2"H)? < B(Ym) B(Y2mD) < (m o+ 1)1 my (V)24
for any non negative random variable Y, so that
E(Y2 ) < (m + 1)) my (V) 2mtD),
Recalling that (2m)! > m!? and (m + 1) < (2m + 1), we find that

E(ety) _ Z t2m E(Y2m + Z ﬂ E(y2m+l)
= (2m)! (2m + 1)!
< Ztim yyzm Z U 7o (V)@
= | |
m>0 me m>0 me

— (14 tmy (V) exp (tmy(Y)2
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On the other hand, using the estimate

b <t7n\p/(§Y)> (f(;/)) . (twin))Q . (Wﬁy))g

we prove that

(tmy(Y))?
w4 )

E(eY) <2 exp <

The end of the proof of the Laplace estimates is now completed. To
prove the last assertion, we use the fact that for any y > 0

P(Y > ) < 2exp ( — sup(ty — (tmy(V))*/4)

— 2exp [~ (y/m(V))?].
This implies that

PY > my(Y)v/2 +1og2) < 2exp[—(z + log2)] = e .

This ends the proof of the lemma. [

4.3.3 Maximal Inequalities

Let us now assemble the Orlicz’s norm properties derived in subsec-
tion 4.3 to establish a series of more or less well known maximal inequal-
ities. More general results can be found in the books [81, 93], or in the
lecture notes [56].

We emphasize that in the literature on empirical processes, maxi-
mal inequalities are often presented in terms of a universal constant ¢
without further information on their magnitude. Now, we shall try to
estimate explicitly some of these universal constants.

To begin with, we consider a couple of maximal inequalities over
finite sets.

Lemma 4.7. For any finite collection of nonnegative random variables
(Y:)ier, and any collection of nonnegative numbers (a;);cs, we have

supE(¢(Yi/a;)) <1= E(maXY;) <~ H(|I]) x maxaj.
iel i€l i€l
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Proof:
We check this claim using the following estimates

(g <E(maxmm> < w(E@lglxm/ai)))

maX;cy a;
< E(v(max(vi/a)))
<E (Z@z}((m/ai))) < |1
i€l
This ends the proof of the lemma. [

Proceeding further, we prove the following lemma.

Lemma 4.8. For any finite collection of non negative random variables
(Yi)ier, we have

my (max; ) < v/Blog (8 + 1) maxry(¥;)

Proof:
Without lost of generality, we assume that max;cymy(Y;) <1, and I =
{1,...,]1]}. In this situation, it suffices to check that

I .
e <igi) <4 | max —Yl <1.
\/6log (8 + |I]) 1<i<|I| \/6log (8 + 1)
First, we notice that for any ¢ > 1 and = > 3/2 we have

1 1 1 1
<
log (8 + 1) + logz ~ log9 + log(3/2)

<3

and therefore
3log (8 4 i)log (z) > log (z(8 + 7)).
We check the first estimate using the fact that
log(3) < 5log(3/2) = log(3) + log(3/2)
< 6log(3/2) < 3log(3/2)log(9).
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Using these observations, we have
2
Y;
Pl max [ ———eu—"| >logz
1<i<|1] \ y/6log (8 + 7)

=P | max

2
Yi
> 1
1< <\/610g )log (8 + Z)>

Y
<P| max >1
1<i<|1] /21og (x(8 + 1))
i a

< STP(Y; > v/2log (x(8 + 1)) < Z ~2log (a(8+i) (Y2,
=1
This implies that

2
Y;
P| max [ ———=| >logz
1<i<|1| 6log (8 + 1)
1]

2 (1 1
2= du= .
—x2z g_H = / w2 (22)?

If we set

2
Z=exp [ max ——
1<i<|1] /61og (8 + 1)

then we have

E(Z;) = /OOO]P’(ZI > 1)

3 © 1 3 15
< — ——dz=-(1 — <2
—2+/ (21)? 2<+4> g =

(e )
1<i<|1| 6log (8 + 1)

This ends the proof of the lemma. ]

and therefore
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The following technical lemma is pivotal in the analysis of maximal
inequalities for sequences of random variables indexed by infinite but
separable subsets equipped with a pseudo-metric, under some Lipschitz
regularity conditions w.r.t. the Orlicz’s norm.

Lemma 4.9. We assume that the index set (I,d) is a separable, and
totally bounded pseudo-metric space, with finite diameter
d(I):= sup d(i,j) < oc.
(i3)el?
We let (Y;)ier be a separable and R-valued stochastic process
indexed by I and such that

my(Yi = Yj) < e d(i, j)

for some finite constant ¢ < co. We also assume that Y;, = 0, for some
19 € I. Then, we have
d(I

)
my(supY;) < 12¢ V/6log (8 + N(I,d,€)?) de.
el 0

Proof:
Replacing Y; by Y;/d(I), and d by d/d(I), there is no loss of generality
to assume that d(I) < 1. In the same way, replacing Y; by Y;/c, we can
also assume that ¢ < 1. For a given finite subset J C I, with ig € J,
we let J, = {z’f,,z’ﬁbk} C J, be the centers of ny = N (J,d,27%) balls
of radius at most 27% covering .J. For k = 0, we set Jo = {ig}. We also
consider the mapping 0y : i € J +— Ox(i) € Ji s.t.

supd (0 (i),i) < 27

e
The set J being finite, there exists some integer k% s.t. d(6y(i),i) = 0,
for any k > k7%; and therefore Y; = Yy, (;), for any ¢ € J, and any k > k7.
This implies that

K
Yi= Z[Y@k(i) o ngfl(i)]'
k=1
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We also notice that
(0 (i), 00-1(i)) < d(0x (i), 1) + d(i, 001 (1)) < 27F + 27D =3 x 27F
and

sup (Y = Y;) <3 x 27K,
(l).])e(‘]kx‘]k—l) : d(l).])§3><27k

Using Lemma 4.8 we prove that

k;
mp(supY;) < Y wy(sup[Yo, ) — Yo, 1 (i)
ieJ k=1 ieJ

K,
<33 f6log (8 + N(J.d,275)2) 27",

k=1
On the other hand, we have

2(27F — 2=(h+l)y = 2~k

and
27k:

\/610g(8 + N(J,d,27%)2)27F < 2/ V/6log (8 + N (J,d,€)?)de

2—(k+1)

from which we conclude that

1/2
my(supY;) <6 \/610g(8 + N (J,d,€)?)de.
ieJ 0

Using the fact that the e-balls with center in I and intersecting J are
necessarily contained in an (2¢)-ball with center in J, we also have

N(J,d,2¢) < N(I,d,e).

This implies that

1

my(supY;) < 12/ V/6log (8 + N(I,d,€)2)de.
ic 0

The end of the proof is now a direct consequence of the monotone con-

vergence theorem with increasing series of finite subsets exhausting I.

This ends the proof of the lemma. [
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4.4 Marginal Inequalities

This subsection is mainly concerned with the proof of the Theorem 4.1.
This result is a more or less direct consequence of the following technical
lemma, which is of separate interest.

Lemma 4.10. Let M, :=3 <, Ap be a real valued martingale with
symmetric and independent increments (A,,),>¢. For any integer m >
1, and any n > 0, we have

E(|M,|™)m < b(m)E([M]7"/?) 7 (4.17)

with the smallest even integer m’ > m, the bracket process

PR

0<p<n

and the collection of constants b(m) defined in (1.27). In addition, for
any m > 2, we have

m

1

E(M, )% <bm)y/(n+ 1) | — ST B(AM) | . @8
0<p<n

Proof of Theorem 4.1: We consider a collection of independent copies
X" = (X"");>1 of the random variables X = (X%);>;. We consider the
martingale sequence M = (M;)1<i<n with symmetric and independent
increments defined for any 1 < j < N by the following formula

1< :
T Z FXH — F(X)].
By construction, we have

L
VN

Combining this conditioning property with the estimates provided in
Lemma 4.10, the proof of the first assertion is now easily completed.

V(X)) = (F(XT) = () = E(Mn|X).

V-

Il
—

1
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The Orlicz norm estimate (4.4) comes from the fact that for any
f € Osc(E), we have

E([V(X)(HP™) < b(2m)*™ = EU™)

for a Gaussian and centered random variable U, s.t. F(U?) = 1. Using
the comparison lemma, lemma 4.12, we find that

Tu(V(X)(f)) < my(U) = /8/3.
Applying Kintchine’s inequalities (4.17), we prove that
m'/2 1/m/
L

E([VQO()")m < bm)E | | 5 D7) = Fx))
i=1

By construction, we notice that for any f € osc(E), and any p > 2,
we have

N
S+ E(O0) — SXP) < 20

By the Rosenthal type inequality stated in Theorem 2.5 in [65],
for any sequence of nonnegative, independent and bounded random
variables (Y;);>1, we have the rough estimate

N
>
=1

for any p > 1. If we take p = m//2, and

1 % 1%
Vi = LX) = X

1/p N 1/p

> E(YP)

=1

N
E < 2pmax ZE(E),

=1

we prove that

1 m! 2\ 2/’
NZ[f(Xi) - f(X,i)P]

=1

E

< 4mmax <20(f)2, Nll’”’, [2U(f)2]2/m,>
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for any f € osc(E). Using Stirling’s approximation of factorials
2rnn"e " < n! <ev2mnn'e "
for any p > 1 we have
(2p)7 /b(2p)? = 2%PpPpl/(2p)! < P+ < 32
and
(2p + VP2 /b(2p + 1)L = (2p + 1)PH2Ppl/(2p + 1)!
< ebT2 < 32p+1_

This implies that
m™?2 /b(m)™ < 3™ = /m b(m) < 3b(m)?

for any m > 1. This ends the proof of the theorem. [

Now, we come to the proof of the lemma.

Proof of Lemma 4.10:

We prove the lemma by induction on the parameter n. The result is
clearly satisfied for n = 0. Suppose the estimate (4.17) is true at rank
(n — 1). To prove the result at rank n, we use the binomial decompo-
sition

2m
2m _
(M1 + Ay)*™ = Z < )MZTl P(AL)P.
—o\ P
p
Using the symmetry condition, all the odd moments of A, are null.

Consequently, we find that
" /2m m—
E(Ma1 + A0)™) = ( )E(MZ& PIEAT).

p=0 p

Using the induction hypothesis, we prove that the above expression is
upper bounded by the quantity

e 2m —(m— m—
> (5 )2 2 — o) M )E(AD),
p=0 NP

To take the final step, we use the fact that

(227;> 27D (2(m — p))(mpy = m C:)
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and (2p), > 2P, to conclude that

m
p

n

B(Mo1 + 8,27 < 27 2m)n Y ()M B
=0

= 27" (2m)mE([M]).
For odd integers we use the Cauchy-Schwarz inequality twice to deduce
that
E(|Mu 7" 1) < B(MZ™E(M7"™ )

2m+1
""1) Al .

IN

277D (2m) 5 (2(m + 1)) (o E(M]Y

n

We conclude that

E(|M,[*" ) < o-(m172) 2+ Dmen)
m+1/2

The proof of (4.17) is now completed. Now, we come to the proof of
(4.18). For any m’ > 2 we have
m/ /2
1 1 '
A2 e — E(|A,™

0<p<n 0<p<n

((M]+h)! e,

and therefore
1
m' /2y - 1/2 1 m/
B(MIE ) < (n+ DY [ —— 3 B(A,™)

0<p<n

This ends the proof of the lemma. [ ]

4.5 Maximal Inequalities

To prove Theorem 4.3, we begin with the basic symmetrization tech-
nique. We consider a collection of independent copies X’ = (X'");>1
of the random variables X = (X?);>1. Let € = (g;);>1 constitute a
sequence that is independent and identically distributed with

P(El = —I—I) = P(El = —1) = 1/2
We also consider the empirical random field sequences

Vi(X) = VNm.(X).
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We also assume that (e, X,X’) are independent. We associate
with the pairs (¢,X) and (e¢,X’) the random measures m.(X) =

N N
%Zi:l €; 5Xi and mg(X/) = %Zi:l €; 6X/i.
We notice that

Im(X) = pll = sup [m(X)(f) — E(m(X") ()
ferF

< E(|lm(X) — m(X") |5 |X)

and, in view of the symmetry of the random variables (f(X?) —
f(X"));>1 we have

E([lm(X) — m(X)|%) = E([lme(X) — me(X")|I%)
from which we conclude that
E(|[V(X)[%) < 2PE([|[Ve(X)|IF)- (4.19)

By using the Chernov-Hoeffding inequality for any z!,...,z"V € E, the
empirical process

f = Ve(@)(f) == VNme(2)(f)

is sub-Gaussian for the norm || f||1,(m(z)) = m(z)(f?)"/2. Namely, for
any couple of functions f,g and any § > 0 we have

E([Ve(@)(f) = Ve(@)(9)]*) = ILf = 9lIE , e
and by Hoeffding’s inequality

P(Vi(2)(f) — Vi(z)(g)| > 8) < 2~ 20 /1T =90y meey

— (V@) y2
If we set Z = (\/éHflleQ(m@))) , then we find that

E(e”) -1 = /Oooetw > t)dt
_ /OooetIP’(]V;(:c)(f)\ > VB £l ()t

o0
< 2/ ele ™ dt =1
0
from which we conclude that

Ty (Ve(@)(f) = Ve(2)(9)) < VOIf = gllLam(a))-
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Combining the maximal inequalities stated in Lemma 4.9 and the
conditioning property (4.13) we find that

Ty ([[Ve(X) |l 7) < J(F)
with

J(F) §262/2\/10g(8+/\/(}',6)2) de < cI(F) <
0

for some finite universal constant ¢ < co. Combining (4.19) with (4.12),
this implies that

Ty ([V(X)F) <2 J(F).

This ends the proof of the theorem. [

4.6 Cramér-Chernov Inequalities
4.6.1 Some Preliminary Convex Analysis

Here, we present some basic Cramér-Chernov tools to derive quantita-
tive concentration inequalities. We begin by recalling some preliminary
convex analysis on Legendre-Fenchel transforms. We associate with any
convex function

L:teDom(L)— L(t) € Ry

defined in some domain Dom(L) C Ry, with L(0) = 0, the Legendre-
Fenchel transform L* defined by the variational formula
VA>0 L*(N\):= sup (At — L(t)).
teDom(L)

Note that L* is a convex increasing function with L*(0) =0 and its
inverse (L*)~! is a concave increasing function.

We let L be the log-Laplace transform of a random variable A
defined on some domain Dom(L4) C Ry by the formula

La(t) :=logE(e!4).

Holder’s inequality implies that L4 is convex. Using the Cramér-

Chernov-Chebychev inequality, we find that
logP(A>)\) < —L%(\) and P(A> (L%) (z)) <e™®

for any A > 0 and any x > 0.
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The next lemma provides some key properties of Legendre-Fenchel
transforms, which will be used in several places to further the develop-
ment of this monograph.

Lemma 4.11.

e For any convex functions (Lj, Ls), such that
Vt € Dom(La) Li(t) < La(t) and Dom(Lg) C Dom(L;)
we have
Ly< Ly and (L)~ < (L5~
e if we have
Vt € v 'Dom(Ly) = Dom(Ly) Ly (t) = u Ly(vt)

for some positive numbers (u,v) € Ri, then we have

Li(\) =u L} (A> and (L} ~M(2) = wv (3)7 (%)

uv

for any A > 0, and any Vz > 0.
® Let A be a random variable with a finite log-Laplace trans-
form. For any a € R, we have

La(t) = —at + Latq(t)
as well as

L3N = Lara(\ +a) and (L%)7H(2) = —a + (La,) "' (2).

We illustrate this technical lemma with the detailed analysis of three
convex increasing functions, which will be of use in the further devel-
opment of this monograph

o L(t)=t*/(1 —1t),t€0,1]
o Ly(t):=—t— Llog(l—2t),te[0,1/2].
o Li(t):=e —1—t.
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In the first situation, we readily check that

1 Mooy 2
m—l and L"(t) = a0

An elementary manipulation yields that

LN = (VA +1-1)?

L'(t) =

and

(L Hz)=(1+Va)? — 1=z + 27
In the second situation, we have

1 2
- 1 and LI(t)= —
1— 2t and - Lo(t) = 7572

from which we find that

L (t)

L) = %(/\ “log(1+ ).

We also notice that

2 — t2 1
Lo(t) = 2 2 (2P < TLo(t) := == L(2t
o(t) ];)2+p()_0() 19— 1 (2t)

for every t € [0,1/2[ Using Lemma 4.11, we prove that

Ty = 3 L*23) < L)

—x

(L§) () < (Lo)~H(x) = %(L*)*l(‘lx) =2(z + V). (4.20)
In the third situation, we have
Li(t)=¢e" —1 and L{(t)=¢
from which we conclude that
LTA) =1+ Nlog(1+X) — A

On the other hand, using the fact that 2 x 3” < (p + 2)!, for any p > 0,
we prove that we have

P 230 [\~ t? 9 [t
m0=5 G () =B e -5 (5)

p=>0
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for every t € [0,1/3]. This implies that

L) =5 I < Ti

and therefore

w0 < @ =507 (5 ) = (5 + va).

Another crucial ingredient in the concentration analysis of the sum
of two random variables is the deep technical lemma of Bretagnolle
and Rio [84]. In the further development of this section, we use this
argument to obtain a large family of concentration inequalities that
are asymptotically “almost sharp” in a wide variety of situations.

Lemma 4.12 (Bretagnolle & Rio [84]). For any pair of random
variables A and B with a finite log-Laplace transform in the neighbor-
hood of 0, we have

Vo >0 (Lap)” ' (2) < (L) (@) + (Lp) ™ (@). (4.22)

We also quote the following reverse type formulae that allows us
to turn most of the concentration inequalities developed in this mono-
graph into Bernstein-style exponential inequalities.

Lemma 4.13. For any (u,v) € R, we have
u(Lg) @) + v (L) 7H@) < (L) puw) (@)
with the functions
v 2
a(u,v) = (2u + g) and  b(u,v) := (V2 u + v)

and the Laplace function

b ) N A2
= — W >
Lqop(t) 52 L(at) ith l/a,b()‘) Z 50+ a)
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Proof. Using the estimates (4.20) and (4.21) we prove that
u(Ly) (@) + (L) @) < 2u(e + Va) + o (5 + V2r)
= a(u,v)r + /22 b(u,v)
with
v 2
a(u,v) := (2u + g) and  b(u,v) := (V2 u + v)2.
Now, using Lemma 4.11, we observe that

ar + V2xb= (L%,) ' (z) with Ly,(t) = 2—62L(at).
’ a

Finally, we have

£y _ (\/2)
L ()\)—(\/)\+1—1)2Zm

The r.h.s. inequality can be checked easily using the fact that

(m_1)2:2((1+>\)2—(1+2)\)>

(T+X)+VI+2Xx
> (112/\) (= VI+2X< (14 N).

This implies that

b 2a A2
Ly N)==—= L (—\|>——.
ap(M) 2a? ( b > ~ 2(b+ Aa)

This ends the proof of the lemma.

4.6.2 Concentration inequalities

325

(4.23)

Now, we investigate some elementary concentration inequalities for

bounded and chi-square type random variables. We also apply these
results to empirical processes associated with independent random

variables.

Proposition 4.14. Let A be a centered random variable such that

A < 1. If we set 04 = E(A2)Y/2, then for any t > 0, we have
La(t) <o? Li(t).

(4.24)
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In addition, the probability of the following events

A<od Lyt <x2> < g + 04 V22
A

is greater than 1 — e™*, for any = > 0.

Proof:
To prove (4.24) we use the fact that the decomposition

E(e" — 1 — A) = E(L1(tA)1x<0) + E(L1(tA)1xcpo,1))-
Since we have
Vo <0 Li(tz) < (tz)?/2

and

Ve el0,1] Li(tz) = 2> an_Qt”/n! < z%Ly(t)

n>2
we conclude that
£2
E(e!) < 1+ 5 E(A*14<0) + L1()E(A%1 pcpo,1))
<1+ Li(t)o} < e,

Using Lemma 4.11, we readily prove that

(L) M) <o (L) (%) < g + o4 V22

This ends the proof of the proposition. [

Proposition 4.15. For any measurable function f, with 0 < osc
(f) <a,any N > 1, and any ¢t > 0, we have

Lywv o ® <N o*(f/a) Li(at). (4.25)
In addition, the probability of the following events

:ca2
VX)(f) < a 'o*(f)VN (L)~ (J\fo(f)>

4\ 2x0(f)? (4.26)

<
~ 3VN

is greater than 1 — e™*, for any = > 0.
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Proof:

Replacing f by f/a, there is no loss of generality to assume that
a = 1. Using the same arguments as those used in the proof of Propo-
sition 4.14, we find that

log E(e!/ XD Uy < i([f — i (£)]?) La(t)
from which we conclude that

Ly (t) = logE(e"YN V)
N Y .
= S log (VX)) < Ty(t) == No?(£)La ()
i=1
By Lemma 4.11, we have

(L3 0) < (B30 0) = No() (20 (37 )

This ends the proof of the proposition. ]

Proposition 4.16. For any random variable B such that
E(|B|™)Y™ < b(2m)? ¢ with ¢ < oo
for any m > 1, with the finite constants b(m) defined in (1.27), we have
Lp(t) <ct+ Lo(ct) (4.27)
for any 0 < ¢t < 1/2. In addition, the probability of the following events
B < ol + (L5) ™ (@)] < el + 20z + V&)

is greater than 1 — ™%, for any =z > 0.

Proof:

Replacing B by B/c, there is no loss of generality to assume that ¢ = 1.
We recall that b(2m)?™ = E(U?™) for every centered Gaussian random
variable with E(U?) = 1 and

Vte[o,1/2) > Lm‘ b(2m)?m = !

2l Wi = E(exp {tU?}).
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This implies that

Elexp (1BY) < Y2 0 bam)™ = =
m>0

for any 0 <t < 1/2. In other words, we have
Lp-1(t) :==logE(exp {t(B — 1)} < Lo(t)
and
Lp(t)=t+ Lp-1(t) <t + Lo(?)
from which we conclude that
Lp(\) = L (A = 1) = (Lp) ' (x)
=1+ (Lp_1) (@) <1+ (L5) " (a).

This ends the proof of the proposition. [

Remark 4.6. We end with some comments on the estimate (4.5).
Using the fact that b(m) < b(2m) (see, for instance, (1.28)) we readily
deduce from (4.5) that

1
E(IV(X)(N)™)m < 6v2 b(2m)*a(f)
for any m > 1, and for any N s.t. 20%(f)N > 1. Thus, if we set

B=|V(X)(f)] and c¢=6v20o(f)

in Proposition 4.16, we prove that for any N s.t. 202(f)N > 1, and for
any 0 <t < 1/(12v20(f))

Livxyp|(t) < 6v20(f)t + Lo(6V2 o (f)1).
In addition, the probability of the following events
V(X)) < 6v20(f)[L + (L§) " (2)]
< 6V20(f)[1 + 2(x + V)]

is greater than 1 — e™*, for any = > 0.
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When N is chosen so that 202(f)N > 1, using (4.26) we improve
the above inequality. Indeed, using this concentration inequality implies
that for any f € Osc(FE), the probability of the following events

V(X)(f) < Va2o(f) (5 + Va) (4.28)

is greater than 1 — e™*, for any = > 0.

4.7 Perturbation Analysis

This subsection is mainly concerned with the Proof of Theorem 4.2, and
Theorem 4.4. We recall that for any second-order smooth function F'
on R?, for some d > 1, F(m(X)(f)) stands for the random functionals
defined by

f = (fi)1<i<a € Osc(E)*
= F(m(X)(f)) = F(m(X)(f1),...,m(X)(fa)) € R.

Both results rely on the following second order decomposition, which
is of independent interest.

Proposition 4.17. For any N > 1, we have the decomposition

VNIFm(X)(f)) — F(u(f)] = V(X)Du(F)()] + &R(Xw)

with a first-order functional D, (F)(f) defined in (4.7), and a second-
order term R(X)(f) such that

E(R(X)())™)™ < 5 b(2m)?| V2 Ey

N

for any m > 1, with the parameter defined in (4.8).

Proof:
Using a Taylor first-order expansion, we have

VNIF(m(X)(f)) = F(u()] = VEu())VX) ()T + —=RX)(f)

%H
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with the second-order remainder term
R(X)(f)
= /01(1 — YV (X)(HVEE(Em(X)(f) + (1 = u(f) V(X)(f) dt.
We notice that

VEu(f) V(X)) =V(X)IVEu(f) ]

and

d
osc(VF(u(f)f") < Z

8u’ ‘

It is also easily checked that

E(|R(X)(f)|™)"/™
1< 9°F
<3 sup W(V(f))‘E(W(X)(fz‘)V(X)(fj)!m)l/m
ij—=1 veEP(E)

and for any 1 <14,j <d, we have
E([V(X)(f)V(X)(f)™)H™
<E(V(X)(f;)7™) Y CMRWV(X)(f;)7™) ) < b(2m)?.
This ends the proof of the proposition. ]

We are now in a position to prove Theorem 4.2.

Proof of Theorem 4.2:
We set

N[F(m(X)(f)) = F(u(f))] = A+ B
with
A=VN V(X)[Du(F)(f)] and B=R(X)(f).

Combining Proposition 4.15 with Proposition 4.16, if we set

g=DuF)(f), a=IVFu() and = |V2Fyl
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then we have
La(t) < No*(g/a)Ly(at)
LB(t) =ct+ LB,c(t) with LB,C(t) < L()(Ct).

On the other hand, we have

(L%)"Yx) < N a o?(g/a)(L}) 7t <N<723(Cg/a)>

and using the fact that
Lp(t)=ct+ Lp_.(t)
we prove that
Lp(\) =Ly (A = ) = (Lp) "' (2) = c+ (Lp_o) "' (x)
< ol + (L§) "\ (@)).
Using Bretagnolle-Rio’s lemma, we find that

(Layp) (@) < (L2) (@) + (Lp) ™ (@)

1'(12

< Na o)) may ) + 1+ (E9) @)
This ends the proof of the theorem. ]

Now, we come to the proof of Theorem 4.4.

Proof of Theorem 4.4:
We consider the empirical processes

feF,—»m(X)(f)eR

associated with d classes of functions F;, 1 <14 < d, defined in subsec-
tion 4.1. We further assume that ||f;|| V osc(fi) <1, for any f; € F;,
and we set

Ty ([V(X)[|7) == 1S<1;<pd7r¢(HV(X)Hfi)-

Using Theorem 4.3, we have that

2
mIVX)r) <122 | /log 5+ N(F. P
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with

N (F,e):= sup N(F;,e).

1<i<d

Using Proposition 4.17, for any collection of functions

d
f=(hzizae F=]]F

i=1
we have
VN sup |[F(m(X)(f)) = F(u(f))|
feF
d d d
R | vs” 2

< HVFMHoo;HV<X>HE + 2\/NHV F!oo;\V(X)HE-

If we set

d
A= |VE,lls Y _IV(X)|
i=1
then we find that
d
Ty(A) < [VEulloo > my(IV(X)] 7).

1=1

By Lemma 4.6, this implies that
E(e!) < (1 + tmy(A)) e(mu(A)? < cat+5t%

with b = 2a? and

d
a =my(A) < IVEulloo Y mp(IV(X)l5)-
=1

Notice that
1
La_o(t) < L(t) = 5t?b.

Recalling that
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we conclude that

(L) M) = a+ (Lh_,) " (@)
a + V2bx = my(A)(1 + 2V/x).

A

Now, we come to the analysis of the second-order term defined by

d
d
B=——|V?F||s V(X)|%.
2\/NH | ;H (X7,

Using the inequality

d m d
(Z ai> < dmflza;n
i=1 i=1

which is valid for any d > 1, any m > 1, and any sequence of real num-
bers (a;)1<i<d € R‘i, we prove that

d
E(B™) < gmd" ! ZE(IIV(X)H?T)
=1
with
_d_
2v/'N

Combining Lemma 4.6 with Theorem 4.3, we conclude that

B= IV?F |-
E(B™) <m! (8 d my(||[V(X)]l5)*)™
If we set
b= d my(||V(X)] )
then we have that

E(e) < 37 ()" = = e x o)
m>0

for any 0 <t < 1/b, with the convex increasing function Ly introduced
on page 322, so that

2Lo(bt/2) = —bt — log (1 — bt).
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Using lemma 4.11, we prove that
Lp_p(t) <2Lo(bt/2)
and
(Lp) (@) = b+ (Lp_p) ' (2)
<b(1+ 09 (3))

IVl (VOO (14 1) (5)-

Finally, using Bretagnolle-Rio’s lemma, we prove that
(Liarp) "' (2)

< dmy ([V(X)]1#) | IVFpulloo (1 + 2V/)

IV PV O (14 297 (2))].

This ends the Proof of the Theorem 4.4.
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Interacting Empirical Processes

5.1 Introduction

Section 5 is concerned with the concentration analysis of sequences of
empirical processes associated with conditionally independent random
variables.

In preparation for the work in Section 6 on the collection of
Feynman-Kac particle models introduced in subsection 1.4, we consider
a general class of interaction particle processes with nonnecessarily
mean field type dependency.

First, we analyze the concentration properties of integrals of local
sampling error sequences, with general random but predictable test
functions. These results will be used to analyze the concentration prop-
erties of the first-order fluctuation terms of the particle models.

We also present a stochastic perturbation technique to analyze the
second-order type decompositions. We consider finite marginal models
and empirical processes. We close the section with an analysis of the
covering numbers and the entropy parameters of linear transformation
of classes of functions.

This subsection ends with a precise description of the main mathe-
matical objects we shall analyze further in the section.

335
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We let X,SN) = (X,(lN’i))lgiSN be a Markov chain on some product
state spaces EY, for some N > 1. We also let GY¥ be the increasing
o-field generated by the random sequence (Xz(;N))ogpgn- We further
assume that (X,(IN’i))lgig ~ are conditionally independent, given G2 ;.

As is traditional, when there is no possible confusion, we simplify
notation and suppress the index (.)") so that we write (X,,,X%,G,)
instead of (XéN),XSZN’i), g,fj)

In this simplified notation, we also denote by uf, the conditional
distribution of the random state X! given the G, 1; that is, we have
that

py, = Law(X;, | Go-1).

Notice that the conditional distributions
1 N
Hn = N ;M%

represent the local conditional mean of the occupation measures

1 N
=1

At this level of generality, we cannot obtain any kind of concentra-
tion properties for the deviations of the occupation measures m(Xy)
around some deterministic limiting value.

In Section 6, dedicated to particle approximations of Feynman-Kac
measures 7, we shall deal with mean field type random measures p,,
in the sense that the randomness only depends on the location of the
random state X! ; and on the current occupation measure m(X,_1).
In this situation, the fluctuation of m(X,,) around the limiting deter-
ministic measures 7, will be expressed in terms of second-order Taylor’s
type expansions w.r.t. the local sampling errors

V(Xp) = \/N(m(Xp) — Hp)

from the origin p = 0, up to the current time p = n.

The first-order terms will be expressed in terms of integral formulae
of predictable functions f, w.r.t. the local sampling error measures
V(X,). These stochastic first-order expansions are defined below.
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Definition 5.1. For any sequence of G,,_1-measurable random func-
tion f,, € Osc(E,,), and any numbers a,, € R, we set

Va(X)(F) =Y ap V(Xp)(f)- (5.1)
p=0

For any G,,_j-measurable random function f,, € Osc(E,,), we have

E(V(Xn)(fn) ’gn—l) =0

E(V(X0n)(fn)?Gn-1) = o : NZ#n — g (f)]?).
We also assume that we have an almost sure estimate
sup ol (f)? < 2 for some positive constant o2 < 1. (5.2)
N>1

5.2 Finite Marginal Models

We will now derive a quantitative contraction inequality for the general
random fields models of the following form

1
vN

with V,,(X)(f) defined in (5.1), and a second-order term such that

Wa(X)(f) = Va(X)(f) + Rn(X)(f) (5.3)

E(| Ry (X)(f)I™)"™ < b(2m)?c,

for any m > 1, for some finite constant ¢, < oo whose values only
depend on the parameter n.

For a null remainder term R, (X)(f) = 0, these concentration prop-
erties are easily derived using Proposition 4.15.

Proposition 5.1. We let V,(X)(f) be the random field sequence
defined in (5.1). For any ¢ > 0, we have that

L v,y < N ap La(tay)
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with the parameters
—2 2
g = Z o, and ay = [nax ap.
0<p<n
In addition, the probability of the following events
x

Va(X)(f) < VNaa (L) (NU)

X
< a* + 20%)
—= n<3 /7N n

is greater than 1 — e™*, for any = > 0.

Proof:
By Proposition 4.15, we have
E(e VNG, 1) = eVNVa-10() B(ltan) VNV Xn)(f) g )
with
logE(e(ta")\/ﬁv(X")(f")|gn_1) < No? Ly(ta}).
This clearly implies that
Lyxv.copn(®) < Li(t) == N 7, Li(tay,).

Using Lemma 4.11, we conclude that

(Lf/ﬁvn(x)(f))_l(li) < (fl()_l(x)
_ _ x
= Nayo, (L7)™ (W)
The last assertion is a direct consequence of (4.21). This ends the
proof of the proposition. ]

Theorem 5.2. We let W,,(X)(f) be the random field sequence defined
in (5.3).

In this situation, the probability of the events

_ _ _ x
VR WL (X)) < e (1+ (29 o) + Vet 72 (1) ()
n

is greater than 1 — e™*, for any « > 0. In the above display, 7,, stands
for the variance parameter definition in Proposition 5.1.
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Proof:
We set N W,,(X)(f) = A, + By, with

Ap = VNV (X)(f) and B, = Ra(X)(f).
By Proposition 4.16 and Proposition 5.1, we have
La,(t) < La,(t) =N 7.(f) La(ta})
and
Lp, ., (t)<Lp, ., (t):= Lo(cpt).
We recall that
Lp,(t) =cnt + Lp,—c,(t) = Ly, (A) = LB, _c,(A — cn).
Using Lemma 4.11, we also have that

(Lp,) (@) = eu + (L, ) ' (@)
< ent+ (L, o) (@) = ca(l + (LE) ' (2))-

In the same vein, arguing as in the end of the proof of Proposition 5.1,
we have

* -1 *=2 7x\—1 T
(Eymv, o) (@) < Nawon(L) (Ngg)

The end of the proof is now a direct consequence of the Bretagnolle-
Rio’s lemma. This ends the proof of the theorem. [

5.3 Empirical Processes

We let V,,(X) be the random field sequence defined in (5.1), and we
consider a sequence of classes of G,_j-measurable random functions
Fn, such that || f,|| V osc(f) <1, for any f,, € Fp.

Definition 5.2. For any f=(fu)n>0€ F = (Fn)n>0, and any
sequence of numbers a = (ayp)n>0 € Rﬁ, we set

Va(X)(£) =D _ap V(X,)(fy) and [[Va(X)|7 = sup Vo (X) ().
= feF
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We further assume that for any n > 0, and any € > 0, we have an
almost sure estimate

N(Fny€) < Noo(e) (5.4)

for some non increasing function A, (¢e) such that

2
by, := 122/ V10g (8 + N, (€)?) de < oo,
0
In this situation, we have
my(IVa(X)l7) <D ap my(IV (Xp)7,)-
p=0

Using Theorem 4.3, given G,_1 we have the almost sure upper bound

2
mIVElR) < 122 [\ flon (s + N (Fe2)de < 3,

Combining Lemma 4.5 and Lemma 4.6, we readily prove the following
theorem.

Theorem 5.3. For any classes of G,_j-measurable random functions
F,, satisfying the entropy condition (5.4), we have

n

T(IVa(Xl7) < en =) apby.

In particular, the probability of the events

WVa(X)llF < env/a + log2

is greater than 1 — e™*, for any = > 0.

Next, we consider classes of nonrandom functions F = (Fy,)n>0. We
further assume that || f,|| V osc(f,) <1, for any f, € F,, and

2
L(F) = 122 / V108 (8 + N(F,)?) de < o
0
with

N(F,€) = supN (Fp,e€) < o0.

n>0
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Theorem 5.4. We let W,,(X)(f), f € F, be the random field sequence
defined by

with a second-order term such that

E(sup | R (X)()|™) < m!
fer
for any m > 1, for some finite constant ¢, < oo whose values only
depend on the parameter n. In this situation, the probability of the
events

2

Wi (X)|| 7 < En:a,, L(F)(1+2vz) + -2 (1+ (L)~ (g))
p=0

is greater than 1 — e™*, for any = > 0.

Proof:
We set VN ||[W,(X)|x < A, + By, with

An = VN|Vo(X)|7 and B, = sup|Rn(X)(f)|-
feF

Using the fact that

V(X < V(X
;gg' ( )(f)l<§apll (Xp)ll 7,

by Lemma 4.5, we have

Ty (IVa(Oll2) < Y apmy (IV (Xp)llz,)-
p=0

Using Theorem 4.3, we also have that

2
(V%) ) < (F) = 122 / Viog (8 + N(F, D) de
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with

N(F,e) = supN (Fy,e).

n>0

This implies that

mp(A) <Tn VN L(F) with Gy = ap.
p=0

By Lemma 4.6, we have
E(e ) < (1 + try(Ay)) eltmdn))® < gantt5t%6n
with
Bn=2a2 and oy, =my(An).
Notice that
La,—a,(t) < Lp(t) == %Rﬁn.

Recalling that

L) =2 and (1)) = v/2aa
we conclude that
(L) (@) = an + (L, —0,) ' (@)
< ap + V268w = ﬂw(An)(l + 2\/5)

On the other hand, under our assumption, we also have that

1
E(etBn) S Z(Cnt)m _ ecnt > eQLo(cnt/Q)

50 1 —ecpt

A

for any 0 <t < 1/¢, with the convex increasing function Lg introduced
on page 322, so that

2Lo(cnt/2) = —cut — log (1 — cpt).
Using Lemma 4.11, we conclude that

LBn—cn (t) < 2L0(Cnt/2)



5.4 Covering Numbers and Entropy Methods 343

and

(L) (@) = en + (L, )" (2)

anfi i (3).

The end of the proof is now a direct consequence of the Bretagnolle-Rio
lemma. ]

5.4 Covering Numbers and Entropy Methods

Here, we derive some properties of covering numbers for some classes
of functions. These two results are key to derive uniform concentra-
tion inequalities w.r.t. the time parameters for Feynman-Kac particle
models. This subject is investigated in Section 6.

We let (Ep,&,)n=0,1 be a pair of measurable state spaces, and F
be a separable collection of measurable functions f : Fy — R such that
|| fll <1 and osc(f) <1.

We consider a Markov transition M (zg,dz1) from Ey into Ej, a
probability measure p on Ep, and a function G from Ej into [0,1] . We
associate with these objects the class of functions

G-MF)={GM(f): feF}
and

G- (M — pM)(F) ={GIM(f) = pM(f)]: f € F}.

Lemma 5.5. For any € > 0, we have

NG - M(F),e < N(F,e).

Proof:
For any probability measure 7 on Ey, we let { f1,..., fn.} be the centers
of ne = N(F,La(n),e€)

There exist Lg(n)-balls of radius at most e covering F. For any
f € F, there exists some 1 < i < n, such that

n([G(f = fOP) 2 <a(((f = f)IP) 2 < e
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This implies that
N(G : fa]LQ(n)?ﬁ) SN(fa]LQ(T/)?e)

In much the same way, we let {f1,..., fn.} be the ne = N(F,La(nM),e)
centers of La(nM)-balls of radius at most € covering F. In this situation,
for any f € F, there exists some 1 <1 < n¢ such that

n((M(f) = M)V <M (((f = f)P)V? <e.
This implies that
N(M(F),La(n),€) < N(F,La(nM),e).
This ends the proof of the lemma. [

One of the simplest ways to control the covering numbers of the
second class of functions is to assume that M satisfies the following
condition M (z,dy) > ov(dy), for any = € Ey, and for some measure v,
and some § € [0,1]. Indeed, in this situation we observe that

x,dy) — ov(dy)
1-96

Mj(z,dy) =

is a Markov transition and

(1= 5)Ms() (&) — Ms(H)(w)] = [M(F) ) ~ M)
This implies that

(1= D)Ms(f)(w) ~ 1My (1)) = [M()(w) ~ uM ()
and
A (F)() — M) < 200~ 6) M (1)
with the Markov transition
My, dy) = 3 [M(,dy) + i, dy)].

We let {fi,...,fn.} be the nc=N(F,La(nMs,),€/2) centers of
Lo (nMs ,,)-balls of radius at most e covering F. If we set

f=M(f) = pM(f) and f;=M(f;) — pM(f3)
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then we find that
f="Fi=M(f = fi) — pM(f = fi)
from which we prove that
n(F = T2 <200 = ) nMs (| f = £l
We conclude that
N((M — pM)(F),L2(n),26(1 — 6)) < N(F,L2(nMs, ), €)
and therefore
N((M — pM)(F),26(1 = 6)) < N(F,e)

or, equivalently,
N (125 OF = idD(F)c) < NFoe/2),

In more general situations, we quote the following result.

Lemma 5.6. For any € > 0, we have

NG - (M — pM)(F), 2e6(M)] <N(F,e).

Proof:
We consider a Hahn-Jordan orthogonal decomposition

(M (z,dy) — uM(dy)) = M,/ (z,dy) — M, (z,dy)
with
+ _ + - _ -
Mu (x,dy) - (M(CE, ) - IU’M) and Mp, (x’dy) - (M(:L‘a ) - /‘LM)
with
M (x,.) = M|l = M,/ (2, Er) = M, (2, E1) < B(M).
By construction, we have

M(f)(x) — uM(f) = M} (2, Er) (M, (f)(z) — M, (f)(x))
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with
— M (z,dy) L (x,dy)
123 ) I )
M, (x,dy) = —F————— and M, (z,dy):=
“(x v) MJ(x,El) & ”( v) o (2, Eq)

This implies that

with
_ R .
One concludes that

(M (f) (@) = pM(f))*]? < 26(M) M (1 F1°)]2.

We let {fi,...,fn.} be the n.=N(F,Ly(nM,),e/2) centers of
La(nM ,)-balls of radius at most € covering F.
If we set

f=M(f) —pM(f) and f;=M(f;) — uM(f;)
then we find that
f—=Ffi=M(f— fi) = uM(f - fi)
from which we prove that
nl(F = F)°1V? < 28(M) M, (| f = fil*)]2.

In this situation, for any f € (M — uM)(F), there exists some 1 < i <
ne such that

n[(f = £V < B(M) e.
We conclude that
N((M - MM)(]:)vL2(77)a€ﬁ(M)) < N(f7L2(nHM)’6/2)
and therefore

N(G - (M = uM)(F),ef(M)) <

This ends the proof of the lemma. ]
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Feynman-Kac Particle Processes

6.1 Introduction

In this section, we investigate the concentration properties of the col-
lection of Feynman-Kac particle measures introduced in subsection 1.4,
in terms of the contraction parameters 7;(n) and 7 ;(m) introduced
in Definition 3.3, and in Corollary 3.5.

First, we present some basic first-order decompositions of the
Boltzmann-Gibbs transformation associated with some regular poten-
tial function.

Then, we combine the semigroup techniques developed in section 3,
with a stochastic perturbation analysis to derive first-order integral
expansions in terms of local random fields and Feynman-Kac transport
operators.

In subsection 6.4, we combine these key formulae with the con-
centration analysis of interacting empirical processes developed in
Section 5. We derive quantitative concentration estimates for finite
marginal models, as well as for empirical processes w.r.t. some classes
of functions. Subsections 6.5 and 6.6 are devoted to particle free energy
models, and backward particle Markov models, respectively.
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6.2 First-Order Expansions

For any positive potential function G, any measures p and v, and any
function f on E, we have

[Pe(p) — Ya@)](f)
1
= ,U(GZ/) (/L - V)(dV\I]G(f))

1
_ (1 - e u)(G») (1= )V (6.1)

with the functions
d,Va(f) =G, (f = Ya(v)(f)) and G,:=G/v(G). (6.2)
Notice that
Wa(n) — W) < gl(n — ) (d¥alf))]

and

ldWa(f)] < g osc(f) with g:=sup(G(x)/G(y))-

Cc7y

It is also important to observe that

Wap) = Te@)](f)] < u(é’) (1w = )(d, Ta(f))]

< gl(u = v)(d, %a(f))
with the integral operator d, U from Osc(E) into itself defined by
4,9 (f) =G (f = Ve)(f)) and G:=G/|G].

Using Lemma 5.6, we readily prove the following lemma.

Lemma 6.1. We let F be a separable collection of measurable func-
tions f: E’ — R on some possibly different state space E’, and such that
|| f]l <1 and osc(f) < 1. For any Markov transition M from E into E’,
we set

&, Vo M(F) = {d,Ye(M(f)): f € F}.
In this situation, we have the uniform estimate

sup N[d, UM (F),2¢8(M)] < N(F,e). (6.3)
veP(E)
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6.3 A Stochastic Perturbation Analysis

Mean field particle models can be thought of as a stochastic pertur-
bation technique for solving nonlinear measure valued equations of the
form

M = Prn(Mn-1)-

The random perturbation term is encapsulated into the sequence of
local random sampling errors (V,V),,>o given by the local perturbation
equations

1
VN
One natural way to control the fluctuations and the concentration prop-

erties of the particle measures (n2,7) around their limiting values
(1, ) is to express the random fields (W;)™Y, W) defined by

1 1
%V:%+WW;{’N mﬁV:nnJrﬁ

in terms of the empirical random fields (V;V),>0.

M = Pn(np1) + —= V.

n,N
w,]

As shown in (4.2), it is important to recall that the local sampling
random fields models VnN belong to the class of empirical processes we
analyzed in subsection 4.1. The stochastic analysis developed in Sec-
tion 4 applies directly to these models. For instance, using Theorem 4.1
we have the quantitative almost sure estimate of the amplitude of the
stochastic perturbations

E(V,Y (HI™IG1)™ < b(m) (6.4)

for any m > 1 and any test function f € Osc(E,).

The first-order expansions presented in the further development of
this section will be expressed in terms of the random functions dixn( f)
and G¥,, and the first-order functions d,,,(f) defined below.

p?n’

Definition 6.1. For any 0 <p <n, and any function f on E,, we
denote by dj, ,,(f) the function on E, defined by

dp,n(f) = dnp\Ile,n (Pp,n(f))-
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For any N > 1, and any 0 < p < n, we also denote by Gﬁfn, dgn(f), and

d;sz( f) the QI]?V ;-measurable random functions on E, given by

G
P @y () ) (Gpn) P oY )Y Gpn (U,

and

d;)],\;(f) = dil)p(nll)vil)\PGp,n (Pp,n(f>)-

Notice that

Gl < gpn and ldpn(H V lldpn (NI < g B(Ppin)

as well as

4% (£ < B(Fpm) - and - osc(d,(£) < 26(Ppn)

As promised, the next theorem presents some key first-order decom-
positions, which are the progenitors for our other results. Further
details on these expansions and their use in the bias and the fluctuation
analysis of Feynman-Kac particle models can be found in [15, 17, 38]
and [20].

Theorem 6.2. For any 0 < p < n, and any function f on E,, we have
the decomposition

WIN() = 3 s V(@) (65)

and the L,,-mean error estimates
E([WN (£)[™)™ < 2 b(m)r,1(n) (6.6)

with the parameter 7 (n) defined in (3.6).
In addition, we have

WaN () =Y V¥ ldpa(f)] + —=RY(f) (6.7)



6.3 A Stochastic Perturbation Analysis 351

with a second-order remainder term

1 _
RN (f) = — — WN(G,) WN[d,,
n(f) pZ:Oni)v(Gp) p ( P) p [ P (f)]
such that
sup  E[[RY (f)]™]"/™ < 4b(2m)* 12,1 (n) (6.8)
feOsc(E,)

with the parameter 71 (n) defined in (3.6).

Proof. The proof of (6.5) is based on the telescoping sum decomposition

n

777]1\] —Mn = Z[i’p,n(mj)\[) - (I)p,n(q)p(nzjav—l))]
p=0

Recalling that
Dpn(p) = Ve, . (1) Py
we prove that
(I)p,n(n;]av) - (I)p,n(‘bp(nglyv—l)) = [‘IJGp,n (U;J)V) - \Ile,n(ép(n]J)\f—l))}Ppyn'
Using (6.1), we have
VNG, (1)) = W, (@) )]()
=V [, ) ¥Gipn ()]
B
VN ) (GR)

The proof of (6.7) is based on the telescoping sum decomposition

VGV lda, oy ) Ya,, (F)]

n

N NA N 7~
My — Tn = Z[np Qp,n - np—lprl,n]
p=0

with the convention 77&@—1,71 = 770@0’71 = 1)y, for p = 0. Using the fact
that

Q1.0 () =11 (Gpo1) x Dp(n1)@pn(f)
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we prove that

n

Y = mal(f) =D Iy = @ DIQpn(f) + RN (f)

p=0

with the second-order remainder term
n

RyY(f) = (1= 1(Gp1)) X @yl 1)@ n(f)-

p=1
Replacing f by the centered function (f — n,(f)), and using the fact
that

1= np—l(ép—l) and np[dp,n(f —na(f))] =0

we conclude that
i = ml( Z o (1 D))y (£) + R (f)
=0

with the second-order remalnder term
n

Ry (f) =3 p-1 — 0 1 )(Cpor)

p=1
X [‘I/Gpﬂ(nyj;v—l) - Ve, , (Mp—-1)](Mp(dpn(f)))
1 n
= -y ;W N
Gy 0, (1)

Finally, we observe that

V6 Oyl (1)) = s (M) = ()
_ Gp—1
Np—1 (Gp—l) Mp(dp,n(f))
- prl,p(dp n(f)) = @pfl n(f Un(f))
= dp-1.().

This ends the proof of (6.7).
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Combining (6.5) with the almost sure estimates
E([V,¥ (dpl () [™1Gp-1) Y™ < 2b(m) |G| B(Ppn)
for any m > 1, we easily prove (6.6). Using the fact that

1
ENVN(GN ymigN /m 9 N
infx ng(x> |:|‘/;) (Gp,n)| |gp—1] = b(m) 9p,
and
E[%N[dgn(f)]!m!gﬁﬂl/m < 2b(m)gp.nB(Ppn)
we prove (6.8). This ends the proof of the theorem. [

6.4 Concentration Inequalities

6.4.1 Finite Marginal Models

In subsection 3.6, dedicated to the variance analysis of the local sam-
pling models, we have seen that the empirical random fields V,V satisfy
the regularity conditions of the general interacting empirical process
models V(X,,) presented in subsection 5.1.

To be more precise, we have the formulae

S V()] =D ap VV [pn(f)]
p=0 p=0

with the functions

Spn(f) = dpn(f)/ap € Osc(Ep) N Bi(Ep)

for any finite constants

ap > 2 sup (gpnB(FPpn))-
0<p<n

Therefore, if we fix the final time horizon n, with some slight abuse
of notation we have the formulae

S VNN =3 ap VX))
p=0 p=0
with

Xp = gp = (E;)lﬁiSN Gp = Sup aq = a; and fp = 5p,n(f)/a:1
0<q<n
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We also notice that

E(VN5pn(HIPIGY 1) < Wlpaioscmp,n(f))?

4
Wffﬁ\ldp,n(f)ll2

and therefore
4
(a})
with the uniform local variance parameters ag defined in (3.20).
This shows that the regularity condition stated in (5.2) is met by

E(V, 0pn(HPP1G51) <

3390 (Ppn)”

replacing the parameters o, in the variance formula (5.2) by the con-
stants 20,9y n3(Ppn)/ay, with the uniform local variance parameters
op defined in (3.20).

Using Theorem 5.2, we easily prove the following exponential con-
centration property.

Theorem 6.3.([40]) For any n > 0, any f € Osc(E,), and any N > 1,
the probability of the event

47'2,1(n) _ . _ x
= ml(7) < AT ()7 @)+ 2 ()7
is greater than 1 — e™*, for any x > 0, with

_ 1
iy 3 P}

™ 0<p<n

for any choice of b,, > k(n). In the above display, 72,1(n) and x(n) stands
for the parameters defined in (3.6), and o, is the uniform local variance
parameter defined in (3.20).

We illustrate the impact of this theorem with two applications. The
first one is concerned with regular and stable Feynman-Kac models sat-
isfying the regularity conditions presented in subsection 3.4. The second
is concerned with the concentration properties of the genealogical tree
based models developed in subsection 1.17.
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In the first situation, combining corollary 3.5, with the estimates
(4.20) and (4.21) we prove the following uniform concentration inequal-
ities w.r.t. the time horizon.

Corollary 6.4. We assume that one of the regularity conditions
H.,(G,M) stated in subsection 3.4.1 is met for some m > 0, and we
set

Pnl) = 4722(m)(1 + 200+ V5) + SR(m)a

and

Gm () = /802T95(m) x  with o = supo?.
n>0
In the above displayed formula, 72 2(m) and &(m) stands for the param-
eters defined in Corollary 3.5, and o, is the uniform local variance
parameter defined in (3.20).
In this situation, for any n >0, any f € Osc(E,), any N > 1, and
for any x > 0, the probability of the event

[775 - nn](f) < 7pm($) + 7Qm(x)

is greater than 1 — e™*.

In the same vein, using the estimates (4.20) and (4.21), concentra-
tion inequalities for genealogical tree models can be derived easily using
the estimates (3.14).

Corollary 6.5. We let )Y be the occupation measure of the genealog-
ical tree model presented in (3.18). We also set o2 = SUpy,>0 o2, the
supremum of which is the uniform local variance parameters o2 defined

in (3.20), and

2 Xmg™
— i
3(n+1)

Prm () = 4(xmg™)* (1 + 2(z + Vz)) +
and

qm () = (xmg™)V8c2z.
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In this situation, for any n > 0, any f,, € Osc(Ey,), and any N > 1, the
probability of the event

n+1 n+1

7 — Qu)(fa) < N Prm(T) + N

qm ()

is greater than 1 — e™*, for any = > 0.

6.4.2 Empirical Processes

The main aim of this subsection is to derive concentration inequalities
for particle empirical processes. Several consequences of this general
theorem are also discussed, including uniform estimates w.r.t. the time
parameter, and concentration properties of genealogical particle pro-

CEesses.

Theorem 6.6. We let F,, be a separable collection of measurable func-
tions f, on E,, such that |f,|| <1, osc(f,) <1, with finite entropy
I(F) < oo.

T (IWN 1 £,) < crma(n)

with the parameter 7 1(n) defined in (3.6) and

1
o < 242 / V108 (8 + N (Fy ) de. (6.9)
0

In particular, for any n >0, and any N > 1, the probability of the
following event

N . CFn .
erujgn!nn (f) nn(f)lé\/ﬁ 1,1(n) vz + log2

is greater than 1 — e™*, for any = > 0.

Proof:
Using (6.5), for any function f, € Osc(E),,) we have the estimate

WIN <2 gpnB(Pon) Vi (807, (f))]
p=0
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with the QI],V_ ;-measurable random functions 51]9\,[n( fn) on E, defined by

1

N —
5p,n(fn) - 2ﬁ<Pp,n)

a2, (fn)-

By construction, we have
160 (f)ll <1/2 and 6, (fn) € Osc(Ey).
Using the uniform estimate (6.3), if we set
Gpin = Opin (Fn) = {09 () 1 | € Fu}
then we also prove the almost sure upper bound

supN[géYn,e] <N (Fn,€/2).

N>1

The end of the proof is now a direct consequence of Theorem 5.3. This
ends the proof of the theorem. ]

Corollary 6.7. We consider time homogeneous Feynman-Kac models
on some common measurable state space E,, = E. We also let F be a
separable collection of measurable functions f on E, such that || f|| < 1,
osc(f) <1, with finite entropy I(F) < co.

We also assume that one of the regularity conditions Hp, (G, M)
stated in subsection 3.4.1 is met for some m > 0. In this situation, for
any n > 0, and any N > 1, the probability of the following event

sup Y (f) = na(f)] < %Fl,l(m) Va + log2

feFn N

is greater than 1 — e™*, for any = > 0.

In the same vein, using the estimates (3.14), we easily prove the
following corollary.

Corollary 6.8. We also assume that one of the regularity conditions
H,,(G,M) stated in subsection 3.4.1 is met for some m > 0.

We let F,, be a separable collection of measurable functions f}, on
the path space Ej, such that ||fy] < 1, osc(fy) < 1, with finite entropy
I(F) < oo.
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We also let ¥ be the occupation measure of the genealogical tree
model presented in (3.18). In this situation, for any n >0, and any
N > 1, the probability of the following event

c
sup ’Uﬁv(fn) - Qn(fn)] < Fn (n 4+ 1)xmg™Vx + log2

fncFn \/N

is greater than 1 — e™, for any = > 0 with the constant cgz, defined
in (6.9).

The following corollaries are a direct consequence of (4.10).

Corollary 6.9. We assume that the conditions stated in Corollary 6.7
are satisfied. When F stands for the indicator functions (4.9) of cells
in £ =R?, for some d > 1, the probability of the following event
N _ d

sup [, (f) = ()] < eTra(m)y [ (2 + 1)

feF
is greater than 1 — e, for any « > 0, for some universal constant
¢ < oo that does not depend on the dimension.

Corollary 6.10. We assume that the conditions stated in corollary 6.8
are satisfied. When F,, stands for the product functions of cell indica-
tors (4.9) in the path space E, = (R% x --- xR%), for some d, > 1,
p > 0, the probability of the following event

d
sup [’ (£a) — Qu(fa)] < e(n + 1>xmgm\/ E“N”(x +1)
fu€Fn

T

is greater than 1 — e, for any x > 0, for some universal constant

¢ < 0o that does not depend on the dimension.

6.5 Particle Free Energy Models
6.5.1 Introduction

The main aim of this subsection is to analyze the concentration prop-
erties of the particle free energy models introduced in subsection 1.4.2.
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More formally, the unnormalized particle random field models discussed
in this section are defined below.

Definition 6.2. We denote by 7 the normalized models defined by
the following formulae

T (f) = (/@ = (/) T m'(@

0<p<n

with the normalized potential functions

Gn 1= Gn /1 (Gn).

We also let Wf{ " and W WY be the random field particle models defined
by

WaN = VNP =] and W™ = WM () /(D).

These unnormalized particle models ;¥ have a particularly simple
form. They are defined in terms of the product of empirical mean val-
ues 77}],\7 (Gp) of the potential functions G, w.r.t. the flow of normalized
particle measures nlj,v after the p-th mutation stages, with p < n.

Thus, the concentration properties of ’yn should be related in some
way to those of the interacting processes 72 developed in subsection 6.4.

To begin with, we mention that

1 N
=N 1 V[rh 1
Y ( ) ) /’7 0<|p<|n”p /Tr ( )

For more general functions we also observe that for any function f on
E,, s.t. n,(f) =1, we have the decompositions
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We readily deduce the following second order decompositions of the
fluctuation errors

N 1 777N N
(0) + WY ()] + W(Wn MW (F))-
ThiJ% decomposition allows us to reduce ]\‘?he concentration properties
of W' (f) to those of WM () and W @).
Next, we provide some key decompositions of WY in terms of
the local sampling errors VnN , as well as a pivotal exponential formula

connecting the fluctuations of the particle free energies in terms of the

W (f) =Wy

n

fluctuations of the potential empirical mean values.
Then, we derive first-order expansions, and logarithmic concentra-
tion inequalities for particle free energy ratios 7Y (1) = v (1) /v, (1).

6.5.2 Some Key Decomposition Formulae

This subsection is mainly concerned with the proof of the following
decomposition theorem.

Theorem 6.11. For any 0 < p < n, and any function f on F,, we have
the decompositions

W ( va 1) V¥ (Qpn(f)) (6.10)
Wi =YW v @) (6.11)
p=0

with the normalized Feynman-Kac semigroup

@p,n(f) = Qpn(f)/MpQpn(L).

In addition, we have the exponential formulae

nN
TV @) = VA [ exp /}: Wy (Gy)
VN Jo 0<p<n1+fw’% (G,)

(6.12)
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Proof:
We use the telescoping sum decomposition

n

N N N
Tn — Tn = Z(’yp Qp,n - Vp—lQP*Ln)
p=0

with the conventions @, , = Id, for p =n; and YV,Q_1., = Y0Qon, for
p = 0. Using the fact that

7;]7\](]1) = 'Y;])V—l(Gp—l) and 7£1Qp—1,n(f) = ’Y;];\il(Gp—lMp(Qp,n(f)))
we prove that
'Yé\ilQp—l,n = ’Yzj;v(]l) q’p(”ﬁl)@nn'

The end of the proof of the first decomposition is now easily completed.
We prove (6.11) using the following formulae

Vo) _ @ .

me(f)(x) - 771(1) Qp,n(f)( )
- . —1_ Qpa(f)(x)
= Qpa(N@) ] na(Gy) " = OO

p<g<n

The proof of (6.12) is based on the fact that

1 ( o
y — )
1 —1 = —Z 7 dt
0By T o8 /ox+t(y—w)

for any positive numbers z,y. Indeed, we have the formula

1 WV
log (7' (1) /(1)) = log (1 - \/N%(ll)>

= ) (logn, (Gp) — logny(Gy))
0<p<n
1 ! WM (Gy)

= dt.
\/Noép<n 0 1p(Gp) + \/%W;%N(Gp)

This ends the proof of the theorem. ]
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6.5.3 Concentration Inequalities

Combining the exponential formulae (6.12) with the expansions
(6.11), we derive first-order decompositions for the random sequence
VN log7N (1). These expansions will be expressed in terms of the ran-

dom predictable functions defined below.

Definition 6.3. We let hN be the random QN ;-measurable functions

given by
- Y @)
q<p<n

with the functions dN »(Gp) given in Definition 6.1.

Lemma 6.12. For any n > 0 and any N > 1, we have

\/]Vlog’yn Z VN )+ — RN
0<g<n \/N

with a second-order remainder term RY such that
E(|RY ™)™ < b(2m)*r(n)
for any m > 1, with some constant

r(n) <8 > gp(20ym1.1(p)° + T31(D))-
0<p<n

(6.13)

Proof:
Using the exponential formulae (6.12), we have

VNlog7Y (1) = VNlog (1 + \;NWZN(]IO

= Z/l Wi (G,) dt.

05pen’0 1+ \FW”’ (Gp)
This implies that

VNlogyy (1) = > WpN(G,) + —RNI
0<p<n Vri
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with the (negative) second order remainder term
W (G
R =- > / . Gy)’ dt.
0<p<n 1+\ﬁW,(G)
On the other hand, using (6.11) we have

STwWpNGy) = > VYY) + TRNQ

0<p<n 0<g<n

with the second-order remainder term

1 _
B == ) oy Ve GV [5Gl
0<q<p<n ' 0P

This gives the decomposition (6.13), with the second remainder order
term

RY .= R 4+ RN2.
Using the fact that

t — — _
L Wi (@) = (Gy) + (1= 1) 2 19

for any t €]0,1], with g, := inf, G,(z), we find that

1 _
| Z TW;’N(GP)Q-

0<p<n 9p

Using (6.6), we prove that
1 _
E(IRY VT <4b(2r)® Y — 0se(Gp)ria(p)?
0<p<n 9p
from which we conclude that

r)l/r 4b 27" Z ngl 1

0<p<n

In much the same way, we have
E(|RY)Y
Y 9BV (G P PRV g, (Gl P

0<g<p<n
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and using (6.4), we prove that

E(RYZDYT <8620 Y 9595 p0(Fap)-

0<q<p<n
This ends the proof of the lemma. [

We are now in position to state and to prove the following concen-
tration theorem.

Theorem 6.13. For any N > 1, e € {+1,—1}, n > 0, and for any

. 4
S, > sup Sgmn With ¢gp 1= — E , 9q.p9p B(Pyp)
0<g<n n £
q<p<n

the probability of the following events

F(n)(1 + (L) " (x)) + <& 72(L%)~ ( x )

=2
Nos,

==

€y =N
—log¥,, (1) <
n

is greater than 1 — e™*, for any x > 0, with the parameters

72 = Z ag(gq,n/g,:)Q and 7(n) =r(n)/n.
0<g<n

Before delving into the proof of the theorem, we present simple argu-
ments to derive exponential concentration inequalities for the quanti-
ties |7 (1) — 1]. Suppose that for any e € {41, —1}, the probability of
events

~log7N (1) < py) (a)
is greater than 1 — e~ for any z > 0, for some function p? such that
PN () = N0 0.
In this case, the probability of event

—(1 — e (@) < NI —1< enPn (@) 1
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is greater than 1 — 2e™*, for any « > 0. Choosing N large enough so
that p (x) < 1/n we have

—2npN(x) < —(1 — e_"pgy(x)) and e™n (@ _ 1< onpX (x)
from which we conclude that the probability of event
(7Y (1) — 1] < 20 pN (2)) = 1 — 267,
Now, we come to the proof of the theorem.

Proof of Theorem 6.13:
We use the same line of arguments as those used in subsection 6.4.1.
First, we observe that

Ihgmll < D i3 (Gl

q<p<n
< Z 9g.p05¢(Pyp(Gp)) <2 Z 9ap9p B(Pap) = cqn/2
q<p<n q<p<n

and osc(hé\fn) < ¢¢n- Now, we use the following decompositions
N(pN N(sN
PIRACHELIDSRAICH
0<g<n 0<g<n

with the gé\ﬁ ;-measurable functions
S = hi/ay € Osc(Ey) N Bi(Ey)

and for any constant ay, > supy<,<y Cgn-
On the other hand, we have the almost sure variance estimate

E(V, [03n)%19571) < ogosc(hgy,)?/ay? < ogeg /ar?

from which we conclude that
E(V¥8gn]?) < 0gcin/ar?.

This shows that the regularity condition stated in (5.2) is met by replac-
ing the parameters o, in the variance formula (5.2) by the constants
04Cqn/ 0y, with the uniform local variance parameters o, defined in
(3.20).

The end of the proof is now a direct consequence of Theorem 5.2.
This ends the proof of the theorem. ]
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Corollary 6.14. We assume that one of the regularity conditions
H,,(G,M) stated in subsection 3.4.1 is met for some m >0, and we
set

P(@) = et (m)(1 + 2z + V&) + ca(m)z and  gu(w) = c3(m)v/z
with the parameters

c1(m) = (4¢71.1(m))? + 8g73.1(m)

ca(m) = 4(Bng™™)/3 and  c3(m) = 4g4/2722(m)o2.

In the above displayed formula, 72 2(m) and &(m) stands for the param-
eters defined in Corollary 3.5, and o, is the uniform local variance
parameter defined in (3.20).

In this situation, for any N > 1, and any € € {+1,—1}, the proba-
bility of each of the following events

€ . 1
ﬁlog%iv (1) < —pm(z) +

1
N ﬁ%n@)

is greater than 1 — e™*, for any = > 0.

Proof:

Under condition Hpy, (G, M), we have
r(n)/n < (4g71,1(m))* + 8731 (m)

and for any p <n

4g\? 1
§in = <g> (n —p)? n—p Z p.g B(Fpq)

n
p<g<n
(49)2 (n —p) 2 2
< n T Z Ip,q ﬁ(Pp,q) :
p<g<n

This implies that

> 2o <00 5 o s(0) < (49 Paam).

0<p<n 0<g<n




6.6 Backward Particle Markov Models 367

In much the same way, we prove that ¢* < 43,¢™*!. The end of the
proof is now a consequence of the estimates (4.20) and (4.21). This
ends the proof of the corollary. [

6.6 Backward Particle Markov Models

This subsection is concerned with the concentration properties of the
backward Markov particle measures defined in (1.18). Without further
mention, we assume that the Markov transitions M,, satisfy the regular-
ity condition (1.10), and we consider the random fields defined below.

Definition 6.4. We let Wg N and Wy N be random field models
defined by

Wy N = VNI —T,) and W2N =VN@Q) - Q).

The analysis of the fluctuation of random fields of backward
particle models is a little more involved than that of the genealogical
tree particle models. The main difficulty is to deal with the nonlinear
dependency of these backward particle Markov chain models with the
flow of particle measures 7. .

In subsection 6.6.1, we provide some preliminary key backward
conditioning principles. We also introduce some predictable integral
operators involved in the first-order expansions of the fluctuation of
random fields discussed in subsection 6.6.3. In subsection 6.6.2, we
illustrate these models in the context of additive functional models.
In subsection 6.6.4, we assemble the semigroup techniques developed
earlier to derive a series of quantitative concentration inequalities.

6.6.1 Some Preliminary Conditioning Principles

By definition of the unnormalized Feynman-Kac measures I';,, we have
Ln(d(zo,..-,2n)) = Lp(d(zo, .-, 2p) ) Tppp(@p, d(Tpt1, - - 7))
with

Fn|p(xp,d(mp+1,...,azn)): H Qq(xq—l’dl’q)‘

p<q<n
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This implies that

Qun(d(wo, ..., 7n)) = Qup(d(wo, ..., 7p)) X Qup(Tp, d(Tpt1,.-.,70))
with the Q),-distribution of the random states (Xo,..., X))
1
- 1p(Gp.n)

and the Qp-conditional distribution of (Xp41,...,X,) given the
random state X, = x,, defined by

Qnp(d(zo, ..., 2p)) : Qp(d(o, ..., 2p))Gpn(p)

1
mrn‘p(%’ d(Tpt1,---5Tn))-

Now, we discuss some backward conditioning principles. Using the
backward Markov chain formulation (1.11), we have

Qn(d(zo,...,7p)) = nn(dxn)(@n\n(xna d(xo,---,Tn-1))

with the Q,,-conditional distribution of (Xj,...,X,—1) given the termi-
nal random state X,, = x,, defined by the backward Markov transition

Qup(p, d(Tpt1,-.-,70)) =

Qnm(wn,d(mg, ey Tp—1)) 1= HMqv’?qﬂ (xg,dxg—1).
q=1

By construction, the QY-conditional distribution of (Xo,..., X, 1)
given the terminal random state X,, = x,, is also defined by the particle
backward Markov transition given by

Q%n(xnvd(x(b cee 7xn—1)> = HMq7né\771 (l‘q,d.%q_l).
qg=1

We check this claim, using the fact that

QnN(d(xo,...,xn)) = nff(da:n) Qﬁn(xn,d(xg,...,xn_l)).

Definition 6.5. For any 0 < p <n and N > 1, we denote by D{Xn and
Li,\fn the QI]?\Q ;-measurable integral operators defined by

D;)\,fn(xpad(ym cee 7yn))
= @é\(p(l‘pv d(y()a cee 7yp71))51p (dyp)rn|p($Pa d(yp+17 s ,yn)) (614)
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and

Li)\jn(xpv d(yOa cee 7y77«))
= Qé\fp(xpa d(:‘/Oa o aypfl))(swp (dyp)Qrﬂp(xp’ d(prrlv oo ,yn))- (615)

For p € {0,n}, we use the convention
DY (2, d(yo,- - yn)) = Ly (zn,d(yo, - Yn))
= QY d 1)) o ()
and
D (20,d(Y0,- - yn)) = 0a (dyo)jo(z0,d(y1,- - Yn))
LE(0,d(yo,---yn)) = 0ao (dyo)Qujo(0,d(y1,- - yn))-

The main reason for introducing these integral operators comes
from the following integral transport properties.

Lemma 6.15. For any 0 <p <n, and any N > 1, and any function
f,, on the path space E,,, we have the almost sure formulae

' Do = 1 (Gp) X @1 () ) Dy (6.16)
and
N NN
np Dp n(fn) N N
ni])VDzj)\,]n(]l) Gp,n (np ) p,n( ) ( )
=V P MYWLY L (F 6.18
- Gp+1,n( P+1(np )) p+1,n( n) ( . )

Proof. We check (6.16) using the fact that

Fn|p($pa d(yp—i-h cee ,yn))
= Qp+1(zp, dyp11)Tnjpr1(@p1,d(Ypr2, - yn))  (6.19)

and

n;;v(dxp)Qerl(mpadprrl) = n;];VQerl(dprrl) X Mp+1,1711)\7 (Yp+1,dxp).
(6.20)
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More precisely, we have

n;z)v(dxp)Dgn(xp7 d(y07 ety yn))

= n;fav(dxz-"')Qp-i-l(xpa dyp-i-l)Q]]g\\]p(wp? d(yo,---,Yp-1))
x 5$p (dyp)rn|p+1(yp+17d(yp+27 e 7yn))‘
Using (6.20), this implies that
n}év(dxp)D;)\,[n(xp7 d(y()? tee 73/71))
= n;j;VQpH(dypﬂ)MpH,n;,V (yp+17dxp)@zjy\|[p(xpv d(Yo,---»Yp-1))
X 6zp (dyp)rn\p—l—l (yp+1a d(yp-i-?) v 7yn))

from which we conclude that

- N N
-—/77p Qp+1(dyp+1)(@p+1\p+1(ypHad(ZJOa---ayp))

X Lofps1 (Upt1, d(Wpr25- -, Yn) ) Ea (Y0, - Yn)
= (1 Qp+1) Dy'y1 1 (Fn)-
This ends the proof of the first assertion. Now, using (6.16) we have

ni])VDi])\,[n(fn) _ (I)p+1(77;f>v)D;J;\g_1,n(fn)
nj]JVD;zJJ\,[n(]D Dy 11 (UéV)Dﬁan(]l)

Recalling that
D]ZD\,fn (]1) - Qp,n(]w - Gp,n

we readily prove (6.17) and (6.18). This ends the proof of the
lemma. |

6.6.2 Additive Functional Models

Here, we provide a brief discussion on the action of the operators D;,\fn
and sz,\fn on additive linear functionals

fa(z0,. . n) = > fo(p) (6.21)
p=0
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associated with some collection of functions f,, € Osc(E,,).

Dgn(fn) = Qpn(1) Z [Mp,n{,\’_l MqH,n R?
0<g<p p<q§n

with a triangular array of Markov transitions Réq) introduced in

Definition 3.2. By definition of Lp n, We also have that

N
Lypn(fn) = Z [Mpm,’,v,l“'Mqu Z nq) (fq)-

0<g<p pP<q<n
Using the estimates (3.9), we prove the following upper bounds
osc(L), () < D B(M,, n Mgy )

0<q<p
+ Z 9an X B(Ppq)-
p<gq<n
There are many ways to control the Dobrushin operator norm of

the product of the random matrices defined in (1.19). For instance, we
can use the multiplicative formulae

5(Mp,n§71-'-Mq+1,néV)§ H 5(Mk+1,n}j)~

p<k<gq

One of the simplest ways to proceed, is to assume that

for any z,y,y’, and for some finite constant 7 < co. In this situation,
we find that

Mk—l—l,nfg\] (y,dl’) < 7-2 Mk-i—lmiv (y/7d$)
from which we conclude that
-2

We further assume that the condition Hp,(G,M) stated in subsec-
tion 3.4.1 is met for some m > 1. In this situation, we have

osc(LZ])\fn(fn))
< Z (1—772)F=0 4 g7 Z (1 — g~ =Dy -2)lla=p)/m]

0<g<p p<g<n
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from which we prove the following uniform estimates

sup osc(L}]OVn(fn)) <724 m g™ (6.23)
0<p<n ’

6.6.3 A Stochastic Perturbation Analysis

As in subsection 6.3, we develop a stochastic perturbation analysis
that allows us to express W}; N and Wy N in terms of the local
sampling random fields (V;¥)o<p<n.

These first-order expansions presented will be expressed in terms of
the first-order functions d, ¥ (f) introduced in (6.2), and the random

Qév_ ;-measurable functions Gé\{n introduced in Definition 6.1.

Definition 6.6. For any N > 1, any 0 < p < n, and any function f,, on

the path space E,, we let dg{n(fn) be the g;[ ;-measurable functions

AN (Fa) = dg )V, (L (Fa)):

p—

We are now in a position to state and to prove the following
decomposition theorem.

Theorem 6.16. For any 0 < p <n, and any function f, on the path
space E"T1 we have

E(T (£)IG)) = 7 (Dpin (£a))- (6.24)

In addition, we have
WM () = Y7 (VY (D)o (Ea) (6.25)
p=0

n

WON () = ;m‘/,ﬁdgn@n» (6.26)

= Zn:%N(dgn(fn))
p=0

n

=3 ey I G < V). (62)
p p,n

p=0
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Proof:
To prove the first assertion, we use a backward induction on the
parameter p. For p = n, the result is immediate since we have

FnN(fn) = ’YerV(]l) ﬁg(Dixn(fn))

We suppose that the formula is valid at a given rank p < n. In this
situation, using the fact that Dgn(fn) is a QIJ,V ;-measurable function,

we prove that
E(T (£a)IGy01) = E(p (Dpin (£a))1Gp11) = (1551 Qp) Dyl (Fa) - (6.28)
Applying (6.16), we also have that

rY]J)V—IQpD;J)\,[n = 7;1;\[—117;])\[—1,71

from which we conclude that the desired formula is satisfied at rank
(p — 1). This ends the proof of the first assertion.

Now, combining Lemmas 6.15 and (6.24), the proof of the second
assertion is simply based on the following decomposition

(ny - Fn)(fn)
= > BT (E)IG)) — BN (£2)IG) )]
p=0

1

— - N N N TN ()
_p;vp (1) (% Ponlte) = 6

U]]gvl(D;];VLn(fn))> .

To prove the final decomposition, we use the fact that

NDN (fn) 77]\1 DN, (fn)
N _ n fn = np p,n _'p 1Zp—1ln
QY - Qu)(fa) = (n]gvpgna) My 1Dyl (1)

0<p<n

with the conventions nj_leﬂm =o'y, for p=0.
Finally, we use (6.17) and (6.18) to check that

QY —Qul= Y (Ya,.()) = Ya,, (@p(1p-1))) Ly

0<p<n
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We end the proof using the first-order expansions of the Boltzmann-
Gibbs transformation developed in subsection 6.1:

VN(¥a,, () = VG, . (2p(011))) Ly (£a)

1 N/ qN
= VN@N_(f,
eV )
N/ qN 1 1 N /~N N/ qN
=V @) — gy 7 (G) * VY (@it

This ends the proof of the theorem. [
6.6.4 Concentration Inequalities
6.6.4.1 Finite Marginal Models

Given a bounded function f;, on the path space E,, we further assume
that we have some almost sure estimate
sup osc(Lgn(fn)) <Ilpn(fn) (6.29)
N>1
for some finite constant [, ,(fn) (< ||fal|). For instance, for additive
functionals of the form (6.21), we have proved in subsection 6.6.2 the
following uniform estimates

ose(Ly(a)) <72 +m g™,

which are valid for any N >1 and any 0 <p<n, as soon as the
mixing condition Hy, (G, M) stated in subsection 3.4.1 is met for some
m > 1, and the regularity (6.22) is satisfied for some finite 7.

For any additive functional f,, of the form (6.21), we denote by
f, = fn/(n + 1) the normalized additive functional.

Lemma 6.17. For any N > 1, n >0, and any bounded function f,
on the path space E,, we have the first-order decomposition

1
VN
with a second-order remainder term R (f,) such that

E(|RY (£a)™)"™ < b(2m)? 1 (fn)

WY (£,) = i‘/;v(clﬁn(fn)) + ——R} (£a) (6.30)
p=0
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for any m > 1, with some finite constant

() <4 Y g2 lpn(fa). (6.31)
0<p<n

Proof. First, we notice that

H < ||GP7HH
B q)p(ﬁgj;v_ﬂ(Gp,n)

Using (6.27), we find the decomposition (6.30) with the second-order
remainder term

ldp s (fa) ose(Ly(£n)) < gpmosc(Ly), (Fa)).

RnN(fn) = _ZR;]a\,[n(fn)
p=0

with

1
N — N(AN \ y/N(gN
Ry, (fn) := NGV ) Vo (Gpn) V' (dpn(fn))-
Iy \&pm

On the other hand, we have
E(|R), (£a)"|Gpl 1) ™
< Gon BV, (G / |G ) P1G1) 2™
xB(|V,Y (dpy, (£2)) G ).
Using (6.4), we prove that
E(RY, (62 (G) 1)/™ < 4b(@m)? g2, Ty (Ba).

The end of the proof is now clear. This ends the proof of the
lemma. ]

Theorem 6.18. For any N > 1, n > 0, and any bounded function f,
on the path space E,, the probability of the events

Pl ) + 2 A ()

[ery - @n] (fn) <
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is greater than 1 — e™*, for any = > 0, with

1
—2 2 2 2
Op = b7 E gp,nlp,n(fn) Ip
" 0<p<n

and for any choice of b, > supg<,<y, gpnlp,n(fn). In the above displayed
formulae, o, are the uniform local variance parameters defined in
(3.20), lpn(fn) and r,(f,) are the parameters defined in (6.29) and
(6.31), respectively.

Before proceeding into the proof of the theorem, we present some
direct consequences of these concentration inequalities for normalized
additive functionals (we use the estimates (4.20) and (4.21)).

Corollary 6.19. We assume that the mixing condition Hy,(G,M)
stated in subsection 3.4.1 is met for some m > 1, and the regularity
(6.22) is satisfied for some finite 7. We also suppose that the param-
eters oy, defined in (3.20) are uniformly bounded o = sup,,>¢0, < o0
and we set

c1(m) :=29"xm (7‘2 +m g2m_lxi’n) and  ca(m) :=2(g"xm)c1(m).

In this notation, for any N > 1, n > 0, and any normalized additive
functional f,, on the path space Ey, the probability of the events

@Y — Q) ()
< czj(vm) (14 (L)Y (x)) + cr(m)o? (L) ! <N(ni1)a2>

is greater than 1 — ™%, for any =z > 0.

Corollary 6.20. We assume that the assumptions of corollary 6.19
are satisfied, and we set

c1(m)

P () = ca(m)(1 + 2(z + V) + mx
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and

2x0?
(n+1)

with the constants ¢1(m) and ca(m) defined in Corollary 6.19.
In this situation, the probability of the events

- 1

is greater than 1 — e™*, for any = > 0.

Qm,n<33) =c1(m)

Pran () + \/}qm,m)

Proof of Theorem 6.18:
We use the same line of arguments as those used in subsection 6.4.1.
Firstly, we notice that

Hdgn(fn)H < Ipn lp,n(fn)-
This yields the decompositions

n
NACRIE SRR
p=0
with the functions
Opn(fn) = dpn(£n)/ap € Osc(Ey) N Bi(Ep)
and for any finite constants
ap >2 sup gpn lpn(fn).
0<p<n
On the other hand, we also have that
4
E(%N(égn(fn)ﬂgﬁl) < W Uz gﬁ,n lp,n(fn)2
n
with a* := supg<,<, @p, and the uniform local variance parameters ag
defined in (3.20).

This shows that the regularity condition stated in (5.2) is met
by replacing the parameters o, in the variance formula (5.2) by
the constants 20,0y nlpn(fn)/ay,, with the uniform local variance
parameters o, defined in (3.20).

Using theorem 5.2, we easily prove the desired concentration
property. This ends the proof of the theorem. ]
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6.6.4.2 Empirical Processes

Using the same line of arguments as those used in subsection 6.4.2, we
prove the following concentration inequality.

Theorem 6.21. We let F,, be a separable collection of measurable
functions f,, on Ey, such that ||f,]| < 1, osc(fn) < 1, with finite entropy
I(F,) < .

n
7T¢(HW;97NH}-”) < cr, ng,nulp,n |7,

p=0
with the functional f,, € F, — [, ,(fn) defined in (6.29) and

1
cr, <24 / VIog 8 + N(Fy, o)) de.
0

In particular, for any n >0, and any N > 1, the probability of the
following event

17, /7 + log2

Cr. "
sup Q) (fn) — Qu(fn)] < == I,
fnej:n‘ ( ) n( )’ \/szogpn“pn

is greater than 1 — e™*, for any = > 0.

Proof:
Using (6.26), for any function f,, € Osc(E,) we have the estimate

WEN (E2)] <237 goun Ly (Ea) |V, (05 (fa))]
p=0

with the QIJJ\i ;-measurable random functions 5gn(fn) on E, defined by

1 Gpn
2lpn(fa) [[Gponll

By construction, we have

162, (Fa)|| < 1/2 and &2, (fa) € Osc(E,).

Opin(fn) = [Lpn(fa) = Wa,  (@p(1 1)) Ly (£)]-

Using the uniform estimate (6.3), if we set

GN =8N (F) = (60, (F) : £ € T}
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then we also prove the almost sure upper bound

sup./\/'[ggn,e] <N (Fn,e/2).
N>1

The end of the proof is now a direct consequence of Theorem 5.3, and
Theorem 4.6. This ends the proof of the theorem. [

Definition 6.7. We let F = (F,)n>0, be a sequence of separable
collections F,, of measurable functions f, on E,, such that | f,|| <1,
osc(fn) <1, and finite entropy I(F,) < co.

For any n > 0, we set

1
Jo(F) :=24% sup / \/log(S + N (Fy.€)?) de.
0<q<nJo

We also denote by X, (F) the collection of additive functionnals
defined by

Yo(F) = < £, € B(E,) such that Vx, = (20,...,2,) € Ey

n

fo(xn) = pr(xp) with f, € Fp, for 0<p<n
p=0

and

Sp(F)=1{f/(n+1) : £, € T, (F)}.

Theorem 6.22. For any N > 1, and any n > 0, we have
n
Ty (W, (7)) < andn(F) Y g
p=0

with some constant
an< D Bpgt Y BB
0<g<p p<q<n

and for any a collection of [0, 1]-valued parameters (3, , such that

V0<qg<p supfM, - Myprgy) < Opg
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Proof. By definition of the operator dgn given in definition 6.6, for
additive functionals fy, of the form (6.21), we find that

AR, (£a) = Dp(1) 1) (Gpm) X dN(Fu)
= Gpulld - Vg, (¥, <n;i1>>1LN (fa)

= Z dpq, Z dpq,

0<g<p p<qg<n
with
ASGn (fo) = Gpalld — g, (Dp(n )M (£,))
ANG2(fy) = Gpnlld — g, (®p(n )I(RE)(f,))
and

(N) .
Mg = Mp,n{}’,l s Mgy

This implies that

Vo (A (£a))] < 2(|Gp,nll ( > BraVy Oian ()

0<g<p

+ Y BRINV,Y (9pq (fq))) (6.32)

p<q<n
with
SN () = —— GG 1d — i, (@ ()M (£,)
28MS) |Gp.nll ‘ ’
and
sN2) 1 Gpn N (n)
p,an (fq) Gp,n[Id - \PGp,n((I)p(Wp—l))]Rp,q (fq)-

28(R) Gpon
By construction, we have that
N,i N,i
[dpam(F)ll < 1/2 and  ose(Spigia(fy)) <
for any i € {1,2}. We set

G = S Fy) = (604 (fa) : fa € Fo}.
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Using the uniform estimate (6.3), we also prove the almost sure upper
bound

sup/\/'[g(N’i) €] <N (Fy.€/2).

,q,m
N>1 P,

Using Theorem 5.3, we prove that

mp( sup VN (dpin(F))]) < anllGponllJn(F).
faeXn(F)

The end of the proof of the theorem is now a direct consequence of
the decomposition (6.26). This ends the proof of the theorem. n

Corollary 6.23. We further assume that the condition Hp,(G,M)
stated in subsection 3.4.1 is met for some m > 1, the condition (6.22)
is satisfied for some 7, and we have J(F) :=sup,>¢Jn(F) < oco. In
this situation, we have the uniform estimates

N
supy ([[W2N I, () < cx(m)
n>0
with some constant
cr(m) < xmg™ (72 +m g*" ' xp) I (F).

In particular, for any time horizon n >0, and any N >1, the
probability of the following event

”QTJ:[ - Qn”fn(}‘) <

\;ch(m) v+ log2

is greater than 1 — e™*, for any = > 0.

Proof. When the conditions Hy,(G,M) and (6.22) are satisfied, we
proved in subsection 6.6.2 that

Y Boat D BRI <7+ mg? G
0<g<p p<g<n

We end the proof of the theorem, recalling that g,, < x;,g™. This
ends the proof of the theorem. [

We end this section with a direct consequence of (4.10).
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Corollary 6.24. We further assume that the condition Hp,(G,M)
stated in subsection 3.4.1 is met for some m > 1, the condition (6.22)
is satisfied for some 7. We let F,, be the set of product functions of
cell indicators in the path space E,, = R%, for some d > 1, p > 0.

In this situation, for any time horizon n > 0, and any N > 1, the
probability of the following event

d
N
is greater than 1 — e™*, for any x > 0, with some constant

c(m) < e xmg™ (7% +m g®" 3.

In the above display, ¢ stands for some finite universal constant.
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