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Origin [D-Jacod-Protter/Fields Inst.-02 + PTRF-01]

Nonlinear filtering model:

dX; ae(Xe)dt + by(X;) dW,
dyt = a;(Xt, Yt)dt + bé(Xt, Yt) th/

Filtering problem

Law (th | (YtO’ ceey Ytn))

Main difficulty (using Particle Filters) = Intractable likelihoods

ptn(.ytn | Xty (ytoa . 7.ytn—1))
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Solution

ABC style model

Xt = (Xta Yt)
Y, Yy, + €V, with V,iid. ~g(v)dv

Single hypothesis:
/ vg(v)dv=0 / v g(v) dv < oo

Tractable ¢-likelihoods (y € RY)
pt,(Ve, | Xepy Vs V1)) =€ @ g (€7 (W, — V4,))

ABC-Filter

Law (Xt,, | yt,, =Y, P< n) ~c10 Law (th | Yt,, =Y, P< n)
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A couple of examples

gWV) =1 i =€ g (e (U~ Ye)) < Ly, —v, 1<

and

_ (ytn —Vtn )2

< e lg(ct Wy, —VYy)) xe 22

g(v) oc e

NS

the last avoids particle filters possible extinction

@ many other density estimation kernels!
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ABC-Particle filters

Particle filters X} = (X!, Y/)-particles!!

Functional Central Limit Theorem

1

N 1<i<N

Law (X,, | (Yo, Ys,) ¢

1
Law (Xt,, | Ve, = Ve, P < n) + W

with

(sxi

t

1 N
an Ve

WY — W, = Centered Gaussian field (c-unif. L,-control)
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The bias/fluctuation

Taylor expansion - First order signed measure D,

Law (X, | Ve, = yt,, p < n)

= Law (th | Ytp =Y, P< n) + €2 Dy, + 0O (63)

1 )
N Z1§;§N 5X;

1

Law (th ‘ Ytp = Yt,» P < n) + ﬁ 6(17 thnv+€2 Dtn +0 (63)
= Theo: Optimization © CLT:
1 2 = e(N) = N- 7=

cd/2

=

6(N)_2 <\/17 d/2 W +€ (N) Dt ) _>NToo th +Dn
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Abstraction - Math model

Advantages:

v

Simplified/Universal perspective (@ toy models).

v

1 Range of application.

v

1 Impact of theorems/cv results.

v

1 Repetition/multiplication of "known" /existing/published results.

v

1 Universal tools/easy to combine.
| S
Drawbacks:

» 71 Sophisticated maths tools.

v

# Notation/Language between disciplines.

v

4 Number of readers.

v

1 Sleepy audience in conferences . ..
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Bayes' & Feynman-Kac path integration

p((x0s -, %) | oy -y ¥n)) < p((Vo, -5 ¥n) | (X0y---5%n))  xp(x0,--.

Hogkgn P(Yi|xk )<—likelihood functions Gy (x)

4

Feynman-Kac models (3—!)/Path estimation/Smoothing :

Gn(xn) = p(ynlxn) & P,:=Law(Xp,...,X,)

!
P((Xo,..., Xn) €d(X0,---X%n) | Yo =Yp, P<n)

and the normalizing constant: Z, = p(yo, ..., Yn)-

s Xn)
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2 key formulae

Qn(d(x0,- -y %n)) = = H Gp(xp) ¢ Pn(d(x0,---5Xn))

0<p<n

Notation
Ny := n-th marginal (= dp(x, | yk, k < n))

I
1) Product formulae/Particle approximation
Z,, = H nk(Gk) with Uk(Gk) :/ Gk(Xk) ’r)k(ka)
0<k<n

ungias H % Z Gk(X[:) if nk:% Z 6X’i

0<k<n = 1<i<N 1<i<N



2 key formulae

Hypothesis

Mk+1(Xk, ka+1) = Hk+1(Xk,Xk+1) )\(ka_H) eg(‘ 67%()0‘"'17&’()0‘))2 ka+1

4

2) Backward formulae/Backward Particle chain
Qn(d(x0s - -+ Xn)) = nn(dxn) Kn,_y (Xns dXn—1) .. Kqno(x1, dxo)
with
Kot 1,me (Xet1, dXi)

_ Nk (dxi) Gie(xic ) H (X, Xi+1)
I me(dxy) Gie(xp)H(xp, Xk+1)

Gh( XY H(X], x _ 1
=Y (XD (Jk “Jl) Oi(da) if =5 D Oy
1<i<N Zl<_[<N Gr (X ) H (X, Xk41) 1<i<N



ABC - Smoothing/Path-estimation



ABC-Smoothing/Path-estimation

Exchange/Transfer rule

Xy ~ A, = (X, Y,) ~ pair-particles X} = (X!, Y{)
Gn(xn) ~ Go(Xn) = e g(€71 Ve, — Ytn))



ABC-Smoothing/Path-estimation

Exchange/Transfer rule

Xy ~ A, = (X, Y,) ~ pair-particles X} = (X!, Y{)
Gn(xn) ~ Go(Xn) = e I (671 Ve, — Ytn))
I

Qn:LaW(XO,“'aXn|yp:ytpv p<n)



ABC-Smoothing/Path-estimation

Exchange/Transfer rule

Xy ~ A, = (X, Y,) ~ pair-particles X} = (X!, Y{)
Gn(xn) ~ Gn(Xn) e I (671 Ve, — Ytn))

I
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ABC-Smoothing/Path-estimation

Exchange/Transfer rule

Xy ~ A, = (X, Y,) ~ pair-particles X} = (X!, Y{)
Gn(xn) ~ Gn(Xn) e I (671 Ve, — Ytn))

I
Qn :LaW(XO»"'aXn | yp:ytpv p< n)
1) Product formulae/ABC-Particle approximation

N unbnas H Z ytn )/t,,))

0<k<n 1<I<N

2) Backward formulae/Backward Particle chain
(When the transition density of X, is known!!)

QR (d(Xo, - -, Xn)) = 1 (dX) Ky n (X dXpo1) .o Ky (A, d )
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Unbias property for Feynman-Kac models

E(f(xn) 11 Gk(xk)) —E(nﬁ”(f) 11 nﬁ(@))

0<k<n 0<k<n

with

=5 S )

1<i<N
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Unbias property for Feynman-Kac models

0<k<n 0<k<n
with
1 : . ;
n’n\’(f)=N > X)) =f(Xa) with Xp = (X))1<i<n
1<i<N
2|8

Many-body Feynman-Kac model (cf. MPRF-1996/Arxiv-2014)

E(f(X,,) 11 Gk(Xk)> :E<f(xn) I1 Gk(xk)>

0<k<n 0<k<n
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Unbias property for Feynman-Kac models

0<k<n 0<k<n
with
1 : . ;
n’n\’(f)=N > X)) =f(Xa) with Xp = (X))1<i<n
1<i<N
2|8

Many-body Feynman-Kac model (cf. MPRF-1996/Arxiv-2014)

E(f(X,,) 11 Gk(Xk)> :E<f(xn) I1 Gk(xk)>

0<k<n 0<k<n

4
Particle Filters ~~ Island Particle Filters (SC-13) & ABC-Island PF (X ~» X)


http://web.maths.unsw.edu.au/~peterdel-moral/mprfs.pdf
http://arxiv.org/abs/1404.5733
http://arxiv.org/abs/1306.3911
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H Gk Xk H Z Gk Xk =Ntoo n

0<k<n 0<k<n 1<i<N
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Target = Normalized many-body Feynman-Kac model

IT 6X) | =E[f(Xa) J] Ge(X«)

0<k<n 0<k<n
with
H Gi(Xk) = H Z Gr(Xi) ~Ntoo Zn
0<k<n 0<k<n 1<i<N
Independent Metropolis-Hasting model (Particle filters proposals)
Z5(X)
Z,(X")

(Xoy«+ -3 Xn) ~ (Xgs ..., X)) with acceptance rate 1A

» ABC-PMH
Xn ~> Xy = (Xn, Yn) ~ ABC-Particle Filters proposals
> ABC-Particle Gibbs (When the transition density of X, is known!!)

> Trivial extension(s) to fixed parameter estimation in HMM.

Py | 6) = Z,0(X)
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ABC in Static/HMM inference

pO | y) o< p(y | 0) p(0)

Case 1: Direct observations / p(y | ) known:

y=01ym)~py10) = [[ plul6)

~> Product target measure
m(d0) oc ¢ [ me(0) p A(d0)
1<k<n

with
A(d0) = p(0) d0 and  he(0) = p(yk | 0)
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ABC version of p(6 | y) o p(y | 0) p(0)

p((0.y) | Y) o gle ' (V—y)) xIply | 6) p(6)]

Case 1’: g(e7! (¥ — y)) known:

y=k&e= (i ~glet (V=y) = J] sl Ox—w



ABC version of p(6 | y) o p(y | 0) p(0)

p((0,y) | Y) o glet (Y—y)) x[ply | 0) p(6)]

Case 1’: g(e7! (¥ — y)) known:

y=0ik &e= (e ~gle (V=y) = [] sl Q=)

~+ Product target measure
7(df) o H he(0) 3 \(d0)
1<k<n
with 6 = (6,y) and

NdB) = p(y | 6) p(0) dfdy and ke (6) = g(e* (Ve — yi))
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HMM models & &-Particle filters

Unbias property

p((0] y) o OTREn! { T 5 > elnléio }p(mye)p(e)

1<k<n 1<I<N

Case 1”: ~» ~» Product target measure
¢ [ P«(®) p A(db)
1<k<n

Nd) = p(é | v 0) p(6) dode and Bu(@) =5 S ey [€] )
1<i<N

with 6 = (6,¢) and
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ABC - HMM models & & = (X', Y')-Particle filters

Unbias property

p(0]Y) o OmarEinal { I1 % > et (kaki))} p(£]6.Y) p(6)

1<k<n 1<i<N

Case 1": ~~ Product target measure

with 6 = (6,¢) and

X(d0) = p(§ | Y 0) p(0) dod¢ and  h(0) = > glegt (Ve—Yi))

=
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Product target measures

Interpolating path measures 7wy ~> ...~ 71

ma(d0) o S [ me(6) p A(d0)

1<k<n

Tuning parameter: [] w.r.t. dimensions or e | or Nb of observations,...

As the filtering equation:

Correction/Updating Tnt1-MCMC/Prediction
Th dmpe1 < hy dm, Tntl

4

C n-th marginals of a Feynman-Kac model

(Physics ~ termed Crook/Jarzinsky formula; Rare event ~ subset
sampling/multi-level splitting; Operation Research ~» Interacting
simulated annealing . . .)
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Acceptance probabilities (& recycling/resampling)

he = e (Bn=p)V BL o r(dB) e PV \(dB)
he = la,, 2 1(dO) o 1a,(6) M(d6)

[T roil6) 2L 7.(d6) o« p(O] o, Ym)

my<I<my1

hi(0)

At each step (after the shaking transition)

1 N ex.
Bnt1 € [Bn, 0] st N Z e~ (Bra=84) V(0L) T 709

1<i<N
or when Ay = {0 : V(0) < e}

]. ex.
€I‘I+1 E [O,Gn] S.t. N Z 1V(9L)§Ek+1 ~ 70%
1<i<N



Acceptance probabilities (& recycling/resampling)

he = e (Bn=p)V BL o r(dB) e PV \(dB)
he = la,, 2 1(dO) o 1a,(6) M(d6)
m@) =TI enle) 22 7(d0) < p(O o, ym,)

my<I<my1
At each step (after the shaking transition)

1 N ex.
Bnt1 € [Bn, 0] st N Z e~ (Bra=84) V(0L) T 709

1<i<N

or when Ay = {0 : V(0) < e}

]. ex.
€I‘I+1 E [0,6,7] S.t. N Z 1V(9L)§Ek+1 ~ 70%
1<i<N

or
e

1 i\ ex.
Mpy1 € [m,,,oo[ s.t. N Z H p(y/ | 0;) = 70%

1<iSN my<I<myeya



Updating/Adaptive criteria

Keep taking products until the weight is too degenerate

» Variance ~ Effective sample size


http://alea.impa.br/articles/v1/01-08.pdf
http://hal.inria.fr/docs/00/35/07/62/PDF/RR-6792.pdf
http://hal.inria.fr/docs/00/33/24/36/PDF/adaptive-fk-ddj-v5-RR.pdf
http://www.stats.ox.ac.uk/~doucet/delmoral_doucet_jasra_adaptiveSMCforABC.pdf
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