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E measurable state space, P(E) proba. on E, B(E) bounded meas. functions

© (1) e PEVXB(E) — ()= [ n(de) Fl)
@ M(x, dy) integral operator over E

M) = [ M dn)(y)

[uM](dy) = /u(dX)M(X, dy) (= [pM](f) = p[M(F)])
@ Bayes-Boltzmann-Gibbs transformation : G : E — [0, co[ with p(G) > 0
1
u(G)
E finite < Vector-Matrix notation p = [(1),...,u(d)] and f = [f(1),...,f(d)]

W (p)(dx) = G(x) p(dx)
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Feynman-Kac integration models

@ Markov chain X, on some measurable state space E,, n=time index .

@ Potential functions G, : x, € E;, — Gu(x,) € [0,1]

Feynman-Kac path measures:

1 .
dQy = - II Go(Xo)p dPn with P, :=Law(Xo, ...

n 0<p<n

The n-time marginals: V£, € B(E,)

with  v,(fy) :==E | f(X H Gp(

0<p<n

7Xn)
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2 Key observations

with  ,(f,) :=E (f H Gp( )

0<p<n

@ First important observation:

/

[ X0 = (X5, X0) & Go(Xe) = GUX)] = 1=,

@ Second important observation:

Zp=1 H Gp(Xp) | = H 1p(Gp)

0<p<n 0<p<n

Proof:
Z, = ’Yn(l) = ’Yn—l(Gn—l) = 77n—1(Gn—1) 'Vn—l(l)
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Nonlinear Markov models

Flows of Feynman-Kac measures

@ A two step correction prediction model

Updating-correction Prediction/Markov transport
~

M ——————————"h = \UG,,(nn) Tn+1 = ﬁnMnJrl

@ Selection nonlinear transport formulae
V6, (1n) = 0nSnn,
with, for any €, € [0, 1]

S (X, +) == €aGn(x) 0x + (1 — €, Gn(x)) Vg, (1)

I
Nn+1 = Tn (517,77,, Mn+l) = nnKn+1,77,,
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Nonlinear Markov chains 1, = Law(X,)=

@ Nonlinear transport formulae :

Nin+1 = Tin Kn+1,7]n

with the collection of Markov probability transitions :
Kn+1,nn = Sn,nn Mpi1
@ Local transitions :
P(X, € dx, | X,_1) = Kn,T}nfl(Ynfla dx,) avec 1, 1= Law(X,_1)

@ McKean measures (canonical process) :

Pn(d(xo, - - -, %n)) = no(dxo) Kine(x0,dX1) ... Knn, i (Xn—1, dxn)
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Mean field particle interpretations

Sampling pb ~ Mean field particle interpretations

@ Markov Chain &, = (&,...,&N) e EN sit.

1
772’ ::N Z 6§’n =N1oo Tn
1<i<N

@ Approximated local transitions (V1 < i < N)

51'.1—1 s g:r ~ Kn,n,’]"fl(a‘r—l’ an)
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Schematic picture : &, € EN ~ &py1 € EN

K

n+1,n,’,v 1

g —7, &
5;7 - - 5;1+1
N

 ——— G

Rationale :

M SNioco T = Kppigv =nreo Kntim, = &' ~1ii.d. copies of X

I

Particle McKean measures :

N

1 — _
N Z O(gh...ci) ——Nioo Law(Xo, ..., Xn)
i=1
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Some key advantages

@ Mean field models=stochastic linearization/perturbation technique :

1
nrly = nrlyflKn,nL\L +— Wriv

VN

avec WN ~ W, Centered Gaussian Fields L.

= Uniform control w.r.t. the time horizon

Stochastic adaptive grid approximation

Nonlinear system ~ " positive-benefic interactions.

Simple and natural sampling algorithm.

Mn = Nn—1Kny,_, stable = No propagation of local sampling errors

"No burning, no need to study the stability of MCMC models”.
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Feynman-Kac models < Genetic type stochastic algo.

B M
1 n+1 1
gn é}, — €n+1
I 5"177,’7\’ s ;
fn = v 5[’1 _— n+1
. 1 .
én @V [ n+1
L Sn

Acceptance/Rejection-Selection : [Geometric type clocks]

5n nN (5:17 dX)

= enGn(&}) des (dx) + (1 — enGa(8h)) T, W(S ; (dx)

X. 1 Gy =14~ Gu(€1) = 14(€1)
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Interaction/branch. process < 3 types of occupation measures

(N =3) . o . e
A
N

N
. 1
Current population — N E 55;@% individual at time n — Tln
i=1
N

. 1
Genealoglcal tree — N § : 6(56 ",fi n,‘.,,ﬂ,’n)Hi-th ancestral line = Q”
i=1

Complete genealogical tree — + Z,’-V:l 5( ) < McKean meas.

&1 Eh

@ @ Unbias particle normalizing Cts — Z/ := [o<p<n 516 =2
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e Some motivating examples
@ Nonlinear filtering
@ Confinement, optimization, combinatorial pb, rare events
@ Particle absorption models
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Nonlinear filtering

Filtering model

P ((Xn, Yn) € d(x', y')|(Xn-1, Y1) = (x,¥)) := My(x, dx') gn(x",y") An(dy’)

@ Given the observation sequence Y = y with G,(x,) = gn(Xn, ¥n)
e =Law(X, |YO<p<n Y,=y,) and Zni1 X pp(Yo,-.-,¥n)
@ In path space settings

Qn = Law((Xo,...,Xn) [YO<p<n Y,=y,)
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Confinement, optimization, combinatorial pb, rare events

Q 7, =Loi((Xo,...,Xn) |YO<p<n X,€A)
Q 71s(dx) oc e V1) A(dx) with 3, 1

O 7n(dx) o< 1a,(x) A(dx) with A, |

Q n = Loif (X0, .-, Xn) | Xo = x0).

© 7, = Loi( X hits B, | X hits B, before A)

v

Q@ M,-local moves @ individual selections € A, i.e. ~ G, =14,

@ MCMC local moves 7, = n,M, @ individual selections x G, = e~ (Fr1=0)V
© MCMC local moves n, = n,M, & individual selections ox G, = 14

n+1

@ M-local moves & Selection G(xi,x2) = %

© M,-local moves @ Selection-branching on upper/lower levels Bj,.
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Particle absorption models

Sub-Markov ~» Markov

@ X, Markov € (E,, &,) with transitions M, and G, : E, — [0,1]

Qn(x, dy) = Gp—1(x) My(x,dy) sub-Markov operator
o ~ ES = E, U {c}.

absorption ~G, ~ exploration ~M,,

X € ES Xs X5

@ Absorption: XS = X¢, with proba G(X¢); otherwise X¢ = c.

@ Exploration: like Xj, ~> X,11
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Feynman-Kac formulation

Feynman-Kac integral model

o T =inf{n: XS = c} absorption time :
P(T2n) = @) =E( I 6(x)

E(f,(X5): (T=n) = m(f)=E|f(X) [ G(X)

@ Continuous time models : A = time step

(M,G) = (ld + A L e V)

~» L-motions & expo. clocks rate V & Uniform selection.
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Ex.: Feynman-Kac-Shroedinger ground states energies

Spectral radius-Lyapunov exponents

@ Q(x,dy) = G(x)M(x,dy) sub-Markov operator on By(E)
@ Normalized FK-model : n,(f) = va(F)/7a(1).

BT2n=E( [[ 6%)|= [I m(C)=e

0<p<n 0<p<n
with e 2% Q-top eigenvalue or
. 1l n
A = —LogLyap(Q) = |lm ——Iog Q"
_ __|ogIP>(T>n —= Z log 1)(G) = — log 115 (G)
Y oo
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Ex.: Feynman-Kac-Shroedinger ground states energies

Limiting Feynman-Kac measures

M p — reversible :

c L uH ) -
S E(F(XE) | T>n)~ M) with Q(H) = e *H

Limiting FK-measures

. . N (G f) _ pu(H f)
in = ®ln-1) Zntoo Moo With =7 = = A

leadsto Particle approximations :

1
A vy A= = Z |0g77,’;V(G) and oo Nt NN
0<p<n

Law((X§,...,X5) | (T > n)) ~ Genealogical tree measures
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Equivalent Stochastic Algorithms :

@ Genetic and evolutionary type algorithms.

@ Spatial branching models.

@ Sequential Monte Carlo methods.

@ Population Monte Carlo models.

@ Diffusion Monte Carlo (DMC), Quantum Monte Carlo (QMC), ...

@ Some botanical names ~ # application domain areas :

particle filters, bootsrapping, selection, pruning-enrichment, reconfiguration,
cloning, go with the winner, spawning, condensation, grouping,
rejuvenations, harmony searches, biomimetics, splitting, ...

)

1950 < [(Meta)Heuristics] < 1996 < Feynman-Kac mean field particle model

v
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© Some convergence results
@ Non asymptotic theorems
@ Unnormalized models
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" Asympt.” theo. TCL,PGD, PDM @ (n,N) fixed ~~ some examples

@ Empirical processes :

sup sup VN E(||n — n,|
n>0 N>1

F) <o

@ Concentration inequalities uniform w.r.t. time :

sup (11 (f2) = ma(fa)] > €) < ¢ exp —(Ne?)/(2 0?)

+ Guionnet sup,,~., (IHP 01) & Ledoux sup; (JTP 00) & Rio hal-09

@ Propagations of chaos exansions (+Patras, Rubenthaler (AAP 09-10)

N ._ i(el
]Pn,q T LOl(gm e 752)
1

1 1
NP9 + N OPpg+...+ WK ak]pn,q + Nk+L 3k+1pflxq

1

v

with supys; [0TIPY [t < 00 & sup, =gl Prqllev < € ¢°.
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Unnormalized models

Un-bias particle approximation measures

w(t) =& ] »)(G

0<p<n

@ Asymptotic theorms : fluctuations & deviations
+ A. Guionnet (AAP 99, SPA 98), + L. Miclo (SP 2000), + D. Dawson

@ Non asymptotic theory : bias and variance estimates

@ Taylor type expansion (+Patras & Rubenthaler (AAP 09)

E ((72)®9(F)) = Qqq(F) = 73(F) + > W 8*Qun,q(F)

1<k<(q—1)(n+1)

@ Variance estimates (+Cerou & Guyader Hal-INRIA 08 & IPH 2010) :

E([(5) - w(f)]7) < € 2 x 30
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e Additive functionals
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Additive functionals (with Doucet & Singh Hal-INRIA july 09)

@ Path space models P, := Law(Xp, ..., X;)

dQn 1= - IT G(X) ¢ dP,

0<p<n
@ Hyp. : M,(xn—1, dxy) = Hn(Xa—1, Xn) An(dx,)
= Qn(d(x0, ..., %n)) = nn(dXn) Mnp, \ (Xn, dXn—1) ... My o (x1, dxo)
with the backward transitions :
Mpi1.5(x, dx") o Gp(x") Hpr1(x', x) n(dx")

@ Particle estimates ~ complete genealogical tree :

(@,ly(d(xo, ey Xn)) = "7/7\/(an) Mn,nLV_l(Xna dxp-1) ... Ml,név(xh dxp)
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2 type of path-space estimates

@ Complete genealogical tree => McKean meas. & FK-Path space
1< - o
N 25(53,...,5;) ~y Loi(Xo,...,Xs) & Q) ~nQ,
i=1
@ Simple genealogical tree => FK-Path space
L
T =3 Zl‘s(ﬁam,&i,nm&;,n) =N Qn = 1n

Main problem :

Path degeneracy w.r.t. time horizon (as any genetic ancestral tree)

¢

Roughly : Uniform estimates ~~ linear estimates w.r.t. the time horizon
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Some non asymptotic estimates

Ad(ditive functional (with Doucet & Singh Hal-INRIA july 09) :

Fo(X0s- -y Xn) = Z fo(Xp)

@ Bias estimate+-uniform LL,-bounds + variance
E ([(QII‘Y - Qn)(Fn)]2) <c X (1/!7 + 1/N)

@ Uniform exponential concentration

NlogsupP(![@ — Qul(Fn)| > T ) /(2%
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